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Abstract

Multi-granulation rough sets (MGRSs) and decision-theoretic rough sets (DTRSs) are two important and popular generaliza-
tions of classical rough sets. The combination of two generalized rough sets have been investigated by numerous researchers in
different extensions of fuzzy settings such as interval-valued fuzzy sets (IVFSs), intuitionistic fuzzy sets (IFSs), bipolar-valued
fuzzy sets (BVFSs), etc. Pythagorean fuzzy (PF) set is another extension of fuzzy set, which is more capable in comparison
to IFS handle vagueness in real world. However, few studies have focused on the combination of the two rough sets in PF
settings. In this study, we combine the two generalized rough sets in PF settings. First, we introduce a type of PF subset (of
subset of the given universe) of the PF Set (of the given universe). Then we establish two basic models of multi-granulation PF
DTRS (MG-PF-DTRS) of PF subset of the PF set based on PF inclusion measure within the framework of multi-granulation
PF approximation space. One model is based on a combination of PF relations (PFRs) and the construction of approximations
with respect to the combined PFR. By combining PFRs through intersection and union, respectively, we construct two models.
The other model is based on the construction of approximations from PFRs and a combination of the approximations. By
using intersection and union to combine the approximations, respectively, we again get two models. As a result, we have
total four models. Further for different constraints on parameters, we obtain three kinds of each model of the MG-PF-DTRSs.
Then, their principal structure, basic properties and uncertainty measure methods are investigated as well. Second, we give a
way to compute PF similarity degrees between two objects and also give a way to compute PF decision-making objects from
incomplete multi-source information systems (IMSISs). Then we design an algorithm for decision-making to IMSISs using
MG-PFDTRSs and their uncertainty measure methods. Finally, an example about the mutual funds investment is included to
show the feasibility and potential of the theoretic results obtained.

Keywords Pythagorean fuzzy set - Pythagorean fuzzy inclusion measure - Multi-granulation Pythagorean fuzzy
decision-theoretic rough set - Incomplete multi-source information system

Introduction

Inlight of Bayesian decision procedure [4], decision theoretic
rough set (DTRS) model was proposed by Yao and Wong
[35] to analyze the noisy data by considering the tolerance of
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classification error. Since then the DTRS model has found its
applications in various theoretical and practical fields, and it
has produced many god results [2,15-17,20,25].

However, the DTRS model cannot deal with numerical
data directly. To overcome this disadvantage, researchers
used tolerance relations [21], similarity measures [23],
domains relations [3], covering [33], inclusion measures
[38], fuzzy relations [32,41,42], fuzzy preference relations
[26], interval-valued fuzzy preference relations [29], intu-
itionistic fuzzy relations [19,40], intuitionistic fuzzy inclu-
sion measure [13,13], bipolar-valued fuzzy relations [24,28]
in place of equivalence relations.

To handle all types of real data, Yager proposed the
concepts of Pythagorean fuzzy set (PFS) [34], which are
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more powerful than intuitionistic fuzzy sets (IFSs) [1] for
dealing with the uncertain information in decision-making
procedures. For example, if a decision maker gives the
membership degree and non-membership degree as 0.8 and
0.6, respectively, then it is only valid for PFS. Fortunately,
PFSs generalize the concept of IFSs and the correspond-
ing operational laws, which have been successfully applied
to some complex practical decision-making situations, e.g.,
road-building projects [11], selection of the optimal produc-
tion strategy [12] and group decision-making problems [8].
Besides, Zhang and Ren [37] investigated Pythagorean fuzzy
multigranulation rough set over two universes and its appli-
cations in merger and acquisition. Liang et al. [18] gave a
method of three-way decisions using ideal TOPSIS solutions
on Pythagorean fuzzy informations. Mandal and Ranadive
[25] studied decision-theoretic rough sets under Pythagorean
fuzzy information.

From the aforementioned literature it is clear that PFSs
provide us a novel evaluation format to measure the fuzzy
environment, especially when we utilize the positive and
negative sides to depict a question [1,19]. Based on the
Pythagorean fuzzy environment, we introduce PFSs into
multi-granulation rough set (MGRS) and decision-theoretic
rough set (DTRS), which are two important and popular
extended type of Pawlak’s classical rough sets [30] and
established multi-granulation Pythagorean fuzzy decision-
theoretic rough sets (MG-PF-DTRS) based on Pythagorean
fuzzy inclusion measure. First, we introduce a type of
Pythagorean fuzzy subset (of subset of the given uni-
verse) of the Pythagorean fuzzy Set (of the given universe).
Then we establish two basic models of multi-granulation
Pythagorean fuzzy decision-theoretic rough set (MG-PF-
DTRS) of Pythagorean fuzzy subset of the PFS based on
Pythagorean fuzzy inclusion measure within the frame-
work of multi-granulation Pythagorean fuzzy approximation
space. One model is based on a combination of PF relations
(PFRs) and the construction of approximations with respect
to the combined PFR. By combining PFRs through inter-
section and union, respectively, we construct two models.
The other model is based on the construction of approxima-
tions from PFRs and a combination of the approximations.
By using intersection and union to combine the approxima-
tions, respectively, we again get two models. As a result,
we have total four models. For different constraints on
parameters, we obtain three kinds of each model of the
MG-PF-DTRSs. Then, their principal structure, basic prop-
erties and uncertainty measure methods are investigated
as well. Second, we suggest a decision-making process
for incomplete multi-source information systems (IMSISs)
using these theoretic results about MG-PF-DTRSs. In this
process, we encounter two challenges: (1) How to find the
similarity degrees between two objects from IMSISs in
the Pythagorean fuzzy settings and (2) how to obtain the
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Pythagorean fuzzy decision-making objects from IMSISs.
To meet out these issues, we first adopt the method of Liu
et al. [23] to obtain the unknown value of the given objects
with respect to the given attribute. Then we give the method
to find the similarity degree between two objects in the
Pythagorean fuzzy setting and construct an algorithm for
obtaining Pythagorean fuzzy decision-making objects. Hav-
ing solved these two issues, we design an algorithm for
decision-making to IMSISs using MG-PFDTRSs and their
uncertainty measure methods. In this algorithm, we address
the problem if X1, X»,..., X, € U (U is the finite uni-
verse of discourse) such that | X | = |X3| = -+ = |X,],
then find the best X; (1 < i < r), where the elements of
X; are selected randomly. To solve this problem, first we
have the IMSIS for the given alternatives with respect to the
considered attributes. Second, we compute PFS from IMSIS
and PFRs from each sub-information source from IMSIS of
U. Then, we derive the PFS and PFRs for each X;. Third,
we obtain the approximation results for each type MG-PF-
DTRSs for each X;. We see that the obtained results are not
entirely consistent. For this reason we also suggest several
methods of uncertainty measure such as accuracy, approxi-
mation degree and approximation quality for four types of
MG-PF-DTRSs. Fourth, we obtain best X; according to the
higher accuracy, approximation degree and approximation
quality. This is our main objective. In comparison to existing
results [13,14], our model has several advantages as listed
below:

1. our model can deal with both intuitionistic fuzzy and
Pythagorean fuzzy information instead of only intuition-
istic fuzzy information;

2. our model can deal with complete and incomplete multi-
source information systems instead of only complete
multi-source information systems;

3. instead of assuming a fuzzy decision-making object as
many researchers do, we give a method to find it.

As far as organization of this paper is concerned we give
some necessary concepts of PFSs in “Preliminaries”. In
“MG-PF-DTRSs based on inclusion measure”, we pro-
pose a common framework of inclusion measure based on
MG-PF-DTRSs and study four types of MG-PF-DTRSs
which are constructed using the Pythagorean fuzzy inclu-
sion measure. The uncertainties of the proposed four types
of MG-PF-DTRSs are measured in “Uncertainty measures”.
In “Decision-making to incomplete multi-source informa-
tion systems using MG-PF-DTRSs”, we apply our theoretical
results to decision-making in IMSIS. An example about
selection of mutual funds is also included in this sec-
tion to show the feasibility and potential of our proposed
decision-making approach. “Conclusions” is the concluding
section.
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Preliminaries

In this section, we present some basic concepts and termi-
nology used throughout the paper.

Definition 1 (Peng et al. [39]) Let U be a universe of dis-
course. A PFS A in U is given by

A = {{x, paw)@®), va(®)) | x € U}
-y {a(x), va(x)) 1)

xeU *
where g : U — [0, 1] denotes the degree of membership
and v4 : U — [0, 1] denotes the degree of nonmember-
ship of the element x € U for the set A, respectively, with
the condition that 0 < ,ui (x) + vi (x) < 1. The degree of

\/1 — 43 @) — v2 (x). For
convenience, Zhang and Xu [39] called (w4 (x),va(x)) a
Pythagorean fuzzy number (PFN) denoted by A = (4, va).

indeterminacy 4 (x) is given by

If X € U, we define a Pythagorean fuzzy subset of X of
the PFS of U in the following way:

A(X) = {rax), va(x)) ?fx € X, .
(0, 1) ifx ¢ X,

which may also denoted by

A(X) {(x Hax)(x), vA(X)(x)) lxe X C U}

Z (kAo (), VA(X)(X)>. 3)

X

xeXCU

In this case the PFN is denoted by A(X) = <,uA(x), UA(x)>.
The complement of A(X) is denoted by A(X¢) and defined
as

(rax(x),va(x)) ifx ¢ X.

A(XC) = .
(0, 1) ifx € X.

“)

For example, let A = {(x1,0.9,0.3), (x2,0.4,0.7),
(x3,0.8,0.4), (x4,0.7,0.2), (x5,0.7,0.6), (x6,0.9,0.2),
(x7,0.7,0.5), (xg,0.8,0.2), (x9,0.5,0.7), (x10,0.7,0.6)}
be a PFS. If X = {x4, x7,x8,x10} € U, then A(X) =
{(x1,0,1), (x2,0,1), (x3,0,1), (x4,0.7,0.2), (x5,0,1),
(x6, 0, 1), (x7,0.7,0.5), (xg,0.8,0.2), (x9, 0, 1), (x10, 0.7,
0.6)} and A(X¢) = {(x1,0.9,0.3), (x2,0.4,0.7), (x3, 0.8,
0.4), (x4,0,1), (x5,0.7,0.6), (x6,0.9,0.2), (x7,0,1),
(xg, 0, 1), (x9,0.5,0.7), (x10, 0, 1)}

Throughout this paper by P F'S(U) we mean the set of all
PFSs defined on U.

Definition 2 (Peng et al. [31])If A, B € PFS(U), then

A = {{x,vA(x), ua(x)) | x € U};

ACBifVx e U, ua(x) < pup(x) and va(x) > vp(x);
A=BiffVx e U,ua(x) = up(x)andvg(x) = vp(x);
D4 ={{x,1,0) | x e U};

Ba=1{(x,0,1) | x e U}

ANB = {{x,ua(x) A pup(x),valx) Vvg(x)) | x €
U},

7. AUB = {{x, ua(x) V upx),valx) Avg(x)) | x €
U}.

SNk L=

Thus it is clear that if X C U, then A(X), A(X¢) C A.

Definition 3 (Zhang et al. [36]) A Pythagorean fuzzy relation
RonUisaPFSonU x U. Thatis, R is expressed by

R={{(x,y), ur(x,¥), vr(x, ) | (x,y) e U x U}, (5)

where up : U x U — [0,1]and vg : U x U — [0, 1]
satisfy 0 < /L%(x, y)+v12e(x, y) < lforall(x,y) e U xU.
A Pythagorean fuzzy relation R on U is denoted by R(U)

in this paper. If X C U, we define a Pythagorean fuzzy
relation R(U x X) on U x X as follows:

ifxeU,yeX,
ifxeU,y¢X.

(MR(-x9 )’)» VA(X’ )’)>

R(U x X) = {(0’ )

(6)

For example, let U = {x1,x2,x3,x4,x5} and the
Pythagorean fuzzy relation on U be as given in Table 1 and
X = {x3, x5} € U; then the Pythagorean fuzzy relation on
U x X will be as given in Table 2.

The Pythagorean fuzzy inclusion measure is also called
the Pythagorean fuzzy subsethood measure, which indi-
cates the degree to which one PFS is contained in another
PFS. Peng et al. [31] provided a simple definition of the
Pythagorean fuzzy inclusion measure as follows:

Definition 4 (Peng et al. [31]) Let A, B and C be three
PFSs on U. An inclusion measure /(A, B) is a mapping
I : PES(U) x PFS(U) — [0, 1], possessing the following
properties:

0=<1(AU),BU)) =1,

I(A, B) = 1iff A C B;

I(A,B) =0iff A= &y, B =0g:

IfAC BCC,thenI(C,A) <I(B,A)andI(C,A) <
1(C, B).

b

We provide an inclusion measure on PFS(U) on the basis
of the Theorems 3.7(10) and 3.22 presented by Peng et al.
[31].

Definition 5 (Peng et al. [31]) For A, B € PFS(U), an inclu-
sion measure / on PFS(U) can be defined as follows:
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Table 1 The Pythagorean fuzzy

relation on U RUXU) M 2 3 4 s
X1 (1, 0) (0.5,0.7) (0.6,0.7) (0.4,0.3) (0.5,0.3)
X2 (0.5,0.7) (1, 0) (0.5,0.4) (0.5, 0.6) (0.6,0.4)
X3 (0.6, 0.7) (0.5,0.4) (1, 0) (0.7, 0.6) (0.6, 0.5)
X4 (0.4,0.3) (0.5, 0.6) (0.7, 0.6) (1, 0) (0.4,0.3)
X5 (0.5,0.3) (0.6, 0.4) (0.6, 0.5) (0.4,0.3) (L, 0
Table 2 The Pythagorean fuzzy relation on U x X and

R(U X X) X1 X2 X3 X4 X5

X1 0, 1) 0, 1) (0.6, 0.7) 0, 1) (0.5,0.3)
X2 0, 1) 0, 1) (0.5,0.4) 0, 1) (0.6, 0.4)
X3 0, 1) 0, 1) (1, 0) 0, 1) (0.6, 0.5)
X4 0, 1) 0, 1) (0.7, 0.6) 0, 1) (0.4,0.3)
X5 0, 1) 0, 1) (0.6, 0.5) 0, 1) (1, 0)

> ey (R0 A p3(x) + V3 (x)
Y rer (A () + (W3 () VVE(x)

I(A, B) =
@)

The inclusion measure I (A, B) defined in Eq. 5 satisfies
the four conditions of the Definition 4.

For example, two PFSs A = {(x1, 0.9, 0.3), (x2, 0.4, 0.7),
(x3,0.8,0.4), (x4,0.7,0.2)} and B = {(x1,0.7,0.6), (x2,

0.9,0.2), (x3,0.7,0.5), (x4,0.8,0.2)}. Then I(A, B) =
0.49+0.16+0.49+0.49+0.09+0.49+0.16+0.04 _ 2.41 _ (74387716
0.81+0.16+0.64+0.49+0.36+0.49+0.25+0.04 — 324 — V-

MG-PF-DTRSs based on inclusion measure

In this section first we propose and study the models of
inclusion measure-based MG-PF-DTRSs, within the frame-
work of multi-granulation Pythagorean fuzzy approximation
space.

Definition 6 Let U be a finite universe. For any X C U and
Ry (U x X)(1 < k < m) be m Pythagorean fuzzy relations
on U x X. Then, we call (U, X, R (U x X)(1 <k <m))
a multi-granulation Pythagorean fuzzy approximation space
onU.

Definition 7 Let R;(U x X)(1 < k < m) be m Pythagorean
fuzzy relations on U x X, where X C U. For each x € U,
two PFSs [x]mkm:1 Ry(Uxx) and [X]u;":le(Uxx) are defined as
follows:

Xl Ry xx) = {<y AT R (U x X) (5 ),

Viel VRy(Uxx) (x, y)> lxeU,ye X} 8)
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xlur rywxx) = {<y VI R (U x X) (X, ),

Ay VR (U xX) (X, y)> |xeU,ye X} )

forally € X.

We are now ready to propose a model of four types of
MG-PF-DTRSs. This model is shown by Fig. 1. The first
two models, called Type-I multi-granulation Pythagorean
fuzzy decision-theoretic rough set (Type-I MG-PF-DTRS)
and Type-II multi-granulation Pythagorean fuzzy decision-
theoretic rough set (Type-Il MG-PF-DTRS), are a class based
on combination of relation first and then construction of
approximations, as demonstrated in the upper half Fig. 1.
The next two models, called Type-III multi-granulation
Pythagorean fuzzy decision-theoretic rough set (Type-III
MG-PF-DTRS) and multi-granulation Pythagorean fuzzy
decision-theoretic rough set (Type-IV MG-PF-DTRS), are
another class that is used the reverse order, as demonstrated
in the lower half Fig. 1.

Now in the following we study four types PF-DTRSs
based on the inclusion measure, within the framework of
multi-granulation Pythagorean fuzzy approximation space,
i.e., four types of MG-PF-DTRSs.

Type-l MG-PF-DTRSs

Definition 8 Let (U, X, Ry (U x X)(1 < k < m)) be amulti-
granulation Pythagorean fuzzy approximation space, for any
X C U with non-empty and finite universe of discourse U
and m Pythagorean fuzzy relations Ry (U x X)(1 < k < m).
For any A(X) and 0 < 8 < « < 1, the inclusion measure-
based Type-I multi-granulation Pythagorean fuzzy «-lower
and S-upper approximations of A(X) w.r.t. (U, X, Ry (U x
X)(1 <k < m)) are defined, respectively, as follows:

(07
ﬂmkmlek(UxX)(A(X))

=[x e Ut 101 mewn, ACO) 2 @
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Type-l S
MG-PF-DTRS (Apraz, Ry A0 APTgm g, (1 (ACKD))
(UXRe(UxX)(1 <k <m)): A el — (M U."glRk(uxx)(A(X)):1‘\_1311)}1'3= Ric(UXX) (A(X)))
a multi-granulation = |/ MG-PF-DTRS
Pythagorean fuzzy \
approximation space Type-lil (ﬂm ) Um L )
— A AX) ), A AKX
MG-PF-DTRS oy APTRea (AR, ) APTR (o) (AKD)
Type-IV m m
MG-PF-DTRS || (Uk=1 Aprg, (uxx) (A(X)). ﬂk=1 Apry, uxx) (A(x)))

Fig.1 Models of multi-granulation Pythagorean fuzzy rough sets

B
Aprmkm=] Rk(UxX)(A(X)) and

—lrev: 10 rw X,A(X))>,3}. —p —p
{ Ozt Ri (U X) APrm;"=1Rk(Uxx)(A(X)) gAprn%{n:]Rk(UXX)(A(X))'

. o ~—5
We call the pair (AP, o 1y, ) (A (X)) AP'w gy wxx) 4. Forany X, ¥ € U with A(X) € A(Y), we obtain
(A(X))) as inclusion measure based Type-I («, 8)-MG-PF-
DTRS of A(X) wrt. (U, X, Ry(U x X)(1 < k < m)). o o

I A(X)) C Apr A(Y
The positive, negative and boundary regions of A(X) w.r.t. —p”km=1Rk(U XX)( X< —pﬂk";le(U xX )( )
(U, R (1 <k < m)) are defined, respectively, as follows:

and

o _ o

POS“(A(X)) = APIZ o 1y, (A, - pp— .
JE— R Prm X - prm Y)).

NEGP(A(X)) = APrryp._ gy (ACON, Mt B U0 Mt R

BND@P) (A(X)) = A_Prrﬁwm Re(Uxx) (AX)) Remark 3 In the Definition 8, the Type-1 («, B)-MG-PF-
ka=1 DTRS is also refereed to as asymmetric MG-PF-DTRS, the
- ﬂmkmzl Ri(UxX) (A(X)). aim of which is to approximate Pythagorean fuzzy concepts

with high desired level of prediction accuracy. From Defini-
Remark 1 For any X = {y1,y2,...,y,} € U and for all tion 8, we can derive the two special kinds of MG-PF-DTRSs
x € U, we have Eq. (10) from Eq. (7). are given, respectively, as follows:

Dt (AT B ey O YD) A B 0y O00) F+ (VIS VR 05y (5 9i)))
2?21 ((/\lelﬂ%gk(uxx) (x, yi)) + ((Vzlzl‘)[zgk(uxx)(x’ yi) VvV Vi(x)(yi)))

I([x]qr R xx), AX)) = (10

Remark2 1. For any X C U, we obtain
1. The Type-I «-MG-PF-DTRS (with 0.5 < « < 1) of
AP AX) wrt. (U, X, Ry (U x X)(1 < k < m)) is defined
Apr, (A(X)) € Aprry (AX)). - X, Ri <k=
— =1 Re(UXX) (et Re(U>xX) for any X C U in terms of inclusion measure based
Type-I multi-granulation Pythagorean fuzzy «-lower and

AP .
2. ﬂg;lekk(UxU)(U) = UAprop g wxu)(U)- a-upper approximations as
3. Forany X CUand 0 < 81 < B <oa; <o <1, we
obtain ﬂ‘ékm:le(Uxx)(A(X))
@ o ={xeU:1I m , AX)) > al,
@mkm:le(UXx)(A(X)) g@nkaIRk(Uxx)(A(X)). {x (Ixlrm, Ry xx)» AX)) = o}

il loJl al .
bes Shens ) Springer
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~B
AprmleRk(UxX) (A(X))
= (¥ € Ut I(IxTye mws ACO) > 1 —al.

2. The Type-I 0.5-MG-PF-DTRS of A(X) w.rt. (U, X,
Ry(U x X)(1 < k < m)) is defined for any X <

Y (VR B ety (5 YD) A 1550 D) + (ARZ VR ) 5 )

BND P (A(X)) = Aprly g, 1) (A(X)
— AP ) (A

Remark 4 For any X = {y{,y2,...,ys} © U and for all
x € U, we have Eq. (11) from Eq. (7).

IT([xlur rewxx), AX)) =

Z:'lzl ((vzn:lu’%?k(UxX) (x, yi)) + ((/\Zl:l‘)[zgk(uxx)(xa yi)) VvV Vi(x)(yi))) ’

(1)

U in terms of inclusion measure based Type-I multi-
granulation Pythagorean fuzzy 0.5-lower and 0.5-upper
approximations as
(A(X))

= {x € U : I(Ixlnyr g, wxx)» AX)) > 0.5},
“ B
Aprﬂ;';l Re(UxX) (A(X))

= {x € U I(Ixlnyr rywx)» AX)) = 0.5).

Apr? 2 Re(UxX)

Type-ll MG-PF-DTRSs

Definition9 Let (U, X, R, (U x X)(1 < k < m)) be amulti-
granulation Pythagorean fuzzy approximation space, for any
X C U with non-empty and finite universe of discourse U
and m Pythagorean fuzzy relations Ry (U x X)(1 < k < m).
For any A(X) and 0 < 8 < « < 1, the inclusion measure-
based Type-1I multi-granulation Pythagorean fuzzy «-lower
and S-upper approximations of A(X) w.r.t. (U, X, Ry (U x
X)(1 <k < m)) are defined, respectively, as follows:

Apr? AP gy (AXD)

={x e U: I(xlu reuxx) AX)) = a},
APty r o (ACO)
={x e U: I(Ixlur_ rewxx), AX)) > B}.

We call the pair (Apré, /. (ACX))), Apriy  rywx)
(A(X)) as inclusion measure-based Type-II («, 8)-MG-PF-
DTRS of A(X) wrt. (U, X, R(U x X)(1 < k < m)).
The positive, negative and boundary regions of A(X) w.r.t.
(U, X, Rk(U x X)(1 < k < m)) are defined, respectively,
as follows:

POS*(A(X)) = Apr® (A(X)),

22U Re(UxX)

NEG#(A(X)) = APl gy 0 (ACON,

Lisllase cllad .
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Remark5 1. For any X C U, we obtain

B
AP by A S AP ) (A).

~B
2. ﬂgzllek(UxU)(U) =U= AprUf:le(UXU)(U)'
3.Forany X CUand0 < 81 < B <o) <ap <1, we
obtain
Apr

(A(X)) € Apr) (A(X))

L Ri(UxX) ZEUn Re(UxX)

and
Apr (AX)) € Apr’h . (A(X))
PruUm | Re(UxX) = APfyn R :
4. Forany X, Y C U with A(X) € A(Y), we obtain

Apr} (A(X)) < Apr (A(Y))

" Ri(UxX) ZE U ReUxX)

and
Aprt (A(X)) < Apr), (A(Y))
Prur Re(UxX) = APy Re(UxX) .

Remark 6 From the Definition 9, we can derive the two spe-
cial kinds of MG-PF-RSs, given, respectively, as follows:

1. The Type-II «-MG-PF-DTRS (with 0.5 < « < 1) of
AX) wrt. (U, X, Ry (U x X)(1 <k < m)) is defined
for any X C U in terms of inclusion measure-based
Type-II multi-granulation Pythagorean fuzzy o-lower
and o-upper approximations as

Apr® (A(X))

ru’” (R (UXX)
= {x e U I([xlur rywxx), AX)) = a} ,

B

Aprukmlek(UXx)(A(X))

= |y e U 10y ke, AKX > 1=}
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2. The Type-110.5-MG-PF-DTRS of A(X) w.r.t. (U, X, Rk
(U xX)(1 <k <m))isdefined forany X C U in terms
of inclusion measure-based Type-II multi-granulation
Pythagorean fuzzy 0.5-lower and 0.5-upper approxima-
tions as

BND@A) (A(X)) = UL Aprik(yx x(AX)
— ML AP 4y (AD).
Remark7 For any X = {y1,y2,..., s} € U and for all

x € U, we have Egs. (12) and (13) from Eq. (7).

m n 2 2 2
i—1 ((n (e, i) A iy xy (Vi) +v (x, yi))
A T A = A Z,nl w000 A Mg O rw ™ ), .
k=1 Zi:l(l‘LRk(UxX)(x’ yi) + (ka(UxX)(x’ yi) vV VA(X)(yi))
PR (6, Y1) A W) ) + v (x, i)
U?:ll([x]Rk(UxX)y A(X)) = \/ z;l 2Rk(U><X) i z‘;(X) i Rk(Ux;() i ' (13)
k=1 Zi:l(l’LRk(UxX)(x’ yi) + (ka(UXX)(x’ yi) vV VA(X)(yi))
Apr® AP g (Uxx)( (X)) Remark8 1. For any X C U, we obtain
={x e U: I(xlu ruxx) AX)) > 0.5}, —8
e T MELIAPS ) (AD) € UL APTR, 1) (A(X)).

~B
AprUA'T;le(UxX)(A(X))
={x eU: I(xlu rywxx) AX)) = 0.5}.

Type-lll MG-PF-DTRSs

Definition 10 Let (U, X, Ry (U x X)(1 < k < m)) be a
multi-granulation Pythagorean fuzzy approximation space,
for any X C U with non-empty and finite universe of dis-
course U and m Pythagorean fuzzy relations R (U x X)(1 <
k < m). Forany A(X) and 0 < 8 < o < 1, the inclu-
sion measure-based Type-III multi-granulation Pythagorean
fuzzy a-lower and B-upper approximations of A(X) w.r.t.
(U, X, Ry(U x X)(1 < k < m)) are defined, respectively,
as follows:

={x e U : M I(x]r,uxx), AX)) > a},
AP

Ukz1 APrg, 5 x) (A(X))

={x e U : UL I(x]r,wxx), A(X)) > B}.

<A

We call the pair (N} lAer WU X)(A(X)),Uk’"zlAerk(UXx)
(A(X)) as inclusion measure-based Type-IIl (¢, 8)-MG-
PF-DTRS of A w.rt. (U, X, Rg(U x X)(1 < k < m)).
The positive, negative and boundary regions of A(X) w.r.t.
(U, X, Re(U x X)(1 < k < m)) are defined, respectively,
as follows:

POS*(A(X)) = N, Apr*, (A(X)),

2P R (UxX)
NEG (A(X)) = (U} Apr, (1 x) (AC))"

~—B
3. Forany X CUand0 < 81 < B <oa; <ap < 1,we
obtain

M lAprO‘2 (A) € Ny Apr?! (A(X))

2P Reuxx)

and

I DR 1) (A (X)) € UI ATt ey (A(X).

4. Forany X,Y C U with A(X) € B(X), we obtain

ﬂk ]Apr (A(X)) C ﬁ 1Aplr (A(Y))

T R(UxX) ——Ri(UxX)

and

UlelA_prllgik(UxX)(A(X)) < U;?:lA_pr}Ig?k(UxX) (A(Y)).

Remark 9 From the Definition 10, we can derive the two spe-
cial kinds of MG-PF-RSs, are given, respectively, as follows:

1. the Type-IIl «-MG-PF-DTRS (with 0.5 < o < 1) of
AX) wrt. (U, X, Ry (U x X)(1 <k < m)) is defined
for any X € U in terms of inclusion measure-based
Type-III multi-granulation Pythagorean fuzzy o-lower
and o-upper approximations as

M=t AP 1y x) (AX))

={x e U : ML I(xIguxx) AX)) > a},
Ukt A_mfek(Uxx)(A(X))

={x eU U I(x]r,wxx), AX)) > 1 —a}.
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2. the Type-1I1 0.5-MG-PF-DTRS of A(X) w.r.t. (U, X, Ri
(U xX)(1 <k <m))isdefined forany X C U in terms
of inclusion measure-based Type-III multi-granulation
Pythagorean fuzzy 0.5-lower and 0.5-upper approxima-
tions as

ﬂkm=l ﬂoltek(UxX)(A(X))
={x e U : ML I(Ix]Ir,wxx). AX)) > 0.5},

Upsy A_Pf?ek(Ux)()(A(X))
={x e U: U I(x]geuxx) AX)) = 0.5}

Type-IV MG-PF-DTRSs

Definition 11 Let (U, X, Rx(U x X)(1 < k < m)) be a
multi-granulation Pythagorean fuzzy approximation space,
for any X C U with non-empty and finite universe of dis-
course U and m Pythagorean fuzzy relations R (U x X)(1 <
k < m). Forany A(X) and 0 < 8 < o < 1, the inclu-
sion measure-based Type-IV multi-granulation Pythagorean
fuzzy a-lower and B-upper approximations of A(X) w.r.t.
(U, X, Rk(U x X)(1 < k < m)) are defined, respectively,
as follows:

m o
Uik=1 ﬂRk(UxX)

={x e U: YL I(IxIg,wxx). AX)) = e},
M1 A_Pf/;k(Ux)() (A(X))

={x e U : ML I(x]geuxx) AX)) > B}.

(A(X))

We call the pair (Ulem‘;kwxx) (A(X)), ﬁkmzlApr'Zk(U % X)
(A(X)) as inclusion measure-based Type-1V («, 8)-MG-PF-
DTRS of A(X) wrt. (U, X, R (U x X)(1 < k < m)).
The positive, negative and boundary regions of A(X) w.r.t.
(U, X, Rk(U x X)(1 < k < m)) are defined, respectively,
as follows:

POS”(ACX)) = UL ARG, (400,

NEG? (A(X)) = (M APr, (3 (ACXD)),

BND#)(A(X)) = M APrg, 1) (A (X))
- Uznzlﬂ?ek(UxX)(A(X))'
m o
Remark 10 1. Uk:lmRk(UxU)
).

2. Forany X CUand0 < ) < B < a1 <oy <1, we
obtain

“~—B
) = Um;cnzlAerk(UxU)

(A(X))

m an m o]
,Uk=1@Rk<Uxx)(A(X)) £ Ukﬂﬂ&wxm
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and

m;cn:lA_prllg?i(UxX)(A(X)) < ﬂkm:1A_m}1’;’1k(Ux)()(A(X))-
3. Forany X, Y € U with A(X) € A(Y), we obtain

m o m o
Uk:l@Rk(UxX)(A(X)) < Uk:lmRk(UxX)

(A(Y))
and

ﬂleA_Prik(Uxm (A(X)) < ﬂZL]A_mfek(Uxx) (A(Y)).

Remark 11 From the Definition 11, we can derive the two
special kinds of MG-PF-RSs, are given, respectively, as fol-
lows:

1. the Type-IV «-MG-PF-DTRS (with 0.5 < o < 1) of
AX) wrt. (U, X, Ry (U x X)(1 <k < m)) is defined
for any X € U in terms of inclusion measure-based
Type-IV multi-granulation Pythagorean fuzzy a-lower
and o-upper approximations as

={x e U UL I(x]r,uxx), A(X)) > a},

My A_mfek(Uxx)(A(X))
={xelU: ﬁkmzll([x]Rk(UXX), AX)) > 1 —a}.

2. the Type-IV 0.5-MG-PF-DTRS of A(X) w.r.t. (U, X, Ry
(U x X)(1 <k <m))isdefined forany X C U in terms
of inclusion measure-based Type-IV multi-granulation
Pythagorean fuzzy 0.5-lower and 0.5-upper approxima-
tions as

Uit ﬂ%k(UxX)(A(X))
={x e U : UL I(x]r,wxx), A(X)) > 0.5},

My A_mﬁk(Uxx)(A(X))
={xelU: mkmzll([x]Rk(UxX), A(X)) = 0.5}.

Uncertainty measures

In this section, several measures are utilized to calculate
the uncertainty of these models which is discussed in pre-
vious section. The uncertainty of knowledge is caused by the
boundary regions, in the view point of approximations. The
larger the boundary area is, the more the uncertainty. The
accuracy, roughness and approximation quality are studied
in the next.

Definition 12 Let (U, X, R, (U x X)(1 < k < m)) be a
multi-granulation Pythagorean fuzzy approximation space,
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for any X € U with non-empty and finite universe of dis-
course U and m Pythagorean fuzzy relations R (U x X)(1 <
k <m).Forany A(X) and 0 < 8 < «a < 1, the Type-I MG-
PF-DTRS accuracy p1, Type-1I MG-PF-DTRS accuracy py,
Type-III MG-PF-DTRS accuracy ppp and Type-IV MG-PF-
DTRS accuracy pry of A(X) w.r.t. (U, X, Rp(U x X)(1 <
k < m)) are defined, respectively, as follows:

o
'ﬂmglle(UxX)(A(X))‘

o1 ; (14)

T 5p
)Aprﬂ’k’;le(UxX) (A(X))

o
‘ﬂuZ’le(UxX)

B
APy w0 (ACO)
YA o (ACXD)

o
U?:lAerk(UxX) (A(X))

(A(X))‘
, (15)

P =

o = , (16)

Uy Apr% (A(X))
k=12 R (Uuxx
oIV = LX) . (17)

M APTR, (1) (AX))

Definition 13 Let (U, X, Rx(U x X)(1 < k < m)) be a
multi-granulation Pythagorean fuzzy approximation space,
for any X C U with non-empty and finite universe of dis-
course U and m Pythagorean fuzzy relations R (U x X)(1 <
k <m).Forany A(X) and 0 < 8 < « < 1, the Type-I MG-
PF-DTRS approximation degree o1, Type-1I MG-PF-DTRS
approximation degree oy, Type-III MG-PF-DTRS approxi-
mation degree oyr and Type-IV MG-PF-DTRS approxima-
tion degree oy of A(X) wrt. (U, X, Ry(U x X)(1 <k <
m)) are defined, respectively, as follows:

o
‘ﬂnkmlkk(UxX)(A(X))‘

o1 = , (18)
|X|
'ﬂﬁiank(UxX)(A(X))‘ (19)
on = s
| X
m o
o — ‘mkzlﬂRk(UxX)(A(X))) 20)
| X] ’
_ ‘UT:lﬂ%k(UxX)(A(X))‘
ay = |X| . (21)

Definition 14 Let (U, X, Ry (U x X)(1 < k < m)) be a
multi-granulation Pythagorean fuzzy approximation space,
for any X C U with non-empty and finite universe of dis-
course U and m Pythagorean fuzzy relations Ry (U x X)(1 <
k <m).Forany A(X) and 0 < 8 < « < 1, the Type-I MG-
PF-DTRS approximation quality oy, Type-II MG-PF-DTRS

approximation quality oy, Type-III MG-PF-DTRS approxi-
mation quality wy; and Type-IV MG-PF-DTRS approxima-
tion quality wry of A(X) w.rt. (U, X, Ry (U x X)(1 <k <
m)) are defined, respectively, as follows:

o
‘ﬂmg’le(UxX)(A(X))‘ )
w] = )
U]
ol
'ﬂu;"le(UxX)(A(X))’ o3
o = ,
|U|
m
B ‘ﬂkzlﬂozlek(UxX)(A(X)))
o = ) (24)
|U|
m
_ ‘Uk=1ﬂ%k(UxX)(A(X))‘
oy = U] (25)

Decision-making to incomplete multi-source
information systems using MG-PF-DTRSs

In this section, based on the MG-PF-DTRSs and their uncer-
tainty measures established in “MG-PF-DTRSs based on
inclusion measure” and “Uncertainty measures”, we will
construct a new method and approach to decision-making
with incomplete multi-source information systems. Also, we
will present the decision-making algorithm and the general
steps for established method in detail.

Incomplete multi-source information systems and
the similarity degrees

Definition 15 (Lin et al. [22]) A multi-source informa-
tion system is MSIS = {IS; | IS, = (U,AT;,V =
{(Va)aear,}, fi}, where

1. U is afinite non-empty set of objects, called the universe;
2. AT is a non-empty finite set of attributes of each subsys-
tem;
. {V,} is the domain of the attribute a € AT;; and
4. f1: U x AT} = {(V4)aeart,} such that for all x € U and
a € ATy, f(x,a) € V,.

W

Definition 16 An incomplete multi-source information sys-
tem (IMSIS) indicates the precise attribute values V,, for some
objects are unknown. In this paper, the IMSIS is still denoted
without confusion by IMSIS = {IS; | IS; = (U, ATy, V, fi}.
Here V = {(Va)aeat, } U {*}, the special symbol “x” is used
to indicate the unknown value. For instance, if f(x, a) = x*,
the value of object x is unknown on the attribute a.
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Liu et al. [23] handle the incomplete single source infor-
mation system and compute the similarity degree between
two objects. Their similarity degree between two objects is
fuzzy set. Here, we handle the incomplete multi-source infor-
mation system and compute the similarity degree between
two objects. Our similarity degree between two objects is
PFS.

Given an IMSIS = {IS; | IS; = (U, ATy, V, fi}, sup-
pose the IMSIS contains n objects and ¢ attributes, U =
{x1,x2,..., x5}, AT; C {a1, a>,...,a:}. For Vx,y € U,
Va; € ATy, the relations between (x, a;) and (y, a;) can be
treated as following four scenarios:

1. Consideration of (x, a;) # *and (y, a;) # *, (x, a;) and
(v, a;) are equality iff (x, a;) = (v, a;);

2. Consideration of (x, a;) # *and (y, a;) # *, (x, a;) and
(v, a;) are not the same if (x, a;) # (v, a;);

3. Consideration of (x,a;) = * or (y,a;) = *, because
of the unknown value “x” is treated as “do not care”

to equal to one

conditions, it has the probability of —— |

certain value of V,; (V,; is a domain of the attribute a;,
|V a; | denotes the cardinality of a;).

4. Consideration of (x, a;) = (y, a,) = x, both of q; (x) and
a; (y) have the probability of —— Val to equal to one certain

value of V,;,, so the joint probablhty of (x,a;) = (v, a;)

|
1S ——.
[V

With the above discussions, we apply the concepts of
PFSs, the similarity degrees between x and y on a; can be
written in the following way:

MSim(a;) (X, ¥)
1 (x,a;) = (y,a;) #*;
0 (x,a;) # (y,ai) AN(x,a;) #* AN (Y, a;) # *;

=V (La) =%V (v, a) =%

W (x.a;)) =% A (y,a;) = *
(26)
and
VSim(a,-)(x y)
(x,a;)) = (y,a;) # *;
(x,a;) # (v, a;) A(x,a;) #x A (Y, a;) #%*;
l 12 (x,a;)) =%V (y,a;) =*;
‘14 @aﬂ—*A@ﬂJ—*
27)
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Table 3 A car incomplete multi-source information system

U EC ECy
1 c3 2 C4
X1 High Full Low Low
X7 Low Medium * Low
X3 * Compact * Low
X4 High Full * High
X5 * Full * High
X6 Low Compact High *
If AT, = {b1,b1,...,bs} < {ai,ar,...,as}, then

the similarity membership and non-membership degrees
between x and y are calculated as follows:

i MSim(b;) (X, )

N

KRar,UxU) (X, ¥) = (28)

i=1

XS: VSim(p;) (X, y) _ 29)

VRAT](UXU)(-X:’ y)= s

i=1
Using Egs. (28) and (29), from the Definition 3 we have:

R (U x U) = {((x, wy M

i=1

N
Z Vs;‘m(b,-)(x,)’)> Ix.ye U}
S 9 b

i=1

(30)

where 1 <k <.

Example 1 Let us consider an evaluation problem of a car
depicted by an IMSIS presented in Table 3. Suppose that
U = {x1, x2, X3, X4, X5, X} 1 a set of six cars. Every car in
each sub-information (source) system, denoted by EC; and
EC,, isdescribed by two attributes. They are c; = Price, ¢y =
Mileage, c3 = Size, c4 = Max-speed, respectively. The
domains of the attributes are as follows: V., = {High, Low},
Ve, = {High,Low}, V.; = {Full, Medium, Compact},
¢, = {High, Low}.

According to Table 3 and Egs. (26) and 27) we easily get
USim(er) (X1, X2) = 0, Usim(c3) (X1, X2) = 0, Vsim(ey) (X1, X2)
= 1 and vsim(c,) (X1, x2) = 1. From Eqgs. ( 28 ) and (29) we
have: /’LRECI(U)(xl’ xz) = % = 0 and VRECI(U)()C], xz) =
lizl = 1. Similarly, we compute M Rec, w)(xi, xj) and
vRECI(U)(x,-,xJ-) for all x;, x; €U (i, j=12,...,5),
which is outlined in Table 4.

In the same way, we also compute [ gge, () (xi, x;) and
VREC(U)(xiaxj) for all x;, Xj € Uuda,j= 1,2,...,5) but
here it is not necessary.
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Table4 The computing results of Rgc, (U)

Rgc, (U x U) X1 X2 X3 X4 X5 X6

X1 (1,0) (0, 1) (0.2500, 0.9330) (1,0) (0.7500, 0.4303) 0, 1)

X2 (1,0) (0.2500, 0.6330) (0, 1) (0.2500, 0.9330) (0.5000, 0.5000)
X3 (1,0) (0.2500, 0.9330) (0.1250, 0.9841) (0.2500, 0.9330)
X4 (1,0) (0.7500, 0.4330) 0, 1)

X5 (1,0) (0.2500, 0.9330)
X6 (1,0)

Based on the basic principle of MG-PF-DTRSs, a
Pythagorean fuzzy decision-making object is approximated
over the multi-granulation Pythagorean fuzzy approximation
space. So, we give the approach for compute the Pythagorean
fuzzy decision-making object from the IMSIS. Then we give
the following algorithm for compute the degrees of member-
ship and non-membership of any alternative with respect to a
Pythagorean fuzzy decision-making object from the IMSIS:

Algorithm 1 Computation of the degrees of membership
and non-membership of any alternative with respect to a
Pythagorean fuzzy decision-making object from the IMSIS.

Step 1: First we consider the reasonable membership degree
of the domains of the all attributes.

Step 2: If the membership degree of the domain of the
attribute a; = «;, i.e. (x,a;) = «;, then we write
na(x,a;) =a; andcompute va(x, a;) = /1 — oziz.
If (x, a;) = *, then we consider p4(x, a;) = ﬁ

N 1
and va(x, a;) = }Vai|2.

Step 3: The degrees of membership and non-membership
of any x € U is calculated as follows:

N paw) (. @)

)X, a;
- Lo T 1
HaG) =) === (3D

i=1
! vaw)(x, a;)
s Y

va(x) = _. 32
A =) = (32)

i=1
For clearance we have the following example:

Example 2 (Continued in Example 1) In this example we find
the degrees of membership and non-membership of any alter-
native with respect to a Pythagorean fuzzy decision-making
object from a car IMSIS. According to Algorithm 1, we have

Step 1: Let us we consider the reasonable membership
degree of the domains of the all attributes, which
is shown in Fig. 2.

[

=)
o

o
o0

0.75

Degree of membership
e © ©o o 9o ©°
NoowoR o N

=
o

0

Low Medium Compact High / Full

Fig.2 Membership degree of the domains of the all attributes

Step 2: From Table 3, we get (x1,c;) = High = 1, i.e.
na(xi,c1) = 1, then va(xy, 1) = 0. Similarly,
malxr,c2) = 0,valxr,c2) =1, palxy, c3) =1,
va(x1,c3) =0, nalxy, cq) =0,v4(x1,¢4) = 1.

Step 3: Using Eqgs. (31) and (32), we have pa(x;) =
LOHE0 = 0.5 and vy (x)) = S = 0.5,
Similarly, we also find pa(x;) and va(x;) i =
{2, 3, ..., 6}, which is represented in Eq. (32).

(0.5, 0.5) N (0.25,0.93)
X1 X2
(0.44,0.89)  (0.88,0.27)
+ +
X3 X4
(0.75,0.43)  (0.65,0.63)
+ + .
X5 X6

A=

(33)

An algorithm

With the help of the results in “MG-PF-DTRSs based on
inclusion measure” and “Uncertainty measures”, and the
discussion in “Decision-making to incomplete multi-source
information systems using MG-PF-DTRSs”, we design the
algorithm of decision-making based on MG-PF-DTRSs and
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their uncertainty measure methods, where the information
source is multiple and incomplete. The key steps are elabo-
rated as follows:

Step 1: Suppose that a decision making problem the IMSIS
is MSIS = {IS; | IS, = (U,AT,V =
{(Va)aeat,} U {*}, fi}. Let us assume that X,
X», ..., X, bethe subsets of U, where the elements
of X; (i =1,2,...,r) are randomly selected and
not repeat any other elements in X; (i = 1,2, ...,
r). Tofindthebest X; i =1,2,...,r).

Step 2: Computing Ry(1 < k < [)(U) according to
Eq. (30).

Step 3: Constructing the Pythagorean fuzzy decision-
making object A according to Algorithm 1.

Step 4: Choose o and f.

Step 5: Computing the inclusion measure based Type-
I multi-granulation Pythagorean fuzzy o-lower
approximation
ﬂ?\;ﬂlek(UxX)(A(X"))

and B-upper approximation

ADTp (w0 (AXD)
for each X; C U, respectively.

Step 6: Computing the inclusion measure-based Type-
II multi-granulation Pythagorean fuzzy «-lower
approximation
ﬂﬁ;ﬂlek(Uxx)(A(X"))
and B-upper approximation
ATy () (ACXD)
for each X; C U, respectively.

Step 7: Computing the inclusion measure-based Type-
IIT multi-granulation Pythagorean fuzzy o«-lower
approximation
MLAPEY o (ACD)
and B-upper approximation
UkmzlApr/ISQk(UxX)(A(Xl'))
for each X; C U, respectively.

Step 8: Computing the inclusion measure based Type-
IIT multi-granulation Pythagorean fuzzy «-lower
approximation
UIL APT s (ACXD)
and B-upper approximation
mkmzlAprIIS?k(UxX)(A(Xi))
for each X; C U, respectively.

Step 9: Computing p1, pr1, em and pry using Egs. (14)—
(17).

Step 10: Computing o1, o1, omr and ory using Egs. (18)—
(21).

Step 11: Computing wy, @y, @i and wry using Egs. (22)—
(25).

Dieliase ¢llodi ay .
bes Shenas Q) Springer

Step 12: Obtain the best X; according to the higher accuracy,
approximation degree and approximation quality
for each X;.

An illustrative example

In this subsection, we apply the proposed algorithm to a
real decision making. This example is about quick decision
making based on a real investment context, under the MG-
PF-DTRSs and their uncertainty measures models, where the
information comes from multiple and incomplete.

Problem description

The various types of mutual funds (MFs) of different com-
panies listed in the Growth Enterprise Market board of the
India Stock Exchange are a popular investment source to an
investor as a long-term investment. However, the sufficient
knowledge about the various types of MFs of different com-
panies is always not possible for every investor. Our proposed
models are effective for those investors. Suppose an investor
plans to invest his/her money in MFs of different companies,
with the aim of high returns, while he/she has no sufficient
knowledge about all MFs, then He/she chooses initially ten
MFs according to the past performances, while he/she invests
his/her money intpp the best five MFs out of these ten MFs.
For making reasonable five MFs out of ten MFs, we have the
following decision analysis.

Decision analysis

We use the algorithm in “An algorithm” of decision analysis
based on MG-PF-DTRSs and their uncertainty measure, for
decision making.

Suppose an investor initially chooses ten MFs according
to the past performances, which is depicted by an IMSIS
presented in Table 5. Let U = {x1, x2,...,x10} be a set
of ten MFs. Every MF in each sub-information (source)
system, denoted by ECy, EC,, and ECs, is described by
attributes. They are ¢; = Sharpe ratio, ¢c; = Expence
ratio, ¢3 = Portfolio concentration ratio, ¢4 = Exit load,
¢; = Standard deviation, ¢ = Portfolio turnover ratio,
¢7; = Treynor’s ratio, cg = Beta, c9¢ = Fund perfor-
mance, and cjg = Investment philosophy, process and
systems followed at the fund house, respectively. The
domains of the attributes are: V., = {High, Low}, V,, =
{Average, Low}, V., = {Moderately low, Moderate}, V., =
{Good, Fine}, V. = {Low, Moderately low, Moderate,
Moderately high, high}, V., = {Good, Fine, Poor}, V., =
{Low, Moderately low, Moderate, Moderately high, High},
Ve = {Good, Fine, Poor}, V., = {Low, Moderately low,
Moderate, Moderately high, High}, V., = {Good, Fine,
Poor}.
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Table 5 Incomplete multi-source information system for ten MFs
U ECy EC, EC3
1 2 6 7 (&) cs s c4 9 €10
X1 High  Average  Fine Moderate Moderate Low Fine Fine Moderately high ~ Fine
X2 High Fine Moderately high ~ Moderate * Fine Good  High *
X3 Low * Fine * * Moderate * Good  Moderately low Good
X4 * Low Poor * * Moderately low Fine * Fine
X5 High  Average  Good  Low * High Good High *
X6 * Low Fine * Moderately low * Fine Moderate *
X7 * * Good  High * * Fine * Moderately high  Fine
X8 Low * Fine Moderately high ~ Moderate * Good  Fine * *
X9 * Average  Good % * Low Poor * Low *
X10 Low Low Fine * * Moderate * Fine Moderate Fine
1 investment that means | X| = 5 (x; € X is a MF between
0.9 X1, X2, ..., X10 and not repeat any other MFs in X). Suppose
0.8 0.75 X = {x1,x2,x3, x4, x5}, in order to facilitate understanding of
&7 these model, we exhibit a computational process for each type
?, G of MG-PF-DTRS model. Then we calculate the Pythagorean
= : . . . . .
£ 0s 0.5 fuzzy decision making object A(X) from A using Eq. (2),
-§ which is shown in Eq. (35).
@04
w
803 0.25 0.5250, 0.7724
Ax) = 09220.07728)
0.2 X1
0.1 (0.6283, 0.6048) (0.4783, 0.7355)
0 + +
0 X2 X3
Low /Poor  Moderately Moderate/ Moderately High/Good (O 3483.0 8469) <0 6833.0 4541>
low Fine / Average high + . > + . >
X4 X5
Fig.3 Membership degree of the domains of the all attributes 0, 1) (0, 1) (0, 1)
+ + +
X6 X7 X8
For compute A from Table 5, we consider the reasonable + (0, 1) + (0. 1) (35)
membership degree of the domains of the all attributes, which X9 X10

is shown in Fig. 3.
Therefor, we have find A(U) according to Algorithm 1,
which is represented in Eq. (34).

(0.5250, 0.7724) " (0.6283, 0.6048)
X1 X2
(0.4783,0.7355)  (0.3483, 0.8469)
+ +
X3 X4
(0.6833,0.4541)  (0.3317, 0.9287)
+ +
X5 X6
(0.5950,0.6837)  (0.4483, 0.8028)
+ +
X7 X8
(0.3533,0.8387)  (0.3533,0.9119)
+ +

X9 X10

(34)

Since the investor invest his/her money to the best five MFs
out of ten MFs, but there is no other factors which help the
investor. He/She has to randomly select five MFs to make

In the following we have successively obtain for types of
MG-PF-DTRSs for @ = 0.9 and 8 = 0.8.

Type-IMG-PF-DTRSs. First, we compute [x; | M3, Re(UXU)
(i =1,2,...,10) from Tables 6, 7 and 8 using the Defini-
tion 7. Then we obtain il R G = 1,2,...,10)
using Eq. (6), which is shown in Table 9.

Using Eq. (10), we compute all inclusion measures
I([xi]ﬂilek(UxX)’ A(X)) (1 <i < 10) as follows:

L1l gy sxys AX)) = 0.8738,
(1323 gy x) ACX)) = 0.9053,
(3303 gy xy ACX)) = 0.8749,
(L4l ey ACX)) = 0.8499,
T(Lx5)s_ ey ACX)) = 0.9265,
(%6l pywxy ACO) = 1,

il lloJl Al .
bes Shens ) Springer
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Table 6 The computing result of Ry (U) from EC;

RiU) x X2 X3 X4 X5 X6 X7 Xg X9 X10
X1 <1, <0.6250, <0.4250, <0.1750, <0.5000, < 0.4250, < 0.2500, <0.3750, < 0.4250, < 0.3000,
0> 0.4665 > 0.7115 > 0.9615 > 0.5000 > 0.7115 > 0.9330 > 0.7165 > 0.7115 > 0.7449 >
X2 <1, < 0.3625, < 0.3000, <0.3750, < 0.5500, <0.1875, <0.5625, < 0.3000, < 0.4250,
0> 0.7370 > 0.9280 > 0.7165 > 0.6780 > 0.9586 > 0.4921 > 0.9280 > 0.7115 >
X3 <1, < 0.2600, <0.1750, < 0.5100, < 0.2375, <0.6125, <0.2600, < 0.635,
0> 0.9328 > 0.9615 > 0.6828 > 0.9535 > 0.4870 > 0.9328 > 0.4663 >
X4 <1, < 0.1750, < 0.3225, < 0.2375, < 0.3000, < 0.0725, <0.385,
0> 0.9615 > 0.7419 > 0.9535 > 0.9280 > 0.9919 > 0.7163 >
X5 <1, < 0.1750, < 0.5000, < 0.1250, < 0.6750, < 0.0500,
0> 0.9615 > 0.6380 > 0.9665 > 0.4615 > 0.9949 >
X6 <1, <0.2375, < 0.5500, <0.0725, < 0.6350,
0> 0.9535 > 0.6780 > 0.9919 > 0.4663 >
X7 <1, < 0.1875, < 0.4875, < 0.3000,
0> 0.9586 > 0.7035 > 0.9280 >
X3 <1, < 0.3000, < 0.6750,
0> 0.9280 > 0.4615 >
X9 <1, < 0.1350,
0> 0.9663 >
X10 <1,
0>
Table 7 The computing result of Ry(U) from EC;
R (U) x X2 X3 X4 X5 X6 X7 X8 X9 X10
X1 <1, <0.7333, <02778, <0.2778, <0.1667, <0.1778, <0.5667, < 0.4000, < 0.5000, < 0.2778,
0> 0.3266 > 0.9363 > 0.9363 > 0.9553 > 0.9742 > 0.6153 > 0.6599 > 0.6220 > 0.9363 >
X2 <1, < 0.3444, < 0.3444, < 0.2333, <0.1244, <0.5133, <0.3467, <0.2333, < 0.3444,
0> 0.9295 > 0.9295 > 0.9486 > 0.9807 > 0.6217 > 0.6664 > 0.9486 > 0.9295 >
X3 <1, < 0.1204, < 0.1944, <0.2704, < 0.2611, <0.3444, <0.1944, < 0.4537,
0> 0.9874 > 0.9704 > 0.9465 > 0.9636 > 0.9295 > 0.9704 > 0.6540 >
X4 <1, < 0.1204, < 0.2704, < 0.2611, <0.3444, < 0.1944, < 0.1204,
0> 0.9874 > 0.9465 > 0.9636 > 0.9295 > 0.9704 > 0.9874 >
X5 <1, < 0.3444, < 0.2611, <0.5667, <0.0833, < 0.1944,
0> 0.9295 > 0.9636 > 0.6153 > 0.9894 > 0.9704 >
X6 <1, < 0.2911, <0.1244, < 0.3444, < 0.2704,
0> 0.9360 > 0.9807 > 0.9295 > 0.9465 >
X7 <1, < 0.1800, < 0.1500, < 0.2611,
0> 0.9551 > 0.9827 > 0.9636 >
X8 <1, < 0.2333, < 0.2333,
0> 0.9486 > 0.9486 >
X9 <1, < 0.1944,
0> 0.9704 >
X10 <1,
0>
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Table 8 The computing result of R3(U) from EC3

R3(U) x X2 X3 X4 X5 X6 X7 Xg X9 X10
X1 <1, < 0.1111, <0, < 0.7333, < 0.2778, < 0.4444, < 0.8333, < 0.5111, < 0.2778, < 0.6667,
0> 0.9809 > 1> 0.3266 > 0.9363 > 0.6476 > 0.2887 > 0.6409 > 0.9363 > 0.3333 >
X2 <1, < 0.4444, < 0.1778, < 0.5370, < 0.3704, < 0.2778, < 0.1037, < 0.2704, < 0.1111,
0> 0.6476 > 0.9742 > 0.6199 > 0.6646 > 0.9363 > 0.9912 > 0.9465 > 0.9809 >
X3 <1, < 0.0667, < 0.2778, < 0.1111, < 0.1667, < 0.1778, < 0.2778, <0,
0> 0.9933 > 0.9363 > 0.9809 > 0.9553 > 0.9742 > 0.9363 > 1>
X4 <1, < 0.3444, < 0.5111, < 0.5667, < 0.4578, < 0.3444, < 0.7333,
0> 0.9295 > 0.6409 > 0.6153 > 0.6473 > 0.9295 > 0.3266 >
X5 <1, < 0.2037, < 0.1944, < 0.2704, < 0.1204, < 0.1944,
0> 0.9533 > 0.9704 > 0.9465 > 0.9874 > 0.9704 >
X6 <1, < 0.2778, < 0.4370, < 0.2037, < 0.7778,
0> 0.9363 > 0.6579 > 0.9533 > 0.3143 >
X7 <1, < 0.3444, < 0.1944, < 0.5000,
0> 0.9295 > 0.9704 > 0.6220 >
X3 <1, < 0.2704, < 0.5111,
0> 0.9465 > 0.6409 >
X9 <1, < 0.2778,
0> 0.9363 >
X10 <1,
0>
Table 9 The computing result of [xi]”i=1 Re(UxX)
[xi]ﬁilek(Uxm X X2 X3 X4 X5 X6 X7 Xg X9 X10
X1 <1, < 0.1111, <0, < 0.1750, < 0.1667, <0, <0, <0, <0, <0,
0> 0.9809 > 1> 0.9615 > 0.9553 > 1> 1> 1> 1> 1>
X2 < 0.1111, <1, < 0.3444, < 0.1778, < 0.2333, <0, <0, <0, <0, <0,
0.9809 > 0> 0.9295 > 0.9742 > 0.9486 > 1> 1> 1> 1> 1>
X3 <0, < 0.3444, <1, < 0.0667, < 0.1750, <0, <0, <0, <0, <0,
1> 0.9295 > 0> 0.9933 > 0.9704 > 1> 1> 1> 1> 1>
X4 < 0.1750, < 0.1778, < 0.0667, <1, < 0.1204, <0, <0, <0, <0, <0,
0.9615 > 0.9742 > 0.9933 > 0> 0.9874 > 1> 1> 1> 1> 1>
X5 < 0.1667, < 0.2333, < 0.1750, < 0.1204, <1, <0, <0, <0, <0, <0,
0.9553 > 0.9486 > 0.9704 > 0.9874 > 0> 1> 1> 1> 1> 1>
X6 < 0.1778, < 0.1244, < 0.1111, < 0.2704, < 0.1750, <0, <0, <0, <0, <0,
0.9742 > 0.9807 > 0.9809 > 0.9465 > 0.9615 > 1> 1> 1> 1> 1>
X7 < 0.2500, < 0.1875, < 0.1667, < 0.2375, < 0.1944, <0, <0, <0, <0, <0,
0.9330 > 0.9586 > 0.9636 > 0.9636 > 0.9704 > 1> 1> 1> 1> 1>
X8 < 0.3750, < 0.1037, < 0.1778, < 0.3000, < 0.1250, <0, <0, <0, <0, <0,
0.7165 > 0.9912 > 0.9742 > 0.9295 > 0.9665 > 1> 1> 1> 1> 1>
X9 < 0.2778, < 0.2333, < 0.1944, < 0.0725, < 0.0833, <0, <0, <0, <0, <0,
0.9363 > 0.9486 > 0.9704 > 0.9919 > 0.9894 > 0> 1> 1 1> 1>
X10 < 0.2778, < 0.1111, <0, < 0.1204, < 0.0500, <0, <0, <0, <0, <0,
0.9363 > 0.9809 > 1> 0.9874 > 0.9949 > 1> 1> 1> 1> 1>
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IE1np Ry ACO) = 1,
T3]y gy xx)s ACX)) = 0.9913,
%91y gy AC) = 1,
1(1x10)03_ Rewx)s A = 1.

For @« = 0.9 and 8 = 0.8 we obtain

Apr®?
img:l Re(UxX)

—-—0.8
Aprmkﬂ’;le(Uxx) (A(X)) = U.

(A(X)) ={x2, x3, x4, X5, X¢, X7, X8, X9, X10},

and

POS*?(A(X)) = {x2, x3, x4, X5, X6, X7, X3, X0, X10},
NEGY8(A(X)) = 0,
BND0 (A (X)) = {x1}.

Type-Il MG-PF-DTRSs First, we compute [x; ]Ui=1 Re(UxU)
(i =1,2,...,10) from Tables 6, 7 and 8 using the Defini-
tion 7. Then we obtain [xi]u;j:le(UxX) (i=12...,10)
using Eq. (6), which is not display here. Using Eq. (10), we
compute all inclusion measures ([x,-]uizl Re(UxX)> A(X))
(1 <i < 10) as follows:

1([x1]U2:1Rk(UXx), A(X)) = 0.7209,
100l gy ey AC)) = 08135,
6315 gy ACO) = 0.8573,
I(x103 gy ACO) = 07816,
H(Ixs153_ gy xx) AX)) = 0.8876,
L6103 gy x> ACO) = 09215,
I(x7153_ Ry xx)» AX)) = 0.8470,
I([x813_ goxx) AX)) = 0.8738,
I(x91 3 gy x)» AX)) = 09777,
1([X10]U2=1Rk(Uxx), A(X)) = 0.7800.

For o = 0.9 and 8 = 0.8 we obtain

Apro'9

APy g (AXD) = {x6, xol,

—08
Aprye g, xx) (AX)) = {x2, x3, X5, X6, X7, X8, X9, X10}.
and

POS*?(A(X)) = {x¢, xo},
NEG®(A(X)) = {x1, x4},
BND208(A(X)) = {x2, x3, x5, x7, x3}.

Lisllase cllad .
bes Shenas Q) Springer

Type-1II MG-PF-DTRSs First we compute R (U x X),
Ry(U x X) and R3(U x X) from Tables 6, 7 and 8,
and I( [xilrywxx), AX) ), I([xi]lr,wxx), A(X)) and
I([xi1psuxx), A(X)) for (I < i < 10), which are
not displayed here. Using Eqs. (12) and (13), we com-
pute all inclusion measures ﬂ,%:l I([xi 1Ry (U xx), A(X)) and
U]?zzll([xi]Rk(UxX)v A(X)) for (1 <i < 10) as follows:

M L (x1 1Ry x), A(X)) = 0.7822,
02:1[([x2]Rk(U><X)a A(X)) = 0.8346,
M I (3] Ry x)» A(X)) = 0.8581,
M3 T (sl rywxx). AX)) = 0.7827,
M=y 1 ([xs] R, xx)» A(X)) = 0.8871,
M 1 ([x6] Ry (U xx)» AX)) = 0.9328,
M1 1 ([xX71R, U xx)» A(X)) = 0.8559,
M I ([xs]R, U xx)» A(X)) = 0.9289,
m12=11([)C9]1z’k(UxX), A(X)) =0.9785,
M I (x10] Ry x x> A(X)) = 0.8360,
and U3_, T([x1]1R, (wxx), A(X)) = 0.8422,
Ui I (2l gy xx)» A(X)) = 0.8877,
Ui (3] Ry x)» A(X)) = 0.8744,
Ui I (x4l Ry U xx)» A(X)) = 0.8499,
Ui 1 ([xs] Ry x)» A(X)) = 0.9266,
Up_ I ([x6] e x)y, AX)) =1,

Ui L (37 Rewex) s AX)) = 1,

Ui 1 ([xs] Ry x) . AX)) = 0.9281,
Up_ T (%0 e xy, AX)) =1,

Ui _ I (Ix10] Ry x x> A(X)) = 0.9883.

For @ = 0.9 and 8 = 0.8 we obtain

3 0.9
Mp=1 Apr

R (A = (X6, x8.0

—08
Uizt APrg, 1 x) (AX) = U.
and

POS"?(A(X)) = {x6, x8, X0},
NEGY8(A(X)) = 0,

BND 908 (A(X)) = {x1, x2, x3, x4, X5, X7, X10}.

Type-1V  MG-PF-DTRSs From inclusion measures
My L (xi 1Ry xx)» AX)) and U3 T(1xi 1Ry v x ), A(X))
for (1 <i < 10) we have obtained Type-IV MG-PF-DTRSs
fora = 0.9 and 8 = 0.8 as follows:

Up_y Apr2? - (A(X)) = {xs. X6, X7, X3, X0, X10},

R (UxX)

3 038
NMi=1 APIR, (U xx) (A(X)) = {x2, x3, x4, X5, X6, X7, X8, X9, X10}.
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Table 10 The results of uncertainty measures

No. X Type-I MG-PF-DTRSs Type-II MG-PF-DTRSs Type-IIl MG-PF-DTRSs Type-IV MG-PF-DTRSs

L1 o1 i 141 o1 w11 Pl o1 w111 PIV oV w1y
1 X123.4.5 07 14 07 02857 04 02 03 06 03 0.75 12 06
2 X125.67 07 14 07 05 06 03 03 06 03 0.75 12 06
3 X13.5.7.8 06 12 06 0.25 04 02 02 04 02 06667 12 06
4 X13.4.6,7 05 1 05 05 04 02 02 04 02 1 1 05
5 X245.67 07 14 07 05 06 03 04 08 04 1 12 06
6 xa4s5010 06 12 06 01429 02 01 01 02 01 0.875 14 06
7 x2780100 06 12 06 0 0 0 0.1 02 01 0.8571 12 06
8 X3.4.68.9 05 1 05 0.25 02 01 02 04 02 1 1 0.5
9 x3s6010 06 12 06 02 02 01 01 02 01 0.8571 12 06
10 X4.67.8.9 05 1 05 0 0 0 0.1 02 01 1 1 05

o
=N

o
wn

MG-PF-DTRS accuracy
o
IS

o
w

<}
N

<]
o

7 8 9

10

0 l‘ll l||‘ “Il |||I ‘“| |III
24 2 3 4 3 6

W Type-| MG-PF-DTRS M Type-l IMG-PF-DTRS & Type-lll MG-PF-DTRS M Type-IV MG-PF-DTRS

Fig.4 A comparison of the accuracy

and

POS*?(A(X)) = {xs, X6, X7, X3, X0, X10},
NEG*3(A(X)) = {x1},
BND(0.9,0.8) (A(X)) — {xz, _x3}.

It is obvious that these four types of results are not entirely
consistent. Then, the uncertainties are not entirely consistent
for them and several kinds of uncertainty measure meth-
ods are necessary. Consequently, in different fields should
select different model according the different requirements
in practical application. Based on the calculated approxima-
tion sets, we can measure the uncertainty of the alternative
MFs to estimate the investment. To evaluate the performance
of the proposed uncertainty measure methods, we conduct
a series of experiments to calculate these three uncertainty
measures. Therefor, in our experiment, we randomly select
five MFs from the set U, and uncertainty evolution’s for them
as shown in Table 10.

MG-PF-DTRS approximation degree

0.6
0.5
0.4
0.3
0.2
0

1 2 3 4 5 6 7 8 9

W Type-| MG-PF-DTRS M Type-l IMG-PF-DTRS & Type-lll MG-PF-DTRS M Type-IV MG-PF-DTRS

10

Fig.5 A comparison of the approximation degree

0.7

0.6

0
1 2

W Type-| MG-PF-DTRS M Type-I IMG-PF-DTRS M Type-Iil MG-PF-DTRS M Type-IV MG-PF-DTRS

o°
n

o
IS

=}
w

MG-PF-DTRS approximation quality
o
[

3 4 5 6 8

7 9 10

Fig.6 A comparison of the approximation quality

According to Table 10 and Figs. 4, 5 and 6 we can get that
the fifth set X = {x2, x4, x5, X6, x7} with higher accuracy,
approximation degree and approximation quality for each
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model. That is, x3, x4, x5, X6 and x7 are the best five MFs
out of ten MFs for the investors to invest. There is no doubt
that there are more recommended programs, but its best in
the given ten options.

Conclusions

In this paper, we present four types of MG-PF-DTRSs of
Pythagorean fuzzy subset (of a subset of the given universe)
of the PES (of the given universe) and study their uncer-
tainty measure methods based on the Pythagorean fuzzy
inclusion measure within the framework of multi-granulation
Pythagorean fuzzy approximation space. Using this four
types of MG-PF-DTRSs and their uncertainty measure meth-
ods, we have presented a method for decision-making to
IMSIS. In this decision-making method for IMSIS, we have
analyzed three issues. (1) How to find the similarity degrees
between two objects from IMSISs in the Pythagorean fuzzy
settings. (2) How to obtain the Pythagorean fuzzy decision-
making objects from IMSISs. (3) The following problem: if
X1, X2,..., X, C U (U is the finite universe of discourse)
then find the best X,, where the elements of X, are ran-
domly selected and not repeated any other elements in X,.
The studies of this paper are focusing on the basis of the theo-
retical aspect and the general framework of decision-making
process to the IMSIS of the proposed model and method.
Therefore, it is recommended that the further improvement
of the proposed method to apply more complexity decision-
making problems in Garg [5-7,9,10], Mandal and Ranadive
[27] and the real-life data be used to test the approach estab-
lished in this paper.
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