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Abstract
In dynamic multi-objective optimization problems, the environmental parameters may change over time, which makes the
Pareto fronts shifting. To address the issue, a common idea is to track the moving Pareto front once an environmental change
occurs. However, it might be hard to obtain the Pareto optimal solutions if the environment changes rapidly. Moreover, it
may be costly to implement a new solution. By contrast, robust Pareto optimization over time provides a novel framework
to find the robust solutions whose performance is acceptable for more than one environment, which not only saves the
computational costs for tracking solutions, but also minimizes the cost for switching solutions. However, neither of the above
two approaches can balance between the quality of the obtained non-dominated solutions and the computation cost. To address
this issue, environment-driven hybrid dynamic multi-objective evolutionary optimization method is proposed, aiming to fully
use strengths of TMO and RPOOT under various characteristics of environmental changes. Two indexes, i.e., the frequency
and intensity of environmental changes, are first defined. Then, a criterion is presented based on the characteristics of dynamic
environments and the switching cost of solutions, to select an appropriate optimization method in a given environment. The
experimental results on a set of dynamic benchmark functions indicate that the proposed hybrid dynamic multi-objective
evolutionary optimization method can choose the most rational method that meets the requirements of decision makers, and
balance the convergence and robustness of the obtained non-dominated solutions.

Keywords Changing environment · Tracking moving optimum · Robust Pareto-optima over time · Dynamic multi-objective
optimization
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Introduction

In many practical applications, such as scheduling [1], con-
troller optimization [2,3] and path planning [4,5], we focus
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on more than one objective that contradicts each other. More
especially, the key parameters, the number of objectives and
constrains may change over time [6–9], forming dynamic
multi-objective optimization problems (DMOPs) [10]. For
example, in a hydro-thermal power generation systems, the
total fuel cost of thermal generation and emission proper-
ties are minimized, while satisfying all constraints in the
hydraulic and power systemnetworks, so as to allocate power
reasonably to the hydroelectric and thermal generating units.
It is in essence a dynamic optimization problem due to the
time-varying power demand [10]. Apparently, tracking the
optimal solution in time as any dynamic factor occurs is a
challenging task for DMOPs.

To address DMOPs, many meta-heuristic methods [11–
16] have been introduced that can be categorized into two
classes. One is to re-trigger the multi-objective optimiza-
tion process as a new environment appears, with the purpose
of finding the Pareto-optimal solutions more close to the
new true Pareto front as soon as possible. We call this
approach tracking moving Pareto-optimum (TMO). The key
issue on TMO is to keep the better diversity of popula-
tion as a new environment appear. Rich studies have been
done on change response techniques, including environmen-
tal detection [1,6,8], immigrant-learning [11], prediction and
memory strategies [14,15,17–20]. All these prove that TMO
is a powerful method to solve DMOPs with slowly-changing
environments and less switching cost of solutions. How-
ever, in many real world optimization problems, tracking the
new Pareto-optima every time the environment changes is
impractical due to the limited computation resources for opti-
mization or the expensive switching cost from the previous
optima [21]. To save the computation and reduce switching
times,Yu et al. [22] firstly proposed a novel framework to find
robust optimum over time (ROOT) for dynamic scalar opti-
mization problems, in which a robust solution implemented
in the current situation also has the acceptable convergence
and can be kept in use after the environment changes. Jin et
al. [23] presented a quantitative description of robustness and
a general framework for finding ROOT. Following that, Chen
et al. [24] presented a practical definition of finding robust
Pareto-optima over time (RPOOT) for DMOPs. A Pareto-
optimal solution that was found in the current environment
and has the acceptable convergence in the subsequent envi-
ronments are termed as a robust candidate [25]. Apparently,
reusing the robust solution in the successive environments
saves the computation and switching cost. But the robustness
of a candidatewill becomeworse as the environment changes
intensely [26].Once no historical Pareto-optimal solution has
the satisfactory performance on at least one objective in the
sequence environments, TMOwill be an effective alternative
to RPOOT. Consequently, TMO and RPOOT are both suc-
cessful problem-solvers for DMOPs, however, fit for various
environmental changes.

In benchmark test suites for dynamic optimization, the
environments change over time with different way, such as
linear change [11,27,28], chaotic change [29], and stochas-
tic change [30]. Moreover, the environmental change occurs
with various frequencies and intensities. For example, in the
dynamic scheduling problems of airport fuel filling vehicles
[31] three objectives were taken into account, including min-
imizing the length of the whole routes and the number of
running vehicles, as well as minimizing the task quantity
difference between vehicles. Because the take-off and land-
ing times of each aircraft are always changing in terms of
weather, congestion situation and other dynamic factors that
may occur irregularly, the refueling vehicles routing problem
is essentially a DMOPwith complex environmental changes,
the corresponding frequency and intensity of environmental
changes are not fixed. During finding the optimal schedul-
ing scheme for all refueling vehicles under the uncertain
delay time of the aircrafts, traditional TMO may not meet
the needs of a real-time task due to the frequent adjustment
of vehicle routing, while RPOOT can only provide a sub-
optimal scheme with robustness over time. Based on this,
an environment-driven hybrid dynamic multi-objective evo-
lutionary optimization algorithm is presented in this paper,
with the purpose of effectively balancing the quality of
Pareto-optima and switching cost. In the proposed method,
a prediction model is built to estimate the frequency and
intensity of environmental changes based on their histor-
ical information. Based on the characteristics of dynamic
environments and the switching cost of solutions, a selection
criterion is designed to adaptively trigger TMO or RPOOT.

The rest of the paper is organized as follows. The main
ideas of TMO and RPOOT are illustrated in “The main ideas
of TMO and RPOOT” section. “Indexes measuring envi-
ronmental changes” section defines various parameters that
represent the features of environmental changes. Based on
this, a generic framework of hybrid dynamic multi-objective
evolutionary optimization method is developed and the con-
dition for selecting one of the two methods is given in
“Proposed algorithm” section. In “Experimental study” sec-
tion, the experimental results are analyzed under different
environmental changes. Finally, a conclusion of the paper
and future work are given in “Conclusion” section.

Themain ideas of TMO and RPOOT

Without loss of generality, a DMOP with time-varying
parameters can be described as follows.

min FFF(xxx,αααt ) = (
f1(xxx,αααt ), . . . , fm(xxx,αααt )

)

s.t. xxx ∈ �.
(1)
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where xxx = (x1, x2, . . . , xn) ∈ ��� ⊂ RRRn represents the
decision vector and ��� is the n-dimensional decision space.
FFF = ( f1, f2, . . . , fm) ∈ ��� ⊂ RRRm is the objective func-
tion vector and ��� is the m-dimensional objective space. αααt

denotes the environmental parameter changing over time. In
practice, the environmental changes generally occur at some
discontinuous time points, thus, the time-varying parameters
can be discretized to αααk, k = 1, 2, . . . , N . Assume that the
dynamic parameters vary with frequency f k = 1/τ k , and
αααk remains constant when t ∈ [∑k−1

j=0 τ j ,
∑k

j=0 τ j ]. τ j is

the duration of the j th environment and τ 0 = 0. Following
that, a DMOP is transformed to N static MOPs, denoted as〈
min FFF(xxx,ααα1),min FFF(xxx,ααα2), . . . ,min FFF(xxx,αααN )

〉
.

To solve the above-mentioned DMOPs, most research
has focused on tracking the new Pareto front with a fast
convergence speed once an environmental change occurs.
More specifically, it is essential for a TMO-based dynamic
evolutionary multi-objective algorithm to detect the environ-
mental changes in time, generate an initial population using
the knowledge acquired from the previous environments,
and locate the new Pareto front as soon as possible. In par-
ticular, evolutionary algorithms and other meta-heuristics,
such as multi-objective genetic algorithms, particle swarm
optimization and differential evolution [11,27,32–38], have
been developed to follow the new Pareto-optimal solutions
quickly. A generic framework of TMO is shown inAlgorithm
1.

Algorithm1TMO-based dynamicmulti-objective optimiza-
tion algorithm

Input: αααk , f k , the initial population Pk
0 .

Output: PSk and PFk .
1: k = 1.
2: Evaluate the fitness values of each individual in Pk .
3: repeat
4: Detect the change of the environment
5: if the environment changes
6: k = k + 1
7: Reinitialize a new population Pk

0 based on predict strategy.
8: Evaluate the fitness values of each individual.
9: end_if
10: Excute the evolutionary operators.
11: until The termination condition meets.

Different from TMO, the goal of RPOOT-based dynamic
multi-objective optimization algorithms is to find the robust
Pareto-optimal solutions, expressed by RPS = 〈RPS(1) ,
RPS(2), . . . ,RPS(L)〉 (1 ≤ L ≤ N ), which have the accept-
able performance in more than one environment. To this end,
two indexes have been defined to evaluate the robustness of
an individual [24]. One is robustness for optimality, which
measures the degree of xxx j

i ∈ RPS(i) approximate to the
true Pareto fronts in T consecutive environments, denoted
as FFFave(xxx j

i ,ααα
k). T is called the time window and preset by

a decision maker according to his/her expectation for the
adaptability of an individual to environmental changes.

FFFave(xxx j
i ,ααα

k) =
(
f ave1 (xxx j

i ,ααα
k), . . . , f avem (xxx j

i ,ααα
k)

)
(2)

f aveq (xxx j
i ,ααα

k) = 1

T

(

fq(xxx
j
i ,ααα

k) +
T−1∑

l=1

f̂q(xxx
j
i ,ααα

k+l)

)

(3)

The other is the temporal robustness, denoted as Li , which
reflects the survival time of RPS(i) in the subsequent envi-
ronments. Let η be a preset threshold that represents the
maximum acceptable increment of the fitness value. Denote

F̂FF(xxx j
i ,ααα

k+l(xxx j
i ))) as the estimated fitness of xxx j

i in the k + l
environments, one has

Li = min
xxx j
i ∈RPS(i)

l̄(xxx j
i ) (4)

l̄(xxx j
i )=max

{
l(xxx j

i )|�(l(xxx j
i ))≤η,l(xxx j

i )=0,1,. . . ,N − k
}

(5)

�(l(xxx j
i )) =

∥∥∥FFF(xxx j
i ,ααα

k) − F̂FF(xxx j
i ,ααα

k+(l(xxx j
i )))

∥∥∥
∥∥∥FFF(xxx j

i ,ααα
k)

∥∥∥
(6)

where�(l(xxx j
i ) represents the relative fitness difference under

the adjacent dynamic environment about an individual xxx j
i .

Here, xxx j
i comes from the robust Pareto solutions RPS(i).

The smaller the difference is, the solution can adapt to the
new environment better. l̄(xxx j

i ) is the maximum survival time

for xxx j
i to meet the fitness threshold. The survival time of each

solution in RPS(i) should be larger or equal to Li .
Taking the robustness as the objective, the main algorithm

steps ofRPOOT-based dynamicmulti-objective evolutionary
optimization method are listed in Algorithm 2.

Apparently, bothTMOandRPOOTare effective problem-
solvers for DMOPs, which provide the Pareto-optimal solu-
tions with different convergence and switching cost. How to
choose the most suited method in the presence of a certain
environmental change is still an open and challenging issue.

Indexes measuring environmental changes

In DMOPs, the environmental parameters change over time
with various intervals and increments. To quantitatively
measure the changes, two indexes, i.e., the frequency and
intensity of environmental changes, are presented. Most
existing research focuses on DMOPs where the environment
changes with the same interval or intensity. However, the
dynamism factors in practical applications may occur irreg-
ularly, which are described by the environmental parameters
that change over time aperiodically, leading to difficulties in
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Algorithm 2 RPOOT-based dynamic multi-objective opti-
mization algorithm

Input: αααk , f k , the initial population Pk
0 .

Output: RPS(k) and robust Pareto front RPF(k).
1: k = 1.
2: Evaluate the fitness value of each individual in Pk and estimate its

survival time Lk .
3: repeat
4: Detect the change of the environment
5: if the environment changes
6: k = k + Lk
7: Reinitialize a new population Pk

0 ,
8: Evaluate the fitness value of each individual and estimate its

survival time Lk .
9: end_if
10: Predict F̂FF(xxx j

i ,ααα
k+l(xxx j

i ))) of each individual.

11: Calculate FFFave(xxx j
i ,ααα

k).
12: Excute the evolutionary operators ofmulti-objective evolutionary

optimization.
13: until The termination condition meets.

converging to the true Pareto front as soon as possible under
each environment.

The frequency and intensity of environmental
changes

The frequency of environmental changes, denoted as f k ,
reflects how many new environments occur within a given
period of time. To be specific, f k = 1

τ k
and the environmen-

tal parameters remain unchanged under the kth environment.
A smaller f k means that the dynamic factors have an occa-
sional influence on the optimization problems. So far, only
static f k has been considered in most dynamic optimization
problems. However, the environment in practical applica-
tions may change with variable intervals. Based on this,
the frequencies of environmental changes are expressed by
( f 1, f 2, . . . , f N ), and f k may differ from f k+1 depending
on the actual situation.

The environmental parameter, αααk , has a direct impact on
the landscape of the optimizaiton problem under the kth envi-
ronment. Assume that the increment of the parameter under
two adjacent environments is denoted as �αααk+1 = αααk+1 −
αααk . For various DMOPs or a DMOP under different environ-
ments, the same increment may generate distinct landscapes
due to the nonlinear relationship ofαααk to F(xxx,αααt ). In order to
accurately measure the influence of changing environmental
parameters over time on the landscape, the intensity of envi-
ronmental changes is defined as follows:

sk+1 = 1

NPk

∑

xxx∈Pk

∥
∥FFF(xxx,αααk) − FFF(xxx,αααk+1)

∥
∥

∥∥FFF(xxx,αααk)
∥∥ . (7)

Let NPk be the population size. A larger sk+1 means that
the landscape may significantly vary with the environmental
parameter in the adjacent environments. Under these circum-
stances, the robust Pareto-optimal solutions are difficult to get
satisfactory convergence in the adjacent environments, thus,
RPOOT is not a wise choice. Thus, it is vital to properly
estimate the intensity of changes of the future environments,
which determines whether the TMO or RPOOT approach
should be adopted.

Taking a benchmark function, FDA3 [27], as an exam-
ple, the true Pareto fronts under three adjacent environments
are shown in Fig. 1. All environmental parameters change
over time with the same increment and �αααk+1 is set to 0.1
or 0.2, respectively. Under the same �αααk+1, three Pareto
fronts corresponding to 1st, 2nd and 3rd environments are
parallel, however, the intensity of the latter environmental
changes is clearly larger than that of the former one. By
comparing the Pareto fronts shown in Fig. 1a, b, the envi-
ronmental parameter changes with a larger increment result
in themore significant shift of the landscape, and the intensity
of the environmental changes is more severe. Apparently, the
Pareto-optimal solution having the acceptable convergence
under the dynamic environments shown in Fig. 1a can be
found by RPOOT because s2 and s3 are both smaller than
η = 0.4. By contrast, RPOOT can not obtain the satisfac-
tory Pareto-optimal solutions in any environment shown in
Fig. 1b due to the larger intensity. Hence, the environmental
parameters directly influence the variation of the landscape
in various environments.

To predict the environmental parameters in the
future

For a DMOP with time-varying environmental parameters,
the frequency and intensity of environmental changes deter-
mine which of the two approaches should be employed as a
more effective one in future environments. To this end, it is
necessary to accurately estimate the above-mentioned char-
acteristics of the environments that are changing.

Both of the characteristics are related to αααk . In particu-
lar, the intensity of the (k + 1)th environmental change can
be estimated by Eq. (6) based on the environmental parame-
ters in the next environment, expressed by αααk+1. Hence, it is
assumed that the future environmental parameters can be pre-
dicted.Until now,most studies assume that the environmental
parameters linearly changeover time [11,27].However, in the
actual DMOPs, the environmental parameters may change
periodically, randomly, or chaotically.

To reliably predict the environmental parameters in
the future environments, Autoregressive Integrated Mov-
ing Average Model (ARIMA) [39], a widely-used time
series prediction method, is employed. Assume that the
time-varying environmental parameters form a time series,
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Fig. 1 The true Pareto fronts of
FDA3 under three adjacent
environments

(a) s2 = 0.1730, s3 = 0.3183 (b) s2 = 0.6673, s3 = 1.2632

expressed by {ααα1,ααα2, . . . ,αααk}. After smoothing it to a
stationary one, the autoregressive, the moving average or
the autoregressive moving average is selected to build the
ARIMA(p, d, q) model, which is then used to forecast the
future environmental parameters. The detailedmodeling pro-
cess is illustrated as follows.

(1) Judge the stationarity of the time series {αααk} by the Aug-
mented Dickey–Fuller (ADF) Test [39].

(2) If {αααk} is non-stationary, the following smoothingprocess
is iterated until a stable time series, denoted as {∇nαααk},
is obtained. Let d be the differential times.

1-order difference:∇αααk = αααk+1 − αααk (8a)

n-order difference:∇nαααk = ∇n−1αααk+1 − ∇n−1αααk (8b)

(3) Given {∇nαααk}, if its partial correlation function has the
truncation property and the autocorrelation function has
the trailing edge, AR(p) is employed to build the predic-
tion model, and p is the autoregressive term. By contrast,
MA(q) is suitable for {∇nαααk}, which has a trailing edge
of its partial correlation function and the truncation of
the autocorrelation function. q is the moving average
term. Once both the partial correlation and autocorrela-
tion functions have a trailing edge, ARMA(p, q) is used
as the prediction model.

(4) The environmental parameters in the future environments
are predicted by the above ARIMA(p, d, q) model.

Proposed algorithm

Once the environmental parameters of a DMOP have
changed, it is necessary to select one of the two approaches
to dynamic multi-objective optimization method according
to the predicted characteristics of environmental changes,
with the purpose of finding the Pareto-optima or robust ones
that meet the requirements of decision makers. To this end,

a hybrid dynamic multi-objective evolutionary optimization
algorithm is proposed.

Definition of switching cost

Neither the TMO-based nor RPOOT-based optimization
approaches take into account switching costs, the former
switches to a new solution at every dynamic moment, while
the latter switches to the new solutions only when the solu-
tion does not satisfy robustness. In the real world dynamic
optimization problems, such as production scheduling and
path planning [1,4], an optimal solution found in the new
environment may remarkably differ from the historical one,
resulting in the huge cost for adjusting the related human or
resources. In this situation, the newly-obtained optimal solu-
tion is unavailable due to the unacceptable costs incurred in
switching solution.

To get an executable optimal solution, Huang et al. [21]
took switching cost as an objective, and presented a multi-
objective optimization framework for robust optimization
over time. Furthermore, ROOT/SCII [40] is proposed to
simultaneously maximize the robustness and minimize the
switching cost, and select a solution from the obtained Pareto
set to be used in the new environment. Yazdani [41,42] con-
sidered the time-linkage characteristic of dynamic optimiza-
tion problems, and proposed a new semi robust optimization
over time, with the purpose of balancing switching cost
and the quality of solutions. Based on the above-mentioned
switching cost presented for dynamic single-objective opti-
mization problems, we define the improved switching cost
for the Pareto-optimal solutions from the kth to the (k+1)th
dynamic environment, denoted as sck+1, as follows.

sck+1 = 1

NPk

∑

xxx∈Pk

min
x ′x ′x ′∈Pk+1

∥∥xxx − x ′x ′x ′∥∥
‖xxx‖ (9)

In above formula, Pk represents the Pareto-optimal solu-
tion set in the kth environment, and NPk is its size. xxx ′ is an
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Pareto-optimum in the (k + 1)th environment. sck+1 rep-
resents the average relative error of the Pareto solutions
switching from the kth environment to the (k+1)th environ-
ment. The switching cost of solutions can provide decision
makers the information for determining whether the solution
should be switched or not.

Selection criteria

TMO and RPOOT are two different problem-solvers for
DMOPs. In TMO, the optimization process will be triggered
whenever an environmental change is detected. If the envi-
ronments vary with a short interval, there is insufficient time
for the population to converge to the true Pareto front. In
this case, RPOOT can provide feasible and satisfactory solu-
tions derived from previous environments without finding
newones in the current environment.Althoughno costwill be
spent on tracking the newPareto-optimal solutions, the robust
ones found by RPOOT are just acceptable suboptimal in the
subsequent environments. More specifically, the Pareto front
of the historical Pareto-optimal solutions may be far away
from the true one in the current environment, especially for
DMOPs with strong environmental changes. In this instance,
TMO will be employed instead of RPOOT, with the purpose
of obtaining new optimal solutions. Therefore, the dynamic
characteristics of environmental changes and switching cost
are both key factors that determine which dynamic multi-
objective optimization method should be adopted in the next
environment.

Suppose that ckf , c
k
s and cksc are the coefficients for the

frequency and intensity of environmental changes, as well
as switching cost, respectively. δ f , δs and δsc are the corre-
sponding thresholds preset by a decision maker.

ckf =
{
1 f k > δ f

0 f k ≤ δ f
(10)

cks =
{
1 sk ≤ δs
0 sk > δs

(11)

cksc =
{
1 sck > δsc
0 sck ≤ δsc

(12)

ckf = 1 and cks = 1 represent that the environment changes
significantly within a short time period and low intensities.
Similarly, cksc = 1 indicates that switching cost of a solution
is too high to be accepted by decision makers.

As we known, RPOOT-based dynamic robust multi-
objective evolutionary optimization method is suited for
solving DMOPs with frequent, but weak environmental
changes, namely, ckf = 1 and cks = 1. In this case, track-
ing the Pareto-optima in the current environment during the
limited time is difficult. On the contrary, if the environ-
ments vary with a large interval or strong intensity, that is,

ckf = 0 or cks = 0, DMOP in each environment can be
regarded as a static MOP. Thus, TMO-based dynamic multi-
objective evolutionary optimization method has enough time
to find the Pareto-optimal solutions approximating to the
true one. Furthermore, if the cost of switching the solu-
tions to be implemented in two consecutive environments
is relatively low, the obtained new Pareto-optimal solutions
are acceptable. Otherwise, the sub-optimal Pareto solutions
approximating to the optimal ones in the last environment
will be employed. Based on this, the criteria for choosing
dynamicmulti-objective optimizationmethods are presented
as follows.

Selection criteria In the kth environment,

(1) If cks = 0, TMO-based dynamic multi-objective evolu-
tionary optimization method is employed.

(2) if cks = 1 and ckf = 1, RPOOT-based dynamic
robust multi-objective evolutionary optimization method
is adopted.

(3) if cks = 1 and ckf = 0, TMO-based dynamic multi-
objective evolutionary optimizationmethod is employed.

(a) if cksc = 1, the sub-optimal solution close to the opti-
mal ones obtained in the last environment is used in
the current problem.

(b) if cksc = 0, the new Pareto-optimal solutions are
employed.

Overall framework

The pseudo-code of hybrid dynamic multi-objective evo-
lutionary optimization algorithm (HDMEOA) is shown in
Algorithm 3. The key issues are illustrated one by one as
follows.

(1) Construct the time series of environmental parameters In
the kth environment, the time series of the environmental
parameters denoted as {ααα1,ααα2, . . . ,αααk} are formed by
the historical ones. The corresponding frequencies of
environmental changes are ( f 1, f 2, . . . , f k).

(2) Predict the environmental parametersBased on {ααα1,ααα2,

. . . ,αααk}, the ARIMA prediction model is built and
employed to estimate the future environmental param-
eters α̂αα

k+1
, . . . , α̂αα

k+T−1. Following that, the fitness
values of an individual, expressed by F(xxx, α̂ααk+1

), . . . ,

F(xxx, α̂ααk+T−1
), are calculated.

(3) Choose the evolutionary optimizationmethod The inten-
sity of environmental changes is estimated in terms
of predictive fitness values. Based on the estimated
dynamic characteristics and switching cost, TMO- or
RPOOT-based dynamic multi-objective evolutionary
method is selected to obtain satisfactory Pareto solutions
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Algorithm 3 HDMEOA
Input: αααk , N , η, δ f , δs , δsc, T .
Output: the Pareto-optimal solution and the correspondingPareto front

in the all environments
1: while k < N
2: Construct the time series of environmental parameters;
3: Build theARMAmodel and predict the environmental parameters

of future T environments;
4: Estimate the frequency of environmental changes in the future;
5: Calculate sk in the future environments;
6: Obtain ckf and cks ;

7: if cks = 0
8: Employ TMO-based dynamic multi-objective evolutionary

optimization method;
9: k = k + 1;
10: else if cks = 1 and ckf = 1
11: Employ RPOOT-basd dynamic robust multi-objective evolu-

tionary optimization method;
12: k = k + Lk ;
13: else if cks = 1 and ckf = 0
14: Employ TMO-based dynamic multi-objective evolutionary

optimization method to obtain the Pareto-optimal solutions;
15: Calculate their switching cost cksc;
16: if cksc = 1
17: Select the sub-optimal Pareto solution close to the optimal

ones obtained in the last environment;
18: else if cksc = 0
19: Select the current Pareto-optimal solutions;
20: end_if
21: k = k + 1;
22: end_if
23: end_while

in the current environment according to the designed cri-
teria.

Experimental study

To verify the effectiveness of the proposed HDMEOA
framework, three groups of experiments are designed. The
effectiveness of the prediction model is first analyzed in
the presence of linear, chaotic and stochastic environmen-
tal changes. Following that, the performance of HDMEOA
is further compared with TMO- and RPOOT-based dynamic
multi-objective evolutionaryoptimizationmethods, as shown
in Algorithms 1 and 2, respectively. Three kinds of methods
all employ multi-objective evolutionary algorithm based on
decomposition (MOEA/D) [43] as the optimizer. The t-test is
carried out to indicate significance between different results
at the 0.05 significance level [29,44]. If there is a significant
difference between the two, the observation is labeled as ‘+’
after the value. Otherwise, there is a ‘−’ after the value. All
experiments are carried out on a PCwith Intel Core i5-2430M
CPU 2.4 GHz, 16 GB RAM, Windows 10 operating system,
and Matlab R2016a.

Benchmark functions and performancemetrics

All experiments are performed on eight commonly-used
dynamic benchmark functions, including FDA1-FDA5 [27]
and DMOP1-DMOP3 [11]. Their definition and character-
istics are presented in Table 1, and the main parameters of
HDMEOA proposed in this work are listed in Table 2.

To synthetically evaluate the convergence and robustness
of the Pareto-optimal solutions obtained by TMO and the
robust ones found by RPOOT, the mean robust survival
time (MRST) and mean robust inverse generation distance
(MRIGD) defined by Chen et al. [24] are introduced as the
metrics.

Mean robust survival time The MRST of the Pareto-
optimal solutions obtained by TMO or RPOOT under all
environments reflects their adaptability to the dynamic envi-
ronments. Let Li be the survival time of the i th Pareto-
optimal solution. In particular, Li = 1 means that the
Pareto-optimal solution was obtained by TMO.

MRST = 1

L

L∑

i=1

Li (13)

Mean robust inverse generation distance The MRIGD
comprehensively measures the convergence and distribution
of the Pareto-optimal solutions within their survival time.

MRIGD = 1

L

L∑

i=1

max
q=ki ,...,ki+Lki

IGD(q) (14)

Prediction accuracy

Environment-driven HDMEOA provides a generic frame-
work for various problem-solvers of DMOPs, with the
purpose of obtaining the Pareto-optima that meet the require-
ments of a decision maker under a given environment. To
fully verify the effectiveness of the proposed framework,
three types of environmental changes that commonly appear
in actual DMOPs are taken into account, in which the
environmental parameters change over time with the linear
[11,27], chaotic and Stochastic [30] mode as shown in Fig. 2.

Linear change Assume that the dynamic environmental
parameters start from 0, and increase linearly with a fixed
increment of 0.2 [11,26]. Since N = 50, the range of αk ∈
[0, 10], as shown in Fig. 2a.

Chaotic change Chaos is derived from nonlinear dynam-
ical systems, whose trajectory is determined by the initial
value and the chaotic mapping parameters [29] as follows.

xk+1 = μxk(1 − xk), μ ∈ [0, 4], xk ∈ (0, 1). (15)
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Table 1 Benchmark functions

Fun Definition Characteristics

Fun1

f1(XI) = x1, f2 = g · h
g(XII) = 1 + ∑

xi∈XII
(xi − G(t))2

h( f1, g) = 1 −
√

f1
g , G(t) = sin(0.5π t)

t = 1
ns

⌊
τ
τt

⌋
, XI = (x1) ∈ [0, 1];

XII = (x2, . . . , x20) ∈ [−1, 1].

FDA1 in [27].
PS(t) : x1 ∈ [0, 1]; xi = G(t), i = 2, 3, . . . , 20.
PF(t) : f1 = x1, f2 = 1 − √

f1.
PS changes,PF is fixed.

Fun2

f1(XI) = x1, f2 = g · h
g(XII) = 1 + ∑

xi∈XII
x2i ,

h( f1, g) = 1 −
(

f1
g

)H(t)−1

, H(t) = 0.75 + 0.7 sin(0.5π t)

t = 1
ns

⌊
τ
τt

⌋
, XI = (x1) ∈ [0, 1]; XII = (x2, . . . , x31) ∈ [−1, 1].

FDA2mod in [27].
PS(t) : x1 ∈ [0, 1]; xi = 0, i = 2, 3, . . . , 31.

PF(t) : f1 = x1, f2 = 1 − ( f1)H(t)−1
.

PS is fixed,PF changes.

Fun3

f1(XI) = ∑n
xi∈X1

x F(t)
i , f2 = g · h

g(XII) = 1 + G(t) + ∑
xi∈XII

(xi − G(t))2

h( f1, g) = 1 −
√

f1
g , G(t) = |sin(0.5π t)|

F(t) = 102 sin(0.5π t)

t = 1
ns

⌊
τ
τt

⌋
, XI = (x1) ∈ [0, 1];

XII = (x2, . . . , x10) ∈ [−1, 1].

FDA3 in [27].
PS(t) : x1 ∈ [0, 1]; xi = G(t), i = 2, 3, . . . , 10.

PF(t) : f1 = x1, f2 = (1 + G(t))
(
1 −

√
f1

(1+G(t))

)
.

PS changes, PF changes.

Fun4

f1(x1) = x1, f2 = g · h
g(x2, . . . , xn, k) = 1 + 9

∑n
i=2 x

2
i

h( f1, g) = 1 −
(

f1
g

)H(t)

H(t) = 0.75 sin(0.5π t) + 1.25

t = 1
ns

⌊
τ
τt

⌋
, xi ∈ [0, 1],∀i = 1, 2, . . . , 10.

DMOP1 in [11].
PS(t) : x1 ∈ [0, 1]; xi = 0, i = 2, 3, . . . , 10.
PF(t) : f1 = x1, f2 = 1 − f1H(t).

PS is fixed,PF changes.

Fun5

f1(x1) = x1, f2 = g · h
g(x2, . . . , xn, k) = 1 + ∑n

i=2 (xi − G(t))2

h( f1, g) = 1 −
(

f1
g

)H(t)

H(t) = 0.75 sin(0.5πk) + 1.25, G(t) = |sin(0.5π t)|
t = 1

ns

⌊
τ
τt

⌋
, xi ∈ [0, 1],∀i = 1, 2, . . . , 10.

DMOP2 in [11].
PS(t) : x1 ∈ [0, 1]; xi = G(t), i = 2, 3, . . . , 10.
PF(t) : f1 = x1, f2 = 1 − f1H(t).

PS changes,PF changes.

Fun6

f1(x1) = x1, f2 = g · h
g(x2, . . . , xn, k) = 1 + 9

∑n
i=2 (xi − G(t))2

h( f1, g) = 1 −
√

f1
g

G(t) = sin(0.5π t)

t = 1
ns

⌊
τ
τt

⌋
, xi ∈ [0, 1],∀i = 1, 2, . . . , 10.

DMOP3 in [11].
PS(t) : x1 ∈ [0, 1]; xi = G(t), i = 2, 3, . . . , 10.
PF(t) : f1 = x1, f2 = 1 − √

f1.
PS changes,PF is fixed.

Fun7

f1(x) = (1 + g) cos(0.5πx1) cos(0.5πx2)
f2(x) = (1 + g) cos(0.5πx1) sin(0.5πx2)
f3(x) = (1 + g) sin(0.5πx1)
g(x) = ∑n

i=3 (xi − G(t))2

G(t) = |sin(0.5π t)|
t = 1

ns

⌊
τ
τt

⌋
, xi ∈ [0, 1],∀i = 1, 2, . . . , 12.

FDA4 in [27].
PS(t) : x1, x2 ∈ [0, 1]; xi = G(t), i = 3, . . . , 12.
PF(t) : f1 = cos(u)cos(v), f2 = cos(u)sin(v),

f3 = sin(u), 0 ≤ u, v ≤ π
2 .

PS changes,PF is fixed.

Fun8

f1(x) = (1 + g) cos(0.5π y1) cos(0.5π y2)
f2(x) = (1 + g) cos(0.5π y1) sin(0.5π y2)
f3(x) = (1 + g) sin(0.5π y1)
g(x) = G(t) + ∑n

i=3 (xi − G(t))2

G(t) = |sin(0.5π t)|
F(t) = 1 + 100 sin4(0.5π t), yi = x F(t)

i

t = 1
ns

⌊
τ
τt

⌋
, xi ∈ [0, 1],∀i = 1, 2, . . . , 12.

FDA5 in [27].
PS(t) : x1, x2 ∈ [0, 1]; xi = G(t), i = 3, . . . , 12.
PF(t) : f1 = (1 + G(t))cos(u)cos(v),

f2 = (1 + G(t))cos(u)sin(v),

f3 = (1 + G(t))sin(u), 0 ≤ u, v ≤ π
2 .

PS changes,PF changes.
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Table 2 The main parameters of the HDMOEA

Parameters Parameter values

Time windows T = 2

The stability threshold η = 0.2, 0.4

The frequency of linear environmental changes f = 1/30 or 1/20(Alternate every 10 environments)

The frequency of chaos environmental changes f = 1/30 or 1/20(Alternate every 20 environments)

The threshold of cks δs = 0.2, 0.4

The threshold of ckf δ f = 1/30

The threshold of cksc δsc = 0.2, 0.4

The length of time series for training ARIMA m = 15

The running times run = 15

(a) Linear change (b) Chaotic change (c) Stochastic change

Fig. 2 The dynamic environmental parameters

(a) Linear change (b) Chaotic change (c) Stochastic change

Fig. 3 Comparison of the estimated environmental parameters

In the experiment, the logistic parameter μ = 4, and the
initial value x0 = 0.6. Following (15), the environmental
parameter αk = 10xk , and αk ∈ [0, 10], as shown in Fig. 2b.

Stochastic change The environmental parameters is gen-
erated by a random number satisfying uniform distribution
in [0,10], as shown in Fig. 2c.

For the above three environmental changes, the future
environmental parameters are estimated by the ARIMA-
based prediction model. As shown in Fig. 3, under a dynamic
time step k = 19, the real and predicted fitness values are
compared in the future T adjacent environments. Apparently,
the prediction performance under linear change is the best,

and themean square deviation is 8.8818e−16. The prediction
results under chaos and stochastic change is similar, and their
mean square deviations are 0.8258 and 0.7053, respectively.
Thus, predicting the range of chaos and stochastic change is
more feasible.

Performance comparison under linear
environmental changes

Suppose that the environmental parametersαk ∈ [0, 10], k =
1, 2, . . . , N linearly increase with the fixed increment about
0.2. Here, N = 50 and α0 = 0. Under the above environ-
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(a) Fun1 (b) Fun2 (c) Fun3

(d) Fun4 (e) Fun5 (f) Fun6

(g) Fun7 (h) Fun8

Fig. 4 IGD comparison for each time among three methods under linear environmental changes

ments, the proposed algorithm is compared with TMO- and
RPOOT-based dynamic multi-objective evolutionary opti-
mization methods. Figures 4, 5 and 6 depict the IGD and
survival time indicators obtained by different algorithms
parameters. Tables 3, 4 and 5 list the corresponding exper-
imental results, where data are the average and standard
deviation, the boldface ones are the best values.

By comparing the MRIGD of the three algorithms listed
in Table 3, and the IGD of each time in Fig. 4, we can see that
TMO-based dynamicmulti-objective evolutionary optimiza-
tion method has the smaller MRIGD than the others in most
cases, which indicates that the corresponding Pareto-optimal
solutions are the closest to the true Pareto front. By contrast,
the robust Pareto-optimal solutions achieved by RPOOT has
the poorest convergence performance due to their accept-
able suboptimal performance in the adjacent environments.
In addition, the MRST values listed in Table 4 indicate that

themean survival time of the robust Pareto solutions achieved
by RPOOT is much larger than that of TMO, meaning that
RPOOTachieves acceptable solutions inmore environments,
is quicker in finding optimal solutions in a new environment,
and incurs less switching cost than TMO. Apparently, nei-
ther of them is able to balance the quality and robustness of
solutions.

Different fromTMOandRPOOT,HDMEOAhas achieved
similarMRIGD values to TMOwhile achieving fewer robust
Pareto-optimal solutions than RPOOT except for Fun2.
Taking Fun7 as an example, the Pareto-optimal solutions
obtained by HDMEOA and TMO have a similar MRIGD
value (around 0.063), which is smaller than 0.1551 obtained
by RPOOT. In particular, the proposed algorithm has the
best MRIGD for Fun4 and Fun5, indicating the best conver-
gence.Moreover, the number of environments inwhichTMO
or RPOOT is adopted, respectively, in HDMEOA listed in
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(a) Fun1 (b) Fun2 (c) Fun3

(d) Fun4 (e) Fun5 (f) Fun6

(g) Fun7 (h) Fun8

Fig. 5 Survival time comparison of three methods under linear environmental changes

Table 5 shows that TMO is employed in 44 out of 50 environ-
ments, and 2 robust Pareto-optimal solutions are used in other
environments. The mean robust survival time of HDMEOA
is 1.064, which is shorter than that of RPOOT. Less robust
Pareto-optima over time promotes the quality of the solution
set, but weakens their robustness.

To further compare the robustness of the three methods,
Fig. 5 depicts the robust survival time of all Pareto-optimal
solutions obtained in each environment as the environmental
parameters change linearly. Apparently, TMO-based multi-
objective evolutionary optimization method needs to track
each true Pareto front. Thus, the survival time of all solutions
is 1. By contrast, the robust candidates found by HDMEOA
andRPOOT remain in use undermore than one environment,
consequently having the survival time larger than 1. More
specifically, the robust Pareto fronts obtained by RPOOT

have the longest survival time, which shows the strongest
robustness.

In addition, the experimental results listed in above tables
indicate that both HDMEOA and RPOOT obtained worse
MRIGD values with the increase of η, but their MRST val-
ues are longer than these obtained by TMO. Taking a closer
look, we find that, more sub-optimal solutions are acceptable
as η = 0.4, resulting in the worse convergence but enhanced
robustness. For HDMEOA, Fig. 6 depicts the survival time of
all Pareto-optimal solutions under various threshold values
for the intensity of environmental changes. As δs = 0.4, the
survival time of each robust solution becomes larger, mean-
ing better robustness, because RPOOT is triggered under
more environments with severer changes of the landscape.
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(a) Fun1 (b) Fun2 (c) Fun3

(d) Fun4 (e) Fun5 (f) Fun6

(g) Fun7 (h) Fun8

Fig. 6 Survival time comparison of HDMEOA with various δs under linear environmental changes

Table 3 MRIGD comparison of three methods under linear environmental changes

Method Fun1 Fun2 Fun3 Fun4

TMO 0.1249±0.0460 0.1263±0.0782 0.1197±0.0650 0.1886±0.1092−
HDMEOA η = 0.2 0.1457±0.0472− 0.1740±0.0801− 0.1479±0.0197− 0.1255±0.0718

η = 0.4 0.1325±0.0375− 0.1985±0.0944− 0.1486±0.0302− 0.1402±0.0704−
RPOOT η = 0.2 0.1492±0.0240− 0.1305±0.0663− 0.1493±0.0280− 0.1256±0.0562−

η = 0.4 0.1642±0.0139− 0.3590±0.0021+ 0.4502±0.0012+ 0.1336±0.0470−
Method Fun5 Fun6 Fun7 Fun8

TMO 0.0971±0.0389− 0.2557±0.0185 0.0633±0.0046 0.0983±0.0059

HDMEOA η = 0.2 0.0950±0.0354 0.2863±0.0200+ 0.0638±0.0068− 0.1044±0.0075−
η = 0.4 0.1048±0.0304− 0.2578±0.0325− 0.1239±0.0048+ 0.2765±0.0056+

RPOOT η = 0.2 0.1478±0.0202+ 0.8251±0.0388+ 0.1551±0.0053+ 0.2484±0.0020+
η = 0.4 0.2281±0.0100+ 0.8546±0.0309+ 0.1465±0.0033+ 0.8124±0.0035+
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Table 4 MRST comparison of three methods under linear environmental changes

Method Fun1 Fun2 Fun3 Fun4 Fun5 Fun6 Fun7 Fun8

TMO 1±0 1±0 1±0 1±0 1±0 1±0 1±0 1±0

HDMEOA η = 0.2 1.087±0.0000 2.508±0.3480 1.136±0.0000 2.270±0.2610 1.087±0.0000 1.064±0.0000 1.064±0.0000 1.087±0.0000

η = 0.4 1.163±0.0000 2.507±0.1466 1.220±0.0000 2.722±0.3173 1.250±0.0000 1.087±0.0000 1.250±0.0000 1.163±0

RPOOT η = 0.2 1.724±0.0000 2.000±0.0000 1.214±0.0248 2.273±0.0000 1.657±0.0463 1.515±0.0000 1.573±0.0411 1.163±0.0000

η = 0.4 1.724±0.0000 2.273±0.0000 1.563±0.0346 2.632±0.0000 1.724±0.0000 1.515±0.0000 1.724±0.0000 1.351±0.0000

Table 5 NumTR comparison of three methods under linear environmental changes

Method Fun1 Fun2 Fun3 Fun4

tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT

TMO 50±0 0±0 50±0 0±0 50±0 0±0 50±0 0±0

HDMEOA η = 0.2 44.0±0.0000 2.0±0.0000 15.0±0.0000 5.2±0.3875 42±0.0000 2.0±0.0000 17.8±2.2804 4.4±0.5477

η = 0.4 41.0±0.0000 2.0±0.0000 15.4±0.8944 4.6±0.5477 38±0.0000 3.0±0.0000 16.6±2.5100 2.0±0.0000

RPOOT η = 0.2 15.0±0.0000 14.0±0.0000 15.0±.0000 10.0±0.0000 15±0.0000 26.2±0.8367 15.0±0.0000 7.0±0.0000

η = 0.4 15.0±0.0000 14.0±0.0000 15.0±0.0000 7.0±0.0000 15±0.0000 17.0±0.7071 15.0±0.0000 4.0±0.0000

Method Fun5 Fun6 Fun7 Fun8

tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT

TMO 50±0 0±0 50±0 0±0 50±0 0±0 50±0 0±0

HDMEOA η = 0.2 44±0.0000 2.0±0.0000 45±0.0000 2±0.0000 44±0.0000 2.0±0.0000 44±0.0000 2±0.0000

η = 0.4 37±0.0000 3.0±0.0000 44±0.0000 2±0.0000 37±0.0000 3.0±0.0000 37±0.0000 6±0.0000

RPOOT η = 0.2 15±0.0000 15.2±0.8367 15±0.0000 18±0.0000 15±0.0000 16.8±0.8367 15±0.0000 28±0.0000

η = 0.4 15±0.0000 14.0±0.0000 15±0.0000 18±0.0000 15±0.0000 14.0±0.0000 15±0.0000 22±0.0000

Performance comparison under chaotic and
stochastic environmental changes

The chaotic change is more complex than the linear one,
causing more intensive environmental changes. By compar-
ing with Table 3, the experimental results listed in Table 6
show that the obtained Pareto-optimal solutions have worse
convergence under the environmentwith chaotic changes. As
can be seen from Table 7, the survival time of HDMEOA is
slightly shorter than that of RPOOT, but longer than that of
TMO. In HDMEOA, cks = 0 in most of the environments,
and the TMO-based multi-objective evolutionary optimiza-
tion method is employed according to the proposed criteria,
as shown inTable 8.Moreover,HDMEOAhas achieved simi-
larMRIGDvalues to those achievedbyTMOexcept onFun6,
where both HDMEOA and TMO are both significantly bet-
ter than RPOOT, indicating that the Pareto-optimal solutions
obtained byHDMEOA and TMOare closer to the true Pareto
front.

Under the adjacent environments randomly change within
a certain range, the intensity of environmental change may
not satisfy the preset threshold, and then RPOOT is seldom

triggered. As shown in Tables 9, 10 and 11, for all bench-
marks except for Functions 2 and 4, TMO-based dynamic
multi-objective evolutionary optimization method is adopted
inmost dynamic time steps, but it is difficult to find the robust
optimal solutions. The survival time of HDMEOA as shown
in Table 10 is shorter than that of RPOOT, but longer than
TMO. Also, we observe from Table 9 that MRIGD of the
solution sets gotten from HDMEOA more approximate to
that of TMO.

As shown in Tables 3, 6 and 10, the MRIGD values of the
non-dominated solutions found by RPOOT are much larger
than those of the other two methods, implying the poor con-
vergence. HDMEOA has much smaller MRIGD values and
exhibits the simliar performance to TMOdue to the proposed
selection criteria, especially on Fun6. The Pareto sets of Fun2
and Fun4 do not change, while the corresponding true Pareto
fronts vary with environmental changes. As δs = 0.4, the
number of robust Pareto fronts obtained by HDMEOA and
RPOOT are almost the same and their mean robust survival
times are longer, RPOOT is better suited for solving DMOPs
having the similar characteristics as the above functions.
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Table 6 MRIGD comparison of three methods under under chaotic environmental changes

Method Fun1 Fun2 Fun3 Fun4

TMO 0.3526±0.0405 0.1893±0.1871 0.5796±0.2130− 0.1072±0.0444−
HDMEOA η = 0.2 0.3564±0.0426− 0.3043±0.1048− 0.5630±0.2032− 0.2053±0.0436+

η = 0.4 2.0761±0.0127+ 0.2500±0.0922− 0.5186±0.1440 0.1016±0.0549

RPOOT η = 0.2 3.5242±0.0799+ 0.2155±0.1196+ 0.8881±0.2832+ 0.1094±0.0274−
η = 0.4 3.9288±0.0236+ 0.3704±0.0020+ 1.0935±0.2864+ 0.1774±0.0198+

Method Fun5 Fun6 Fun7 Fun8

TMO 0.1853±0.0519 0.1072±0.0444 0.0873±0.0046 0.7700±0.1415

HDMEOA η = 0.2 0.2044±0.0197− 1.6385±0.3313+ 0.5610±0.0021+ 0.8849±0.0800+
η = 0.4 0.5367±0.0775+ 24.7369±0.0137+ 0.7602±0.0052+ 0.7796±0.0743−

RPOOT η = 0.2 1.1388±0.0688+ 40.3799±1.1241+ 1.2498±0.0127+ 0.7873±0.0302−
η = 0.4 1.1981±0.0078+ 44.8066±0.0116+ 1.3477±0.0178+ 1.0232±0.0304+

Table 7 MRST comparison of three methods under chaotic environmental changes

Method Fun1 Fun2 Fun3 Fun4 Fun5 Fun6 Fun7 Fun8

TMO 1±0 1±0 1±0 1±0 1±0 1±0 1±0 1±0

HDMEOA η = 0.2 1.337±0.0075 3.014±0.4280 1.256±0.0043 2.665±0.1686 1.400±0.0054 1.260±0.0043 1.539±0.0000 1.351±0.0000

η = 0.4 1.164±0.0000 3.969±0.0344 1.624±0.0072 5.060±0.3327 1.881±0.0236 1.493±0.0000 2.033±0.0091 1.52±0.0096

RPOOT η = 0.2 1.977±0.0107 2.222±0.0000 1.176±0.0000 2.857±0.0000 1.832±0.0192 1.946±0.0103 1.792±0.0134 1.263±0.0035

η = 0.4 1.953±0.0084 2.778±0.0000 1.433±0.0046 6.250±0.0000 2.084±0.0154 1.818±0.0000 2.102±0.0285 1.393±0.0044

Table 8 NumTR comparison of three methods under chaotic environmental changes

Method Fun1 Fun2 Fun3 Fun4

tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT

TMO 100±0 0±0 100±0 0±0 100±0 0±0 100±0 0±0

HDMEOA η = 0.2 67.6±1.6733 7.20±0.8367 24.4±4.7223 10.4±2.5100 67.8±0.8367 11.8±0.4472 30.0±4.7434 8.00±0.0000

η = 0.4 50.0±0.0000 11.0±0.0000 15.2±0.4472 10.0±0.0000 40.8±0.4472 20.8±0.4472 19.0±2.2361 1.00±0.0000

RPOOT η = 0.2 15.0±0.0000 35.6±0.5477 15.0±0.0000 30.0±0.0000 15.0±0.0000 70.0±0.0000 15.0±0.0000 20.0±0.0000

η = 0.4 15.0±0.0000 36.2±0.4472 15.0±0.0000 21.0±0.0000 15.0±0.0000 54.8±0.4472 .0±0.0000 1.00±0.0000

Method Fun5 Fun6 Fun7 Fun8

tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT

TMO 100±0 0±0 100±0 0±0 100±0 0±0 100±0 0±0

HDMEOA η = 0.2 62.0±1.2247 9.40±0.8944 73.6±0.8944 5.80±0.4472 35.2±0.4472 14.0±0.7071 64.2±0.8367 9.80±0.8367

η = 0.4 39.4±0.8944 13.8±0.4472 56.0±0.0000 11.0±0.0000 37.0±0.0000 3.00±0.0000 49.4±1.1402 16.4±0.5477

RPOOT η = 0.2 15.0±0.0000 39.6±1.1402 15.0±0.0000 36.4±0.5477 15.0±0.0000 40.8±0.8367 15.0±0.0000 64.2±0.4472

η = 0.4 15.0±0.0000 33.0±0.7071 15.0±0.0000 40.0±0.0000 15.0±0.0000 32.6±1.3416 15.0±0.0000 56.8±0.4472

Conclusion

Traditional TMO-based dynamic multi-objective evolution-
ary optimization methods may not be able to satisfactory
solutions with small switching cost in the presence of fre-
quent and severe environmental changes. In contrast to TMO,
RPOOT-based dynamic robust multi-objective evolutionary

optimization methods are developed to find robust Pareto-
optima whose performance is acceptable in a number of
adjacent environments. However, both methods can not bal-
ance the quality of solutions and the cost for switching and
computation.To address the abovedilemma, an environment-
driven HDMEOA has been proposed in this paper. Firstly,
two indexes, including the frequency and intensity of envi-
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Table 9 RIGD comparison of three methods under stochastic environmental changes

Method Fun1 Fun2 Fun3 Fun4

TMO 0.3623±0.0323 0.2007±0.1577 0.6071±0.3313 0.0979±0.0613

HDMOA η = 0.2 0.3697±0.0369+ 0.2179±0.0440− 0.6733±0.3105− 0.1271±0.0222+
η = 0.4 2.1429±0.0275+ 0.2404±0.0705− 0.6506±0.2501− 0.1381±0.0340+

RPOOT η = 0.2 4.0854±0.2623+ 0.3564±0.0036+ 1.2389±0.0692+ 0.2467±0.0352+
η = 0.4 3.4548±0.0073+ 0.3485±0.0011+ 0.8077±0.1825+ 0.2282±0.0110+

Method Fun5 Fun6 Fun7 Fun8

TMO 0.2107±0.0267 0.3333±0.0164 0.0614±0.0076 0.7997±0.1215

HDMOA η = 0.2 0.2592±0.0622+ 0.5989±0.0572+ 0.2134±0.1237+ 0.8892±0.0800−
η = 0.4 0.5493±0.0056+ 3.1743±0.0652+ 0.5091±0.0134+ 0.8813±0.1227−

RPOOT η = 0.2 1.1652±0.0323+ 43.770±2.3899+ 1.1945±0.0324+ 0.9604±0.0877+
η = 0.4 1.2814±0.0074+ 38.947±0.2412+ 1.0724±0.0136+ 1.0226±0.0070+

Table 10 MRST comparison of three methods under stochastic environmental changes

Method Fun1 Fun2 Fun3 Fun4 Fun5 Fun6 Fun7 Fun8

TMO 1±0 1±0 1±0 1±0 1±0 1±0 1±0 1±0

HDMEOA η = 0.2 1.177±0.0000 1.754±0.0000 1.202±0.0057 2.473±0.1388 1.238±0.0033 1.1087±0.0026 1.4431±0.0050 1.263±0.0050

η = 0.4 1.471±0.0000 4.141±0.4602 1.696±0.0245 5.25±0.2546 1.751±0.0048 1.3681±0.0253 1.7802±0.0206 1.475±0.0099

RPOOT η = 0.2 1.786±0.0150 2.558±00101 1.151±0.0049 2.222±0.0000 1.724±0.0070 1.779±0.0066 1.691±0.0262 1.192±0.0040

η = 0.4 2.041±0.0000 2.857±0.0000 1.497±0.0093 6.250±0.0000 2.128±0.0000 1.992±0.0088 2.234±0.0316 1.409±0.0000

Table 11 NumTR comparison of three methods under stochastic environmental changes

Method Fun1 Fun2 Fun3 Fun4

tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT

TMO 100±0 0±0 100±0 0±0 100±0 0±0 100±0 0±0

HDMEOA η = 0.2 77.0±0.0000 8.0±0.0000 23.3±0.4830 15.8±0.4216 73.3±1.7090 9.9±1.4491 30.1±4.9092 10.8±1.0328

η = 0.4 54.0±0.0000 14.0±0.0000 15.1±0.3162 9.9±4.1753 38.1±1.6633 20.9±0.3162 18.2±1.7512 1.0±0.0000

RPOOT η = 0.2 15.0±0.0000 41.0±0.9408 15.0±0.0000 42.0±0.0000 15.0±0.0000 71.9±0.7379 15.0±0.0000 30.0±0.0000

η = 0.4 15.0±0.0000 34.0±0.0000 15.0±0.0000 20.0±0.0000 15.0±0.0000 51.8±0.8367 15.0±0.0000 1.0±0.0000

Method Fun5 Fun6 Fun7 Fun8

tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT tTMO tRPOOT

TMO 100±0 0±0 100±0 0±0 100±0 0±0 100±0 0±0

HDMEOA η = 0.2 69.8±0.4216 11.0±0.0000 84.2±0.4216 6.0±0.0000 58.5±0.8498 10.8±0.4216 67.9±0.8756 11.3±0.4830

η = 0.4 39.7±0.4830 17.4±0.5164 59.1±0.5676 14.0±0.0000 39.4±0.5164 16.8±1.3166 48.4±0.8433 19.4±0.5164

RPOOT η = 0.2 15.0±0.0000 43.0±0.4714 15.0±0.0000 41.2±0.4216 15.0±0.0000 44.2±1.8135 15.0±0.0000 68.9±0.5676

η = 0.4 15.0±0.0000 32.0±0.0000 15.0±0.0000 35.2±0.4472 15.0±0.0000 29.8±1.3038 15.0±0.0000 56.0±0.0000

ronmental changes are defined. Secondly, a criterion is
presented based on the characteristic of dynamic environ-
ments and switching cost of solutions, with the purpose of
selecting an appropriate method from TMO and RPOOT
in each environment. To test the effectiveness of the pro-
posed strategy, the experiments are designed based on eight
benchmark functions under linear, chaotic and stochastic

environmental changes. The statistical results reveal that the
HDMEOA can effectively choose the more suited method
(TMO or RPOOT) that meets the requirements of deci-
sion makers. It is very meaningful to strike a good balance
between the convergence and robustness of the Pareto-
optimal solutions.
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It is worth noting that only linear ,chaotic and stochastic
environmental changes are considered in this paper, however,
there exist other types of dynamic environmental changes
in practice. It is interesting to study the influences and
effects of the HDMEOAon real application dynamic optimal
problems. Furthermore, predicting environmental changes
accurately plays a key role in choosing the suited optimiza-
tion methods from TMO and RPOOT. As we known, any
prediction method has the different accuracy for dynamic
problems with various kinds of environmental changes. For
example, the ARIMA model used in this paper has a good
prediction effect on linear change, but not on chaotic and
stochastic changes. To solve this drawback, one may con-
sider more prediction methods, such as [26,44,45], to track
the dynamic environments with other nonlinear changes.
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