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Abstract

The objective of this manuscript is to investigate the concept of generalized q-rung orthopair fuzzy sets (Gq-ROFSs) and
group generalized g-rung orthopair fuzzy sets (GGq-ROJFSs) by incorporating the concept of generalized parameter and
group generalized parameters in g-rung orthopair fuzzy environment. The main advantage of generalized parameter in g-rung
orthopair fuzzy environment is to reduce uncertain errors in the original information to ensure the expert’s level of trust and
improve the accuracy of final decision. On the base of generalized parameter, some aggregation operators are introduced such
as generalized q-rung orthopair fuzzy average aggregation operators and group generalized g-rung orthopair fuzzy average
aggregation operators and studied their related properties. Furthermore, a multi-criteria decision-making method technique
based on proposed approach is presented. Finally, a numerical example is provided to illustrate the feasibility of the proposed
methods and deliver the sensitivity analysis and comparative analysis, which show the superiority of developed approached
than existing methods.

Keywords q-rung orthopair fuzzy sets - Gq-ROFSs - GGq- ROFSs - Gqg-ROF aggregation operators - GGq-ROF

aggregation operators - MCDM

Introduction

In real life, decision making plays a significant role and is
commonly used to solve real-world problems. Due to the
rapid development of human society in technology and many
other fields, decision making is a tedious task for the experts
to take an intelligent decision. Decision making is a pre-
plan process of selecting the logical choice among several
objects. A good decision can change the course of life style. A
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decision maker judges the limitations, advantages and char-
acteristics of each alternatives, and then he could reach to
the final decision. In recent era, it becomes difficult for an
individual expert to cope with all the decision making infor-
mation. In many situations of real world, multi-experts are
needed for decision making. In recent scenario, multi-criteria
decision-making (MCDM) methods play a prominent role in
modern decision-making environment, in which one of the
most important methods is aggregation operators. Aggrega-
tion operators collectively aggregate the attributes and then
rank the alternatives to get the most suitable choice. To cope
with this uncertain and complex environment Atanassov [3]
originated the pioneer notion of intuitionistic fuzzy set (IFS)
which deals with the uncertain and complex situations in a
better way than the dominant concept of Zadeh [38] fuzzy
sets. IFS is characterized in two parts that is membership
grade and non-membership grade and this concept based
on the sum of membership grade and nonmembership grade
must belong to [0, 1]. Many scholars extended the concept of
IFS in several directions in which one of them is aggregation
operators which collectively aggregate the information and
it is a significant process of decision making. The weighted
operators by Yager [30] and ordered weighted aggregation
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operators initiated by Yager and Kacprzyk [35] are used for
the fusion of data. Xu [28] originated the concept of IF
weighted average (IFVWA) operator, IF ordered weighted
average (IF7OWA) operator, IF hybrid average (IFHA) oper-
ator. Feng et al. [5] presented that the existing definition of
generalized intuitionistic fuzzy soft sets is clarified and refor-
mulated as a combination of an intuitionistic fuzzy soft set
over the universe of discourse and an intuitionistic fuzzy set
in the parameter set. Feng et al. [6] presented a number of lex-
icographic orders by means of several measures such as the
membership, non-membership, score, accuracy and expecta-
tion score functions. Some equivalent characterizations and
illustrative examples are provided, from which the relation-
ships among these lexicographic orders are ascertained. Ali
et al. [2] proposed a graphical ranking method based on the
uncertainty index and entropy. For the detail and comprehen-
sive analysis of different aggregation operators in the domain
of IFSs are given in [7,11,18,29,36,37]. To cope the short-
comings of existing decision-making problems, Zhang et al.
[39] investigated the concept of J-divergence and evidential
reasoning theory under IF environment and for details, see
[4,20,23]. However, scholars point out a quite few situations
where the dominant concept of IFS failed to cope the cir-
cumstances. To handle this deficiency, Yager [31] initiated
the remarkable notion of Pythagorean fuzzy (PF) set (PFS),
whose influential characteristic consists of square sum of
membership grade and non-membership belongs to [0, 1].
On the basis of PFS [31], Yager and Abassov [34] presented
the notion of Pythagorean membership grade in PFS and
they showed their application in decision making. Since the
appearance of P S many practitioners widely extended this
remarkable concept in different directions such as, Yager [32]
presented the idea of PF weighted average (PFWA) opera-
tor and P weighted power average operator to aggregate the
information, Peng and Yang [24] presented the detail study
of division and subtraction operations in P F environment,
Peng and Yuan [25] investigated the fundamental proper-
ties of point aggregation operators and their applications in
MCDM, Garg presented the concepts of various aggregation
operators in [8§—10], Ma and Xu [22] initiated the notion of
symmetric PF weighted averaging and geometric (SPFW
A/G) operators, Hussain et al. [16] presented rough PF ide-
als in semigroups, Joshi [17] presented the combine study of
generalized parameter and PFWA operators to construct the
concept of generalized PFWA (GPFWA), generalized PF
ordered weighted average (GPFOWWA), and generalized PF
hybrid average (GPFHA) operators and Hussain et al. [14]
proposed the concept of PF soft rough set and their desirable
properties with detail.

However, in real-life situations, sometimes it is difficult,
to take an intelligent decision becomes tedious for the schol-
ars and to point out a quite few situations where the dominant
concept of PFSs failed to cope the circumstances. For exam-
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ple, if the decision maker/expert assigns membership grade
0.8 and non-membership 0.61, then (0.8)% + (0.61)> > 1.
Recently, to cope with this shortcoming Yager [33] initiated
the extensive idea of q-rung orthopair fuzzy (q-ROF) set (g-
ROFS), whose prominent characteristics consists of sum
of qth power of membership grade and qth power of non-
membership belongs to [0, 1] for ¢ > 1. So in this case,
(0.8)7 + (0.61)? < 1 for g > 3. Itis also observed that the
feature of ¢-ROZFS is more stronger than IFS and PFS, so
it is clear that g-ROFS is a useful generalization of both
IFS and PF S. After the initiation of q-ROFS, quite few
contributions to this concept are found in the literature. Ali
[1] initiated two new approaches such as L-fuzzy sets and
the notion of orbit in g-ROF environment. Hussain et al.
[12] presented covering-based g-ROJF rough set hybrid with
TOPSIS for multi-attribute decision making. Liu and Wang
[21] extended the existing approach of aggregation operators
to g-ROF environment to get the q-ROF weighted aver-
age/geometric (Q-ROFWA/G) operators and proved their
properties. Liu and Liu [19] found the relation between Bon-
ferroni mean operators and q-ROJF numbers to achieved
different q-ROJF Bonferroni mean operators. Hussain et al.
[15] proposed the concept of q-ROF soft averaging aggre-
gation operators and presented their desirable properties with
detail. The concept of hesitant q-ROJF aggregation operators
was proposed by Hussain et al. [13]. Xing et al. [26] studied
the point weighted aggregation operators and Xing et al. [27]
presented hamy mean operators in g-RO F environment.

It has been observed that all the considered works are
accomplished under q-ROF environments by assuming that
the experts are absolutely familiar with the evaluated objects.
But in real life, situations like these are partially fulfilled. For
example, in MCDM the provided information by experts are
completely based on their own choices and may not lead to the
accurate decisions. Therefore, acknowledging the described
preferences, itis necessary to justify the initial described pref-
erences from other senior expert/judge. In real cases, there
are many circumstances where the initial provided prefer-
ences need the support of some other senior experts/judge
views. For example, in medical diagnose problem consider a
person/patient is suffering from an unknown disease and he
visits the hospital for the initial treatment to get his disease
diagnosed. He describes his preferences in a set of symp-
toms regarding his physical condition. These symptoms are
completely based on information provided by the patient. If
the doctor/physician diagnoses the problem according to the
patient’s preferences without verifying it from another senior
expert/doctor’s, then he may not be cured well or may be a
cause of causality, because the provided information has not
been verified from a senior physician/doctor. Therefore, after
acknowledging the patient’s described symptoms, it is neces-
sary to certify the described information from senior expert
physician/doctors. This is only possible by incorporating the
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idea of generalized parameter (in short GP) to the original
information. The primary provided information by the patient
is further verified from another expert physician/senior doc-
tor’s and he gives his preference in the form of a generalized
parameter. The generalized parameter is itself a q-ROF
number (q-ROFN), which reduces the uncertain informa-
tion and improves the accuracy of the final decision. Without
generalized parameter the initial information described by
the patient remains in doubt. Similarly, in MCDM process,
to get an intelligent decision, the initially provided prefer-
ences from other seniors experts/decision makers need to be
verified to reduce the complexity and uncertain errors by
incorporating the generalized parameter in the initial infor-
mation to get the accurate decision.

Hence to cope with such situation, the point of views
of other senior expert/observer are needed by incorporat-
ing the notion of GP to the original information. In this
paper, we introduced the concept generalized g-ROFS (Gq-
ROFS) by incorporating generalized parameter to views
the expertise of other senior decision makers in q-ROF
environment, which reduce the complexity and uncertainty
errors in original information. Then this idea explored to
group generalized parameter where the preferences of two
or more senior experts/decision makers are analysed in q-
ROF environments to get new concept of group generalized
gq-ROFSs (GGq-ROFSs). The major advantages of the gen-
eralized parameter or group generalized parameter is that to
reduced probability of complexities, uncertainties and errors
in the original information. The main focus of the present
work by the application of MCDM, by utilizing generalized
parameter and group generalized parameter. For ranking the
alternatives, some aggregation operators are introduced for
Gq-ROFSs and GGq-ROFSs. These developed aggrega-
tions operators have the ability to adjust the situations in
better sequence on the basis of parameterizations character.

The remaining portions of the manuscript are arranged
as. Section 2 consists of a brief review of the existing con-
cepts. Section 3 is devoted for the study of g-ROF ordered
weighted average (q-ROFOWA) operator and q-ROF
hybrid average (q-ROFHA) operator. Section 4 consists
of the definition of generalized q-ROFS and the detail
study of aggregation operators such as generalized q-ROF
weighted average (Gq-ROFWA) operator, generalized g-
ROF ordered weighted average (Gq-ROFOWA) operator
and generalized q-ROJF hybrid average (Gq-ROFHA)
operator. In Sect. 5, the defined aggregation operators in
Sect. 4 are extended to group generalized q-ROF aggre-
gation operators. Section 6 consists of the MCDM process
and a decision algorithm based on the proposed concepts. In
Sect. 7, the application of the developed method is presented
through an illustrative example. The final Sect. 8 present the
comparative remarks of the developed method with existing

methods and it has been shown that the developed method is
more superior than the existing methods.

Preliminaries

This section consists of a brief discussion of IFS, PFS and
g-ROFSs are given which will help in coming sections.

Definition 1 [3] Let X’ be a universal set. An IFS 7 on X
can be expressed as

J=1{<s.ng(s).ng(s)> /s € X},

where 7 : X — [0, 1] denotes a membership grade and
ng : X — [0, 1] denotes a non-membership grade of an
object s € X, to the set 7 and it holds that 0 < u 7 (s) +

ny () <L

Definition 2 [31] Consider X be a universal set. A PFS 7
on X can be expressed as

J={<s.ng(s).ng(s)> /s € X},

where u 7 : & — [0, 1] represents a membership grade and
ng : X — [0, 1] represents a non-membership grade of
an object s € X, to the set J, respectively, and it holds
that 0 < (ug (s))2 + (ng (s))2 < 1. Furthermore, the
degree of hesitancy/nondeterminacy is defined as w7 (s) =

\/1 /Lj(s) (j(s))zforallse.)c'.

Definition 3 [33] Let X be a universal set. A g-ROFS J on
X can be expressed as

J={<s. g ()., ng(s) >4 /s € X}

where u 7 : X — [0, 1] denotes a membership grade and
ng : X — [0, 1] denotes a non-membership grade of an
object s € X, to the set J respectively and it holds that
0< (MJ (s))q + (UJ (s))q < 1 where ¢ > 1. Further the
degree of hesitancy/ nondeterminacy is defined as w7 (s) =

1= (ng )

For convenience (w7 (s),n7 (s)) is known to be a g-
ROF number (q-ROFN) and is written as d = (g, 14)-
For any three -ROFNs d = (g, 1q), d1 = (a;, Na,) and
dr = (g, , N4,), then the basic operation on them are defined
as:

— (ng (s))" forg > 1 and forall s € X.

i: di Udy = (max(ua, , ta,), min(na, , a,)) ;
ii: di Ndy = (min(wg,, ka,), Max(d;, Nd,));
iii: ~ d = (g, q), where ~ d denotes a complement of
d;
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v dy @y = ()" + ()" = 1y 1y niynas )
v: di ®dy = (Mdl,udz, \"/(Udl)q + (ﬂdQ)q - 7731 7732) ;

vi: ad = <"1—(1—u3)"‘,n§‘);
vii: d% = <u3, 71— - nZ)“)-

Definition 4 Suppose di = (iq,, na,) and d> = (Ud,, Nd,)
be two g-ROFNs, then the score function defined by Liu
and Wang [21] is given as, S(d}) = ““2111 - ngl and S(dh) =
/L32 — 1732. Similarly the accuracy function of d; and d, are
defined as A(d)) = MZ,I + ’7;111 and A(dr) = “Zz + 1732,
respectively.

1: If S(d1) < S(d»), then d| < d» thatis d is less than d»;
2: If S(d1) > S(d»), then d| > d that is d is greater than
dy;

if S(d1) = S(d»), then larger the accuracy function batter
the orthopair is.

On the bases of above operations, Liu and Wang [21]
proved the following properties.

Theorem 1 [21] Let d = (g, na),d1 = (ay> Nay) and
dr = (Way, Nay) be three ¢-ROFNs and a, ay, oy > 0, then
the following are holds:

i d®@dry=d, ®dy;

ii: dy ®@dr =dy ®dy;
iii: a(d) ® dr) = ady & ady;
iv: a1d ® ard = (a1 + ar)d;
v dY @ d*? = d@1te),
vi: df ® d3 = (d1 @ dp)*

g-Rung orthopair fuzzy aggregation
operator

This section is devoted for a brief discussion of aggre-
gation operators such as g-ROFWA, q-ROFOWA and
g-ROFHA operators.

Definition 5 [21] Consider the collection d¢y = (i4,, 114,)
of n g-ROFNs with weight vector u = (ug, us, ..., uy)T
where u; € [0,1] such that Y ,_,uy = 1(forl =
1,2,...,n), then the ¢-ROF WA operator is defined as:

q-ROFWA,, dy, ..., dy)

n n
= 1 -TTa—ng)TIng
=1 =1
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Example 1 Suppose four g-ROFNs d; = (0.8,0.7), dy =
(0.9,0.5), d&3 = (0.7,0.9), ds = (0.6, 0.3) having weight
vector u = {0.33, 0.15, 0.3, 0.22} for ¢ = 3, then

\71 - H;}:l(l - I'L(B}g)ug =

J1T= (1= 0.8)0%3(1 = 0.9%)015(1 — 0.73)03(1 — 0.63)0-2
= 0.77072 and

3/1‘[2:1”% — (0.70.33)(0’50.15)(0‘90.3)(0’30.22)
= 0.595617

Now by Definition 5, we have

q-ROFWA(d,, d, d3, ds)

4 4
T1=TTa=ud)e [y
(=1 =1

= (0.77072, 0.595617)

Definition 6 Let us consider the collection d¢ = (14, 14,)
(for ¢ = 1,2,...,n) of n ¢-ROFNs , then the g-
ROFOWA operator is given as;

q-RO}-OWA(dl, dz, d3, e dn)
n ~
= @ uedy
=1
= Mld~I @ uzc?z ®---B und~n

where d; = (MJ@’ 773@) (¢ = 1,2,...,n) indicate the
£th largest object of the collection of n g-ROFNs d, =
(tedg > Mdy)-

The aggregation result of Definition 6 through operation
rules is described as in Theorem 2.

Theorem 2 Suppose the collection dy = (jg,, ng,) (€ =
1,2,...,n) of q-ROFNs with weight vector u =
(1, uz, .. i)t of dy where up € [0,1] such that
Y iy u¢ =1, then the ¢-ROF OWA operator is described
as:

qg-ROFOWA(,da, d3, ...,d,)
= & ued,
=1
n q up n e
= ”‘H(l‘%) ’H(%) :

where dy = (,u‘;[, njz) indicate the £th largest object of the
collection of n g-ROFNs dy = (fha,, Na,) € =1,2,...,n).

Example 2 Consider four g-ROFNs d; = (0.7,0.3) ,dr =
(0.8,0.65), d3 = (0.9, 0.6), ds = (0.88, 0.7) having weight
vector u = (0.3, 0.25, 0.1, 0.35) for g = 5, then to find the
score functions of each q-ROF N, that is
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S(d)) =0.77—0.3° =0.166, S (d») = 0.8° —0.65° =
0.212, S(d3) = 0.9° — 0.6 = 0.513, S(dy) = 0.88° —
0.7° = 0.360.

So S(d3) > S(ds) > S(dr) > S(dy), this implies that
d4 > d3 > d2 > dl. Thus, d~1 = d3,6?2 = d4,6§3 = dz, and
54 = d;. Further we have

\5/1 —[Teei (1 - M;)”@ =
\71 _ (1 _ 0_95)043(1 _ 0.885)0‘25(1 _ 0.85)0'1 (1 _ 0.75)0435
= 0.844094

[Timi ) = (0.6")(0.7°%)(0.65"1)(0.3%-3%)

— 0.493178
Now by Theorem 2, we have

q-ROFOWA(dy, da, d3, dy)

4 )
[ T=) " T ()
=1 =1
(0.844094, 0.493178)

Definition 7 Suppose that dy = (ug,, n4,) ( for £ =
1,2,...,n), bethecollections of g-ROJF Ns with associated
weight vector u = (uy, uz, ..., un)T of dy where u, € [0, 1]
such that Y j_, uy = 1. Then the ¢-ROFHA operator is
given as:

G-ROFHA(d, do, ds, . .., dy)

n ~
= @ uedy
(=1
=u1d) ®urdr @ - - ® und,

where d¢(d; = nitedy, for £ = 1,2,...,n) indicate the
Lth largest object of the collection of q-ROFNs dy =
(Hap-na)@ = 1,2,...,n), and & = (i, 2, oot
be the weight vector of dy(¢ = 1,2,...,n) where iiy €
[0, 1] such that ZZ:I g = 1 and n indicate the balancing
coefficient.

The aggregation result of Definition 7 through operation
rules is described as in Theorem 3.

Theorem 3 Suppose dy = (ia,, na,) & = 1,2,...,n) be
the collection of g-ROFNs, then the g-ROJF HA operator is
described as:

G-ROFHA(L, do, ds, ..., dy) = ( & Wb)
=1

n

n
= [ 1 =TTa—wde TT(n2) ]
(=1

where c?g(d} = nuedy, for £ = 1,2,...,n) indicate the
Lth largest object of the collection of g¢-ROFNs dy =

(taysma,)& = 1,2,...,n) and n indicate the balancing
coefficient.

Example 3 Suppose four g-ROFNs d; = (0.5,0.2),dr =
(0.83,0.6), d3 = (0.95,0.65), da = (0.9,0.75) having
associated weight vector u = (0.3,0.2,0.32,0.18) for g =
4, and weight vector ti= (0.4,0.3, 0.1, 0.2) , then by using
operational law

we have

4tiydy = ({‘/1 (1 — 0.5%44x04, 0_24x0_4>
— (0.560,0.076),

4lrdr = ({4/1 — (1 — 0.83%)4x03 0.64><O.3)
= (0.856, 0.542),

Alizds = ({‘/1 — (1 = 0.95%)#x01, 0‘654x0,1)
= (0.837,0.842), 4lisdy
= ({‘/1 (1= 0.9%4x02, 0'754><0.2)
= (0.870,0.794).

Now to find their score functions, that is

S (461d;) = 0.560* — 0.076* = 0.098, § (4lird>)
= 0.856* —0.542*
= 0.451, S (46i3d3)
=0.837* — 0.842*
= —0.012, S (4li4ds)
= 0.0.870* — 0.794* = —0.396.

So S (4lydr) > S (4G1dy) > S (4l3d3) > S (44 4dy4) , this
implies that

d; = (0.856,0.542), d» = (0.560, 0.076),
dsy = (0.837,0.842) and ds = (0.870, 0.794)

Further, we have
\Z/l —[Tjoi (1 = Mzz)“‘z =
41— (1—=0.8561%3(1 — 0.560%)%2
(1 —0.837%)032(1 — 8704018
Hi}:l(ng) = (0.542°3) (0.076°2) (0.842%-32)
(0.794%13) = 0.451263

= 0.82465 and
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Now by Theorem 3, we have

q-ROFHA(d, d», d3, ds)

— 1—]i[(1 —ug)w’l_[(";f)

=1 =1
= (0.824648, 0.451263)

g-Rung orthopair fuzzy averaging
aggregation operator under generalized
parameter

In this section, first we will define generalized q-ROFS
and then we will present the detail study of some average
aggregation operators under generalized parameter like as
Gg-ROFW A operator, Gg-ROFOWA operator and Gg-
ROFHA operator and their properties in detail.

g-Rung orthopair fuzzy information under
generalized parameter

Consider a person/patient who is suffering from an unknown
disease and he visits the hospital for the initial checkup to
diagnose his disease. He describes his preferences in a set of
symptoms regarding his physical condition. His preferences
are in the form of q-ROJF Ns that is X = {d1, da, d3, d4}
where d;(j = 1,2,3,4) stand for d; = high tempera-
ture, d» = headache, d3 = cough and d4 = constipation,
respectively. Let the ¢-ROFS X = {(0.9, 0.6)pightemperature »
(0.8, 0.4)neadache »  (0.95, 0-5)cough . (0.7, 0-3)constipation}
denotes the described symptoms of the patient. These symp-
toms are completely based on the initial information given
by the patient. If the expert means doctor/physician diag-
noses the patient according to the patient preferences without
verifying it from another senior expert/doctor, then he may
not be cured well or may be a cause of causality because
the provided information has not been verified from a
senior physician/doctor. Therefore, after acknowledging the
patient’s described symptoms, it is necessary to certify the
described information from senior expert physician/doctors.
This is only possible by adding the idea of generalized
parameter to the original information. The patient informa-
tion is further verified from another expert physician/senior
doctor and he gives their preference with the help of a
generalized parameter such as i = (0.88, 0.65), then the
new q-ROFS based on generalized parameter is defined
as X = {< (0.9,0.6),(0.8,0.4), (0.95,0.5), (0.7,0.3) >
(0.88,0.65)}. The generalized parameter is a q-ROFN
which deduct the uncertainty and complexity in original
information and improves the accuracy of the final deci-
sion. Without generalized parameter the initial information
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described by the patient remains in doubt. Thus, the notion
of generalized q-RO FS (Gq-ROFYS ) is defined as.

Definition 8 Suppose X be a universal set. Then a Gq-
ROFS J of aset X is defined as

j: {< S, mg (S),Uj (S) >q (H’FL’ nﬁ)/s € X}

where the mappings u7 : & — [0,1] and n7 : X —
[0, 1], represents a membership grade and a non-membership
grade of s € X, to the set J, respectively, and satisfying
that 0 < (k7 ()" + (n7 (9)? = 1 and up, np € [0, 1]
represent the degree of truthfulness and falsity grades of
g-ROFS {< s,u7(s),ng(s) >4 /s € X} such that
0 < ul +nl < 1 where g > 1. Further i = (up. nn)
is known to be a generalized parameter. This generalized
parameter provide the preference assessment of the another
senior decision maker/expert. This generalized parameter is
itself a -ROFN.

The generalized g-rung orthopair fuzzy weighted
average operator (Gq-ROFWA)

In this subsection, we will present the study of Gg-ROF WA
operator and their properties in detail.

Definition 9 Consider a generalized parameter 2z = (up, n5)
for the -ROFNs dy = (uq,, na,) (for £ = 1,2,...,n),
then the Gq-RO FWA operator is defined as;

Gq-ROFWA(< di,dr, d3, ...,dy, >, h)
=h®q-ROFWA(d1,d2,d3, ..., d,).

The aggregation result for q-ROFNs through operation
rules is described as in Theorem 4.

Theorem 4 Suppose the collection dy = (jg,, ng,) (€ =
1,2,...,n) of ¢-ROFNs with generalized parameter h =
(Un, nn) and weight vector u = (uy,uz, ..., u,,)T of dy
where uy € [0, 1] such that Y ,_,u¢ = 1, then the Gq-
ROFWA operator is described as:

Gg-ROFWA(< dy,dr, d3, ..

n
=h® < &) Mgdg)
(=1

= (thﬂ =TT =gy, ﬂ ny+ (1 = n%)]‘[(nﬁ;g)q)

., dp >, h)

(=1 =1

Proof As we know that

d®dr = ({//LZ} + /LZZ — M?h“Zz’ Nd, 77d2>
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and

— q uj
upd; = ({1/ I—(1- ,U«dl)ul, ndl)
and urdy = ({’/1 — (1= pg)e, ni}j)

We use the mathematical induction to prove this theorem.
Now for n = 2 we get

GQ-ROFWA(< dy, dr >, h)
=NhQ® (u1di ® usrd>)
(U, MR ®

(== a = o)

2 2
= (urnn) @ | |1 =TT —ud)e. Tt
=1 =1

2
= | ma |1 =TT = ng)ee,
(=1

2
I+ (=] [miHe
=1

this implies for n = 2 the result holds. Next suppose that the
result true for n = k, that is

Gq-ROFWA(< dy,dy, ..
k
=h® ( ) ugdg)
(=1

k k
= (k. R) ® (ﬂ 1= [Ta—udme ]'[n;‘,f)

=1 =1

L dy >, h)

k k
- (Mh.ﬂ 1= TTa—ud)m, ﬁ g+ (1= '7%)1_[(”35)")

=1 =1
Now to show that the result hold for n» = k + 1, then we have

Gq-ROFWA(< dy,da, ...dg,dgy1 >, h)
_ <u1d169u2d2€9"'@ukdk@)
=ne®
U+1di+1
=h@ {(urd) ®urds & -+ - ® updy) & ujt1dp41}

dict1

X k
91— [T —pd e, T4 | @
= (1p, 15) ® (\/ (=1 dem e
. q Ukt 1
(7= 0= i)
4 k q \u q Uk+1
P= TTA = e (1=ud )"
= (Ups M) @ £=1 L
Zﬂl(nﬁjf) gt

k+1 k+1
= (unp) @ | 1= TTa—ud)Hme [TagH
=1

=1

k+1 k+1
= w9 1= TTA = 4+ =]ty
=1

(=1

this implies that 7 is true for k 4 1. Hence, under the study of
generalized parameter, the given result hold for any number
of q-ROFNS. O

Moreover, in the following, it is shown that the aggregated
result achieved from Gg-ROF WA is also aq-ROF Ns. Now
forany £ = 1,2,3,...,n we have 0 < pg,, ng, < 1 with
0< ,ugl + quzl < 1 for g > 1. This also implies that

n
0<l-pf <1=0=<[Ja-ui)=<1=0
=1

n
<JJa-ui)w=<1
=1

n
q \u
:051-]‘[(1—;%)@51:0
=1

n
< d1=JJa-ud)w <1
=1

As h = (un, nr) is a generalized parameter where up, g €
[0, 1] with 0 < u% + n% < 1. Therefore,

n
0< ,u,h.ﬂ 1— l_[(l — MZ()W < 1. Similarly we can show that
(=1

n
0< ﬂn% A—np[agHe <1
=1

Furthermore,

q

n
q
0 < | pn | 1= [T = pg)m
=1

q

n
+| 0l +a =] JagHe
=1

=1
n q
+<n% +(1 - n%)ﬂ(nﬁf)
=1
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n
=uf—ui[ - ,uZZ)'”> +n
=1

n n
+[ JaiH® =i ] [
=1 =1

n n
= (uf +nf) + [T = wg [T = wf )
=1 =1

n
—ni [ e
=1
Aspd, +ng < 1= <1—pf = —nl = -0 -ui)

n n
< i+ + [[oiH? = ui] [oiH?
=1 =1

n
—ni [ [
=1

n
= (uf + 1) + [ [aihH? - (u%
=1
n
+n,§) [ [
=1

= (uj + n%)(l - ]_[(an)q) + [ T
=1 =1

n n
<1=JJ@Ht+]miHt =1
(=1 =1

q
n
implies 0 < [ wp. 41— ]_[(1 — ud)
=1
n q
+| uh+ =D Taghe | <1

=1

Therefore, it is proved that the aggregated result obtained by
Gg-ROFWA operator is also a g-ROFN.

Remark 1 (a) If the generalized parameter 2 = (1, 0), and
g = 1, then the Gg-ROFWA operator reduces to I FWA
operator.
(b) If the generalized parameter 4 = (1,0), and g = 2,
then the Gqg-ROF WA operator reduces to PFWWA operator.
(c) If the value of ¢ = 2 is fixed then the Gg-RO FWA
operator reduces to GPFWA operator.

Example 4 Suppose the generalized parameter 7 =
(0.9,0.6) of four g-ROFNs di = (0.8,0.7), d» =
0.9,0.5), d3 = (0.7,0.9), dys = (0.6, 0.3) having weight
vector u = {0.33, 0.15, 0.3, 0.22} for ¢ = 3, then

Lisllase cllad .
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1 =TTy (1 = e =

; 1— (] _ 0.83)0‘33(1 _ 0.93)0.15(1 _ 0773)0.3
09 X (1 —0.63)0'22

0.77072 = 0.69365 and

Jnd+ (= DI 6 =
J0.63 + (1 — 0.63)(0.79-33)3(0.50-15)3(0.99-3)3(0.30-22)3 =
0.72537

Now by Theorem 4, we have

= 09 x

GqQ-ROFWA(< dy,d>, d3,ds >, h)

4
= un =[]0 =ud)e.
=1

4
j g+ (=) [mi?

=1
(0.69365, 0.72537)

Theorem 5 Suppose the collection dy = (ia,, na,)
1,2,...,n) of ¢-ROFNs with generalized parameter h =
(Ur, nr) and weight vector u = (uy, uz, ..., u)T of dy
where uy € [0, 1] such that ZZ’:] ug = 1, then for Gg-
ROFWA operator the following are holes:

i: (Idempotency): If dy = d (forall £ = 1,2,3,...,n),
then

Gq-ROFWA(< dy,dr, d3,...,d, >, h) =h®@d.

ii: (Boundary condition): If d, = (min Upgq,, Max Nxed,)
and d; = (Mmax Ured,, MiNNkgq,) (for all £ =
1,2,3,...,n), then

d; <Gg-ROFWA(< dy,dy,d3,....dy >, h) <d.

ili: (Monotonicity): Suppose dy = (iq,,N4,) and dj =
(Md;w nd;)(ﬁ = 1,2,..., n) be the collection of n g-
ROFNs such that g, < ey and ng, > ndy» then

GG-ROFWA(< dy,dp, ds, ..., dy >, ) <
Gg-ROFWA(< di, di. di,....d" >, h).

iv: (Commutativity): Suppose dy = (g,, ngq,) and L?( =
(/,L‘;[, 775?/) € = 1,2,...,n) be the collection of n gq-

ROFNs where g@(ﬁ = 1,2,...,n) is the Lth largest
objectof dy(€ = 1,2, ...,n), then

Gg-ROFWA(< dy,d», d3, ...,d, >, 1)
= Gq-ROfWA(< &1, 32, d~3, A ,c?n >, ﬁ)



Complex & Intelligent Systems (2021) 7:123-144

131

Proof i:If dy = d (forall ¢ = 1,2, 3, ..., n), then by The-
orem 4, we have

Gq-ROFWA(< dy,dr, d3, ..

n n
= “ﬁ-ﬂ L= TTa—pgme ﬂ ng + (1 — n%)]‘[(nf,f)q)
=1

=1

. dy >, h)

= “ﬁﬂ 1= [Ta—ugre. ﬂ ng+ (= n%)l_[(nzf)q)

=1 =1

n n q

> ue

Y q 2 ue a9 q =1
L= =pp=t g+ A =ng) | ng

= | un-

= (uﬁ.{f/l -1 =pud). {f/n§ +(- n%)(nm)

= (Mh-ﬂd’ {’/n% + (1= n%)(nd)‘f)
=h®d

ii: Letd, = (min uxgq,, max nued,) and dzr = (Max Uxgd,
min npgq,) Wheremin ppgq, = p(min g, ), max prgd, =
1
pr(max jug,), max nagd, = (h+(1—n})(max ng,)? )7 and
1
min npga, = (0 + (1 — nf)(min ng,)? ).

Now for each £ = 1,2,3,...,n, we have min g,
Md, < max g, and this also implies that 1 — max(ugi)
U= pg, = 1= min(ug). < [Ti— (1 — max(ug )"
iy — ud) < iy — min(ud)™ & (

Zil “ IfiluZ
max(uf )™ < [Tim (1= pd )" < (1 —min(ud )=

& (1—max(ug,) =< [Tj—; (1 —pg)"* < (1—min(ug,))

& 1= (1 —min(u)) < 1-TT-, 0 —pj)" <1-
(1 — max ()

& min(ug) < 1 - [Ty (1 = ph)" < max(ug,)
As h = (un,nn) is a generalized parameter where
Whs M5 € [0, 1], then

IANIATA

n
pnmineg) < i) V=TT = g < pn(max pa,)
=1

n
& min ppgy, < wi. 41— H(l - MZE)““ < max [Lxgd,
=1

ey

Next foreach £ = 1,2,3,...,n, we have minng, < ng, <
max 14, and this also implies that

[ J((min ng,)®)*

=1

n n
<[] < [ J((max ng,)9)*
(=1 =1
w up n i up
< []miH? < ((max ng))=
=1

) >
< ((min ng,)?)*=!

n
& (minng,)? < l_[(nsf)q < (maxng,)?
=1

As h = (un, nr) is a generalized parameter where 1y, ny €
[0, 1], then

(1 = nf)(min ng,)?
< (=D JoH? = (1 = nf)(maxnq,)?
(=1

< 1+ (1 —nl)(minng,)?
n
<ub+ =D JaH? < nf + (4 = nl)(maxng,)?
=1

& nfh + (1 = n)(min g, )7

IA

n
407+ (1 =] [miHe
(=1

< n + (1 = n)(max ng )1
& min Nxgd,
P
< Il + A =nD[ o) < maxnpga, 2)

=1

If Gg-ROFWA(< dy,dy,d3,....dy, >,h ) = § =
(MA®d, » Nhed, ). then from the analysis of Egs. (1) and (2) ,
we have

min fped, < Migd, < MaxX [irgg, and minnhgg, <
Nhed, < Max Nxeq,. Therefore, by score function, we get

d; < Gq-ROFWA(< dy,d>,ds, ....d, >, h) <d/

iii: Since pg, < My and ng, > ndy for all ¢, then this implies
< 1 . q < 1 _ q
Hdp < pray = 1= pge < 1= g,

n n
q q
= [Ta- fg)™t = [Ta-wi=
=1 =1
n

n
I=TTa = ngm <1 =TTa—ugo
=1

=1
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n n
= =TT —ugyme < 1 =TTa - pgom
=1 =1

As I = (un, np) is a generalized parameter where wp, N5 €
[0, 1], then

n n
q q
- | 1= e]‘[lu — 1) < pne | 1= ﬂ(l — ) ()

Next

n n
" UgNg Ugn\g
Na, = na; = cnl%) > ﬂ(”dz)

= (=] [ = @ = np] Jaghe
=1

=1

n
=+ =D [oiH? =}
=1

n
q u
+(1 - nh>ﬂ(ndg>q

n
= |l + A =] e
=1

n
ql -9 _ 4 Uevg
> I+ nh)£|_|1(ndzf) 4)

Let GG-ROFWA(< dy,d>, d5,....dy, >, 1) = d and

Gq-ROFWA(< df,dy.,d5, ..., d; >, h) = d*. Now by
Eqgs. (3) ,(4) and Part i: (idempotency), we have

(1) - (1 -[la- %)W)
(=1
— <n§ +(1— n%)]_[(nzg)q)

(=1

< (un)?. (1 -[Ta- uZQ“‘)
=1
- (n;; +(1— n%)H(nZﬁ)")

=1
= S(d*) > S(d)
If S(d*) > S(d), then

Gq-ROFWA(< df, di. df,....d" >,
) > G-ROFWA(< dy, d>, d3, ..., dy >, )

If S(d*) = S(d), then

Lisllase cllad .
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ea)? (1 -Ha- MZ*>”)—(77% + (=Tl (nf,i)fI)
t=1 ‘ =1 ¢

= (up)?. (1 — H (11— H«Ze)w>
(=1
n
- (n% + =]l (an>‘4> - Since a, = ptq; and 1, >
(=1
ng* for all £, so we have
(4

= (). (1 - 10— uggw)

=1

= (un)?. (1 — ﬁ (1- MZ,Z)“‘Z) and
=1

(n% + (1 - 77%)4[[5773})") = (n‘,é + (1 - n%)ﬁl:ll(nﬁ;f)q > :

Thus by accuracy function
A(d") = Ad)

Therefore, from the above analysis, we have

GQ-ROFWA(< dy,dy, d3, ... dy >, ) >
Gq-ROFWA(< df, di. di,....d* >, h)

iv: Proof is straightforward and a trivial case of Theorem 4.
O

If it is suppose that the experts have enough knowledge
about the evaluated objects and assign value to generalized
parameter 77 = (1,0). In this case, the proposed Gg-
RO FW A operator reduces to g-R O F VW A operator. While
these types of situations are partially fulfilled in real life. This
shortcoming is very carefully tackled by adding the evaluated
object/generalized parameter in the initial given preferences.

Proposition 1 (a) If the priority of the senior decision
maker/expert about generalized parameter is taken as h =
(1,0), then the proposed Gg-ROFWA operator reduces
to g-ROFWA operator.

(b) If the priority of the senior decision maker/expert
about generalized parameter is taken as h = (0, 1) , then the
proposed Gq-ROFW A operator gives the result (0, 1) .

Proof (a)Ifitis assumed that the experts have enough knowl-
edge about the evaluated objects, that is the generalized
parameter 2 = (1, 0), then in Theorem 4, we have

GgROFWA(< dy,d>, ds, ..., dy >, 1)

n
= [ wn- o 1 =TT =g .
=1

n
10+ =] [miHe
=1
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n n
= | |t =TTa—udpme. o TTagHe
=1 =1

asup =landny =0

n n
_ q
=t -TTa—ufpe. TTng
=1 =1

Q

\
=qg-ROFWA(,,dy, d3, ..., d,).
(b) The proof is similar to the Proof of (a). m]

The generalized q-rung orthopair fuzzy ordered
weighted average operator (Gq-ROF0WA)

From Gq-ROF WA, itis clear that in Gg-RO FWA operators
just the g-ROF values are weighed on the basis of general-
ized parameter, and the Gg-ROFOWA operator weight the
ordered positions through scoring the g-ROJF values rather
than weighting the g-ROJF values themselves on the basis of
generalized parameter. Therefore, here, we will present the
detailed study of Gq-ROJFOWA operator and their proper-
ties.

Definition 10 Consider a generalized parameter i = (g, n1)
for the ¢-ROFNs dy = (g, na,) (for £ = 1,2,...,n),
then the Gg-ROFOWA operator is given as

Gq-ROFOWA(< dy, dr, ds, ..., dy >, h)
=h®q-ROFOWA(,, d>, d3, ..., dy).

The aggregation result of Definition 10 through operation
rules is described as in Theorem 6.

Theorem 6 Suppose the collection dy = (g, nq,) (€ =
1,2,...,n) of g-ROFNs with generalized parameter h =
(Wk, nr) and weight vector u = (uy, uz, ..., u,)T of dy
where uy € [0, 1] such that Z?:l ug = 1, then the Gq-
ROFOWA operator is described as:

Gg-ROFOWA(< dv, da, ds, ..., dp >, F)
n ~
=hQ® ([@luzdz)

- (J == J it =[] (n:';:)")

=1

whered; = (1 i 3z) indicate the permutation of {th largest
object of the collection of n g-ROFNs dy = (pa,, na,) (€ =
1,2,...,n).

Proof The proof is straightforward to Theorem 4. O

Remark 2 (a) If the generalized parameter & = (1, 0), and
q = 1, then the Gg-ROFOWA operator reduces to
LFOWA operator.

(b) If the generalized parameter & = (1,0), and ¢ =
2, then the Gg-ROFOWA operator reduces to PFOWA
operator.

(c) If the value of ¢ = 2 is fixed then the Gg-RO FOWA
operator reduces to GPFOWA operator.

Example5 Suppose the generalized parameter 7 =
(0.95,0.7) of four g-ROFNs di = (0.7,03), d» =
(0.8,0.65), d3 = (0.9, 0.6), ds = (0.88, 0.7) having weight
vector u = {0.3,0.25, 0.1, 0.35} for ¢ = 5, then to find the
score functions of each q-ROFNss, that is

S(d)) =0.7°—0.3° =0.166, S (d») = 0.8° —0.65° =
0.212, S(d3) = 0.9 — 0.6 = 0.513, S(d4) = 0.88° —
0.7° = 0.360.

So S(d3) > S(ds) > S(dr) > S(dy), this implies that
d4 > d3 > d2 > d1. Thus d~1 = d3,d~2 = d4,£?3 = dz, and
&4 = d;. Further we have

4
/Lﬁ~\5/1 —[T= (1 = Mgl)'” =0.95 x

J1—=(1-0.9)%3(1 —0.889)02(1 —0.8%)%!
(1 —0.7%)03
I+ =TT o) =
V0.75 + (1 = 0.75)(0.693)3(0.7925)5(0.659-1)5(0.30-35)5 = 0.720
Now by Theorem 6, we have

= 0.802

Gq-ROFOWA(< dy,d>r, d3,dy > h)

4 4
= (Mﬁ-j - H(l - “gz)w’ j ny + (1 - n%)e]_[l(ngfﬁ)

= (0.802, 0.720)

Theorem 7 Suppose the collection dy = (g, nq,) € =
1,2,...,n) of ¢-ROFNs with generalized parameter h =
(1r, nr) and associated weightvectoru = (uy, ua, .. ., uy)T
of dy where uy € [0, 1] such that ZZ:] ug = 1, then for Gq-
ROFOWA operator the following are holes:

i: (Idempotency): IfJg =d (forall £ = 1,2,3,...,n),
then

Gg-ROFOWA(< dy,dr,d3,...,dy >, ) =h®d.

ii: (Boundary condition): Ifc?_ = (min M pgd, Max ”h@dg)
and c?,f = (max M rod, min nﬁ®a~,z) (for all £ =
1,2,3,...,n), then

d; < Gg-ROFOWA(< dy,d>,d3,...,dy >, h) <d.
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iii: (Monotonicity): Suppose dy = ({tq,,na,) and d; =
(ud;, ndzﬂ)(ﬁ = 1,2,..., n) be the collection of n g-
ROFNs such that jugq, < W and ng, > nds then

Gg-ROFOWA(< dy, da.ds, ..., dy >, h) <
Gg-ROFOWA(< di d}. df,....d" >, h).

iv: (Commutativity): Suppose d¢ = (ug,, n4,) and dy =
wdz’ nde) € = 1,2,...,n) be the collection of n q-
ROFNs where dy(€ = 1,2, ...,n) is any permutation of
di(d =1,2,...,n), then

Gg-ROFOWA(< dy, d», ds, ....d, >, 1)
= Gg-ROFOWA(< dy,d>, d3, ..., d, >, h).

Proof Proofs are easy and can be done from Theorem 5. O

Proposition2 (a) If the priority of the senior decision
maker/expert about generalized parameter is taken as h =
(1,0), so in this case the proposed Gqg-ROF OWA opera-
tor degenerates to g-ROJF OV A operator.

(b) Ifthe priority of the senior decision maker/expert about
generalized parameter is taken as h = (0, 1), so in this
case the proposed Gq-ROF OW A operator gives the result
©,1).

Proof The proofs are similar to the Proposition 1. O

The generalized g-rung orthopair fuzzy hybrid
aggregation (Gq-ROF HA) operator

From the detail discussion of Gq-ROFWA and Gg-
ROFOWA operators, it is clear that in Gg-R OFWA
operators just the g-ROF values are weighed on the basis
of generalized parameter, and similarly in Gg-ROFOWA
operator just the ordered positions of the g-ROJF values
are weighed rather than weighting the g-R OF values
themselves on the base of generalized parameter. So, it is
clear that the weights denote distinct attributes in both Gq-
ROFWA and Gqg-ROFOWA operators. However, at the
same time both the operators weigh just one of them. To
handle this restriction, here we will originate the concept of
Gqg-ROFHA operator, which weighs both the given values
at the same time, that is q-ROF values and its ordered posi-
tion on the basis of generalized parameter and discuss their
properties in detail.

Definition 11 Considerd, = (ugq,, n4,) (foré =1,2,...,n),
be the collections of g-ROFNs with associated weight vec-
tor u = (uy, us, ..., up) L of dg where u; € [0, 1] such that
> i—ju¢ = 1, under generalized parameter i = (up, n5)
and = ({i;,l,...,H4,)T be the weight vector of dy(¢ =
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1,2,...,n) where iy € [0, 1] such that ) ;_, ¢ = 1. Then,
the Gq-ROJFHA operator is given as:

Gq-ROFHA(< dy,d», ds, ..., d, >, 1)
=hQ®q-ROFHAW,d», ds, ..., d,).

The aggregation result of Definition 11 through operation
rules is described as in Theorem 8.

Theorem 8 Consider a generalized parameter h = (g, N1)
forthe g-ROFNsdy = (pa,, na,) (fort =1,2,...,n), then
the Gg-ROJF HA operator is described as:

GG-ROFHA(< dy,do, ds, ....dy >, F) = h® ( & uzti[)
=1

= (uhl 1= E(l - g, J i+ (= n%)ﬂ(ngj)q)

where a’} (c?g = nilydy, for £ = 1,2, ..., n) indicate the per-
mutation of Lth largest object of the collection of g-ROJF Ns
de = (Hay>na,) & = 1,2,...,n) such that n indicate the
balancing coefficient.

Proof Straightforward like Theorem 4. O

Remark 3 (a) If the generalized parameter & = (1, 0), and
q = 1, soin this case Gg-ROFHA operator degenerates to
IFHA operator.

(b) If the generalized parameter i1 = (1, 0), and g = 2,
so in this case Gq-ROJFHA operator degenerates to PFHA
operator. (c) If the value of parameter ¢ = 2 is fixed then the
Gg-ROFHA operator reduces to GPFHA operator.

Example 6 Suppose the generalized parameter 7 = (0.8, 0.7)
of four g-ROFNs di = (0.5,0.2), d» = (0.83,0.6),
dz = (0.95,0.65), ds = (0.9,0.75) having associated
weight vector u = {0.3,0.2,0.32,0.18} for ¢ = 4, and
weight vector = {0.4, 0.3, 0.1, 0.2}, then using operational
law

nlydy = (,"/1 —(1 - le)mi’z, 77:;{)

we have

4t1dy = (yl — (- ().54)4><0.4’ 0.24X0.4>

= (0.560, 0.076),

4liadr = ({‘/1 — (1 — 0.83%)4x03 0.64><().3)

— (0.856, 0.542),

4l3d3y = ({4/1 -1 - ().954)4><0.17 0.654XO‘1>
— (0.837,0.842),
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4ly4dy = (y] — (1 —0.94)4x02, 0.754><0.2>
= (0.870, 0.794).

Now to find their score functions, that is

S (461dy) = 0.560* — 0.076* = 0.098,
S (4tirdy) = 0.856% — 0.542% = 0.451,
S (43d3) = 0.837* — 0.842*
= —0.012,
S (4tiads) = 0.0.870* — 0.794* = —0.396.

So S (4lrdy) > S (4l1dy) > S (4l3d3) > S (41 4dy) , this
implies that

d; = (0.856,0.542), d» = (0.560, 0.076),
d3 = (0.837,0.842) and dsy = (0.870, 0.794)

Furthermore, we have /Lﬁ/.C/l — ]_[?:1(1 — ij e = 0.8 x
£

0.824648 = 0.65972, and C/ng - ;7;;)1‘[;}:1(,7;:)4 —
0.72192
Now by Theorem 8, we have

Gq-ROFHA(< dy,d>, d3, ds >, )

4 4
= (“ﬁ-ﬂ t=TTa—ud)e. ﬂ 4 (1= n%)]_[(ngf)“)
=1

=1

= (0.65972, 0.72192)

Theorem 9 Suppose the collection dy = (jg,, ng,) (€ =
1,2,...,n) of g-ROFNs with associated weight vector
u = (uy,u, .. .,u,,)T of dp where uy € [0, 1] such that
Y i—iu¢ = 1, on the base of generalized parameter h =
(un, np) and di= (1,1, . .. i,)T be the weight vector of
de(0 =1,2,...,n)whereiiy € [0, 1] suchthaty ,_,iip = 1
then for Gg-ROJF HA operator the following assertions are
hole:

i: (Idempotency): Ifd~g =d (forall £ = 1,2,3,...,n),
then

Gqg-ROFHA(< dy,d>,d3,....,dy >, h) =h®d.

ii: (Boundary condition): If d, = (min M hgd,» Max nﬁ@w)

and &Z = (maxuﬁ&h, minnh&je) (for all £ =
1,2,3,...,n), then

d; <Gg-ROFHA(<dy,dy, d3,...,d, >, h) <d.

iii: (Monotonicity): Suppose dy = ({tq,,na,) and d; =
(ud;, ndzﬂ)(ﬁ = 1,2,..., n) be two collections of n g-
RO FNs in which pg, < Ky and 1ng, > nds then

Gg-ROFHA(< dy.dy. ds. ....dy >, 1)
<Gqg-ROFHA(< d},d},di,....d" >, h).

iv: (Commutativity): Suppose d¢ = (Wg,, n4,) and di =
(/Ld~£, ’7074) € = 1,2,...,n) be two collection of n gq-
RO FNs in which c?g(ﬁ =1,2,...,n) is the Lth largest
object of dy(€ = 1,2, ...,n), then

Gg-ROFHA(< di,d>, ds, ..., d, >, h)
= Gg-ROFHA(< dy,d>, d3, ..., dy >, h).

Proof Proofs are easy and can be done from Theorem 5. O

Proposition 3 (a) If the priority of the senior decision
maker/expert about generalized parameter is taken as h =
(1, 0) , then the proposed Gq-R O F H A operator reduces to
q-ROF H A operator.

(b) If the priority of the senior decision maker/expert
about generalized parameteris takenas h = (0, 1) , so in this
case the proposed Gq-ROJF H A operator gives the result
©,1).

Proof Proofs are straightforward. O

Remark 4 (a) If i= (%, % o %)T, then the proposed Gg-
ROF H A operator reduces to Gg-ROF W A operator.
Mb) If u = (%, %, e %)T, then the proposed Gg-

RO F H A operator reduces to Gg-ROF O W A operator.

Group generalized parameter based on
g-rung orthopair fuzzy average aggregation
operator

In this section, we will present the generalized study of the
proposed aggregation operators. This analysis will based on
two or more expert’s/observer’s opinion in original infor-
mation by combining the different choice and expertise of
the senior decision makers/experts in a more accurate way.
Therefore, this can be obtained by introducing a group Gq-
ROFWA (GGq-ROFWA) operator, group Gqg-ROFOWA
(GGg-ROFOWA) operator and group Gq-ROFHA (GGg-
ROFHA) operator.

The GGq-ROFWA operator

In this subsection, the idea of generalized g-ROFWA
operator is explored to group generalized g-ROJF WA oper-
ator where the preferences of two or more other senior
experts/decision makers are analyze in q-ROF environments.
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Definition 12 Consider a group of experts/observers who
justify the information under the g-ROJF environment. Let
he = (Unenm)k = 1,2,...,m) be the preferences
suggested by the senior experts for the g-ROFNs d; =
(Md,»na,) € =1,2, ..., n), then the GGq-ROF WA opera-
tors is given as:

GGq-ROFWA(< dy, d>, ..., dy >,

“ROFWA(h, hy, ..., p)Q
,ﬁm))=q (hy, Iy )

(B, 7 g-ROFWAW,, da, ..., dy)

The aggregation result for q-ROFNs through operation
rules is described as in Theorem 10.

Theorem 10 Let iy = (up,, np )k = 1,2,...,m) be the
preferences suggested by the senior experts for the g-ROJF Ns

= (Wa,, ng,) € =1,2,...,n), having weight vector U=
(l1, fay ooy i) T with Y0 Gk = 1 where iy € [0, 1].
Letu = (uy, uz, ..., uy)" with Yi—ue = 1 where ug €
[0, 11, be the associated weight vector for g-ROJFNs dy =
(Kdy» ndy), then GGq-ROF WA operator is given as

GGq-ROfWA(< d] s dz, ey
m n
= ( @ ukﬁk) ® (69 uedz) .
k=1 =1

m
C/l— H(l—uqﬁk)ﬁk.ql

dn >, (ﬁ],ﬁz,...,ﬁm))

n

- 1_[ (1 - l’LZ’[)uzv

=1

H )7 + <1 - Il (n‘éﬁ)q) [T (g5

Proof We use mathematical induction to prove this theorem.
Now forn =2 we get

GGq-'RO}—WA(< dl, d2 >, (ﬁ], ﬁz, .

= (kéné]ﬁkﬁk> ® (u1dy ® urds)

)

m m A
<\/ H L= )i T1 772’;) ® (u1dy @ uzds)
k=1 k=1

<\/ TTa = ), Hniﬁ)
k=1 k=1
2 2 "
o (1= [T - u e, [T
=1 =1

m 2
= [ q1=JJa—udm q1=TTa—ud)«
k=1 =1
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2
ug
1_[ (ndg )4
(=1

this implies for n = 2 the result holds.
Next assume that the result holds for n = K, that is

GGqQ-ROFWA(< dy,dy, ...,dx >, (hi, ho, ..., hy))

m K
= < ® ukﬁk> ® (EB uKdK)
k=1 (=1

m m
= 1 -TTa—uipi] Iny
k=1 k=1

K K
q u
T1=TTa = wlpe T ny
=1 (=1
m K
= [ q1=TJa—=ufym g1 =TTa—ud)«
k=1 =1
m A' q m ~ q
fi ()" + (1= f1 ()")
q| k=1 k=1
K u
H(nde)q
=1

Now to show that the result hold for n = K + 1, then we
have

GGq-ROFWA(< dy, ds, ....dg,dg+1 >, (B, ha, ..., Fim))

(EB ukﬁk> ® (u1di @urdr ® -+ ®ugdg ®ug+1dx+1)

m
(k@lukhk> Q@ {(uidi Qusrdr ® -+ Pugdg) ® ux+1dx+1}

N m A
{f/l a —uzk>“k,nn;§>

l(\/l ﬁ(l—udgw T )

(ql—(l—ﬂdk D qu)

dic+1

(1R )

{f/ =TT = e (1=, o,
® 4

|| :]s

®

:]»

1

k
uey Ut
21:[1 (ndz ) Ny 1
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=(%— fir-sa )

K+1
l_l(l—udz)‘ Hn
K+1
= \/ 1‘[(1— )t 1= TT A= ugyre,

JIL0R) (- fL6R))

Kﬁl ( Y
i)

eV

true for K + 1. Therefore, the given result is holds for any

number of q-ROFNSs on the based of expert preferences. O

this implies that 7 is

Moreover, the aggregated result achieved from GGg-
ROF WA is also a g-ROFNs.

Remark 5 (a) If the generalized parameter py = (1, 0) ( for
allk = 1,2,...,m), and ¢ = 1, so in this case the GGq-
ROFWA operator degenerates to I7WA operator.

(b) If the generalized parameter py = (1,0)(for all
k=1,2,...,m), and g = 2, then the GGq-ROF WA oper-
ator degenerates to PFWA operator. (c) If the assign value
q = 2 is fixed then the GGq-ROF WA operator reduces to
GGPFWA operator.

Theorem 11 Let iy = (up,, nr )k = 1,2,...,m) be the
preferences suggested by the senior experts for the g-ROF Ns
dy = (ng,, na,)€ =1,2,...,n), having weight vector ii =
(l1, fay -y i) T with Y0 G = 1 where iy € [0, 1].
Letu = (uy,uz, ..., uy)" with Y j_ ueg = 1 where ug €
[0, 11, be the associated weight vector for ¢-ROFNs dy =
(Md,» nd,), then for GGg-ROF WA operator the following
assertions are hold:

i: (Idempotency): If dy = d (for all £ = 1,2,3,...,n),

and hy = h(forallk = 1,2, ..., m) then
GGq-ROFWA(< dy,dr, d3, ..., d, >,
(hl’h27 ~--7ﬁm)) = h®d'
ii: (Boundary condition): Ifd, = (min iy, @4, MaX N @d,)
andd; = (max pr, g4, Min Npeq,) (Ve =1,2,3,...,n)
Vk=1,2,3,...,m), then

d, < GGg-ROFWA(< dy,dr, d3, ... ,dy >,

(h17ﬁ27"'7ﬁm)) Sdz_~

iii: (Monotonicity): Suppose dy = (iq,,Nq,) and dj =
(/Ld;, ndz)(é = 1,2,..., n) be two collection of n q-
ROFNs such that g, < Ha: and ng, > nds s then
GGqg-ROFWA(< dy,dr, d3, ...,d, >,

(h1, ha, ..., hy)) < GGg-ROFWA

(<df,df,di, ... dF >, (i, Tia, ..., Fi)).

iv: (Commutativity): Suppose d¢ = (qa,, nq,) and J@ =
(M(z{, 773[) € = 1,2,...,n) be two collection of n g-
ROFNs where c?g(ﬁ = 1,2,...,n) is the Lth largest
object of dy, then

GGqg-ROFWA(< dy,dr, d3, ...,d, >,

(ﬁl,ﬁz, .oy b)) = GGg- 'ROfWA
(< d]ad25d3"' d > (ﬁ/lvhz,"' m))~
Proof Straightforward. O

Proposition4 (a) If the priority of the senior decision
maker/expert about generalized parameter is taken as hy =
(1,0) (for all k = 1,2,...,m), then the proposed GGq-
ROFWA operator reduces to g-ROFWA operator.

(b) Ifthe priority of the senior decision maker/expert about
generalized parameter is taken as hy = (0, 1) (for all k =
1,2,...,m), then the proposed GGq-ROFWA operator
presents the same result (0, 1) .

Proof Proofs are straightforward. O

The GGg-ROFOVVA operator

From GGq-ROF WA, itis clear that in GGq-ROJF WA oper-
ators just the g-ROF values are weighed on the basis of group
generalized parameter, while the GGq-ROFOWA operator
weights the ordered positions after scoring the q-ROF val-
ues rather than weighting the g- ROF values themselves on
the base of group generalized parameter. Therefore, here, we
will present the detail study of GGq-ROFOWA operator
and their properties.

Definition 13 Consider a group of experts/observers who
justify the information under the gq-ROJF environment.
Let Ay = (upnm)k = 1,2,...,m) be the priori-
ties/preferences suggested by the senior experts for the
q-ROFNsdy = ((q, na,)€ = 1,2, ..., n), then the GGq-
ROFOWA operators is given as:

GGq-ROFOWA(< dy,d>, ....dy >, (h1, ha, ..., Fim))
GROFWA(, a, ..., i) ®

T G-ROFOWA(d, d>, ..., dy)

The aggregation result for -ROFNs through operation
rules is described as in Theorem 12.

Theorem 12 Supposethat Ty = (jun,, np )k =1,2,...,m)
be the priorities/preferences suggested by the senior experts

for the g-ROFNs dy = (ia,, nq,)€ = 1,2,...,n), hav-
ing weight vector il = (liy, iz, ..., 4n)" with Y jo, lix =
1 where Gy € [0,1]. Let u = (uy,u2,...,un)" with

ZZ=1 ug =1

where up € [0, 1], be the associated
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weight vector for g-ROFNs dy = (la,, Nq,), then GGgq-
ROFOWA operator is given as;

GGg-ROFOWA(< d, ds, ..

m ~ n ~
= (@ ukﬁk) ® < ® Mzde>~
k=1 (=1

m n
1= TTA = pg e 1= T = yee,
k=1 =1 t

dy >, (P, Mo, B)

o TT (% q+(1_ T (i q) T ()
i) M) Mg

where dy = (,u%, n‘jz) indicate the £th largest object of n
q-ROFNs dy = (14, > Nd,)-

Proof Proof is easy and directly follows form Theorem 10.
O

Remark 6 (a) If the generalized parameter py = (1, 0) ( for
allk =1,2,...,m), and g = 1, then the GGq-ROF OWA
operator reduces to IF VA operator.

(b) If the generalized parameter py = (1,0)(for all
k=1,2,...,m), and ¢ = 2, then the GGq-ROF OWA
operator reduces to PZOWA operator.

(c) If the value of parameter ¢ = 2 is fixed then the GGq-
ROF OWA operator reduces to GGPF OWA operator.

Theorem 13 Let fy = (up,, np )k = 1,2,...,m) be the
priorities/preferences suggested by the senior experts for the
q-ROFNs dy = (fhay, na,) & = 1,2, ..., n), having weight
vector i = (li1, o, ..., liy) T with Y 1, lix = 1 where iix €
[0, 1]. Let u = (uy, uz, ..., uy)* with 3y_, ug = 1 where
ug € [0, 1], be the associated weight vector for g-ROFNs
de = (1d,» nd,), then the GGqg-ROF OWA operator has the
properties:

i: (Idempotency): If(ig =d (forallt =1,2,3,...,n),
and hy = h(forallk = 1,2, ..., m) then

GGq-ROFOWA(< d\,dr, d3,...,d, >,
(hl’ h27 ) ﬁm))
=h®d.

ii: (Boundary condition): If c?[ =
(min M, @d, Max nﬁk&&) and

- o )
d, = (max,uﬁk@)dé,mmnm@d()
V¢=1,2,3,...,n)
~Vk=1,2,3,...,m),, then

d; < GGg-ROFOWA(< dy,d>, ds, ...
(hn, B, .. h)) < dff

adl’l >7
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iii: (Monotonicity): Suppose dy = (iq,, nq,) and dZ‘ =
(,ud;, nd;)(ﬂ = 1,2,..., n) be two collection of n g-
ROFNs such that juq, < K and 1ng, > nds then
GGq-ROfOWA(< d] s dz, d3, ey dn >,

(M, ho, ..., ) < GGg-ROFOWA
(<df,dy,d3,....dy >, (hy, Mo, ..., ¢y)).

iv: (Commutativity): Suppose d¢ = (lkd,, d,) and dy =
(“d}’ 173@) € =1,2,...,n) be two collection of n gq-
ROFNs where c?g(ﬂ =1,2,...,n) is represents the £th
largest object of dy, then
GGq-ROFOWA(< dy,d>r, d3, ...,d, >,

(h1 ,~ﬁ2,~. oy Bm)) = GGqg-ROFOWA
(< dl, d2,d3,...,dn >, (ﬁl,ﬁz,...,ﬁm)).

Proof Proofs is straightforward. O

Proposition 5 (a) If the priorities/preferences of the senior
decision makers/experts about generalized parameters are
taken as by = (1,0) (k = 1,2, ..., m), then the proposed
GGqg-ROFOWA operator reduces to q-ROFOWA
operator.

(b) If the priorities/preferences of the senior decision
makers/experts about generalized parameters are taken as
by = 0,1)(k = 1,2,...,m), then the proposed GGq-
ROFOWA operator presents the same result (0, 1) .

Proof Straightforward. O
The GGq-ROFHA operator

From the above discussion, it is concluded that the GGq-
ROFWA operator just weights the g-ROF values on the
basis of group generalized parameter, and similarly the GGq-
ROFOWA operator just weights the ordered positions after
scoring the g-ROJF values rather than weighing the g-ROF
values themselves on the basis of group generalized param-
eter. Therefore, it is clear that the weights denote distinct
attributes in both GGq-ROFWA and GGq-ROFOWA
operators. However, at the same time both the operators
weighs just one of them. To handle this restriction, here we
will originate the study of GGq-ROFHA operator, which
weighs both the given values at the same time, that is q-
ROF values and its ordered position on the basis of group
generalized parameter.

Definition 14 Consider a group of experts/observers who
justify the information under the gq-ROJF environment.
Let e = (um.nu)k = 1,2,...,m) be the priori-
ties/preferences suggested by the senior experts for the
q-ROFNsdy = (tq,, na,)€ = 1,2, ..., n), then the GGq-
ROFHA operator is given as:

dy >, (hy, hy, ...

GGq-ROFHA(< dy, d>, .. s Bim))



Complex & Intelligent Systems (2021) 7:123-144 139
_ q-ROFHA(, hy, ..., i) ® ii: (Boundary condition): Ifd, =
T g- HA dy, ..., d .
q ROF (dla 2 ’ n) (mln Mﬁ](@d,{’ max nhk®d~e> and
The aggregation result for g-ROFNs through operation JZ‘ = (max iy @dp min 7, o Jz)
rules is described as in Theorem 14. vVe=1,2,3,..., h)
Theorem 14 Let fy = (in,. nn)(k = 1,2.....m) be the (Vk=1,2,3,....m), then
priorities/preferences suggested by the senior experts for the
q-ROFNs d¢ = (14, , ndz)(f; =1,2,...,n), having weight d; < GGg-ROFHA(< dy,d>,ds, ... dy >,
vectorit = (i1, i, ..., Uy) withy . ix = 1 where iy € o
= hi, hpy ..., hiy)) <d; .
[0,1]. Let di= (i), fa, ..., ,)" with Y1_,dy = 1 where (i1, 7 m)) < dy
iy € [0, 1], be the weight vector and u = (uy, ua, ..., un)T
with Y _yu¢ = 1 where uy € [0, 1], be the associated iii: (Monotonicity):  Suppose  dy = (dy »

weight vector of g-ROFNs dy = (la,, N4,), then GGg-
ROFHA operator is given as;

GGqg-ROFHA(< dy,da, ..., dy >, (h1, hy, ...
m ~ n ~
=\ @irhy | @ D uedy
k=1 =1
n

m
1= T = pf . o1 — [T = pf ),
k=1 =1
m L q m A q n q
JA G+ (1= 1 Gi)) i )
k=1 k=1 =1

where c?g(cig = niledy, for £ = 1,2,...,n) indicate the
permutation which is the £th largest object of the collection of
q-ROFNs dy = (pa,, ng,) € =1,2,...,n)andn indicate
the balancing coefficient.

’ hm))

Remark 7 (a) If the generalized parameter py = (1, 0) ( for
allk = 1,2,...,m), and g = 1, then the GGq-ROFHA
operator reduces to 17 H A operator.

(b) If the generalized parameter py = (1, 0)(for all k =
1,2,...,m), and g = 2, then the GGq-ROF H A operator
reduces to PF H A operator.

(c) If the value of parameter ¢ = 2 is fixed then the GGq-
ROF H A operator reduces to GGPF H A operator.

Theorem 15 Let hy = (up,, nr )k = 1,2,...,m) be the
priorities/preferences suggested by the senior experts for the
q-ROFNs dy = (jhay, na,) (& = 1,2, ..., n), having weight
vectorii = (41, o, . .., ip) Y with Yor ik = 1 where iy €
[0, 1]. Let ti= (i, iin, ..., lf[,,)T with Z?leig = 1 where
iy € [0, 1], be the weight vector and u = (uy, us, ..., uy)T
with ZZ:I ug = 1 where uy € [0, 1], be the associated
weight vector of ¢-ROFNs dy = ([La,, Nd,), then for GGgq-
ROFHA operator the following conditions are hold:

i: (Idempotency): If dy = d (forallt =1,2,3,...,n),
and hy = h(forallk = 1,2, ..., m) then

sdn >,

GGq-ROfHA(< dl,dg, d3, .
(hl,ﬁZ, "‘7ﬁm)) = ﬁ®d~.

n4,) and dj = (“dZ’ nd;)(ﬁ =1,2,...,n) be two col-
lection of n g-ROFNs such that g, < Hay and ngq, >
Ndj» then

GGq-ROFHA(< dy,dy, ds, ..., d, >,

(h1, hay ... ) < GGg-ROFHA(< df, d3,
di,....d; >, (hy, ha, ..., ‘).

iv: (Commutativity): Suppose dy = (l4q,, Na,) and d~g =
(/xg[, r]gl) € =1,2,...,n) be two collection of n gq-
ROFNs where c?g € =1,2,...,n) is any permutation
of dg, then

GGq-ROFHA(< dy,dr, ds, ..., d, >,~(ﬁ1, ﬁ2,~

covhm)) = GGg-ROFHA(< di, d>, d3, ...,d, >
’ (hly h’27 R ﬁm))'
Proof Proofs are straightforward. O

Proposition 6 (a) If the priority of the senior decision
maker/expert about generalized parameter is taken as h =
(1, 0), sointhis case the proposed GGq-R O F H A operator
degenerates to g-ROJF H A operator.

(b) If the priority of the senior decision maker/expert about
generalized parameter is taken as h = (0, 1), then the pro-
posed GGq-ROF H A operator gives the result (0, 1) .

Remark 8 (a) If G= (%, % %)T, so in this case the

improved GGq-ROJF HA operator degenerates to GGg-

ROFW A operator.
b)) Ifu = (%, % e, %)T, so in this case the proposed

GGg-ROF H A operator degenerates to GGg-ROFOW A
operator.

An approach to MCDM and its application
based on the generalization parameter

In this section, the technique of MCDM is constructed on
the concept of GGq-ROF information under generalized
parameter. The general concept and steps of construction of
the developed approach are given below.
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MCDM approach

To demonstrate the MCDM approach on the basis of devel-
oped approach, let X = {di,d>,...,d,} be a certain
discrete set of alternatives and C = {ci,ca,...,cy} be
the corresponding set of criteria having weight vector u =
{ui,uz, ..., u,} whereu; € [0, 1]with 37, u; = 1, onthe
base of generalized parameter. A team of experts is called to
for the judgement of each alternative d;(i = 1,2,...,m)
to their corresponding criteria ¢;(j = 1,2,...,n). The
experts give their assessment details in the form of g-ROF Ns
denoted by d;; = (Md,_,-, T’dij) where in points of view of
experts jiq,; represents the membership and , ng; repre-
sents the non-membership grades to which alternative d;;
satisfies the the criteria c¢; having the condition that 0 <
(M“dij)q + (ndij)q = Iforg >1.

To certify the collected information in more accurate man-
ner, the group {Ah1, ha, ..., hi} of other senior experts are
constituted which provide their preferences/ priorities for
each alternative in the form of q-ROJFNs represented by
= (un, np)A = 1,2,..., k), with weight vector i =
(ity, iz, ..., )" such that &y € [0, 1] with ), iy = 1.

Algorithm

The algorithm for the developed operator consists of the fol-
lowing steps.

step 1 From the above analysis collect the decision mak-
ers/expert’s information provided for each alternative
to their corresponding criteria and then construct a
decision matrix

din dip -+ din
do dyp -+ doy
[X]mxn - . .. .

dml dm2 dmn

step 2 Collect the priorities/preferences of the senior’s group
experts against each alternatives under the general-
ized parameter and from these information construct
the generalized parameter matrix

hir R -+ hag

hot hop -+ ho
[y]mxk - : c : 5

ﬁml hmZ e ﬁmk

step 3 Append the matrices obtained from steps 1: and 2: to
get the new matrix [ Z],,, x (4+-k) Which shows the prior-
ities/preferences of expert’s for each alternatives d;;

Dieliase ¢llodi ay .
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corresponding to criteria c¢; on the bases of general-
ized parameter #;.

diy di2 -+ dinth

dr1 dy - drnsi)
[Z]mx(n+k): .o .

dm1 dm2 -+ Ak

step 4 Utilized the developed GGq-ROF WA operator to get
the overall aggregated result from matrix [ Z],, x (1+k)
for alternative d;,

step 5 Determine the score of each aggregated result in step
4: and rank the results in a specific order to get the
best alternative.

Numerical illustration

This section is devoted for the presentation of an illustrating
example to demonstrate the validity and effectiveness of the
developed approach with g-ROJF information.

Consider Pneumonia is a common disease and initially
having four basic symptoms such as chest pain, fever,
cough and fatigue. The disease of Pneumonia can be
treated with four medicines. These medicines have various
therapeutic effects on these four symptoms. Now for treat-
ing this disease, a doctor advise needs to analyze the best
and worst therapeutic effects of these four medicines. Let
X = {di, d, d3, ds} denotes the four medicines (alterna-
tives) and C = {cy, ¢2, ¢3, ca} represents the fours symptoms
(criteria). Furthermore, considering the significance degree
of the four symptoms, the doctor provide the weight vector
u = (u = 03,up = 025, u3 = 0.18, ug = 0.27)7T of
the criteria set. The doctor presents their evaluation for each
medicine (alternative) to their corresponding symptom (cri-
teria) in the form of qg-ROFNs which is given in Table 1.
To justify the collected information in more accurate man-
ner, consider a group of senior doctors/experts {hy, ho, h3}
provide their priority/preferences with weight vector # =
(@1 = 0.35,4; = 0.32, 413 = 0.33)" such that @; € [0, 1]
with Z?:l i; = 1. A group of senior doctors/experts provide
their preferences report in the form of q-ROFNs which is
given in Table 2. The steps-wise algorithm of the presented
approach for MCDM is given as

step 1 The collected information of decision maker/expert
evaluation [Xlmxn = (dij)mxn = (Ld;j Nd;;)mxn
for each alternative to their corresponding criteria are
given in Table 1.

step 2 The preferences/priorities of the group of other
senior decision makers/experts evaluation against
each alternatives under the generalized parameter
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Table 1 g-ROF expert’s evaluation matrix [X ], xn

Cl 2 c3 Cc4
di 0.9,0.2) (0.8,0.3) (0.95,0.15) 0.4,0.2)
dy (0.8,0.5) (0.7,0.2) (0.93, 0.35) (0.6,0.1)
d3 (0.9,0.3) (0.6,0.8) (0.85,0.52) (0.7,0.5)

ds (0.7,0.2) (0.9, 0.4) (0.78,0.62) (0.5,0.3)

Table 2 Other senior expert’s evaluation matrix [V],,xx based on g-
ROF gen- eralized Parameter

hy ho h3
dy (0.91, 0.23) (0.88,0.38) 0.9,0.2)
dy (0.85,0.5) (0.86, 0.35) (0.7,0.3)
d3 0.9,0.3) (0.65, 0.58) (0.6,0.4)
dy (0.76, 0.25) (0.91,0.42) (0.5,0.6)
matrix [Vlpxk = [Ritlmxk = (Way» M5 mxk 18
given in Table 2.

step 3 Combine the matrices of steps 1: and 2: to get
the new matrix [Z],;xn+k) Which shows the prior-
ities/preferences of experts for each alternatives d;;
corresponding to criteria ¢; on the bases of general-
ized parameter #;.

step 4 Utilized the developed GGq-ROF WA operator to get
the over all aggregated result from matrix [ Z ], x (1+k)
row wise for each alternative d;.

Now the aggregated result for d; is as, for g = 3;
&1 =GGq-ROFWA(< di,da,...,dy >,
(i, hay .o, i)

C/l— l_[(l—uﬁ)“k \"/1—

=1
\/1_[ (n’lﬁk

ﬁ[1 (nﬁ,ﬁk)q) zlf[ (nZﬁ)q
= (0.89792 x 0.8477,

J1.7156 x 10~2 4 0.98284 x 9.2831 x 1073)

& =(0.76117,0.29731)

Similarly we can find the others;

& = (0.64677,0.40586),& = (0.62707,0.55885),&4 =
(0.61011,0.45385).

n

1_[ (1- I’LZdl e,

step 5 Determine the score of each aggregated result in step
4: and rank the results in descending order to get the
best alternative.

S¢E) = 041473,5(&) =
0.072038,S5(&4) = 0.13362
Hence from the score values we get the ranking result as;

0.20370,S(53) =

dy > dy > dy > d3. Therefore, from overall calculation it
is clear that, the best medicine (alternative) against the given
symptom (criteria) is dj.

Comparative analysis

From the above analysis, it is clear that the best alternative
to the corresponding criteria is d;. If a single senior expert
is recommended rather than a group of senior experts, which
provide his preference/priority for the mention information,
then the following results are concluded,

1: If the expert A is recommended for the consideration
of mentioned information, then the score results are given as,

S(€1) = 0.43771, S(&) = 0.16556, S(&3) = 0.24166,
S(£4) = 0.14959.

This implies that d; > d3 > dp > ds.
2: If the expert h; is recommended for the consideration
of mentioned information, then the score results are given as,

S (&) = 0.35148, S (&,) = 0.25734, S (&3) =
S (&4) = 0.23582.

—0.14418,

This implies that d| > dp > dy > d3.

3: Similarly if the expert A3 is recommended for the con-
sideration of mentioned information, then the score results
are given as,

S(£1) = 0.42686, S(&,) = 0.12847, S(&3) = —0.058680,
S(£4) = —0.18629.

This implies that dy > dp > d3 > da.

The ranking results for the single expert for the same alter-
natives to their corresponding criteria is different but the best
alternative remain same, which represents the importance of
expert preferences, knowledge, consciousness and expertise
on their preference values.

Moreover, by comparing the superiorities and advantages
of the developed approach with existing methods in the
literature using the same example and ignoring the group gen-
eralized parameter matrix [ )], xx. These methods including
intuitionistic fuzzy weighted averaging (IFWA) operator pre-
sented by Xu [28] and Li [18], Pyhtagorean fuzzy weighted
averaging (PFWA) operator presented by Yagger [32], Ma
and Xu [22], symmetric Pythagorean fuzzy weighted aver-
aging (SPFWA) operator presented by Ma and Xu [22], group
generalized parameter Pythagorean fuzzy weighted averag-
ing (GGPFWA) operator initiated by Joshi [17], ¢-ROFWA
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Table3 GGq-ROF expert’s

priority/preferences matrix ‘ol e “ “ fu f f
[Z]mxmn-+h) d 0.9,0.2) (0.8,0.3) (0.95,0.15) (0.4,0.2) (0.91, 0.23) (0.88,0.38) 0.9,0.2)
dy (0.8,0.5) (0.7,0.2) (0.93,0.35) (0.6,0.1) (0.85,0.5) (0.86, 0.35) (0.7,0.3)
d3 0.9,0.3) (0.6,0.8) (0.85,0.52) (0.7,0.5) (0.9,0.3) (0.65, 0.58) (0.6,0.4)
dy 0.7,0.2) 0.9,0.4) (0.78,0.62) (0.5,0.3) (0.76, 0.25) (0.91,0.42) (0.5,0.6)
Z?l()iliest‘i‘ncfz;gnglizfgzttii‘(l)erla;;eli]:tizrs Operators Score values Ranking
& 3] &3 &4
IFWAS-? Inaccessible X
PFWAD 0.75078 0.71123 0.60872 0.66425 di>dy>dy > ds
PFWA?20 0.66052 0.55713 0.40420 0.47255 di >dy>ds>d3
SPEWA?Z0 0.53681 0.46357 0.28674 0.3795 di>dy>dys>ds
GGPFWA?! 0.46035 0.21881 0.018209 0.11228 di >dy>ds>d3
g-ROFWA?4 0.59987 0.47911 0.40693 0.41913 di>dy>ds>d3
GGq-ROFWA 0.41473 0.20370 0.072038 0.13362 di >dr>ds>d3
Tabl.es Comparatiy ¢ analysis Operators Score values Ranking
of distinct aggregation operators
on [Z],x (n+k) 31 & Xi3 &4
IFWA>? Inaccessible X
PFWA 520 Inaccessible times
SPFWAZ0 Inaccessible X
GGPFWA?! 0.46035 0.21881 0.018209 0.11228 di>dy>ds>d3
g-ROFWA?4 Inaccessible X
GGg-ROFWA 0.41473 0.20370 0.072038 0.13362 di >dy>ds > d3

operator presented by Liu and Wang [21]. The ranking results
of these aggregation operators are given in Table 4.

From the analysis the Table 4 it is clear that only IFWA
operator by Xu [28] and Li [18] is inaccessible to rank
the MCDM problem because it cannot tackle the assessment
value satisfy ng + ng > 1. The ranking result for the rest
of MCDM methods remain same and the best optimal value
is d. But the methods proposed by Yager [32], Ma and Xu
[22] and Joshi [17] have also some restriction and they can-
not handle the assessment value satisfy (na)* + (nd)2 > 1.
For example, if we make a minor change in Table 4 that is, by
replace the alternatives d11, do4, d3p and da4 by (0.9, 0.85) .
Then the methods presented by by Yager [32], Ma and Xu
[22] and Joshi [17] are also fail. However, the method pre-
sented in Liu and Wang [21] and the method developed in
this paper still deal the situations by adjusting the value of g.

If we consider GGq-ROJF expert’s priority/preferences
matrix [ 2], x +k) as given in Table 3, and utilize the meth-
ods proposed by by Yager [32], Ma and Xu [22] , Joshi [17]
and Liu and Wang [21] on matrix [ Z],, x (s+k), as their rank-
ing result is shown in Table 5.

Lisllase cllad .
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From Table 5, it is observed that the methods proposed
by Yager [32], Ma and Xu [22] and Liu and Wang [21] are
inaccessible to provide the ranking results and the method
presented by Joshi [17] and our developed method is still
working and produces the same result.

However, the method presented by Joshi [17] has some
limitations and it cannot handle the assessment value satis-
factorily (ua)*+ (nd)2 > 1. Forexample, if we make a minor
change in Table 5 that is, by replace just a single alternatives
by (0.9, 0.8) . Then, the method presented by Joshi [17] fails
to handle the situation. However, the method developed in
this paper is still works by adjusting the value of g. Thus
IFWA operator by Xu [28] and Li [18], PFWA operator by
Yager [32], Ma and Xu [22], GGPFWA operator by Joshi
[17], and g-ROFWA operator Liu and Wang [21] are the spe-
cial cases of the developed aggregation operators as shown in
Remark 1, and Proposition 1. Finally from the above analysis
and comparison, this fact is observed that the method pro-
posed in this paper is more effective, powerful and superior
to solve the MCDM problems than the existing methods.
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Conclusion

It has been observed, that in real-life situation provided
information of a single expert are completely based on his
own priority and may not lead to the accurate decisions.
Therefore, acknowledging the initial preferences, it is neces-
sary to justify the initially described preferences from other
senior experts/judges to ensure the expert’s level of trust and
improve the accuracy of the final decision. This is only possi-
ble by adding the idea of generalized parameter to the original
information. In this paper, the concept Gq-ROFSs is intro-
duced by incorporating generalized parameter to the original
information to the views of other senior decision makers or
to the expertise of other senior decision makers in q-ROF
environment. Then this idea explored to the group gener-
alized parameter in which the preferences of two or more
other senior experts/decision makers are analyzed in q-ROF
environments. Different aggregation operators are presented
on the basis of generalized parameter. Then, the defined
aggregation operators are extended to GGq-ROF aggregation
operators. These developed aggregations operators have the
ability to adjust the situations in a better sequence on the basis
of parameterization character. The major advantages of the
developed concept is to reduce the probability of complexi-
ties, uncertainties and errors in the original information. The
main focus of the developed work is on MCDM application
by using the proposed approach. Finally, through compara-
tive remark, it has been shown that the developed method is
superior to the existing methods.
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