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Abstract

A kind of incremental sliding mode control (SMC) approach in connection with the well-known composite nonlinear feedback
(CNF) control strategy is newly considered in this research to deal with the nonlinear magnetic ball suspension and inverted
pendulum systems, as well. The incremental SMC approach is in fact proposed to handle the aforementioned underactu-
ated systems under control, which have a lower number of actuators than degrees of freedom. Based on the outcomes of
the investigation presented here, the small overshoot and short settling time of the system response are fulfilled. In fact, the
proposed CNF control strategy comprises two parts: the first term assures the stability of the closed-loop nonlinear system
and provides a fast convergence response. The second term reduces its overshoot. The genetic-cuckoo hybrid algorithm is
designed to minimize tracking errors for the purpose of finding the most suitable sliding surface coefficients. Finally, the
finite time stability for the closed-loop system is proved, theoretically.

Keywords Incremental sliding mode control approach - Composite nonlinear feedback control approach - Cuckoo search-

genetic optimization algorithm - Magnetic ball suspension system - Inverted pendulum system - Finite time stability

Introduction

The system uncertainty or mismatch is considered as one
of the most important challenges in the area of nonlinear
systems by now. It is to note that the uncertainty can be
observed in the system parameters or the external dis-
turbances that apply to the system. One of the popular
approaches to deal with the uncertainties is known as the
SMC strategy [1]. The SMC has indicated acceptable results
since 1970, and comprises two parts: in the first part stable
surfaces (sliding surfaces) are designed and in the second
part, the control law for the trajectory of the closed-loop
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system is designed to converge the sliding surfaces in a finite
time. The obvious feature of the SMC is the rapid response
of the system, which leads to high overshoot. There exist
contradictions between these characteristics; therefore, a
tradeoff should be considered. The CNF is an efficient and
simple approach which is employed to improve transient per-
formance (small overshoot and acceptable settling time) and
overcome the contradiction of simultaneous achievement of
the mentioned transient performances. The CNF strategy
is a relatively new approach that consists of a linear and a
nonlinear section. The linear section plays an acceptable role
in the closed-loop system stabilization and fast response.
The nonlinear part attempts to change the damping ratio and
decrease the steady state error according to the definition of
the nonlinear function and the settling time response.
Recently, several types of research are established
based on the CNF approach for the purpose of improv-
ing the performance of the closed-loop system [2-5]. In
[6], the CNF method is applied to synchronize the master/
slave nonlinear systems with time-varying delays in cha-
otic systems with nonlinearities. In [7], for a particular
type of vehicle suspension, a CNF with a band and a layer
is used to reduce the chattering phenomenon. Then, the
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proportional-integral controller and intelligent algorithm
have been used to improve the error situation and optimi-
zation. Combination of the CNF strategy with intelligent
algorithms has been illustrated with acceptable results
in recent years. In [8—10], the nonlinear system of level
tank and electromagnetism suspension system has been
described by Takagi—Sugeno (T—S) model then the stabil-
ity of closed-loop system has been proved by the CNF
strategy with the parallel distributed compensation and the
LMI. In [11], the combination of the CNF with the SMC
has been applied to a class of nonlinear systems.

To the best knowledge of recent considerations, a few
investigations are applied to the underactuated and the
nonlinear systems through the CNF approach. Tracking
and regulation problem for practical systems has experi-
enced a sweeping change over 1 decade. This paper pro-
poses the SMC based on CNF approach for tracking con-
trol of a nonlinear magnetic ball suspension system and
stabilization of an inverted pendulum system. The final
object in a magnetic ball suspension system is to move
a mass in a space without physical contact by magnetic
characteristics. It is widely used in magnetic trains, accel-
erometers, etc. [12]. These systems have high nonlinearity
and instability in the open-loop situation. Therefore, sta-
bilization and tracking of the system are one of the engi-
neering challenges. Several methods have been proposed
to design a suitable control for linear and nonlinear types
of the magnetic ball suspension system. In addition, inves-
tigation of underactuated systems has rapidly expanded in
recent years. The underactuated systems are characterized
by the fact that they have fewer actuators than the degrees
of freedom to be controlled. The inverted pendulum is an
example of an underactuated system with two degrees of
freedom [13]. In these systems, the pendulum should be
kept upright, meanwhile the cart must even be at the center
of the line. It should be possible to control the position
of the cart and the pendulum angle only with one control
signal input. In fact, this model is a single input and two
output (SIMO) system. In this paper, the idea of the CNF
controller to the inverted pendulum system and nonlinear
magnetic ball suspension system has been extended by the
SMC and GC algorithm [14—17]. The cuckoo search (CS)
is a global random interactive search algorithm inspired
by nature. The basis of this algorithm is the combination
of the behavior of a particular species of cuckoo birds
with the behavior of flying levy birds [18-22]. The Cuckoo
search is applied owing to the fact that it is a simple, fast
and efficient algorithm, which uses only a single parameter
for search. The elimination of the genetic algorithm diffi-
culty and providing global results are the main advantages
of the cuckoo search algorithm; also, it does not trap in
local optima and represents the proper coefficients for the
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sliding surfaces. Finally, it is theoretically proved that the
trajectory of the closed-loop system converges to the slid-
ing surface in a finite time manner in these cases.

The rest of the paper is organized as follows: in the next
section, the formulation and preliminary concerning the
incremental SMC-based CNF strategy is first studied and
subsequently the genetic-cuckoo (GC) algorithm has been
introduced to minimize tracking errors for the purpose of
finding the suitable sliding surface coefficients. In follow-
ing section, the main results regarding this research includ-
ing the stability of the closed-loop system for magnetic ball
suspension and inverted pendulum systems are proposed. In
the section before the conclusion, the simulation results are
carried out and finally, in last section, concluding remarks
are provided.

The formulation and preliminary

The formulation and preliminary of the CNF in connection
with the SMC control strategy with its application to the
magnetic ball suspension system tracking and stabilization
as well as the inverted pendulum system has been now pre-
sented. The SMC is in fact designed to stabilize the closed-
loop system and provides the fast system response conver-
gence, high overshoot and long settling time; meanwhile, the
main objective of the aforementioned CNF is to reduce the
settling time and eliminate the overshoot corresponding to
the SMC fast response. Now, the cuckoo search algorithm
has been used to set the parameters, to reach the optimum
condition. The rapid response is the obvious feature of the
SMC, which leads to high overshoot. To solve this problem,
the overall proposed controller is proposed as follows by the
combination of the SMC and the CNF approach:

Ur = ugme + tenrs

ey

Usmc = ueq + Uy

where Ucyr and Uq are the CNF controller and equivalent
law for state variables, respectively. The equivalent law is
not enough to guarantee rapid convergence of state vari-
ables to the sliding surface. Uy, is the switch control law for
the sliding surface which provides a smooth control signal
to remove chattering. Figure 1 illustrates the total control
structure.

The SMC-based CNF approach for the magnetic ball
suspension system

This section of the research proposes the SMC-based CNF
approach to deal with the nonlinear magnetic ball suspen-
sion system. The magnetic systems are floating systems in
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Fig. 1 The proposed control strategy

which the main target of control is the preservation of the
ball at the desired point with a certain distance from the core
without any physical contact. Figure 2 shows the magnetic
suspension system which includes a ferromagnetic ball, a
sensor for position detestation of the ball, an actuator and
flow controller.

Consider the following magnetic ball suspension system:

xl = X2
C e
N2 =87 e @)

d(x)) = a;x* + a8 + ay. % + a,.x + ay,

where x and u are the state vector and the control input vec-
tor, respectively. d(x;) obtained in the laboratory is a poly-
nomial in x; which illustrates the ratio between the amount
of flow and the position of the ball. m is the mass of the ball
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Fig.2 The magnetic ball suspension system

Fig.3 The inverted pendulum model

and g is the gravitational force, L shows induction. x; and
X, are the ball position and the velocity of ball, respectively.

The equivalent law control is obtained from the time deriva-
tive of the sliding surface. The sliding surface is defined as the
following equation in which E, ¢ and s illustrate error, sliding
surface coefficient, and sliding surface, respectively.

s=cE, E=x;—x

Xig—X

— 1d 1 _

s=[c c2][ ] =5 =0y (Xg — X)) + (X0 — X,)
Xoa ~ X2

§=0-=cix;;—c;x;+Cy Xy —Crx, =0

G?.u?

— | +c x. +c x. =0
m.d(x1)> 1X14 TC2 Xog

— X _C2<g—

\/m.d(xl) [g - z—;(xld' —X) — x‘M]
Uoq = G .

3

The equivalent law guarantees rapid convergence of state
variables to the sliding surface, but to remain on the sliding
surface it is assumed that the u, is defined as follows:

(& .
Usy =8 — C_z(x2d —Xy) — Xy @)

The sliding surface coefficients (c;) can be computed by the
GC algorithm. Finally, the total control signal is defined as
follows. In addition, the CNF strategy is applied to Eq. (1) in
which y(s) is a semi-positive function and arbitrary:

5= —c k.sat(s/ @) — c,w(s).sat(s/ @)

o Vmd0), — K y(s).sat(s/9) ®)
= .
G

It should be noted that the y(s) function increases the
degree of freedom of the control rule [23]. Therefore, in this
case, the CNF-based SMC approach is realized.
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The incremental SMC-based CNF strategy
for the inverted pendulum

The inverted pendulum system is known as one of the popular
and important laboratory models for teaching underactuated
systems, as shown in Fig. 3. The underactuated systems do
not have the ability to control a trajectory, in its own operating
point, due to different causes. One of the common problems of
controlling underactuated systems is the numerical difference
between the degrees of freedom of system and number of its
actuator. For these systems, designing a conventional sliding
mode surface is not appropriate, because the parameters of the
sliding mode surface cannot be obtained directly according to
the Hurwitz condition [13]. Therefore, the incremental SMC
based on CNF has been proposed in this paper.

The general form of an underactuated system is presented
as follows:

X12n—1 = X2

.5(?12” :]‘;I(X) + bn(X)M (6)

where X = [xl,xz, ...xZn]T is the state variable, u illus-
trated the system input, and f, and b, are bounded nominal
functions. Also, for inverted pendulum, f; and b; have been
defined as follows [12]:

F _mLG'zsin0+mgsinecoso9. b= 1
b M + msin® 0 1_M+msin20

_ (m+M)gsin0 +mL6”sin6 cos 0 _ cos 0
h=- (M + msin® 0)L 2T M+ msin?O)L

N
The main advantage of the incremental SMC-based
CNF approach is to collect all the sliding surfaces on the
final surface. In fact, the problems of dividing the sys-
tem into several subsystems and controlling a high-order
SMC and determining the coefficients with the Hurwitz
polynomials almost disappear. The first surface is defined
as follows:
Sl =Clx1+62x2 Sl =0_)
0= cl);c+c2);6 = Xy +o(fy +bju) —

cf1 +¢1x,
6yb,

®)

Uegry = —

For the state variables of the i-th subsystem, the sliding
mode surface is defined as follows:

Sy = C3X3 + 59,

®

8i = Cig1Xipn + 8iy-
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The total equivalent law control is obtained from §; = 0.
The ug, with the CNF strategy is defined as follows:

m m

s; = Z Coj1Xoj + Z Czj(}j + bju + dj) ;
j=1 Jj=1

L _[G+D/2 ids odd
T i/2 i is even
. 3 E;il Coj_1-Xp; + ij=1 Coif
sliding(i) — — m
Xl ey (10)

0 i=1

Usw(iy = 2 msgn(s;)/den(i) i > 1
K

Jj=

den(i) = ,b; + ) (cy;-(b; + w(sy_;)-sgn(sy )
J=2

The nonlinear Q (s) function in the CNF

The nonlinear y(s) function selection method is expressed
in [8, 30-32]. Arbitrary choice of y(s) function leads to
an acceptable response. The main purpose of adding this
nonlinear function to the control low is improving the set-
tling time and reducing the tracking error. This function
must be selected in such a way that supplies the following
features: when the system state variables are far from the
desired value, the reference input from the nonlinear term
is diminished; hence the nonlinear effect of the control low
is very limited. Also, when the system state variables reach
the desired value, the reference input from the nonlinear
term enlarges, thus the nonlinear section of the control low
will be effective. A nonlinear y (s) function is defined as an
exponential function as follows:

w(s) = —pe I, an
where o and f are the two positive parameters designed by
GC algorithm. According to the Eq. (11), when s is large,
w(s)is small and vice versa.

The optimization

In the control low, there are three constants: C; and C,
are sliding surface coefficients and k is the coefficient of
switching low. The nonlinear y(s) function contains two
parameters (a, ). With respect to the stability equation,
the limits of these coefficients can be determined; it is very
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time consuming to set the parameters to reach the optimum
condition. Therefore, by defining the cost function in the
form of the following equation and using the GC algorithm,
the suitable coefficients with the least error rate are intro-
duced [24-26]:

j= Z (xl.Trx+uiTqu), (12)
i=0

where j, x and u are taken as the cost function, the state vari-
ables, and the control input, respectively. Also, r and g are
also taken as the identity square matrix. The main character-
istic of the genetic algorithm is the simultaneous evaluation
of several solutions. The cuckoo search algorithm is a global
random interactive search algorithm inspired by nature. The
basis of the aforementioned algorithm is the combination
of the behavior of a particular species of cuckoo birds with
the behavior of flying levy birds. This particular species of
cuckoo birds have the ability to select new spawned nests
and eliminate their eggs, which increases the probability of
the birth of their babies. Therefore, their eggs are placed in
the nest of host birds. On the other hand, some host birds
are able to fight this parasitic behavior of cuckoo birds and
throw out foreign eggs, discover or build new nests in the
new place. The process of reproduction of cuckoo birds is
described by three simple rules [27-29].

1. Each cuckoo bird collects an egg at a time and randomly
places it in a selected nest.

2. High-quality nests are selected for re-laying.

3. The number of host nests is constant and a host with a
certain probability identifies a foreign egg.

The motivation behind the development of the hybrid
CS-GA algorithm is to combine the benefits of both cuckoo
search and genetic algorithm. The GC algorithm is sum-
marized as follows:

1. Setting: production number is selected t = 1. Based on
the cuckoo algorithm, the primary population is pro-
duced.

2. Population update: as long as the conditions for the mor-
atorium are not established, the new population is being
implemented.

The cost function is calculated on the basis of the levy’s
flight for each population.

The main results

In this section, the finite time stability for magnetic ball
suspension and inverted pendulum system has been proved.

The magnetic ball suspension system stability

For the system stability, the Lyapunov function is defined as
V= % [| S || which is a positive function. Given the Lyapu-
nov stability, if V < —g, 5 > 0, then it will be established
as finite time stability, and each state variable on the sliding
surface will move in a finite time to zero [11, 30].

1 .
S. S

Il |l

s.[cl(xld —x'l) + cz(x;d —x.z)]

13)

By applying the magnetic ball suspension system model

and the SMC-CNF approach to (13), V is obtained as
follows:

—Ls CLX, —C1 X Cy Xy —C —ﬂ
s 1X14 —C1X2 2X24 —C2 | 8 m.d(x,)

= scE, ——
sl T sl

=s. [c] x;d —C1 Xy + ¢y x;d s —co(g— (uy— k.sat(s/q)))]
-
s |l

+c, <g - z—;(xld -x) - Xog —k.sat(s/(p)> - u/(s).sat(s/d>)],

s. [C1 X1g =C1Xp + Cr Xy —Cr8

where (xpy = X,) = = (xpy = X,), if & > O then the stability
2 ¢
condition will be as follows:
_alk+y(s))
s 1l

If @ is large enough to be selected, then

sat(s/@) = sgn(s) = ﬁ and the following equation is

s.sat(s/ ). (14)

obtained:

52

.<—k. — =—=k.cH — C5.
vk = Thaem el (15)

< —k.c, <0.

Given that the time derivative V is less than a constant
negative value, V tends to be asymptotically zero. To calcu-
late the T convergence time to zero, it is sufficient to inte-
grate from Eq. (15).
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Table 1 The constant parameters in the magnetic ball suspension sys-
tem

Parameters Magnitudes
Coil resistance (R) 52Q

Coil inductance (L) 1.227H
Ball mass 165¢g

The initial distance from the core 50 mm

0.08

0.07 |5 :

0.06 - -v-meoneon oo

Ball position (metre)

0.05 f---eoseoneen o

i i i
0'040 1 2 3 4 5
Time (second)

Fig.4 Tracking the desired path with the laboratory coefficients
(m=1.65)

T, T
/ v(Hdr < — / k.c,dt = V(T) = V(0) < —k.c,.T (16)
0 0

As aresult of V(T) = 0:

V(0)

T<—2.
Sk (17)

Equation (17) will be established, which means that V
has a negative value and ensures that the system is stable
for a finite time.

The stability analysis

To analyze the stability of underactuated systems, the Lya-
punov function is considered as follows:

@ Springer
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Fig.5 The x, tracking with optimal coefficients (m=1.65 gr)
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Fig.6 The x, tracking with the disturbance (m=16.5 gr)

40 T T 7 :

Control signal
N w
o o

-
o

Time (second)

Fig. 7 The control signal

Table 2 Relative displacement

. X, ball position i, coil
and required current (mm) curtent

(amp)

30 0.114

40 0.236

50 0.376

60 0.523

70 0.746
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Amplitude

Time (sec)

Fig. 8 The sliding surfaces

Table 3 The constant parameters in the inverted pendulum system

Pendulum mass (1) 1 kg

Cart mass (M) 1 kg
Friction of the cart 0.1 N/m/s
Length of the pendulum (/) 0.1 m
Inertia of the pendulum (i) 0.006 kg.m?
Gravity (g) 9.8 m/s?

The magnetic ball suspension system parameters are intro-
duced in Table 1. By MATLAB simulation, the state variables
are illustrated in Figs. 4, 5, 6, and 7; Fig. 4 shows the tracking
path, as x;; = 0.06 + 0.015sin(0.7x¢) for the arbitrary position

18

1 2
Vool = 57750
" 2 Son—1 [ 2n-1
y 2n-1 'Szn-l _ 2n—1 (c iy +§ )
= = 2 2m-2
a1 sy I lsguy 12" "
Son—1
= ” S2n 1 i (Concr Uy + bytt] + CopnXon+ Copslfpny + byl + ...+ €105 + f + byu])
—
s n n
-1
B - T { Z (Coimafi + CaipX0) + (fi +€120) + lZ (coi-1) + bll '4}
2n—-1 i=2 i=2

By applying the total controller in Eq. (1), the relation-
ships will be as follows:

-1 || Sy |l

S2n—l c .
V =+— Z (Coimrfi + CoinX) + (fy + €1X) + Z (Coim1bi) + by | (g + ug,,
=2 i=2

of the track. d—(x,) coefficients and correlation are obtained
experimentally as Table 2.

19)

s n n n
= L{ Z (Coifi + CoipX) + (fy +¢1x0) + [ Z (Coim1bi) + bl] Ueg T [Z (Caim1b9) + bl] usw}'
i=2 i=

s, I U=

Considering the values of ug, and u
n,k > 0 then:

sliding ASsumptions

2n-1 2
= ————.(n+ y(sy_1))-sgn(sy, ) — k.53,
2n-1 ” Son—1 ” -1 n=1 2n—1 (20)

=== y(sy) —ks;,_, < 7.

As a result, the closed-loop system will have finite time
stability.

The simulation results

In this section, the examples illustrate the advantages of the
proposed control strategy. In the first example, the SMC based
on CNF is applied to the magnetic ball suspension system.
In the second example, the inverted pendulum is given and
the proposed controller designed in Eq. (10) is employed to
stabilize the closed-loop system.

. _ i?
fG,x) = Wl)’

Cart position (meter)

——CNF-SMC
——SMC
40 50

Fig.9 The cart position with the SMC-CNF and the GS algorithm
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Table 4 Transient response performance

kK CNF-SMC SMC

é Settling time Over/under- Settling time Over/

§ shoot undershoot

£

2 Cart posi- 19 2.1 18.2 243

2 tion

[

o Pendulum 2.2 0.24 53 0.41

position
Time (sec)
Fig. 10 The pendulum position with the SMC-CNF and the GS algo- 60
rithm 40+
< 20
- 5
X =x ® Op .
S ¢V 5 s s z

=8 m.d(x) § -20

dix)) = a4.)c4 +a3.x3 +a2.x2 +a,.x+a, (CTIVT, Y S SN A OSSN S i
0 ............... g

a, = —176896.25 a; = 84793.69 -800 I I i é 0

a, = 768555 a, = 28479 ay=—3.7

. \/m.d(xl)(us — (k+ w(s)).sat(s/p))
T= )

G
s = Cl(xld _.xl) + C2(X2d _.XZ),

w(s) = —pe~ .

In Fig. 5, using the GC algorithm, the most suitable com-
promise between the amount of input to the coil and the
displacement of the ball is investigated, which indicates that
the tracking error has been reduced significantly.

a, = —122525 a; = 3150
a, =7720 a, =522 a, = —42

Figure 6 shows that the SMC-CNF control is not sensi-
tive to the system parameters changing, because there is no
significant change in the system response even with a tenfold
mass.

Figure 7 shows the control signal input, which is smooth.

Assuming the initial conditions below and determining
the coefficients by the GC algorithm, the simulation results
are shown in Figs. 8§ through 11 for the inverted pendulum.
The inverted pendulum system parameters are introduced
in Table 3.

x=0,x=0, x=pi3, x,=0
c= [— 0.3643 —0.7448 3.9157 0.7355
—0.4195 0.0412 0.7938 5.1554]
§1 = cx; + 0%y
Sy = C3X3 + 8

S3 = CyqX4 +5;

@ Springer

Time (sec)

Fig. 11 The control signal

As can be seen, the sliding surfaces converge to the zero
very fast.

By applying U, controller in Eq. (1) to the model of the
inverted pendulum, Eqgs. (6) and (7) the cart and the pen-
dulum position are obtained. As it can be seen, the SMC
strategy stabilizes the closed-loop system and provides the
high overshoot and long settling time; meanwhile, using the
CNF-SMC the settling time has been reduced and the over-
shoot has been eliminated.

The closed-loop inverted pendulum system state variables
are illustrated in Figs. 9 and 10; the proposed approach can
effectively stabilize and improve the closed-loop system and
the transient performance. The overshoot and settling time of
the closed-loop system states in Table 4 reveal that the pro-
posed approach provides favorable transient performance.
Finally, Fig. 11 illustrates the control signal. Comparison of
the results indicates that the control effort of the proposed
approach is smaller and smoother than the SMC and there
is no chattering in the proposed approach.

Conclusion

In the investigation presented here, a kind of incremental
SMC-based CNF strategy is newly designed considering
the magnetic ball suspension and the inverted pendulum
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systems to be handled. The selection of all the tuning
parameters regarding the aforementioned SMC-based
CNF strategy is turned into a minimization problem and
solved automatically by the GC algorithm. It should be
noted that the Lyapunov stability theory is used to prove
the finite time closed-loop stability of the magnetic ball
suspension system and also the inverted pendulum system.
By the proposed control approach, the convergence of the
state variables to the sliding surfaces and the equilibrium
points in the finite time is guaranteed. The main advantage
of the proposed approach is that the controller does not
show any sensitivity to the system parameters changing,
such as ball mass and the sensors inaccuracy in deter-
mining the ball position for the tracking. The simulation
results illustrate that adding the CNF approach improves
the transient performance of the closed-loop system. Also,
by applying the incremental SMC-based CNF strategy to
the inverted pendulum system, the states variables con-
verge to their equilibrium point with acceptable overshoot
and its settling time. Using other control techniques such
as the fuzzy-based solutions or in general, the intelligent
control approaches instead of the SMC can be a new
approach to the nonlinear systems via the CNF. Apply-
ing the CNF strategy to the singular systems and also the
hybrid systems is the other suggestion in this area for the
future researches.
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tive Commons Attribution 4.0 International License (http://creativeco
mmons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided you give appropriate
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