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Abstract

A complex fuzzy set (CFS) is a remarkable generalization of the fuzzy set in which membership function is restricted to
take the values from the unit circle in the complex plane. A CFS is an efficient model to deal with uncertainties of human
judgement in more comprehensive and logical way due to the presence of phase term. In this research article, we introduce the
concept of competition graphs under complex fuzzy environment. Further, we present complex fuzzy k-competition graphs
and p-competition complex fuzzy graphs. Moreover, we consider m-step complex fuzzy competition graphs, complex fuzzy
neighborhood graphs (CFNGs), complex fuzzy economic competition graphs (CFECGs) and m-step complex fuzzy economic
competition graphs with interesting properties. In addition, we describe an application in ecosystem of our proposed model.
We also provide comparison of proposed competition graphs with existing graphs.

Keywords Complex fuzzy set - k-Competition - p-Competition - m-Step competition - Economic competition.

Introduction

In 1968, Cohen [6] introduced the conception of competition
graphs (CGs) to determine the problems of ecosystem. CGs
have many utilizations in distinct areas of life. The analogy
of Cohen was based on the fact that there is a competi-
tion between two species if both species have a common
prey. Many variations of CGs are present in the literature,
namely competition common enemy graph of digraph [22],
p-competition graphs of digraph [12,13], competition hyper-
graphs [23] and tolerance competition graphs [4]. Another
worthwhile generalization of competition graphs was given
by Cho et al. [5] in 2000. All the introduced competi-
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tion graphs are crisp graphs which cannot describe all the
real-world competitions. In ecosystem, the species may be
vegetarian, non-vegetarian, strong, weak, and similarly the
prey may be harmful, digestive, energetic, etc.

In 1965, Zadeh [25] developed the conception of fuzzy
set to represent the uncertainty of human judgment by ini-
tiating the membership function which is restricted to take
the values form the unit interval [0,1]. For example, today
is sunny, it might be 100% true if there are no clouds, 80%
true if there are few clouds, 50% true if it is hazy and 0%
true if it rains all day. A graph is an easy way to inter-
pret the information which involve the relationship between
objects. Fuzzy graphs are designed to represent the struc-
tures of relationships between objects such that the existence
of a concrete object (vertex) and the relationship between
two objects (edge) are matters of degree. In 1975, Rosen-
feld [17] initiated the notion of fuzzy graph (FG). Certain
notions of FGs have been discussed in [1,8,15,27]. After the
introduction of FG, many researchers turned their attention
to find the competition among entities under fuzzy environ-
ment. Fuzzy k-competition and p-competition graphs were
developed by Samanta and Pal [20]. Further, Samanta et al.
[19] initiated m-step fuzzy competition graphs. Moreover,
Habib et al. [9] initiated the concept of g-rung orthopair
FCGs with their utilization in soil ecosystem. Sarwar et al.
[21] introduced a new decision-making approach with fuzzy
competition hypergraphs. Akram and Lugman [2] presented
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a remarkable contribution on fuzzy hypergraphs. Most of
the real-world competitions can be represented through these
FCGs but there exist some competitions in which the entities
possess the periodic or two-dimensional information which
cannot be represented through these FCGs. For example, in
a food web, the species may be strong and vegetarian and the
prey may be harmful and energetic at the same time inter-
val. Similarly, the species may be strong or weak and the
prey may be harmful or energetic under some specific time
interval. This information about the species and preys is two
dimensional which cannot be modeled through FCGs.

Fuzzy set (FS) theory is useful model to deal with uncer-
tainties arising in various fields of life. But in some situations,
this theory cannot model the incomplete and imprecise infor-
mation of two-dimensional or periodic nature encountered in
the real world. To cope with this problem, Ramot et al. [16]
proposed complex fuzzy set (CFS), as a worthwhile gener-
alization of FS in which the membership grade is restricted
to take the values form the unit circle in the complex plane,
and is of the form re'?, where r is the amplitude term and
0 is the phase term. The phase term 6 of CFS has a great
importance because it can handle the recurring problems
or periodic problems phenomena with more perfection. The
presence of phase term in CFS ensures that there may exist
some situations where the second dimension is required.
This term differentiates CFS from all other available sets of
the literature. Possible application which demonstrates the
new concept involve a CF representation of solar activity,
signal processing application and in time series forecasting
applications. Later on, Thirunavukarasu [24] introduced the
idea of complex fuzzy graph (CFG). Recently, Lugman et
al. [14] investigated the novel concepts of CF hypergraphs.
Akram et al. [3] considered imperfect competition models in
economic market structure with g-rung picture fuzzy infor-
mation. Further, Garg and Rani [10,11] investigated many
decision-making techniques. The motivation to this article
can be described as follows.

1. The CFS, a worthwhile generalization of FS, is a profi-
cient model to handle all the periodic or two-dimensional
information due to the presence of an additional term
known as phase term. This set has an edge over the other
existing models of the literature due to its additional
features of handling the periodic and two-dimensional
information in a single set. On the other hand, if we
remove the phase term of CFS then the CFS is a con-
ventional FS with real-valued membership.

2. The competition graphs developed under CF environ-
ment are useful enough to tackle all the competitions
of real world which possess the information of two-
dimensional nature.
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In this research article, we present the innovative concept
of CFCGs. We then investigate the two generalizations of
CFCGs, namely CF k-competition and p-competition CFGs.
Further, we investigate CFNGs, m-step CFCGs, CFECGs
and m-step CFECGs. Moreover, we discuss an application of
CFCGs in ecosystem to emphasize the superiority of these
graphs in real life. The main contribution to this article is
summarized as follows.

1. Competition graphs with its remarkable generalization
are developed in CF environment to overcome the defi-
ciencies of other existing competition graphs of the
literature.

2. An algorithm is initiated to find the competition among
the real-world entities with an application in ecology.

3. A comparative analysis is provided to check the superior-
ity and authenticity of our proposed competition graphs.

We arrange this paper as follows: the next section includes
some elemental definitions which are necessary for the evolu-
tion of CFCGs, followed by which we introduce the concept
of CFCGs with its two remarkable extensions, namely CF
k-competition graphs and p-competition CFGs. In the subse-
quent section, we develop the concept of CFNGs with some
related theorems and then we discuss m-step CFCGs. After
this, we initiate a new concept called CFECGs. The penul-
timate section includes an application of CFCG to reveal
its importance in real life. Before the concluding section, we
provide comparison of the proposed competition graphs with
existing graphs. Finally, we give the conclusion.

Preliminaries

Definition 1 [20] The fuzzy competition graph (FCG) 6(3)
of fuzzy digraph (FDG) © = (W, P, Q) is an undirected
graph Q = (W, ﬁ @) with same node set as in ?2> and have
an edge connecting two distinct vertices g and f in C(?f)
if and only if RT(g) N RT(f) # T in ?2>, and for the edge
(g, f) the membership value (MV) in C(?Z)) is given as

£a(8. ) = Gp@ AEp () x ART( NRT(f). (1)

Definition 2 [16] Let Z be a universal set. Then complex
fuzzy set (CFS) B on Z can be given as

B =1{(q,&5(q)e'* V) | q € 7}, )

where £5(g)e'8@ is the MV of the element ¢ such that
£p(q) € [0, 1] and @g(q) € [0,2n], and i = /—1. For
every g € Z, £p(q) and ¢p(q) are the amplitude term and
phase term, respectively.
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Definition 3 [7] A complex fuzzy relation (CFR) R on a uni-
versal set W x Z, can be given as

R(g, f) = {((g, ), &r(g, /)R | (g, f) e W x Z),
3)

where &g (g, f)e'¥®(&f) is the MV of the element (g, f) in
W x Z such that &r(g, f) € [0, 1] and ¢r(g, f) € [0, 27],
and i = +/—1.

Foreach (g, f) € W x Z, &Egr(g, f) and ¢pr(g, f) are the
amplitude term and the phase term, respectively.

Definition 4 [26] Let By and B; be two CFSs on a universal
set Z, where

B = {q,&p, ()" D | g € 7}, 4)
By = {q,p,(9)e'?%P | q € Z}. )

Then the CF intersection of Bj and Bj, symbolized by B; N
B5, is given by the function

Bi N By = {£g,np, ()20 | g € Z), (6)
where

= (£p,(q) NEp,(q))e 81 D5 (D),
(M

SBmBz (q)ei(pBlﬂBZ (@)

Definition 5 [26] Let By and B be two CFSs defined on a
universe Z, where

By = {q,&p,()e'?"1D | g € 7}, ®)
By = {q,p,(q)e' %D | g € Z). )

Then the CF product of By and B;, symbolized by Bj o B>,
is given by the function

B o By = {£B,0p,(q)e P82 D g € 7}, (10)

where where

2

(‘”31 (@) wgz(q))
E8108,(@)€¥P1°R2 @) = (£p,(q) £5,(q))e A
Definition 6 [24] A fuzzy graph (FG) @ = (W, P, @), ona

non-empty set W is said to be a complex fuzzy graph (CFG),
where P and Q are CFS and CFR on W such that

£5(8. f) = (€p(g) A Ep(f)), (for amplitude term)  (12)
958, f) = (¢p(8) AEp(f)), (for phase term) (13)

forallg, f e W.

Table 1 List of acronyms

Acronyms Description

FS Fuzzy set

CFS Complex fuzzy set

CFON Complex fuzzy out-neighborhood

CFIN Complex fuzzy in-neighborhood

CFCG Complex fuzzy competition graph
CFOPN Complex fuzzy open neighborhood
CFC!N Complex fuzzy closed neighborhood
CFOPNG Complex fuzzy open neighborhood graph
CFC'NG Complex fuzzy closed neighborhood graph
CFECG Complex fuzzy economic competition graph

Definition 7 [24] A directed CFG (complex fuzzy digraph)
=

(CFDG) on a non-empty set W is a triplet Q = (W, ]P Q),

where P is CFS on W and Q is CFR on W such that

- .
£q(8. f) = Gp() Aép(f)), (for amplitude term)  (14)

—
58, f) = (pp(8) AN§p(f)), (for phase term) (15)
forall g, f e W.

The list of acronyms in research paper is given in Table 1.

Complex fuzzy set applied to competition
graphs

This section presents some basic definitions which are nec-
essary to define for the evolution CFCGs.

— ~ =
Definition 8 For a node g of a CFDG Q2 = <W, P, Q) ,
the CF out-neighborhood (CFON) is a CFS, given by

NP (g) = (7. mbe™ ),

IR
(/1&g f) > 0} such that m} : S§ — [0, 1]
given by mg(f) = .§Q(g f) and ng Sg —
by 15 () = vg (8. /).

where S; =

[0, 27] given

— =
Definition 9 For a node g of a CFDG Q = <W, P, Q) ,
the CF in-neighborhood (CFIN) is a CFS, given by

R"(g) = (Sy. mipe'™),
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(1 0"106)1()2()#)

(1,0.60e™-707)

Fig.1 Complex fuzzy digraph

e
where Sg = {f|§@(f,g) > 0} such that m;’ : SZ — [0, 1]
given by my (f) = éﬁ(f,g) and 1, : S; — [0, 2] given

—

by n(f) = @ (f. &)

=
Example 1 Let ?2) = (W, P, Q) be a CFDG, where
P i J !
i B 0.40¢19-207 > (0500707 * (). 60¢i 1707 °
n
0.55¢i1.707 [
i _ (J,1) (n, i) G. D
@ = 0.30¢10207 * () 350210107 () 5010407
—
(n, D)
0.40¢i0907 |-

The CFDG is shown in Fig. 1.
CFON and CFIN of the nodes are given in Table 2.

Definition 10 Let B = {(q, £3(¢)e'¥8@)) | g € Z}beaCFS.

The height of CFS B symbolized by 1(B) = (hs (B)e') is
given as

h(B) = {(max (65(q)) ¢ ™ @) | g € 2}

= (ne(mye™®).

Definition 11 The CFCG c(?z’) of a CFDG @ =

~ = ~ o~
(W, P, Q) is an undirected CFG Q = (W, P, Q) with

same CF node set as in §2 and possesses a CFedgein € (3
joining two distinct nodes g and f if and only if the CFS
—
RP(g)NRP(f) # @ in Q and the MV of the edge (g, f) in
ﬁ
E(R)is

§0(8. 1) = Ep(9) NER(S)) x he (P () NNP(f)),
ep(8)  ep(f)

0g(¢. f) =2m [( e Ao >
o fip(RP(g) N Np(f))}

2 '

~ =
Example 2 Let ?2) = (W, P, Q) be a CFDG, as presented

in Fig. 2a, given by
=~ [ i m k

P= 0.3¢i0.77° (). geil 37’ 0.460_491’1,2” ’ 0.5¢10.97°
n
0.4 177 >’
- 3
= (%)) (m, i) k,m)  (n,k)
Q= 0203 03561117 0261077 267077
N N
(n,1) (k, 1)
0.25¢1027° () 3ei0.27 [°

The CFON of the nodes are shown in Table 3.

The CFSs R7(g) N RP(f) and i (RP(g) NRP(f)) are
given in Table 4.

The corresponding CFCG is shown in Fig. 2b.

Definition 12 Let B = {(q, £3(¢))e'?3? | g € Z}beaCFS.
Then the cardinality of CFS B is a positive complex number
symbolized by |B|ge”B|‘/’, is defined as

Bl =) &alg)e Lgjez 95 (4)

qi€Z
= |Blge' Pl

forallg € Z.

Definition 13 Suppose k = re'? be a complex number and
IRP(@)NRP(f)| = r it (say). The CF k-competition graph
(‘lk(?i) of a CFDG ?2) = (W, ]’?, 6) is an undirected CFG
Q= (W, ﬁ @) with same CF node set as in ?2) and have a
CF edge in ck(?i) connecting two distinct vertices g and f

Table2 CFON and CFIN of the

nodes R (g) R"(g)
i & {(j’0.3ei0.2071)’ (n’0.356i0‘10n)}
j {(1,0.50€'040m) (i, 0.30¢0-207 )} @
1 I%] {(n, 0.40£10907) (. 0.5¢/0-407}
n {(l,0.40¢1090m) (;,0.35¢0-10m)} o
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Fig.2 Complex fuzzy digraph

(1,0.3¢77)
and complex fuzzy competition

graph
()‘()8(110.].‘5
(i,0.6e'13T) n,0.4e' ™) (i,0.6¢"-37) (n,0.4e7)
:|. OlQPEU,TTr .
(m, 0.4¢™27) (k,0.5¢9") (m,0.4¢"27) (k, 0.5¢197)
3 (1)
(a) CFDG (b) CFCG
Table 3 CFON of the nodes Table4 The CFS R7(g) N RP(f) and A(RP(g) NRP(f))
g RP(g) g f RP(g) NP (f) L(RP(g) NP (f))
1 {(k,0.3¢1027)} 1 i @ @
i {(1,0.2¢1037)} 1 m @ %)
m {(i.0.35¢" 1)} 1 k o @
k {(m, O.2ei0'7”)} 1 n {(k, O.Zeio'zn)} {(O.Zeio'zn)}
n {(1,025¢7977) | (k,0.2¢077)} i m o o
i k 1%/ 1%/
i n {(1,0.2¢192m)} {(0.2¢7027)}
if and only if ¥ >rand@ > 6. The MV of the edge (g, f) m k “ “
in ¢, (?2)) is calculated as n " ? i
n i k n 1%/ 1%
fq(e. ) = (’r_’) (Ep () A Ep(f)) X he (W () NRP(f)), (j.0.4¢1127) (1,0.66127)
R 00 (ep®)  ep(H)) | he(RP() NRP(f))
‘pQ(g’ﬁ_Z”[ o <2n = )X b }
— ~ =
Example 3 Let Q@ = (W, P, Q) be a CFG as presented in .
Fig. 3, given by s
= ! j X %
r - 0.6¢ " 0.4/127 ().61037
b4 m n
0.7¢i137° (.8¢i097 * (0.65¢i 17 )’
= (I, x) (,2) (I, m) (I,n)
Q@ = (060057 0561027 (456057 3501027
. 2 i0.37 il.3m i0.97 . = i1.0m
G, (7.2 G, m) G.n) (x,0.6¢ ) (2,0.7e ) (m, 0.8¢097)  (n,0.65¢ )
0.3¢i0-277 (0.35¢10-97 7 (0.36¢10-27 " (.4ei17 [ Fig.3 Complex fuzzy digraph

The CFON of the nodes are given in Table 5.

Next, we have The CFSs A(RP(j) NRP (1)) and [(RP(j) N RP(1))| are
NP(j) NP (1) ARP(j) NRP(D))
={(n,0.35¢!927), (m, 0.36¢'727), (z, 0.35¢/0%7), (x, 0.3¢'027)}. = {(0.36¢/027)}, |(RP(j) N RP ()] = (1.36/087T).
g
y
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Table5 The CFON of the nodes

R”(g)

—_—

(n,0.4€"97) | (m,0.36¢027) , (x, 0.3¢/027) (z 0.35¢1097)}
(n,0.35¢/027) | (m, 0.45¢'037) | (x, 0.6¢037) , (z, 0.5¢027)}

{
{

X %]
z %]
m @
n @
(4, 04‘@”““) (1,0.6e"27) where
0_122(11'().057
he P (g) NRP(f)) = ¢ = |(RF(g) NRP(f))]e,
hy(RP(g) NRP(f)) =0 = [(RP(g) NRP(f))ly.
So, the MV of the edge (g, f) in CFCG is
£0(8. 1) = Ep(®) A§p(f)) x he (R () NRP(f)),
Ed L] (] ° 0O 5 = P N ED 5
(:r.[).Ge'“"h) (2,0.7¢3) (m, 0.8¢10-9m) (11.(].656'1‘0”) EQ(g f) (%-]P(g) glp(f)) e
Fig.4 CF-0.2¢'92" _competition graph 05 (¢, f) =27 _<(Pf;(g) A Yp (f))
L b4 2
. P p
Let k = 0.2¢/927 then there is only one edge in CF th(N () NN (f))i|’
0.2¢'9-2" _competition graph as 2
[(ep(8)  ¢p(f) 4
; vp(8. f) =2m (wﬂ’gﬂpﬂ’f)x—].
I(RP(H NRP(D))]e =1.36> 0.2, L\ 2« 2 2

|(R?(j) NRP (1)), = 0.87 > 0.27.

The corresponding & 5,027 (5) is shown in Fig. 4.

Definition 14 Consider a CFG Q
w

=(W,P,Q).IfVg, f e

1
a8, ) > E(E@(g) NER(S)),
vp(8)

1 D op(f)
0a(g. ) > 3 [Zn( o A g’—ﬂ)}

then the edge (g, f) is said to be a strong edge.

N =
Theorem1 Let 2 = | W, P, Q) be a CFDG. If there

exists only one element in CFS (RP(g) N RP(f)), and
INP(g) NNP(f)lg > 5 and [NP(g) NRP(f)lg > L, then

the edge (g, f) onZ(?Z)) is strong.

= ~ =
Proof Let Q2 = (W, P, Q) be a CFDG. Let (R”(g) N
RP(f)) = {(x,ce'”)}, where ce’” is the MV of the edge
(g,c¢) or (f,c). Then clearly

RRP(g) NRP(f)) = ce' = |(RP(g) NRP(f))],

Lisllase cllad .
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Thus, in €(5_2>), the edge (g, f) is strong as ¢ > % and

0 > lm. |

Definition 15 Let B = {(q, £3(q)e'¥8@|q € Z)}, beaCFS.
The the support of CFS is a subset By of Z, defined as

Bo=1{q € Z:&p(q) #0}.
Now, we discuss p-competition complex fuzzy graph.

Definition 16 Let p be positive integer. The p-competition

5= = = = .
CFG ¢7(Q2) of a CFDG 2 = (W, P, Q) is an undirected
CFG Q = (W, Tﬁ, @) with same CF node set as ?2) and
possesses a CF edge joining two distinct nodes g and f € W
in c:ﬁ(?z)) if and only if |supp(RP(g) N RP(f))| > p. The
MYV of edge (g, f) € cﬁ(?z’) is calculated as

-p+1
Sqle /) = <%> Ep(8) A Ep(f))
xhie (RP(g) NRP(f)),
-p)+1 5 -
= [(22) (50 77)

" he(RP(g) N Np(f))}
2 ’
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Fig.5 Two-competition

p =~ ,il.3m
complex fuzzy graph (m,0.7e )

(h,0.8¢"77)

(r, ().7;,(904;7)
(a) CFDG (S_)))

Table6 CFON of the nodes

g 8P(g)

m {(r. 0.767987) (5, 0.7¢137)}

h {(r, 0.6¢"7), (5,0.8¢1%77), (2, 0.8¢/037)}
j {(z,0.8¢137))

r %]

S %]

z %]

where 1 = [supp(R7(g) N RP(f))].

-~ =
Example 4 Let ?2) = (W, P, Q) be a CFDG as presented in
Fig. 5a, given by

h .
B _ m J r

0.7¢/137 0.8¢10.77* 0.9¢1147 * 0.75¢1097°

s Z
0.856“'77[ ’ 0.95€i0'3” ) ’

= (m,r)  (m,s) (h,r) (h,s)
Q = 0.761'0.871 ’ O_7eil.3n ’ 0_661'0.371 ’ 0_8ei0.7n ’
- —_Q
(h, 2) (J,2)

0.8¢10.37° ().9ei0.37 [°

The CFON of the nodes are give in Table 6.
The corresponding two-competition CFG has only one
edge as

R”(m) NRP(h) = {(r, 0.6¢'%%7), (5,0.7¢'%7")} + @.
. 22 -
The corresponding €-( €2) is shown in Fig. 5b.

N =

Theorem2 Let @ = |W,P, Q) be a CFDG. Then
the edge (g, f) is strong, if he(RP(g) N RP(f)) = 1
and hy(RP(g) N RP(f)) = 27 in Q[%](?Z)), where t =
[supp (R (g) NRP(f))].

N =
Proof Consider Q2 = (W, P, Q) is a CFDG. Let @
(W, ﬁ Q) be the corresponding [%]—CFCG, where t =

(5,0.85¢"7)

(m, 0.7e*:3m)

0.245¢10-127

(h,0.8¢7™) G, (.)';)ezl,h)

(5, 9-9¢"47)

°
(z, ().95(310'37’) (r,0.75¢°-97) (5,0.85¢1177) (2,0.95¢10-37)

(b) c2(%)

[supp(RP(g)NRP(f))|. According to the statement, we have
Tie RP(@)NRP(f)) = 1and 7, (RP (g)NRP(f)) = 2m. Then
by Definition 16, we have

t—[51+1
£a(8. f) = %(S]@(g) NER(S))
xTig (NP (g) NP ()
t—[51+1
L s
t—[51+1 (op o
s (e, f):%[ [i] (q)];(t@ A%;;f))
o fip(RP(g) N W’(f))}
2
_o |l (so@(g) .\ %(f)) L
N t 2 2 27 |

Thus, £5(g, /) > 5Ep() A &p(/)) and (g, f) >

~ ~(f —[L1+1
% [271 (wlg;g) A wlpzi[f))] Cas t [§]+

(g, f) is strong. O

1
> 5. Hence, the edge

Complex fuzzy set applied to neighborhood
graphs

Now, we discuss complex fuzzy neighborhood graphs by the
combination of CFS and neighborhood graphs. Before the
introduction of CF neighborhood graphs (CFNGs), we first
define complex fuzzy open and closed neighborhood of a
node in CFGs below.

Definition 17 For anode g of a CFG Q = (W, P, @) the CF
open neighborhood (CFOP N) is a CFS

R(g) = (Sg,mgei”g) ,
where
Se = {f1Eg (8. /) > 0)

Lisllase cllal .
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such thatmg : Sg — [0, 1] given by m¢(f) = §g(g, f) and
ng : Sg — [0, 2] given by 1g(f) = g (8. /)

For each node g € W, CF singleton set is given as
P, = ({g}, 5@81%),

where SI/AP : {g} — [0, 1] and <p;AP :

é‘]% (g) = &p(g) and <pf(g) = @p(g), respectively. Now, we
define CF closed neighborhood (C FC IN) of a node g as

{g} — [0, 27] given by

N[g] = N(g) UP,.

Next, we define CF open neighborhood graphs and CF
closed neighborhood graphs. Then on the bases of these
CFGs, we define complex fuzzy k-neighborhood graphs of
both close and open types.

Definition 18 Let @ = (W,P, Q) be a CFG. Complex
fuzzy open neighborhood graph (C F O” NG) of Q2 is a CFG
denoted by N(Q) = (W, ﬁ Q,) with same CF node set as
2 and possesses a CF edge joining two distinct nodes g and
Jf in Y(L2) if and only if the CFS R(g) NR(f) # & in Q and
the MV of the edge (g, f) in 91(L2) is calculated as

(8, 1) = (5p(&) A ER()) X Iz (R(Q) NN(f)) ,
P 5 hy(R(g) NN
v (8. f)=2m |:<¢1528)A¢1;7(Tf)>x o (g;n (f))i|_

Definition 19 Let Q@ = (W, P, @) be a CFG. Complex
fuzzy closed neighborhood graph (C FC! N G) of Qis a CFG
denoted by M[Q2] = (W, f?, @,> with same CF node set as
2 and possesses a CF edge joining two distinct nodes g and
f € Win N[Q] if and only if the CFS R[g] N R[f] # T in
Q2 and the MV of the edge (g, f) in 9[2] is calculated as

(8. ) = (5p(8) AEp (/) x hig RIINNLSD),
hy R[g]NRN
vg (8. =2 [(sv];(Tg)Aw];](Tf)> (R[ 1! [f])}

Definition 20 Complex fuzzy (k)- nelghborhood graph of a
CFG Q = (W, P, Q) is a CFG M (Q) = (W, P, Q) with
same node set as 2 and possesses a CF edge joining two
distinct nodes g and f in 9% (£2) if and only if x > rand
@ > 6 and the MV of the edge (g, f) in 9 (€2) is calculated
as

Lisllase cllad .
bes Shenas Q) Springer

£y (8. ) = < )(élp(g)/\ép(f))

xhg(R(g) NR(f)),

R _ ® =0 (op(®) ¢p(f)
wQ’(g,f)—Zn[ - (Zn A PR )
o Tiy(R(g) NR(f))

2 '

Here, k is a complex number given by k = re'?
N = x'e

Definition 21 Let @ = (W, P, @) be a CFG. Complex
fuzzy [k]-neighborhood graph of 2 = (W, P, Q) is a CFG
N [R2] = (W, ﬁ @) with same node set as €2 and possesses
a CF edge joining two distinct nodes g and f in O [2] if

and only if x" >randw > 6inQ and the MV of the edge
(g, f) in M [2] is calculated as

and |R(g) N

(8. ) = ( 7 )(élp(g)/\é]p(f))

xhe (R[g]NR[f]),

R e =0 (s ep(f)
wQ/(g,f)—Zﬂ[ — (271 n PR )
Ly (LI NNL)

2 '

Here, k is a complex number given by k = re? and |N[g] N

N1 = x"ee.

Example 5 Let @ = (W, P, Q) be a CFG, where
P q r

o~ S
b= 0361197 (0.60i1.87° () 4i157° ().5¢i177°
t

0.4ei1-9ﬂ>’

Q _ (P’CI) (er) (r,s) (S9t)
- 0.3ei 177’ () 401577 () 4eil47° () 4eil. T

(t, p) (p,s)

0.3¢i1.87° () 3eilTm [°

The CFDG is displayed in Fig. 6a. The CF neighborhoods
of the nodes are presented in Table 7.

The height and cardinality of CFSs (R(g) N R(f)) and
(R[g] N R[ f]) are displayed in Table 8.

The corresponding (CFO? NG) NM(2), the (CFCZNG)
MN[Q], the complex fuzzy (0.2¢!%27)-neighborhood graph
Mo 2ei02x () and the complex fuzzy [0.2¢%>7 | —neighbour-
hood graph 9% 5,027 [€2] of the CFG 2 are shown in Fig. 6.

Theorem 3 For each edge of CFG G, there exists one edge
in M[L].

Proof Let Q = (W, P, @) be a CFG and (g, f) be an edge
of CFG. Let the corresponding (CFC'NG) be M[Q] =
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(p,0.3¢"1:97)
0.
(e

t,0.4e'm)

(a) Q

(p,0.3¢"97)

"
> {/'OQM.
o o,
(q,_gl.l('i)e“""" T (t,0.4¢1-97)
0.09e*™- 257 9¢i1.53T
~— 12e Z -
»,11.057 ‘?,\ -
0.16e —] 03N, o2 g:
0.16e%1-127 IR x) iy
0.16¢1-057 £
(r,0.4e™°7) (5,0.5¢7m)

(¢) N[

(p, 0.38“(‘9”)

(P. 0.:5€11.S)1T)
0.09¢i1-447 4

2. 7,

&

t,0.4e*197)

1pp 722010

1711 (].4(3”'977)

(r,0.4e"°T)

(d)No.2ci02 (€2)

0.14¢%1-357
0.12¢%1.057

t 0.46'1'9")

0.Q7e?1-387

0.13¢%1-387

1.5
(r,0.4e1-5™) (s,0.

(e) “IVVO42(>T7O'2'” [Q]

Fig.6 Complex fuzzy neighborhood graphs

Table7 CFOPN and C FC!N of the nodes

56'1?.77.-)

R[g]

g R(g)

P {(q’ 0.38”'7”)(1’, 0.36”'8”), (S, 0.38“'7”)}
q {(p,0.3¢"77), (r, 0.4¢'157))

r {(q,0.4e”'5”),(S,O.4ei1'4”)}

s {(r,0.4¢47) (1,0.4¢'177), (p, 0.3¢177))
t {(p70.3ei14871)’ (s’0.4ei1.771)}

{(g,0.3¢"7T)((2,0.3¢"57), (s,0.3¢/177))}
U{(p, 0'3eil.9n)}

{(P, 0.38“'7”), (r’ 0.46”'57[)} U {(q7 0,66”'8”)}
(g, 0.4¢1-5™) (5, 0.4¢! 4T U {(r, 0.4e/157))
{(r,0.4¢'147), (1,0.4¢'177), (p, 0.3¢177)}
U{(s, 0.5¢/17m)}

{(p.0.3¢"187) (5,0.4¢ 7))} U {(1, 0.4¢197)}

il loJl al .
bes Shens ) Springer
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Table 8 Height and cardinality of CFSs (R(g) N R(f)) and (R[g] N R[f])

g f N(g) NR(f) N[g] NN[f]
p q (%] {(p,0.3e”'7ﬂ),(q,0_3e”'777)}
P r {(g,0.3¢'17), (5, 0.3¢"47)} {(g,0.3¢157), (5, 0.3¢/147))
P s {(7,0.3¢"77)) {(p,0.3¢/177), (5,0.3¢/177), (1, 0.3¢177))
P t {(5.0.3¢1177)) {(p.03¢/137) (5,0.3¢/177), (1,0.3¢1157))
q T %) {(q’0.4ei1.5n)’ (r,0.4€il‘5n)}
q s {(’,’().461'14471)7 (p,0.3ei1'7”)} {(17’()'361'14771)7 (r’0.4ei1.471)}
q t {(p,0.3¢'7m)) {(p. 0.3¢/177)}
r N %) {(3’0.461‘14471)’ (r’0.4eilA4n)}
r t {(5,0.4¢147)) {(5. 0.4¢i147))
s t {(p,0.3¢"77)) {(p,0.3¢/177), (5,0.4¢!177), (1, 0.4¢'177))
g f I (R(g) NR()) I (R[g] NR[f]) [R(g) "R IR[g] NRLf]
p q @ {(0.3¢/177)} o (0.6¢134)
p r {(0.3¢157)) {(0.3¢/17)} (0.6¢/297) (0.661257)
p s {(0.3¢'17m)) {(0.3¢'177)} (0.3¢177) (0.9¢1517)
p t {(0.3¢'17m)) {(0.3¢'187)} (0.3¢/177) (0.9¢1537)
q r ] {(0.4¢'1:57)) o (0.8¢1307)
q s {(0.4¢'177)) {(0.4¢177)} (0.7¢/317) (0.7¢317)
q t {(0.3¢/1:7m)) {(0.3¢'177)} (0.3¢177) (0.3¢/177)
r s ) {(0.4¢'147)) o (0.8¢1287)
r t {(0.4¢'147)) {(0.4¢47)} (0.4¢i147) (0.4¢147)
t {(0.3¢'177)) {(0.4¢'177)} (0.3¢/177) (1.16/517)
(W, P, @/) . Then g, f € X[g] and g, f € N[f]. Thus, Now, we establish a relation between 9 (€2) and € (€2).

g f € Rlgl N R[f]. So, he®[g] N R[f]) # 0, and
h o (R[] NR[f]) # 0. Thus, the amplitude and phase terms
of the MV are

£y (8. ) = Ep(®) NER()) x hg(R[gI NR[f]) # 0,
h,(R[g]NR
so@'(g,f)=2n[((p‘;7(rg)A‘pgftf)>x oNlg ) [fn]#o

Thus, for each edge (g, f) in 2 there exists an edge (g, f)
in N[]. O

—

~ =
Definition22 Let Q@ = <W P, Q) be a CFDG. The

underlying CFG of Qs the CFG symbohzed by $(£2) and
is defined as $(2) = (W, P, Q) where P and Q are CFS
and CFR on W such that

s 1) = (808 N A& 9).

— —
a8, ) = (sorP(g, Wy M/)@(f,g)),
forallg, f e W.

Lisllase cllad .
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Theg)em4 If a symmetric CFDG ?2) is loopless, then
Q:k(_§2) = M (L)), where () is the underlying CFG
of 2. (Here, k = rei?)

N .=
Proof Let Q = <W, P, Q) be a CFDG and the corre-

sponding underlying CFG of S be W(Q) = (W,P,Q).
Also, let €(Q) = (W, P, @) and ME(Q) =
(W, fﬁ ((v:/) . The complex fuzzy node of €;(£2) is same as

?2). Also the node set of an underlying CFG is same as the
complex fuzzy node of CFDG. Hence, 9% ($4(2)) has the
same complex fuzzy node set as € (£2). Now, we need to

show that complex fuzzy edge set of & (6) is equal to
the edge set of I (LI(K2)) . For this, we need to show that

§c(8. ) = Ex (g, f) and @r (8, f) = ¢x (g, f), for all
g, feWw.

Case 1 If | (R (g) NRP(f)) ¢ =r < rand | (RP(g) N NP
’ -2
(Nl = 6 =< 6 in Q, then §x(g, f)
— —
0 and ¢a(g, f) = 0 in ck(sz). As © is
symmetric CFG, |(R(g) NR(f) ]z = x < r
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and |(R(g) NR(f) |y, = @ < 6 in (). So,
Ex(g. f) = 0and pe (g, £) = 0in M (U(Q) .

Case2 If /' > r and 6 > 6 in ?2), then &x(g, f) > 0
and ¢ (g, f) > 0in € (6) . Then amplitude and
phase term in ¢ (5) are given by

()
5e(8. ) = (r—) Ep(e) A ER(S)

xhe (RP(g) NN (f)),

] =0 (ep®  ep(f)
w(c(g,f)—Zﬂ[ 7 (2n N o )

o Jrp (87(g) rW”(f))}

2

As ?2) is symmetric CFDG, x >randw > 60in $(€2). The
amplitude and phase term of MV in 9% (44(€2)) are

=
§x (g, f) = (T) Ep(@) Nép(S))
Xhg(R(g) NR(f)),
] @ =0 (ep®)  ep(f)
wc/(g,f)—2n|: o ( 2w " on )

o hiy, (R(g)N R(f))]
2 ’

As 3 is symmetric then it is clear that i (R”(g) N RP(f))
— —
in € isequal to 1 (R(g) NR(f)) in (L), i.e,

hg (RP(9) NRP(f)) = he (B(9) NR(f)),
hy(RP(g) NRP(f)) = hy(R(g) NR(Sf)).

Similarly, [R?(g) NRP(f)]in ?2> isequalto | (R(g) NR(f)) |
in &1 (?5) e,

I(RP() NRP(f))]e =7 =x = | (R(g) NR() e,
[(RP(@) NRP(N)) g =0 =@ =[(R(g) N Ry

Hence, §x(g, f) = §x (g, /) and (g, f) = ¢z (g, f) for
allg, f e W. O

Theorem 5 Ifa symmetric CFG ?2) has a loop at every node,
then & (3) = M [U(RQ)], where U(Q) is the loopless

—
underlying CFG of 2.

Proof Similar to Theorem 4. O

Complex fuzzy set applied to m-step
competition graphs

Now, we define m-step CFCG by combining CFS with m-step
CGs. Before defining m-step CFCG , we first discuss m-step
complex fuzzy digraph (m-step CFDG), complex fuzzy m-
step out-neighborhood of a node and then complex fuzzy
m-step in-neighborhood of a node below.

— ~ =
Definition 23 Let 2 = <W, PP, Q ) be CFDG. Then m-

- . . —= — -\ .
step CFDG of 2 is symbolizedby 2, = (Q LA, B) with

same CF node set as 3 and has a CF edge connecting two
—
vertices g and f in €2, if it has a CF directed path (CFDP)
— —
of length m from g to f,i.e., P ’('; yin Q.

N =
Definition 24 Foranode g of aCFG Q@ = ( W, P, Q > , the
CF m-step out-neighborhood is CFS

P
N (e) = (SE. pf ™).,
where
Sg = {f| if CFDP of length m from node g to node f exists,?’)@f}}

suchthat pf : S5 — [0, 1] givenby pf (f) = {min&g(d, s),

(d, s) is an edge of 7))?;:,/‘)} and r;g,7 : Sg — [0, 27] given
. . -

by pgp(f) = {min (p@(d, s), (d, s) is an edge of Pg’f)}

N =
Definition 25 For anode g of a CFG 2 = (W, P, Q ) , the
CF m-step in-neighborhood is CFS

N"m(g) = (S;’, p;zemg) ,
where
S¥ = {f]if CFDP of length m from node f to node g exists ,7’)’(’}.5,)}

such that py : Sg — [0, 1] given by py (/) = {min&g(d, ),

(d, s) is an edge of ?E”f g)} and ng : Sg — [0, 2] given
. o . =

by pg(f) = {min (p@(d, s), (d, s) is an edge of P;"f,g)}.

~ =
Example 6 Let ?2) = (W, P, Q> be a CFDG as presented

in Fig. 7, given by
P a b c by y
= 0.8¢i0.77° 1i137° () 7l 27’ ().6eil 37 ().5¢i1.87°

z
0.9¢i1.77 >
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Fig.7 Two-step complex fuzzy

o (a,0.8¢%7™)
competition graph of CFDG

(b 1€11.f$7T)

(a,0.8¢"0-"
L)

(0,48(?’0‘175” )

b. 1(]11.31")

(c,0.7¢'12m) 2,0.917) (e, (.)w"“z") (z,(.)_Q’l i)
(2,0.6e%7)  (y,0.5¢157) (.IT-U..GP'M") (y,({ﬁﬁ'l'&r)
(a) CFDG (T1) (b) 2-step CFCG
6 (a,c) (b, z) (c, x) (c,y) (z,x) Table 9 Two-step out-neighborhood of the nodes
~ 10660577 0811277 (0. 6¢i 1177 0.4¢10-37° (0 6ei 17 g R (9)
—
(z,y) a {(x’ 0.6ei0.5n) i (y, 0.4ei0.3n)}
0.3¢i097 [ 1.0 03
. b {(x, 0.6¢"" ”) , (y, 0.3¢ '*”)}
In Fig. 7a, two-step out-neighborhood of the node @ is >
: : —
the CFS ®% (@) = {(x, 0.6¢'%°7), (y,0.4¢'%¥)}in @.Sim- e
ilarly, two-step in-neighborhood of the node x is the CFS >
{(a, 0.6¢!97), (b, 0.6¢'17)}. , .
_ =
Definition 26 Let Q@ = (W, P, Q) be a CFDG. The m-
Therefore,

step CFCG of 2 is symbolized by &, (?2)) = (W, P, C)
with same CF node set as in ?2) and possesses a CF edge
joining two nodes g and f in ¢, (5) if and only if 8} (g) N
RP (f) # @ and the MV of the edge (g, f) is given as

(8. ) = (5p(®) A Ep()) x hie (R0 () NN (),

ep(@)  ep(f)\  hy (Rh(2) NRL(N
w@(g,f)=2n[< o N o )x at o )},

forall g, f e W.

N =
Example7 Let Q = (W, P, Q) be a CFDG as presented
in Fig. 7a, given by

=~ a b c X y
P= 0.8¢i0.77° 1i137° () 7l 27 ().6ei137 " ().5¢i1.87°
Z
0.9¢i1. 77 > ’
= [ (a,0) (b, 2) (¢, x) (c,y) (%)
Q= 0.6€1057 7 ().8¢i 1277 (). 6ei 117 () 41037 (). geiln’
—
(z, )
0.3¢i097 [°

The two-step out-neighborhood of the nodes are displayed
in Table 9.

Disllaie clloll auao
KACST3,061lg (ogll

@ Springer

N5 (@) NRY(b) = ((x, 0.6¢1°7), (v, 0.3¢737)},

The two-step CFCG of [5] is shown in Fig. 7b.
Now, we define the strength of CFCG below.

— -~ =
Definition27 Let @ = (W,P, Q ) be a CFDG. Let

the common node of m-step out-neighborhoods of nodes
ipg(dil) >
S1,82, -+ sp be x. Also, let £g(dy, [1)e™ &g (da, I2)
N > i
e £g(dn, 1,)e'#a @) denote the minimum mem-
—
m
be Pl e
Pﬁn, ) respectively. The m-step node x € W is called

bership degrees of the edges of paths 73')?;1 )

. o> 1 o>
strong if é@(dj,lj) > 3 and (p@(dj,lj) > 1m, for all
j=12,3,---,n.
For the prey x, the strength is measured by the mapping
s: W — {z]z € C:|z| < 1} such that

nooe XS @
ijng(dj,lj)eizj=1‘”’?(m

n

s(x) =

— ~ = .
Example 8 Let Q = (W, P, Q) be a CFDG as shown in

Fig. 8, given by
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(5,0.8¢"47) (t, 1e't?m)

(e,0.7¢"2™) (h,0.9"7™)

(,f.().()'e'l ?') (.(]‘0_5(:’1'8")

Fig.8 Complex fuzzy digraph

= N t e f g
b= 0.8¢i 1477 1i137° () 7el27 ().6ei137° ().5¢i1.87°
h
0_96i1.7n>’
T - (.0 @h) (e f) (e
Q - 0.68“'1” ’ O_Seil.zn ’ 0.66“'17[ ’ 0.46“'27[ ’
—> —_
(h, )  (hg)
0.6eil17° () 3pildr [°

In Fig. 8, the strength of the prey f is

06 + 06 i 1lz+1.1m
— ¢ 2 .

() =—

Hence, the prey f is two-step strong node as 0.6 > % and
117 > Im.

Theorem 6 If a node x of ?2) is strong, then in strength of x,

n
i=16q;.lj)
j=15Q\“j-"J - l

n
n
i=195(dj:l))
S il

n

1.
2.

27

1.

N =
Proof Let Q@ = <W,1P, Q) be a CFDG. Let x be

the common node of m-step out-neighborhood of nodes

. . - =
S1,82, -+ , 8y, 1.e., there exist CFDPs P’(’;l 0 P’gz X
— L=
PE"S",X), in . Also, let

—_ . T —_— . T —_
Eqdi, e’ g5 (dy, 1)e QPR g5 (d) 1)

i06d; L)
921 pe the minimum MVs of the edges of paths

75’)’” 7’)’" ?’)’" respectively. If x is stron
(a1, x)* * (az,x)’ (an,x)’ p Y- &
eacharc (dj,l;), j =1,2, -+, nisstrong. So,éQ(dj,lj) >

| —
5 and gz)@(dj,lj) > 1. Now,

Yo 6a(d). 1)) iUty
—e n

s(x) =

El

where

YimibgUpl) 45+ (n—time+5 1

n n 2’
Z?:lwﬁ(dj,lj) Im+ 17 4 ---(n —times) + 1m
> > lm.
n n
This completes the result. O

Theorem7 Ifin ?2) all the nodes are strong, then in €, (?2))
all the edges are strong.

— =
Proof Let Q = (W, P, Q) be a CFDG. Suppose that all

— — ~
the nodes of €2 are strong. Let &€, (2) = (W, P, C) be
m-step CFCG.

Case 1 Let R (g) NRE (f) = @. Then there exists no edge
connecting g and f in &, (?2)). Thus, there is nothing
to proof.

Case 2 Let 8}, (g) N XY (f) be a non-empty set. As all the
nodes are strong, then clearly 7iz (R}, (g) NRE (f)) >

1 and 7, (85 (g) NRD(f) > 1 in G Then the

2
amplitude and phase term for the edge (g, f) is

(g, ) = (5p(®) AER(N) x hig (R () NRL (),

1
£x(g, ) > (Ep(9) Aép () x 3

) B Ep(®) &Y _ e (Bn(e) NNL())
%(g,f)—zn[( 2(s) &0 )X ! ,

op(8) rp@(f)) N 1771]
2 2 2

ee(8, f) > {ZH(

Thenclearly £x(g, f) > 5 (§p(8) A §p(f)) and g (g, f) >

% (271 (%;(1@ A %;f))) . Hence, the edge (g, f) is strong.

Since (g, f) is an arbitrary edge of &, (?2)), then in €, (?2))
all the edges are strong. O

Now, we establish a relation between m-step CFCG of a
CFDG and CFCG of m-step CFDG.

— - =
Theorem 8 Let 2 = (W,]P, Q> be a CFDG. If m > |W|

then €, (?2)) has no edges.

— ~ = —
Proof Let & — (W,IP, Q) be CFDG and €, (sz) -

(W, ﬁ C) be the corresponding m-step CFCG, where

ta(8 ) = (Ep(9) A&p () x g (W) NNG(N),

P P hig (R () VR ()
¢p(8. f) =2 |:(§]P(g)/\ EIP(f)) x ‘/’( ) '
4 2

2w
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If m > |W]| there does not exists any CFDP of length m in
%

Q. So, the CFS (R, (g) NRE(f) = 2, ie., hs(Rh(g) N
X1 (f)) = 0 and i, (Rh(g) N 8L (f)) = 0. Hence, there

does not exist any edge in &, (€2). This proves the result.
O

Definition 28 Complex fuzzy m-step neighborhood of a
node g of a CFG Q = (W, P, Q) is the CFS

R (g) = (Sg. pge'™),
where

S¢ = {f| if a complex fuzzy path (CFP) of length m
from g to f exists, P’(Zv,f)}

such that pg : S, € [0, 1] given by p, (f) = {miné@(a, b) |
(a, b) is an edge of P(?f)} and ng : Sg € [0, 27] given by
ng(f) = {mimp@(a, b) | (a, b) is an edge of P(’;‘f)}.

N =
Definition29 Let 2 = (W,IP, Q) be CFG. The m-step

CENG ?2) is symbolized by 91, (2) = (W, fﬁ, C) with same
CFnode setas $3 and possesses a CF edge joining two nodes
g and f in N, () if and only if CFS R,,,(g) NN, (f) # @
and the MV of the edge (g, f) is calculated as

Ee(g ) = (Ep(®) ANER(N) X e B (g) NRm(f)),

) _ op(8) wﬁ(.f)) Ry R (8) NN (f))
vp(8 f) =27 |:< 2w N 2w x 2w ’

forallg, f e W.

~ =
Example 9 Let 5 = <W, P, Q) be a CFG as presented in
Fig. 9a, given by

a b c d e
T\ 0.90087 () 80137 ().9il.77 " 1077 () geil. T’
S
0.7¢1097 [°
=z (a,by  (b,o) (a,f) (e, d)
Q - 0.7¢077 " (0.8¢i127° (). 7¢i0.77 * () 6i0-67
d.f) o
0.7¢10.67° () ei0.57 [~

The CF two-step neighborhood of the nodes are displayed
in Table 10.

The CFSs R(g) N R(f) and 7(R(g) N R(f)) are given in
Table 11. N

The two-step CENG of 2 is shown in Fig. 9b.
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Table 10 CF two-step neighborhood of the nodes

g R2(g)

a {(c,0.7¢"77) (d, 0.7¢'%67)}

b {(f.0.7¢1%77), (d, 0.8¢/0-7)}

c {(f.0.7¢1957) (e, 0.6¢/"7), (a, 0.7¢/%77)}
d {(a, 0.7¢"%-67) (b, 0.8¢'0-57)}

e {(c,0.6¢'%37)  (f,0.6¢/%6)}

f {(e, 0.6¢907) (¢, 0.7¢!97), (b, 0.7¢1077)}

Table 11 CFSs R(g) N R(f) and A(R(g) N R(f))

g f R(g) NR(f) (R(g) NR(S))
a b {(d, 0.7¢1957)} {(0.7£195m)}
a [ %) %)

a d (o) (o}

a e {(c, 0.6¢/07)} {(0.6¢1057)}
a f {(c, 0.7¢057)} {(0.7€157)}
b c {(f,0.7¢057)} {(0.7£7057)}
b d 1% %)

b e {(f,0.6¢10-67)} {(0.6¢/9-67)}
b f @ @

c d {(a, 0.7¢/0-67)} {(0.7¢£0-6m)}
c e {(f,0.6¢107)} {(0.6¢957)}
c f (e, 0.6ei0.5n)} {(0.761'0.571)}
d e (%) (%)

d f {(b,0.7£1057)} {(0.7¢1957)}
e f ((c, 0.6ei0.5n)} {(0.6ei°-5”)}

Complex fuzzy economic competition
graphs

Now a days, the transfer of money from one place to another
place is very easy because of the advancement of internet.
During this exchange of money, there are destinations and
sources. Let us consider three projects, namely, C1, C2, C3
as sources of money and let five organizations, namely
D1, D>, D3, D4, D5 in which some projects are running in
(see Fig. 10). Here, the projects and organizations can be
taken as vertices and interconnection between them can be
illustrated by arcs. The two organizations are connected by an
edge if they are under a certain project, and so on. The graph
of this type is called economic competition graph. Now, we
develop complex fuzzy economic competition graphs and
m-step complex fuzzy economic competition graphs.

Definition 30 The complex fuzzy economic competition
graph (CFECG) E (?5) ofa CFDG © = (W. D, ©)isan
undirected CFG denoted by 2 = (W, P, Q) with same CF
node set as in ?2) and possesses a CF edge joining two nodes
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Fig.9 Two-step complex fuzzy
neighborhood graph

(@, 0.9¢'0-8m)

(b, 0.8¢1:37)

c,0.9¢17m)

(e,0.6¢'1T™) (d, 1ei0-7m)
(a) A Complex fuzzy graph Ep(a.b)e ™" = 05661027
(b, 0.8¢'137m) fa(a. (J)(f’f*’a“"‘“> — (0.36¢0-27m
£a(ﬂr-f)c'”93("“f) = 0.49¢1027
(a, 0.9¢70-87 5.0.96’1'7”) fa( )(zy 2(m) _ (].3()(3’0‘3977
Egle.d)e’ 31D = 0.63ei021m
£5(c.e)e @ = 0.36¢0427
e5(d. e’ 73D _ 0.49¢i0 175
(e,0.6¢77)  (d,1610-77) - .
g5, e’ ¥ = 0.3¢10-22m
N: .
(b) Z(Q) ES(( f) 1\,9 ( :0,42@’0-22“
Exg. ) = (5p(&) ANER(N) X, hig (W), () DR}, ()
P P hp(R1 (g) NN
on(e. f) = 2m [ (FBE) , #BUY | Tp® () R ()]
€ 27 2 27

Fig. 10 Projects

e fe WinE<?z’) if and only if CFS R" () \R"(f) # &

in © and the MV of the edge (g, f) in E($3) is calculated
as

g8 1) = (Ep(9) A Ep () x hg (N () NR"(f)).,
5@  op(f) Tip (R (2) N R
R e

— - =
Definition31 Let 2 = (W, P, Q) be a CFDG. The m-

step complex fuzzy economic competition graph (m-step
CFECG) of $ is denoted by E,, (?2’) - (W, P, C) with
same CF node set as in €2 and possesses a CF edge join-
ing two distinct nodes g, f € W in E,, (?2)) if and only if
N7, (8) (1N, (f) is non-empty CFS in S and the MV of the
edge (g, f) in E,, (€2) is calculated as

forall g, f e W.

N =
Example 10 Let Q2 = (W, P, Q) be a CFDG, where
—~ b d
P < a c e

0.8¢il.77 ’ 0.7¢il.2m ’ 0.9¢i 117 ’ 0.6¢0.97 " 1ei0.87°
f g
0.8¢i137° ().8eil.37
= [ (a,b) (a,d) (a, f) (b,o) d,c)
Q TN 076117 0.66087 7 (0. 7001277 (0.6l 177 ().5¢10-87°
d,e) (f.8) (f.e)
0.6¢10.77° (). 6eil2n’ () 7¢i0.67 [°

The CFDG is presented in Fig. 11a.

The CFIN of the nodes are shown in Table 12.

The heights of CFSs ®"(a) N X" (b) and R (a) N ] (b)
are given in Table 13.

The corresponding CFECG and two-step CFECGs are
shown in Fig. 11b and c.

Theorem 9 CFECG and CFCG of any complete graphs are
same.
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y
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Fig. 11 Complex fuzzy
economic competition graphs

(!].0»8?"1'3”)

(e, 110-87)

(Cyo'gfilvl'/\')

(f' 0.8¢t1-37,

o h,j(»,&n}
em.‘l‘(‘“’ 0.

'\15(“0»28”

(9,0.8¢i137)  0.40¢20-497 (c,0.9¢"17)
[ ]
(d, 0.6e70-97)
o o (0.49¢10-667 >
(£,0.8e1-37m) (b,0.7¢'1:2™) (f,0.8¢101:37) (b, 0.7¢i1:27)
.1 _ °
(a,0.8e**7m) (a,0.9¢%0-87)
(b) E»(%) (c) E(%Y)
Table 12 CFIN of the nodes N N (x) Rg x)
g {(f,0.6€i1'2”)} {a,0.6ei1'2”}
f {(a, 0.7¢1-27)} I}
a %) %)
b {(a, 0.7 117y} 2
c {(d, 0.5¢0-87) (b, 0.6¢'1-07)} {(a, 0.6¢!197)} or {(a, 0.5¢9-87)}
e {(f,0.7¢/907) (d, 0.6¢'077)} {(a, 0.7¢"%97)Y or {(a, 0.6¢'077)}
d {(a, 0.6e70-87)} 2

— ~ = —
Proof Let Q@ = (W, P, Q) be a CFDG. Let €(2) =

o~ = — P
W,P, Q |Jand E(Q2)=(W,DP, (C) are the correspond-

ing CFCG and CFECG, respectively.

‘We have to show that QZ(?Z)) and E(?Z)) are same. For this,
we have to show that CF node set and CF edge set of both the
graphs are same. Clearly, the CF node set of @(3) is same
as the @ and also the CF node i?t of IE(?Z)) is same as the
€2. Thus, the CF node set of €(2) is same as E(2). Now,
we need to show that CF edge set of €(£2) is equal to the CF
edge set of IE(?Z)). The MV of the edge (g, f) in (’Z(?Z)) is

g8 1) = (Ep(8) A Ep(S)) x hg (R () NRP (),

~ _ p(8) ep(f)\ _ hp(RP(g) NRP(f)
(pQ(g’f)_ij |:< 2 4 2 )X 2 ’

Also, the MV of the edge (g, f) in €($) is

Lialaue cllala .
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Ex(g, ) = Ep(e) NEp(f)) x he R (9) NR(f)),

] B p@)  ep(f) Tip(RP (g) NRP(f))
¢ele. f)=2m |:< w T ) 27 '

As ?2) is a complete fuzzy digraph, then clearly
h(RP(g) NRP(f)) = h(R"(g) NR"(f)),
ie.,

he (RP(9) NRP(f)) = he (R"(9) NN"()),
hy (RP(g) NRP(f)) = hy (R (&) NR"(f)).

Then £g(g. f) = &z(g. f) and ¢g(g. f) = ¢r(g. ).
Hence, the result is proved. O

Theorem 10 Iffz)l is the CF-sub-digraph ofﬁ). Then
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Table 13 Heights of CFSs

N2 (a) N R (b) AR (a) N R (b)) AR (@) N RA (b))

R"(a) N K" (b) and a b R(@) NR®)
R (a) N NRE (D) o £ >
g a %]
g b %]
g ¢ %)
g e {(f.0.6¢167)}
g d %]
f a %]
f b {(a, 0.7 117y}
f ¢ (%}
f e (%}
f d {(a, 0.6¢10-87)}
a b (%}
a C %)
a & %)
a d (%)
b [¢ (%)
b e (%)
b d {(a, 0.670-87)}
c e {(a, 0.5¢1077)}
¢ d (%}
e d (%}

%) %) %)
%) %) %)
%) %) %)
{(a,0.5¢/087)} @ {(0.5¢087))
{(a’ 0.6ei0‘6ﬂ)} {(0.6ei0‘67)} {(0.6ei0'6”)}
%) %) %)
%) %) %)
o {(0.7¢1-1my} o
%) %) %)
%) %) %)
o {(0.6¢70-87)} o
%) %) %)
%) %) %)
%) %) %)
%) %) %)
%) %) %)
%) %) %)
o {(0.6€i0'8n)} o
{(a’ 0.56i0‘7”)} {(0.5650‘7”)} {(0.5€i0'7”)}
%) %) %)
%} %) %)

= -~ =
Proof Let ?2) = (W,IP, Q) and 5)1 = <W1,IP1, Ql),
where Wi C W, §p (¢) =< &p(g) and ¢p, (8) < ¢p(g) for
—_—
all g € Wy and &g (g, f) = §g(g. f) and g, (8. ) =

—
(p@(g, f), forall g, f € Wy.

1. The complex fuzzy node set of &, (51) is the subset of
—
Cn($2) as Wi C W. Now, for any complex fuzzy edge
—
(g, f)in €, (21), R) (g) NRE (f) is the complex fuzzy
: — — —
subset of the same in &, (€2). So, 5@1 (g, f) =< %‘@(g, D)
— —
and ¢g, (8, f) = ¢g(g. f) forall g, f € W;. Hence,
this proves the result.
2. Similar to the proof 1.

Application

Competition between objects of real world can be represented
by competition graphs. However, there are some competi-
tions of real world which cannot be represented through these

competition graphs. This motivates to introduce CFCGs. In
this section, we discuss an application of CFCGs to study the
competition among the species of ecology.

For example, suppose a small ecosystem, sea otters like
to feed on starfish and sea urchins, killer whales like to
feed on sea otters, starfish want to feed on sea urchins and
snails, both snails and sea urchins feed on seaweed. These
six species seaweed, snail, sea urchin, starfish, sea otter and
killer whale are taken as vertices. Suppose that seaweed exists
90% in the ecosystem and seaweed is 20% strong under
a certain interval of time, i.e., the MV of the seaweed is
0.9¢10-47 Similarly, we assume the MV of the other nodes as
0.7¢"987 0.8¢'17,0.9¢/127, 0.8¢!1-57 0.9¢/187 | where the
amplitude terms show the degree of existence of species
while the phase terms show that how much the specie is
strong under certain time interval. Suppose killer whale like
to feed on sea otter say 60% and the prey sea otter is 70%
tasty for the predator killer whale under a certain duration of
time. The MV of the edge between killer whale and sea otter
is 0.6¢!%7" and similarly the likeness and tastiness of preys
for predators is shown in Table 14. The corresponding food
web is shown in Fig. 12.

It is detected that if starfish are taken out from the food
web then sea urchins and snails grow limitless and sea otters
must be disappear. The food web can be seen by help of
CFDG.
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Table 14 Likeness and tastiness

of predators and preys Name of predator Name of prey Like to eat(%) Tasty to eat(%)
Killer whale Sea otter 60 70
Sea otter Sea urchin 60 45
Sea otter Starfish 70 55
Starfish Sea urchin 80 40
Starfish Snail 70 40
Snail Seaweed 70 20
Sea urchin Seaweed 70 20
Seaotter (o ______d4 Seaotter | _ _ _ _ _ _ _ _ _
(0.8¢i1-6) 0.7¢il17 I (0.8¢i1:67) |
o I I
g 1 : |
! ‘
3 « 1 ! !
z I ! I
"f) 1 0.48¢10-457 | 1
Sea urchin < Starfish Seaurchin | — — — : JE— Starfish
(0.8¢'17) (0.9et1:27) (0.8¢117) 1 . | (0.9¢i1:27)
| 1
T
Killer whale T ! Killer whale ! I
(0.9¢1-87) | ! (0.9¢i1-87) ! I
= o 1 : ! |
PN 3 | \ : |
Y 0.8¢i0.87 4; ! \ X :
3 -0 I b e e e e e e e e e e e e o
l |
! 0.49¢70-167 | |
l |
Seaweed 0.7¢'047 Snail - — — - Seaweed b — — — — — - Snail L _ 1
(0.9¢10-47) (0.7¢70-8m) (0.9¢70-47) (0.7¢10-87)

Fig.12 Complex fuzzy digraph (food web)

Table 15 Complex fuzzy out-neighborhoods

yez R?(y)

Killer whale ¢

Sea otter { (killerwhale, 0.6¢'147) }

Sea urchin {(sea otter, 0.6¢'9-97), (starfish,0.8¢/0-87)}
Starfish { (sea otter,0.7¢'!17)}

Snail {(starfish,0.7¢/047)}

Seaweed {(sea urchin,0.7¢'%47) (snail 0.7¢!047))

The CFONSs of the nodes are displayed in Table 15.
There exist only two edges in CFCG as

RP (star fish) N RP (sea urchin) = {(sea otter, 0.6¢'°°7)},
RP (sea urchin) N RP (snail) = {(sea otter, 0.7¢!047)}.

The corresponding CFCG is shown in Fig. 13.

Now, sea urchin and starfish are connected by an edge, and
similarly sea urchin and snail are connected by an edge in the
CFCG. There is no edge in the CFCG for the other pair of ver-
tices. The M Vs of the edges between sea urchin and starfish is
0.48¢'9457 and sea urchin and snail is 0.49¢79-167 calculated
by the definition of CFCG. Hence, sea urchin and starfish; sea
urchin and snail compete for sea otter and starfish, respec-
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Fig. 13 Complex fuzzy competition graph

tively. Thus, there is competition between sea urchin and
starfish; sea urchin and snail in the ecosystem. The method
which is used in our ecosystem application is shown in Table
16.

Comparative analysis

CGs are very useful to show the competitions among
the different objects. Fuzzy competition graphs were pro-
posed by Samanta et al. [20] to show all the competitions
of the real world. Fuzzy competition graphs have larger
ability to deal with vagueness and uncertainty. There are
many applications of fuzzy competition graphs in vari-
ous fields of life. Ecosystem is one of these applications
of fuzzy competition graphs. For example, in ecology,
let {(f1,0.9), (f2,0.8), (f3,0.9), (f4,0.8), (f5,0.7)} be the
. R — —
set of species and let {(f2 f1,0.7), (f3f2,0.8), (f5/3,0.7),
(Faf3.0.8). (fofs. 0.7)} bethe edge set, where f1. fo. f3. fu.
/5, f6 represent the species killer whale, sea otters, urchins,
starfish, snails and seaweed, respectively. The MVs of the
species show the existence of these species in ecosystem and
the MVs of edges show the degree of likeness of predators
for the prey. These M Vs of the species only show the exis-
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Table 16 Method to find

.. . Method
competition among species

Ecosystem

Step 1
Step 2

~ =
Assign the M Vs for the set of n species in the food web. G = (PP, @)(say).
If for any two nodes y; and y;, &g (yi, y;) > 0, then

vy, g Wis )€l e we (yp).

Step 3
Step 4
Step 5
Step 6
Step 7
Step 8

Find out the CFON R”(y;) for all vertices y;, y;.
calculate the R (y;) N R7(y;).

calculate A(R” (y;) N RP(y;)).

If X7 (y;) NRP(y;) # < then draw an edge (y;, y;).
Repeat the Step 6 for all the disjoint nodes of the digraph.
Calculate the MVs using

Eqisyj) = Epi) A gyj) X g (P (i) NRP(y;)) and
5 (vi (v Tip (RP (y)NRP (v
w01, v) =2 [ (522 A £BRLY  2eWOPANON ]

b 2

tence of these species but it does not give the information
that how much the specie is strong. Similarly, the M Vs of the
edges show only the likeness of preys for the predators but
fails to illustrate that how much the prey is tasty to eat for
the predator. This information about the preys and predators
is two-dimensional which cannot be modeled by one dimen-
sional phenomenon. This lack of knowledge motivates us
to introduce the more generalized concept, CFCGs of FCGs,
which have a capability to handle the two dimensional data
with more perfection. The proposed work provides us a bet-
ter platform to show the periodicity of the phenomenon. An
application is designed in our presented work, in which the
phase terms of the nodes and edges show the strength and
tastiness of these species under some specific time inter-
val. Therefore, CFCGs are more useful then the FCGs, as
these graphs can handle the two-dimensional information.
The aptitude of these graphs to represent the two-dimensional
phenomena make it worthier to manage the ambiguous and
intuitive data.

Further discussion

From the above comparison, it is clear that the proposed
competition graphs are more generalized and superior the
the existing competition graphs because they are efficient to
deal with two-dimensional data of species in a single set. The
drawbacks of the existing CGs and the main advantages of
proposed CGs are given below.

1. The existing competition graphs are developed under
fuzzy environment in which the uncertainties and ambi-
guities present in the data are handled with the help of
degrees of membership that are the subset of real num-
bers, which may lose some useful information.

2. The proposed competition graphs are developed under
CF environment in which the uncertainties of data are

handled by complex numbers. The CFS can handle two
dimensional and periodic information more precisely
then the other existing models. The phase term of CFS
is efficient which discriminates this set from all other
existing models of the literature.

3. On removing the phase term of CFS, the CFS reduces to
ordinary FS. Thus, CFS is an effective generalization of
FS.

The characteristics comparison of our proposed approach
with different existing approaches is given in Table 17.

Conclusion

CFS is an indispensable tool to deal with two-dimensional
or periodic information due to the existence of additional
term named as phase term which discriminate this set from
all other existing sets of literature. In this paper, we have
introduced a novel concept of CGs and economic competi-
tion graphs under CF environment. We have also investigated
two worthwhile extensions of complex fuzzy competition
graphs, named as complex fuzzy k-competition graphs and
p-competition complex fuzzy graph. Moreover, we have
developed neighborhood graphs and m-step neighborhood
graphs under complex fuzzy environment with some of their
remarkable results. In addition, to reveal the importance
of these competition graphs in realistic situations, we have
designed an application of complex fuzzy competition graphs
in ecology. Finally, we have compared our proposed complex
fuzzy competition graphs with existing graphs to show the
superiority and authenticity of proposed graphs which leads
us to the result that competition graphs are useful to repre-
sent the competition among those entities which possess the
two-dimensional information. Our next interest of research
is to extend our work to (1) complex fuzzy mixed graphs,
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Table 17 The characteristic comparison of different graphs with existing graphs

Method Whether have ability Whether have ability Whether have the characteristics
to handle periodic problems to represent 2-D information of generalization
Samanta et al. [20] X X X
Sahoo and Pal [18] X X X
Sarwar [21] X X X
Habib et al. [9] X X v
The proposed CFCGs v v v
(2) Fermatean fuzzy competition graphs, (3) complex Fer- 9. Habib A, Akram M, Farooq A (2019) g-Rung orthopair fuzzy com-
matean fuzzy sets , (4) Fermatean fuzzy planar graphs, and ];Etii)tig;l graphs with application in the soil ecosystem. Mathematics
(5) complex Fermatean fuzzy competition graphs. 10. Garg H, Rani D (2020) Generalized geometric aggregation opera-
tors based on t-norm operations for complex intuitionistic fuzzy
Compliance with ethical standards T;tsﬁ 7agn_d6 9tgeir application to decision-making. Cogn Comput
11. Garg H, Rani D (2020) Novel aggregation operators and ranking
Conflict of interest The authors declare no conflict of interest. method for complex intuitionistic fuzzy sets and their applications
to decision-making process. Artif Intell Rev 53:3595-3620
Open Access This article is licensed under a Creative Commons 12. Isaak G, Kim SR, McKees TA, McMorris FR, Roberts FS (1992)
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