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Abstract

The Coronavirus Disease (COVID-19) is a respiratory disease that caused a large
number of deaths all over the world since its outbreak. The World Health Organi-
zation (WHO) has declared the outbreak a global pandemic. The understanding of
the random process related to the behavior infection of COVID-19 is an important
health and economic problem. In the proposed study, we analyze the frequency of
daily confirmed cases of COVID-19 using different two-parameter lifetime prob-
ability distributions. We consider the data from the period of March 11, 2020, to
July 25, 2020, of Pakistan. We consider nine lifetime probability distributions for the
analysis purpose and the selection of best fit was carried out using log-likelihood,
AIC, BIC, RMSE, and R? goodness-of-fit measures. Results indicate that Weibull
distribution provides generally the best-fit probability distribution.
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WHO World Health Organization
SARS-COV-2 Severe acute respiratory syndrome
R? Coefficient of determination
RMSE Root mean square error

WD Weibull distribution

PFD Power function distribution
LLD Log-logistics distribution

LND Log-normal distribution

IWD Inverse Weibull distribution
GuD Gumbel distribution

BIIID Burr III distribution

BXIID Burr XII distribution

BSD Birnbaum Saunders distribution
NIH National Institute of Health
KPK Khyber Pakhtunkhwa

AIC Akaike information criterion
BIC Bayesian information criterion
MLE Maximum likelihood estimation

1 Introduction

A viral infectious disease named coronavirus 2019 (COVID-19) was initially
reported in the mid of December in Wuhan City of China [1]. COVID-19 spread
worldwide and it affected more than 213 countries including Pakistan [2]. It is an
infectious disease caused by Severe Acute Respiratory Syndrome (SARS-COV-2).
The COVID-19 infection leads to respiratory illness and has the most common
symptoms like fever, dry cough, tiredness, other symptoms are also widely reported
such as sore throat, diarrhea, and loss of taste or smell, aches, and pains [3]. It is an
exceptionally infectious and spreads utilizing real contacts and a respirational glob-
ule from the tainted ones, which is presently the principal wellspring of transmission
of the malady. The infection can be active as long as 12 h or even two days on a
reached surface [4].

In Pakistan, the first report of COVID-19 emerged on 26th February 2020 with
two positive cases, within 2 days three new cases were reported in different cities
without a connection between these patients [5]. Further, reported cases increased
constantly until 12th June, where 139,230, positive cases were reported, later there
was a decreasing trend of total cases. The total number of confirmed cases until 25th
July was 273,113. The province wise detail of COVID-19 positive cases of Punjab,
Sindh, KPK, and Baluchistan was 91,901, 117,598, 33,220, and 11,578 respectively.

The COVID-19 became a worldwide pandemic and its spread could be controlled
by taking preventive measures. For the patients, all symptoms above should be
ceaselessly checked with essential signs and to maintain a strategic distance from
additionally spread, they ought to be hatched with severe clinical measures under
preventive rules. The administration needs to discover a system to fight this war in
an opportune manner, for example, specialists took further proportions of shutting
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fringes, suspending network administrations and schools, limiting both local and
universal goes until further notification [6]. The reason for these measures is to con-
strain the odds of physical contact among individuals with the goal of controlling
the transmission of COVID-19, especially because the brooding time frame for this
infection is moderately longer than different infections.

Because of the novel nature of the virus, there is more prominent vulnerabil-
ity around the choice on the ideal season of the vanishing of this sickness. In this
manner, transient determining is critical even in the smallest insight for anticipat-
ing the up and coming month for the better administration of the cultural, financial,
social, and general medical problems [7]. Data science techniques have been used to
describe the behavior of pandemies, crop harvesting, business data mining, e-com-
merce fraud as well as others applied problems [8—19]. In the previous, not many
months’ scientists have created or utilized existing scientific and measurable strate-
gies to anticipate the quantity of COVID-19 cases and related results. The summed
up strategic model shows that pestilence development was exponential in china [20].
In view of the forecast, the circumstance will be exacerbated in whole Europe and
the USA will turn into the focal point of new cases during the mid of April 2020
[21]. Around 115 million individuals are already tainted worldwide by March, 05,
2021 with more than 2,570,000 deaths. Expectations/gauges help to reinforce the
procedures to keep the pandemic from compounding. Soltani-Kermanshahi et al.
[22] worked on the statistical distribution of novel coronavirus in Iran. The study
compared three types of parametric distributions known as normal, log-normal,
and Weibull distribution of COVID-19 cases based on daily reported data of Iran.
Yousaf et al. [5] conducted statistical Analysis of forecasting COVID-19 for the
upcoming month in Pakistan.

Due to a lack of epidemiological analyses, there are many uncertainties in assess-
ing the risk of this disease in the population. In Pakistan, it will take at least a year
for any future treatment or vaccination of COVID-19. In the meantime, the only way
to avoid contact with this virus is through precautionary measures and Lockdowns.
It causes economic problems and it is not easy to implement without economic
losses. So, effective decisions by policymakers or SOPS need to be implemented. In
short, the proper modeling of a pandemic can reduce the exponential spread of this
infection. Researchers are needed to fully explain its pathways and mechanisms and
to identify potential curative targets, which can be effective in developing common
preventive and therapeutic targets. This Global Problem has attracted the interest of
researchers, giving rise to several proposals to analyze and predict the evolution of
pandemic. The first importance is to check the behavior of the number of cases of
COVID-19. For this, we considered different parametric distributions to describe the
number of daily reported COVID-19 cases in Pakistan.

This paper aimed to identify the best fit model for the analysis of daily confirmed
COVID-19 cases in Pakistan, as well as province wise. It is considered the most
common two-parameter lifetime model to fit the data. To the best of our knowledge,
for the first time, these probability distributions are used for modeling the number
of occurrence of COVID-19 cases. The daily confirmed cases are taken from four
provinces of Pakistan (Punjab, Sindh, KPK, and Balochistan). The parameters are
estimated using the maximum likelihood approach. The best fit model selection was
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carried out using AIC, BIC, Coefficient of determination (Rz) and root mean square
error (RMSE) criteria.

The rest of the paper is as follows; Sect. 2 is based on information on Covid-19
data of selected regions. In Sect. 3 description of statistical models, Sect. 4 is pre-
sented by information about model evaluation measures. In Sect. 5, Data is analyzed
by Parameter estimates and goodness of fit measures. Finally, conclusions, discus-
sions, and future research are given in Sect. 6.

2 Materials and Methods
2.1 Lifetime Probability Distributions

Lifetimes models are mathematical functions that return the probability of observing
the event of interest given a specific time. Usually referred to as probability density
function (pdf), this function is used to achieve the probability that the event takes
values in a given time interval. Here, the event of interest is the daily occurrence of
COVID-19 in the Pakistan population.

This section presents a brief description of the two-parameter models that will be
considered in this study. Exploring the literature, some common probability distri-
butions are used as lifetime distributions. For instance, Weibull distribution (WD),
Power function distribution (PFD), Log-Logistic distribution (LLD), Log-Normal
distribution (LND), inverse Weibull distribution (IWD), Gumbel distribution (GuD),
Burr III distribution (BIIID), Burr XII distribution (BXIID), and Birnbaum Saun-
ders distribution (BSD). The probability density function and range of parameters,
range of pdf are given in Table 1.

The two-parameters models considered here are standard in statistical analysis
and their properties, applicability, and inferential procedures are presented in the
statistical literature. Our aim here is not proposed new distributions but to verify
if some of the well-established distributions can be used to describe the frequency
numbers of Covid-19 cases.

2.2 Data Set

We collect the data for daily positive cases of COVID-19, the time period was from
March 11, 2020, to July 25, 2020, which were obtained from the public reports of
the National Institute of Health (NIH)—Islamabad, Pakistan. It is also considered
the confirmed daily case data from four provinces, Punjab, Sindh, Khyber Pakh-
tunkhwa (KPK), and Balochistan. Table 2 presents an exploratory analysis related to
the COVID-19.

2.3 Model Selection and Inference

Here, it is considered the following goodness-of-fit measures for the selection of best-
fitted probability distribution. The measures are Akaike information criterion (AIC),
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Table 1 Investigated PDFs and their parameters
Model PDF Range/values Parameters
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Tabl_e 2 Desc.riptive statistics of Regions Mean Var Skewness  Kurtosis n
Covid-19 Daily cases data

Pakistan 1979 3,183,864  0.85320 2.78342 138

Punjab 695.9 447,935.2  1.19635 3.60396 132

Sindh 1250.6  462,046.3  0.59938 2.51550 90

KPK 253.6 42,014.58  0.87237 345107 131

Baluchistan ~ 87.05 8934.262 1.89294 7.16524 133

Bayesian information criterion (BIC), Root mean square error (RMSE), and Coefficient
of determination (R?). The test statistics are;

AIC = 2k — 21n L(0),

BIC = klnn—21nL(0),
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Z;lzl (yi _xi)2
pI 87 —Zi)z

where L(0) = []_, f (xi;G) is log-likelihood function evaluated at the MLEs and
k refers to the number of parameters in the model. For each parameter 6;,, MLE
involves maximizing the likelihood function by solving the following:

RP=1-

oLO)

0,i=1,2.
20,

We apply such approach to obtain the likelihood functions for the parameters of
the selected models, in this case, numerical techniques were used to obtain such
parameter estimates. Interested readers can use statistical softwares such as R with
packages that contains some of the cited models implemented, see for instance, Del-
ignette-Muller and Dutang [23]. The codes and routines to obtain the parametes esti-
mates can be obtained upon request.

3 Results

The parameters of the probability distributions are estimated using the maximum
likelihood estimation method. Table 3 presents the estimates for the parameters of
all probability models. Table 4 provides the results related to the goodness of fit
measures. For Pakistan COVID-19 daily cases, W, Gu, PF, and LL distributions
seem to have maximum R? and minimum AIC, BIC, and RMSE. Hence, among the
selected distributions, we conclude that these four distributions can be utilized for
describe the distributions of the diary number cases. For Punjab, we observed that
W, LL, LN, and Gu distributions returned better fit than the other distributions with
smaller RMSE, AIC, and BIC and higher R? values. Similar conclusions with the
Weibull, LL, LN, and Gu distributions are observed for Sind, KPK, and Balochistan
provinces.

Overall, it is evident from Table 4 that the best suitable model to describe the data
of the different provinces of Pakistan is Weibull distribution. Figures 1, 2 presents a
box-plot of RZ%, RMSE, AIC, and BIC with the results obtained from the different
models. As can be seen in the figures, we can easily identify the Weibull distribution
performed better than the other models.

Figure 3 provides the adjusted Weibull distribution with the empirical distribu-
tions for Pakistan, and Punjab, Sindh, KPK, and Balochistan provinces. It can be
seen the figures that Weibull distribution has a good fit for all the considered data-
sets, which confirms the goodness of fit tests. Hence, the findings indicate that using
Weibull distribution for analysis of COVID-19 daily cases returns more accurate
probabilities than using the competitor distributions.

From the adjusted results we can compute the expected number of cases assum-
ing different levels of probability. The values can be computed from
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Table 3 The parameter estimates of all fitted probability distributions

Model Parameters Pakistan Punjab Sindh KPK Baluchistan
WD a 0.8837 0.9771 1.9304 1.0961 0.8656
B 1880.7 702.95 1388.8 260.36 81.066
PFD a 6825.0 2705.0 3038.0 1035.0 501.00
B 0.4967 0.5065 0.9474 0.5146 0.3997
LLD a 1168.8 414.92 925.00 176.57 47.856
I} 1.1194 1.3511 2.7450 1.4216 1.1856
LND i 6.8150 5.9284 6.9634 4.9988 3.7146
6 1.7532 1.3389 0.6219 1.3109 1.4871
IWD a 10.806 19.718 346.64 13.803 5.9025
B 0.4094 0.5731 0.8829 0.6141 0.6077
GuD [ 1167.9 407.59 930.80 160.75 49.097
6 1301.6 443.99 536.88 154.15 57.524
BIIID a 14.485 25.116 443.65 16.869 7.8600
I 0.4471 0.6113 0.9185 0.6471 0.6673
BXIID a 0.0241 0.0269 0.0248 0.0269 0.0237
I} 6.0873 6.2693 5.8018 7.4420 11.359
BSD a 3.8585 2.0913 0.7238 1.7599 1.9144
I} 156.47 180.59 771.95 86.398 27.486

x, = A(=logp)7,

where A and k are the MLEs available in Table 3, x is the integer part of x and p is
the probability level. As an example, assuming a probability level ofof 0.5 and using
the estimates from Pakistan, we have that x; s = 1241.

It is important to point out that computing estimates in real-time play a key role
as a tool for decision making during pandemic periods.In this way, we have provided
the necessary codes in R (available in Supplemental Material) to update the esti-
mates and compute the expected values according to different levels.

4 Discussion

The current study is conducted to analyze COVID-19 daily case data of the Paki-
stan region, as well as also analyze province wise. Our focus was also to identify
the appropriate two-parametric models that can be used to describe the distribution
of the daily number of positive COVID-19 cases. It is concluded that the Weibull
distribution returned better results when compared with other well-known distribu-
tions with two parameters. This conclusion is based on widely used metrics to dis-
criminate models such as R2, AIC, BIC, and RMSE. Visual confirmation was also
observed comparing the empirical distributions with the adjusted by the Weibull
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Table 4 The goodness-of-fit

measures of fitted distributions Model —a AlC BIC RMSE R’
Pakistan
WD 2367.75 237175  2377.60  0.0427  0.9804
PFD 2350.08  2354.08 2359.94 0.0436  0.9747
LLD 2407.84  2411.84 241770  0.0554  0.9628
LND 2427.53 243153 243739  0.0794 09165
IWD 2516.58  2520.58 252644  0.1239  0.7161
GuD 2425.54  2429.54 243540 0.0516  0.9739
BIID 2501.32  2505.32  2511.18 0.1164  0.7553
BXIID 2690.87  2694.87  2700.73  0.2376  0.2216
BSD 2485.50  2489.50 249536  0.2502  0.3964
Punjab
WD 1991.84  1995.84  2001.61  0.0205  0.9953
PFD 2008.69  2012.69  2018.46  0.0865  0.8852
LLD 2012.27  2016.27  2022.04 0.0320  0.9881
LND 2016.73  2020.73  2026.50  0.0442  0.9762
IWD 2085.88  2089.88  2095.64  0.0897  0.8580
GuD 2044.69  2048.69 205446  0.0619  0.9617
BIIID 2075.22  2079.22 208498  0.0836  0.8813
BXIID 2300.36 230436 2310.13  0.2408  0.1445
BSD 2069.77 207377  2079.54  0.1628  0.6675
Sindh
WD 1415.28 1419.28 142428  0.0271  0.9917
PFD 1443.14  1447.14  1452.14  0.1108  0.7982
LLD 1429.62  1433.62  1438.62  0.0877  0.9166
LND 142332 1427.32 143232 0.0299  0.9894
IWD 1489.02  1493.02  1498.02  0.1221  0.6703
GuD 1417.87  1421.87  1426.87  0.0328  0.9885
BIID 1484.58  1488.58  1493.58  0.1168  0.7023
BXIID 1782.73 1786.73  1791.73  0.2852  0.0142
BSD 1443.33 1447.33 145233  0.1558  0.7356
Khyber Pakhtunkhwa
WD 1710.76 171476 ~ 1720.51  0.0399  0.9827
PFD 174576  1749.76 175551  0.1005  0.8491
LLD 1744.55 1748.55 1754.30  0.0538  0.9655
LND 1752.35  1756.35 1762.10  0.0750  0.9309
IWD 1816.05  1820.05 1825.80  0.1080  0.8134
GuD 1740.05  1744.05 1749.80  0.0414  0.9825
BIIID 1808.43 1812.43 1818.18  0.1035  0.8304
BXIID 1993.31 1997.28  2003.03  0.2295  0.2153
BSD 1772.83 1776.80  1782.58  0.1580  0.7199
Balochistan
WD 1449.43 145343 145921  0.0311  0.9891
PFD 1498.03 1502.03  1507.81  0.1157  0.7659
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Table4 (continued) Model _2L AIC BIC RMSE R
LLD 1473.02  1477.02  1482.80  0.0503  0.9710
LND 147106 147506  1480.84  0.0651  0.9518
IWD 151477 151877 152455  0.0910  0.8883
GuD 1519.66  1523.66 152944  0.0563  0.9666
BIIID 150641 151041  1516.19  0.0853  0.9044
BXIID 161024 161424 162002  0.1805  0.5161
BSD 1471.07 147507 148085 0.1135  0.8552
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Fig. 1 Combine box plots of R? and RMSE for all fitted probability distributions
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distribution with different parameters. An interesting aspect of our findings is that
while most of the analysis conducted with COVID-19 are aimed to flat the curve of
the distributions due to the temporal observations ( the number of infected does not
pass a threshold that could collapse the health system) here, we aim to obtain graphs
with an exponential decay without a very long-tail, this would imply that there are
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Fig. 3 COVI-19 daily cases and fitted Weibull distribution

many days where the number of positives cases are decreasing with few positive
cases. Additionally, with the adjusted parameters of the Weibull distribution, we can
use the complementary of the cumulative distribution to estimate the probability
that a number of cases could be greater or equal to a determinate number of positive
cases of COVID-19 in Pakistan or its provinces. To the best of our knowledge, no
comparison have been considered using the proposed lifetime models. To the best
of our knowledge, no comparison has been considered using the proposed lifetime
models. These results are of main interest during resource allocation planning or
social isolation policies.

Appendix

# R code for estimating the parameters of Weibull distribution.
x<-c() ##Data to be included

require(MASS)

fit<-fitdistr(x,"weibull")

AIC(fit)
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