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Abstract
An analytical approach and numerical solution to determine coupled aeroelastic and hydroelastic response of floating offshore
wind turbines of arbitrary shape to combined wind and wave loads is presented. The model considers simultaneously the
aerodynamic and hydrodynamic loads on an FOWT and integrates these with finite element method for structural analysis
due to the combined loads. The hydrodynamic and aerodynamic loads are determined based on the linear wave diffraction
theory and steady blade element momentum method, respectively, and the solution is obtained in frequency domain. The
structure may be fixed or floating, located in arbitrary water depth, and may host single or multiple wind towers. The model
captures the complete translational and rotational motions of the body in three dimensions, and the elasticity of the blades,
tower and the floating platform. To assess the performance of the model, rigid and elastic responses of a FOWT to combined
wave and wind loads are computed and compared with available laboratory measurements and other theoretical approaches
where possible, and overall very good agreement is observed. The model developed in this study addresses directly three
shortcomings of existing approaches used for the analysis of FOWTs, namely (i) determination of the elastic responses of
the entire structure including the floating platform, (ii) analysis of the motion and elastic response of FOWTs in frequency
domain, and (iii) assessment of responses of FOWTs with single or multiple wind towers.

Keywords Floating offshore wind turbines · Hydroelasticity · Aeroelasticity · Wave-wind loads

1 Introduction

Wind energy is a promising type of renewable energy. In year
2022, with 77.6GW new installations of wind turbines, the
global cumulative wind power capacity is 906GW (Lee and
Zhao 2023) with 68.8GW and 8.8GWwind power growth in
onshore and offshore wind, respectively. Offshore wind tur-
bines usually benefit from steadier and stronger wind fields
than are present onshore. By the end of 2022, 64.3GW off-
shorewind capacitywas installed,which is 7%of globalwind
turbine installations; seeLee andZhao (2023).While bottom-
mounted offshorewind turbines are limited to nearshore sites
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and shallow waters, floating offshore wind turbines allow for
selection of sites farther offshore, in deeper waters, where
the wind is stronger. With 80% of the world’s offshore wind
resource potential in waters withmore than 60m depth, inter-
est in floating offshore wind turbines (FOWTs) is growing.
By the end of 2022, a total of 171MW floating wind was
installed globally, with about 91% of its global installation
in Europe (Lee and Zhao 2023).

Based on the knowledge and experience obtained from
existing technologies of fixed onshore and nearshore wind
turbines, and offshore floating platforms of the oil and gas
platforms. Various concepts of floating platforms have been
tested and developed for FOWTs, namely SPARs, semi-
submersibles, barges andTLPs; see e.g.Govindji et al. (2014)
and Uzunoglu et al. (2016) for more details.

On the other hand, the installation of a wind turbine on
a floating platform introduces significant engineering chal-
lenges. FOWTs are subject to combined wind, waves and
current loads. Predicting their dynamic response to the envi-
ronmental loads is challenging for the state of the art.Motions
of a FOWT result from the simultaneous effect of aerody-
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namic load on the rotor and the tower, hydrodynamic load of
waves and current on the platform, and the restoringmooring
forces. If elastic deformations of the structure to the aerody-
namic and hydrodynamic loads are significant, it is crucial
to also consider the elastic responses.

The aero-hydro-servo-elastic coupling numerical tools
can be classified into two main groups: fully-coupled
numerical tools and decoupled numerical tools. The for-
mer approach solves the governing equations of the fluid,
the structure and the mooring lines simultaneously with no
assumption about the magnitude of the motions, whereas in
the latter approach the hydrodynamic and aerodynamic loads
and responses are decoupled and often subject to simplifying
assumptions about the magnitude of the motions. Figure1
summarises the numerical approaches that are commonly
applied for structural analysis, hydrodynamic and aerody-
namic loads and responses. While providing a higher level
of details and subject to fewer assumptions, fully coupled
approaches are computationally very demanding and less
practical. In fully-coupled numerical tools, to reduce the
computational effort it is common to simplify the problem by
restricting the motion and limit the elasticity analysis of the
structure (if considered) to only the wind turbine, see e.g. Liu
et al. (2017) and Bruinsma et al. (2018). Decoupled numer-
ical approaches offer more efficient simulations but assume
that the motions are small, see Salehyar et al. (2017) and
Leimeister et al. (2020) among others. Reviews on existing
numerical coupling tools for FOWTs are presented in e.g.
Matha et al. (2011), Cruz and Atcheson (2016) and more
recently in Lamei and Hayatdavoodi (2020).

The incoming wind flow and the wake downstream of the
rotor, along with the motion of the platform, result in an
unsteady, complicated flow surrounding the blades and the
tower. The fully-coupled aeroelastic numerical approaches
can obtain the transient structural responses of the blades
and the tower to the unsteady aerodynamic loading, see Liu
and Xiao (2019) and Rodriguez and Jaworski (2020) among
others. In the decoupled approaches, a subset of prescribed
mode shapes represents the flexibility of the tower and the
blades of a FOWT. Commonly, the mode-shapes of the tower
and the blades are obtained with multi-body analysis or finite
element method, see e.g. Kim and Kwon (2019), Chen et al.
(2019) and Lemmer et al. (2020). However, most of the
fully-coupled and decoupled approaches have been limited
to flexible blades and towers, whereas the platforms are con-
sidered as rigid.

In addition to the coupling of wind turbine aeroelastic-
ity with aerodynamic and hydrodynamic loads, the natural
frequencies of the floating structure might be within or
near the wave energy spectrum, resulting in potential reso-
nance behaviour of the floating body. Therefore, the coupling
between elasticity of the structure (the wind turbine and the
platform) and the environmental loads is essential to accu-

rately estimate the responses of a FOWT. This is of more
importance for emerging concepts of FOWTs where mul-
tiple towers are located on one floating platform, see e.g.
Ishihara et al. (2007), Jang et al. (2015), Kang et al. (2017),
Lamei et al. (2019, 2022).

Hydroelastic analysis of a FOWT is a relatively new con-
cept which is considered only in a few studies. A common
approach is to compute the hydrodynamic loads on the struc-
ture with the potential flow theory. The mode-shapes of the
floating platform are obtained with finite element analysis or
analytical solutions and added as generalized modes to the
rigid body degrees of freedom of the structure. The responses
of the structure including the effect of the platform flexi-
bility and the sectional forces are obtained in either time-
or frequency-domains. In studies by Borg et al. (2017) and
Mantadakis et al. (2019), hydroelasticity of the hull of a
SPAR-type FOWT is investigated in the absence of aero-
dynamic loads on the rotor. Hegseth et al. (2018) computed
the column bending moment of a braceless semisubmersible
hull of an FOWT and compared the results with experimen-
tal measurements under wave-only conditions (i.e. in the
absence of wind). The coupling effect between the operating
rotor and the hydroelasticity of the FOWT is not considered.
Li (2022) studied the hydroelastic effect of a barged-shape
platform on the power output of the FOWT, and observed
that although the flexibility of the platform reduces the tower
base bending moment, the instantaneous power output of the
wind turbine undergoes high fluctuations up to 22.5%.

In emerging concepts of FOWTs, namely multi-unit
FOWTs, multiple wind turbines are supported by a large
floating substructure, see Ishihara et al. (2007), Hu et al.
(2014), Bae and Kim (2014, 2015), Hanssen et al. (2015),
Jang et al. (2015), Kang et al. (2017), Lamei et al. (2019),
Bashetty and Ozcelik (2020a, b, c). Interest in multi-unit
FOWTs is because they may offer reduced cost of instal-
lation, marine operations and mooring systems as com-
pared with single-unit FOWTs. However, the hydroelastic
behaviour of multi-unit FOWTs might be significant, due
to the large characteristic length of their floating substruc-
tures. Furthermore, installing multiple wind turbines on a
large floating platform influences the elastic deformation of
the substructure. Hence, it is essential to investigate the elas-
tic deformation of a multi-unit FOWT and its effect on its
loads and motion. Kang et al. (2017) studied the hydroelas-
ticity of a multi-unit FOWT platform in response to wave,
wind and current loads in the time-domain. In that study,
the wind turbines and the floating platform are assumed as
individual bodies and their mode-shapes are computed sep-
arately, i.e. the coupling between the elastic motions of the
superstructure and the substructure is not considered. Hence,
the deformation of the blades and the tower, and the platform
have no effect on the hydrodynamic and aerodynamic loads
on the structure, respectively.
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To the authors’ knowledge, elastic deformation of the
entire floating substructure of a FOWT (in addition to the
superstructure) to combined wind and wave loads has not
been considered in any of the existing numerical coupling
approaches of FOWTs. For instance, hydroelasticity analy-
sis in OpenFAST, a numerical coupling tool for FOWTs, is
only limited to slender or low-stiffness members of the sub-
structure, and the flexibility of large-volume members of the
substructure are neglected; see Jonkman et al. (2019, 2020)
for more details. In themodel developed in this study, we aim
to study these questions, namely (i) how the elasticity of the
substructure affects the motions of a FOWT to wave loads,
and (ii) how the hydroelastic motions of a FOWT changes
when the aerodynamic load is added. Furthermore, most pre-
vious studies of wind and wave loads on FOWTs are in
time domain, and despite an emerging interest on multi-unit
FOWTs, the numerical approaches are commonly limited to
single-unit FOWTs. In this study, we investigate the elastic
motion of FOWTswith a coupling approach in the frequency
domain that is not limited to single-unit FOWTs.

Aeroelastic response of a FOWT is typically computed
with prescribed mode-shapes of the blades and the tower.
However, the mode-shapes are computed for a single blade
and the tower in the absence of the rotor and the substructure,
i.e. the coupling between the rotor, the tower and the sub-
structure on elastic deformation of the blades and the tower
is not considered. If the structural response of the substruc-
ture is of interest, its deformation to wave loads only (in the
absence of the aerodynamic loads on the rotor and the tow-
ers) are investigated and hence, the effect of aeroelasticity
and hydroelasticity on each other (i.e. the aeroelastic and
hydroelastic coupling) is not considered.

We are considering an approach here to investigate the
aeroelastic responses of FOWTs in a more complete man-
ner. A hydro-aero-elastic coupling approach is essential to
account for the elasticity of the entire FOWT. This is espe-
cially true for concepts with large substructures or multi-unit
FOWTs, although the elastic motion of a single-unit FOWT,
depending on its platform characteristics and the material
properties of the complete structure, can be significant. Fur-
thermore, structural analysis should be carried out for the
complete structure to account for structural coupling between
the wind turbines and the floating platform. Larger wind tur-
bines with higher capacities are used in deep waters, which
come with larger towers, rotors and substructures. There-
fore, the effect of both aero- and hydrodynamic loads on
the elasticity of the structure should be investigated. For this
purpose, an approach that is applicable to both single- and
multi-unit FOWTs is desirable as it provides important infor-
mation regarding the rigid body and elastic deformation of
the structure within reasonable computational resources.

This paper aims to introduce an approach to determine
the hydroelastic and aeroelastic responses of single- and

multi-unit FOWTs to combined wind and wave loads in
frequency-domain, see Lamei et al. (2022) for hydro- &
aeroelastic analysis of a multi-unit FOWT. The numerical
tool includes integrated modules for hydrodynamic, aero-
dynamic and elastic analysis of the complete structure of a
FOWT. In Sects. 2 and 3, the background theory on motion
and load analysis of rigid and fully flexible FOWTs to com-
bined wind and wave loads is explained. This is followed
in Sect. 4 by the introduction of the numerical approach for
hydroelasticity and aeroelasticity analyses of FOWTs. Our
goal in this paper is to introduce an approach to determine
motion and elastic responses of a FOWT of arbitrary shape
andwith arbitrary number of towers.After the presentation of
the completemodel, in Sects. 5 and 6, we apply this approach
to investigate responses of a SPARFOWT, forwhich there are
available experimental data allowing us to compare. Finally,
concluding remarks regarding the performance of the numer-
ical approach is provided.

2 Rigid body analysis

Wave, current and wind loads, and restoring forces and
moments are the dominant external loads that influence the
motion of a FOWT. Here, we focus on rigid body analysis
of a FOWT to wave and wind loads and the mooring forces,
see Fig. 2. In our linear analysis approach in the frequency
domain, the wind load is modelled with a harmonic function
with the incoming wave frequency, ω. In this approach, the
wind effect consists of two major components, namely (i)
the wind-induced load on the structure, and (ii) the damping
effect due to the relative motion of the floating body and the
incomingwind (discussed in the following section, Sect. 2.2).

Newton’s second law for a FOWT under the action of
combined wave and wind loads, the mooring forces Fmoor

and hydrostatic restoring loads Fhst takes the form of

Fwave + Fwind + Fmoor + Fhst = −ω2Mξ, (1)

in the frequency domain, where M is the mass matrix of
the floating structure and ξ is the complex body response
phasor. Equation (1) represents a system of equations and
the responses of the structure and the environmental loads
are given as vectors for translational and rotational rigid body
modes.

Linear diffraction wave theory combined with blade
element momentum method are used to obtain the hydro-
dynamic and aerodynamic loads on a FOWT. The methods
and their formulations are presented in the following subsec-
tions.
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Fig. 2 Schematic diagram of
the interaction of waves and
wind with a FOWT. In the
approach developed in this
study, the type and geometry of
the structure, and mooring lines,
wave direction and water depth,
h, are arbitrary

2.1 Hydrodynamic loads

The interaction of waves with the floating platform is
described by linear diffraction wave theory, where the fluid
is inviscid and incompressible and the flow is irrotational.
Waves are assumed small-amplitude and the wave-induced
motions and rotations of the structure are linearly propor-
tional to the wave amplitude. Here, the hydrodynamic loads
and consequently motions of the floating structure due to the
terms of the second and higher order of the wave amplitude
are not considered.

An earth-fixed Cartesian coordinate system is defined on
the still water level, shown in Fig. 2, where its x-axis is par-
allel with the incoming headsea waves, and its z-axis points
upwards. The rigid body translational motion of the float-
ing body along x-, y- and z-axes are surge (ξ1), sway (ξ2) and
heave (ξ3), respectively and its rotational motion about x-, y-,
and z-axes are roll (ξ4), pitch (ξ5) and yaw (ξ6), respectively.

In linear diffraction theory, both themotion of the structure
and the hydrodynamic loads are harmonic with the wave fre-
quency.The total hydrodynamic force on the structure, Ftot, is
the sum of the wave excitation loads (sum of Froude-Krylov
and diffraction forces), Fexciting, loads due to the added mass
and hydrodynamic damping components, Fhydro, hydrostatic
restoring terms, Fhst, and mooring forces, Fmoor. In the lin-
ear equation of motion, the forces of the mooring lines can
be modelled with a stiffness matrix. Hence, Eq. (1), in the
absence of the wind loads, takes the form:

Fj,tot = Fj,exciting + Fj,hydro + Fj,hst + Fj,moor

= −ω2Mjkξk,

j, k = 1, 2, . . . , 6, (2)

where Mjk is the body mass matrix, and ξk is the complex
body response phasor in mode k. Consistent with the lin-
ear wave theory, the equation of motion can be written as
(Wehausen and Laitone 1960):

ξk (−ω2 (Mjk + a jk) + i ω b jk + c jk,hst + c jk,moor)

= A X j , j, k = 1, 2, . . . , 6, (3)

where a jk and b jk are the frequency-dependent added mass
and hydrodynamic damping coefficients, c jk,hst and c jk,moor

represent the hydrostatic restoring coefficient, and the moor-
ing stiffness, A is the wave amplitude, and X j is the complex
amplitude of exciting force or moment for a unit wave ampli-
tude in mode j , hence Fj,exciting = AX j .

2.2 Aerodynamic loads

In this section, discussion is provided on how the aerody-
namic load is determined, and how it is added to the equation
of motion of a FOWT under combined steady wind and wave
loads in the frequency domain. In this study, the magnitude
of the thrust force is computed by steady BEM and the phase
angle of the aerodynamic force and its induced moment on a
FOWT is determined analytically.
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2.2.1 Steady BEM

Steady BEM is applied to estimate the magnitude of aerody-
namic loads on the rotor. BEM is based on the conservation
of mass and the axial and angular momentum balances. Air
is assumed to be incompressible and inviscid and the incom-
ing airflow is axisymmetric with respect to the rotor. In our
BEM model, the effect of dynamic wake and stall, and yaw
misalignments and gyroscopic effects are not considered, see
e.g. Hansen et al. (2006) and Hansen (2007). The gyroscopic
effect on the motions of a FOWT, particularly on its pitch
and yaw motions, are discussed in Chen et al. (2021) and
Høeg and Zhang (2021). The present study only focuses on
quasi-steady aerodynamic forces on the rotor and the effect
of the presence of the hub and the tower on the aerodynamic
load on the rotor are not considered (though the wind load
on the tower is calculated).

In BEM, the rotor is presented as a disk with an infinite
number of blades. Control volumes are defined along the
blades and the normal and tangential forces are computed.
Integration of the aerodynamic normal forces over the blades
equals to the thrust force acting at the hub centre of the rotor.
The total thrust force over the rotor plane area is obtained by,

T = 1

2
CTρV 2

0 Ar, (4)

where V0 is the incomingwind speed, ρ is the air density, and
Ar and CT are the rotor plane area and the thrust coefficient
of the rotor, respectively.

2.2.2 Aerodynamic load on a fixed offshore wind turbine

The aerodynamic thrust force on a fixedwind turbine is given
with a harmonic function with wave frequency so that it can
be linearly added to the governing equation of motion of
the floating structure, Eq. (3). In this approach, the aerody-
namic load on the wind turbine is treated similarly to the
wave loads on the substructure of the wind turbine. Further-
more, it is assumed that Fj,W is an excitation force in surge
acting at the top of the structure by the incoming wind. The
wind excitation force has the same frequency as the incident
waves, ω, and the wind direction is always orthogonal to the
rotor, parallel to the x-direction. This assumption is made to
allow adding directly the wind effect to the hydrodynamics
equations ofmotion of the body and solve the systemof equa-
tions in the frequency domain. To consider the misalignment
between the incoming waves and the wind on the rotors, the
wave heading angle is changed. That is, the wind always acts
in the +x-direction, see Fig. 2, but the wave can act in any
direction (Lamei et al. 2022). We note that in this approach,
no restriction is made about the magnitude of the wind speed
(and consequently, the magnitude of the wind load). Further

discussion on the linear presentation of the aerodynamic load
on FOWTs can be found in Kvittem and Moan (2014), Lup-
ton (2014), Wang et al. (2016), Pegalajar-Jurado et al. (2018)
and Karimi et al. (2019), who have applied this assumption
to analyse response of FOWTs to wave and wind loads.

We assume that the integrated aerodynamic normal force
over the blades act at the hub centre and eventually is trans-
ferred to the tower top. Given that the wind turbine towers are
commonly circular cylinders, and the wind load is assumed
harmonic with frequency ω, we determine the wind load
phase angle following the approach proposed by MacCamy
and Fuchs (1954) for wave-interaction with a circular cylin-
der i.e.

Fj,W = |Fj,W | cos(ωt − δaero), j = 1, 2, . . . , 6, (5)

where δaero is the phase angle of the inline force and it is
determined as

δaero(kr0) = − tan−1

[
Y

′
1(kr0)

J
′
1(kr0)

]
, (6)

in which Jp(kr) and Yp(kr) are the Bessel functions of the
first and the second kind of order p, respectively, and r0 is
the diameter of the top of the tower. Therefore, the harmonic
aerodynamic load on a fixed rotor in surge, Eq. (5), can be
represented with its magnitude computed by Eq. (4), i.e.

F1,W = 1

2
CTρV 2

0 Ar cos(ωt − δaero), (7)

2.2.3 Aerodynamic load on a FOWT

The governing equations of a floating structure, Eq. (3), are
solved for frequency ω. To account for the aerodynamic
load on the structure in the frequency domain, similar to the
aforementioned fixed wind turbine, the aerodynamic load
is linearized with a harmonic function of frequency ω. The
thrust force on a FOWT is computed for the incoming wind
velocity relative to the rotor. Assuming that the speed at the
tower top along the direction of the incoming wind, ẋ , is
small the thrust force with the relative incoming wind speed
can be approximated by the Taylor series. For the thrust force
with incomingwind speed V0 and deviations of Vrel = V0− ẋ
about V0, we can write

T (Vrel) = T (V0) − ẋ
∂T (V0)

∂V0
+ O(ẋ2) + · · · (8)

where the terms containing ẋ2 and higher orders in Eq. (8) are
discarded in this linear approach. In the frequency domain,
assuming the motion of the structure due to the horizontal
wind is restricted in xz-plane, the horizontal speed at the hub
of the rigid structure, ẋ , is given as iω(ξ1 + ξ5(zh − zcg)),
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where zh and zcg are the vertical coordinates of the hub centre
and the centre of gravity of the FOWT. Thus, Eq. (8) can be
rewritten as

T (Vrel) = T (V0)︸ ︷︷ ︸
F1,W

−iω(ξ1 + ξ5(zh − zcg))
∂T (V0)

∂V0
, (9)

and Vrel = V0−iω(ξ1+ξ5(zh−zcg)) is the relative incoming
wind velocity to the rotor.Moreover, the first termat the right-
hand side of Eq. (9) is equal to the thrust force on a rotor of
a fixed wind turbine, F1,W . The second term is a function of
both incoming wind speed and the speed of the structure at
the hub centre. Hence, substituting Eq. (8) into Eq. (9) reads

T (Vrel) = F1,W − iω(ξ1 + ξ5(zh − zcg)) × [
ρCTArV0

]
,

T (Vrel) = F1,W − iω(ξ1 + ξ5(zh − zcg)) × Baero.

(10)

where Baero = ρCTArV0 represents the aerodynamic damp-
ing coefficient.

The wind load vector FW, at the centre of gravity of a
FOWT with six degrees of freedom, consists of a force com-
ponent in surge which is the thrust force, and the induced
moment by the thrust force at the centre of gravity in pitch.
If the hub of a single-unit FOWT is along a vertical line
passing through the centre of gravity of the structure, the
aerodynamic load vector FW can be defined with the com-
puted |Fj,W| component in Eq. (5) and the phase angle δaero
in Eq. (6). Therefore, FW is

FW =

⎡
⎢⎢⎢⎢⎢⎢⎣

|F1,W|
0
0
0

−|F1,W| × (zh − zcg)
0

⎤
⎥⎥⎥⎥⎥⎥⎦
cos(ωt − δaero) (11)

For a single wind turbine located above the centre of grav-
ity of the floating body, it is assumed that its thrust force and
aerodynamic damping effect is significantly larger in surge
than in sway direction. Since the damping effect in sway is
negligible, only the terms in surge, pitch and their coupling
components in Baeromat are nonzero:

Baeromat

=

⎡
⎢⎢⎢⎢⎢⎢⎣

ρCTArV0 0 0 0 ρCTArV0(zh − zcg) 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

ρCTArV0(zh − zcg) 0 0 0 ρCTArV0(zh − zcg)2 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

(12)

where Baeromat in rotational modes contains the effect of the
offsets of the hub centre from the centre of gravity.

To obtain the motions of the structure to combined wind
and wave loads, the aerodynamic load vector, Eq. (11), and
its damping effect, Eq. (12), are added to Eq. (3) as

ξk (−ω2(Mjk + a jk ) + iω b jk + c jk,hst + c jk,moor)

= A X j +
(Fj,W − iωξk B jk,aero)︸ ︷︷ ︸

aerodynamic effect by the operating rotor

,

j, k = 1, 2, . . . , 6.

(13)

Rearranging Eq. (13) by moving the aerodynamic damp-
ing coefficients to the left-hand side would read

ξk

A
(−ω2(Mjk + a jk ) + iω( b jk + Bjk,aero) + c jk,hst

+ c jk,moor) = X j + Fj,W

A
,

j, k = 1, 2, . . . , 6.

(14)

The RAOs of a rigid FOWT to combined wind and wave

loads, |ξk
A

|, are obtained by solving Eq. (14) for a range of

frequencies, ω.

3 Flexible body analysis

The elastic responses of a FOWT are obtained using a
reduced basis approach. In this method, the structural defor-
mations are represented by a linear superposition of math-
ematical mode-shapes that are sufficiently general to model
the physical motion of the structure, see for instance Bishop
et al. (1986), Newman (1994) and Wu et al. (1993) for more
details. Therefore, in the linearized frequency-domain anal-
ysis, in addition to the rigid-body modes, the mode-shapes
are added as generalized modes to form the total degrees of
freedom (rigid and flexible modes combined) of the flexible
structure.

The mode-shapes of the full structure are determined with
the finite element method. The mode-shapes of a floating
structure can be represented by a subset of free undamped
wet deformationmodes of the structure inwater or drymodes
of the structure in air. However, the wet natural frequencies
of a floating structure depend on the added mass at a given
wave frequency. Hence, an iterative process is required to
obtain the wet eigenfrequency. In this study, the dry mode
shapes of the full structure including the rotor and the tower
of a FOWT are considered together, and hence the problem is
defined with a subset of m dry modes from the total possible
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modes, N , of the flexible structure. The coupling between
the structural deformation of the blades and their rotational
motion would modify the structural stiffness, and hence its
mode shapes, see for instance Chen et al. (2023) for more
details. We note that the effect of the rotation of the blades
on mode shapes is not included in our analysis.

When a floating structure is displaced from its equilib-
rium position, the hydrostatic restoring coefficients depend
on both the change of hydrostatic pressure as external forces
and the internal stresses. An explicit formulation of hydro-
static restoring coefficient is obtained by linearizing both
the internal and external generalized forces on the floating
body, see Huang and Riggs (2000). The complete formula-
tion accounting for contributions of both internal stresses, cg ,
and hydrostatic pressure, c f , is given by

chst = c f + cg. (15)

The complete hydrostatic restoring coefficient, ci j,hst is
computed as

ci j,hst = −ρwg
∫
Sb

ψ i
k(ψ

j
3 + z ε j

ν ) nk dS

+ ρwg
∫
Sb

zψ i
l ψ

j
k,l nk dS +

∫
Ωs

σlnψ
i
k,lψ

j
k,n nkdΩ,

k, l, n = 1, 2, 3, i, j = 1, 2, . . . ,m, (16)

where ρw is the mass density of water, g is the gravitational
acceleration, and Sb is the wetted surface. ψ i

k is the displace-
ment in mode i , i representing both rigid-body modes and
the elastic generalized modes. nk is the kth component of the
normal vector on thewet surface.Ωs is the structural volume,
σln is the structural stress under gravitational loads in calm
seas, ε j

ν is the volumetric strain in mode j . In Eq. (16), the
first two integrals represent the hydrostatic pressure and the
last one represents the internal stresses.

For a flexible FOWT under the action of combined wind
and wave loads, the frequency-domain equation of motion,
Eq. (14), with the addition of the generalized modes, takes
the form of

ξk

A
(−ω2(Mjk + a jk ) + iω( b jk + Bjk,aero) + c jk,hst

+c jk,moor) = X j + Fj,W

A
,

j, k = 1, 2, . . . ,m. (17)

where the hydrostatic coefficient, c jk,hst is computed by
Eq. (16) and m is the total number of modes of the FOWT.
The first six translational and rotational modes are normal-
ized by unit-displacements and the added generalized modes
are normalized by mass of the structure.

4 Numerical solution

A three-dimensional finite element model of the blades, the
tower and the platform of a FOWT is generated with shell
elements, and the rotor-nacelle-assembly (RNA) is modelled
with mass points at the top of the tower. The catenary cables
are modelled with an element based on small strain elastic
catenary theory and the taut cables are modelled as springs.
The generalizedmass and stiffness matrices are computed by
assigning the material properties of the shell elements over
the entire structure.

Assuming that the displacements of the structure are har-
monic and describedwith a subset ofmmodes, an eigenvalue
analysis results in:

(Cs − ω2
n, j Ms)Ψn, j = 0, j = 1, . . . ,m, (18)

in which ωn, j and Ψn, j are the natural frequency and the
mode shape in mode j of the structure, and Ms and Cs are
the structural mass and stiffness matrices, respectively. The
displacement of the body is presented with a linear combi-
nation of the mode shapes for m modes, where the first six
mode shapes represent the rigid body modes of the structure
and j > 6 refer to the generalizedmodes due to the flexibility
of the structure.

The rigid body responses of a FOWT with the aerody-
namic load as an integrated force at the hub centre, and as
distributed normal forces over the rotor were computed and
compared. Similar aerodynamic thrust forces were obtained
by both approaches, however, for a detailed structural analy-
sis of the rotor under aerodynamic load, the normal force
components and the local damping coefficients are dis-
tributed over the front face of the rotor. With finite element
analysis, the magnitude of the total aerodynamic load vector
and the global aerodynamic damping matrix at the centre of
gravity of the floating structure is computed. This approach
is particularly different from the existing numerical coupling
tools on FOWTs where the thrust force is pre-calculated and
added directly to the hub centre.

To calculate the distributed aerodynamic force compo-
nents on the rotor, first the nodes of the blades facing the
incoming wind are identified. With BEM, the aerodynamic
normal forces and their corresponding local aerodynamic
damping coefficients on each control volume across the
blades are computed and distributed over the blades as nodal
forces and dampers.

The amplitude of the aerodynamic load on the tower is
computed by

FD = 1

2
CdAtV

2
0 , (19)
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where Cd = Cd (Re) is the drag coefficient with respect
to the incoming wind Reynolds number (see Hoerner 1958),

Re = V0D

ν
, where D is the diameter of the tower, and ν

is the kinematic viscosity of air at 20◦, and At is the cross-
sectional area of the tower. Similar to the blades, the wind
load on the tower computed by Eq. (19) is distributed over the
front face nodes of the tower. The equivalent aerodynamic
load vector and damping effectmatrix on the centre of gravity
of the FOWT are obtained with the aerodynamic thrust force
and damping coefficient distributed over the rotor and the
aerodynamic drag force on the tower.

In the hydrodynamic analysis, the finite element model of
the structure is mapped to a panel mesh covering the wetted
surface of the platform. The diffraction and radiation prob-
lem over the wet panels are solved by the boundary integral
equations, with three dimensional source distribution, Green
function method, see Wehausen and Laitone (1960), Wang
et al. (1991) and Ertekin et al. (1993) among others. Here,
with the boundary integral equations, the square matrices
of the frequency-dependent hydrodynamic coefficients and
wave exciting force vectors for rigid body modes and added
generalized modes are computed. The structural and hydro-
dynamic viscous damping effects, if considered, are added to
the damping terms at the left side of the equation of motions,
Eq. (17). Finally, themass and stiffnessmatrices are obtained
by FEM and the governing equation of motion, Eq. (17), is
solved with standard matrix solvers in the frequency domain,
form modes including the flexibility of the full structure, and
the combined wind and waves loads.

The computations explained above are performed in
HYDRAN-XR(seeNumSoftTechnologies 2020), a potential-
flow solver for hydrodynamic analysis, integrated with finite
element analysis for structural considerations. HYDRAN-
XR has been enhanced to include the blade element momen-
tum method solver for the aerodynamic analysis of the wind
turbines. Figure3 presents a flowchart of the three aforemen-
tioned integrated numerical solvers developed for structural,
aerodynamic, and hydrodynamic analysis of a FOWT.

5 Results: rigid body responses

In this and the following sections, we will apply the model
discussed in the previous sections to investigate responses
of a FOWT, for which there are available data for compar-
isons. Our goal is to assess and demonstrate the performance
of the model. The hydro-aero-elastic computational model
discussed in the previous sections is applied to determine the
hydrodynamic and aerodynamic loads on a SPAR FOWT
and study its rigid body responses. Results are compared
with the laboratory experiments and other numerical solu-
tions where possible. The simulations are carried out on a

desktop machine with Intel Core i5 6500U , 3:20GHz CPU
and 32GB memory.

A SPAR FOWT is considered in the Offshore Code Com-
parison Collaboration (OC3) project (see Jonkman 2010;
Jonkman andMusial 2010). In this concept, a 5MWnational
renewable energy laboratory (NREL)wind turbine (Jonkman
et al. 2009) is supported by a SPAR platform. In an exper-
imental study by Ahn and Shin (2017), the responses of a
rigid model of the SPAR FOWT (with a scaling ratio of
1:128) to regular and irregular waves, and combined wave
and wind conditions are measured and compared with their
corresponding numerical results byFASTcoupledwith an in-
house potential flow solver at theUniversity ofUlsan, namely
UOU. The wind loads on the model corresponds to zero and
rated wind speed, 11.4m/s for the 5MW wind turbine. For
the latter wind load, following the Froude scaling law, the
rotor model is operated with a speed 136.9 revolutions per
minute at a wind speed of 1.007m/s.

The SPAR platform ismade of steel and it is moored to the
seabed with three slack catenary mooring lines. The draft of
the structure is 120m and the water depth at the installation
site is 320m. The platform is made of two connected cylin-
ders, one with 9.4m diameter at the bottom tapered to a more
slender cylinder with 6.5m diameter at the top. Information
about the mass distribution, mooring configuration and char-
acteristics, the installation site of the SPAR FOWT and the
added linear viscous damping coefficients are obtained from
Jonkman (2010) and Ahn and Shin (2017), respectively and
presented in Table 1.

The SPAR FOWT is modelled using the prototype dimen-
sions. The mesh convergence study is carried out for panel
sizes 0.5, 1 and 1.5 and the RAOs for the different meshes
were compared in translational and rotational modes. The
responses of the FOWT were converged with panel size
1m. With the converged panel size and 3966 wet panels,
the aeroelastic and hydroelastic analysis of SPAR FOWT
by HYDRAN-XR requires approximately 3h for 122 wave-
wind frequencies. For comparison, in FAST, analysis of the
aerodynamic loads on the rotor of the SPAR FOWT, takes
about 30min for a single wave frequency (see Jonkman et al.
2018). Hence, running FAST for 122 wave frequencies, as
considered here, would require about 61h. Moreover, the
time that is required for the hydrodynamic analysis (by a
potential flow solver) should also be added to the computa-
tional cost of FAST.

In Fig. 4, the added mass and damping coefficients in
surge, heave and pitch, and the surge and pitch coupling
components are compared with numerical results com-
puted by WAMIT (see Jonkman et al. 2009). A very good
agreement between the hydrodynamic frequency-dependent
coefficients reported by Jonkman et al. (2009) and computed
by HYDRAN-XR is observed.
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Table 1 Mass distribution and
mooring lines characteristics of
the OC3 SPAR FOWT reported
by Jonkman (2010) and
hydrodynamic viscous damping
coefficients given by Ahn and
Shin (2017)

Mass distribution

Total mass (kg) 8.07 × 106

Centre of gravity, CCG below SWL (m) 78.0013

Roll inertia about CCG (kgm2) 2.10 × 1010

Pitch inertia about CCG (kgm2) 2.10 × 1010

Yaw inertia about CCG (kgm2) 1.79 × 108

Viscous damping coefficients

Additional linear damping in surge (N/(m/s)) 5 × 104

Additional linear damping in sway (N/(m/s)) 10 × 104

Additional linear damping in heave (N/(m/s)) 3 × 105

Additional linear damping in yaw (N/(rad/s)) 1.3 × 106

Mooring line characteristics

Number of mooring lines 3

Angle between the mooring lines (◦) 120

Depth of anchors (m) 320

Depth of fairleads (m) 70

Mooring line diameter (m) 0.09

Equivalent mooring line weight in water (N/m) 698.09

Equivalent mooring extensional stiffness (N) 3.84 × 108

Additional yaw spring stiffness (Nm/rad) 9.83 × 107

Figure 5 presents the computed rigid-body wave-induced
motions of the SPAR FOWT. The numerical responses by
HYDRAN-XR are compared with the laboratory experi-
ments and the numerical results of Ahn and Shin (2017) in
surge, heave and pitch. Ahn and Shin (2017) obtained the
motion of the SPAR FOWT to wave loads by using FAST
+ UOU. The wet natural frequencies of the SPAR FOWT in
heave and pitch are approximately 31s and atwave frequency
ω = 0.2 rad/s. Consequently, heave and pitch RAOs experi-
ence a peak at ω = 0.2 rad/s, and similarly surge responses
show a local maximum at the same frequency due to the cou-
pling effect between the surge and pitch motions. The same
behaviour at ω = 0.2 rad/s is observed in surge, heave and
pitch in experimental and numerical results of Ahn and Shin
(2017).As explained byAhn andShin (2017), the experimen-
tal data are slightly underestimated due to the extra resistance
from the bundle of the signal cables, the effect of which is
observed in particularly surge and pitch RAOs. Nevertheless,
the numerical results are in a very good agreement with the
laboratory measurements.

Next, the aerodynamic load analysis in HYDRAN-XR is
compared with two experimental benchmarks. First, for the
5MW rotor, the aerodynamic thrust force is computed and
compared with experimental data on the model scale. After-
wards, the motions of the SPAR FOWT to combined wind
and wave loads are computed and compared with available
laboratory measurements.

The wind thrust force on the rotor is the main aerody-
namic load contribution on the global motion of a FOWT.

To assess the performance of the aerodynamic analysis of
HYDRAN-XR, wind load on a fixed 5MW NREL rotor is
computed and compared with experimental measurements.
Coulling et al. (2013) carried out laboratory experiments of
combined wave and wind interactions with a 1:50 model
scale of 5MW NREL FOWT and compared the measured
thrust on the scaled rotor with numerical results computed
by unsteady BEM solver of FAST. In these experiments,
the incoming wind speed is increased to obtain the Froude-
scaled thrust force on themodel. For the appliedwind speeds,
the tabulated lift and drag coefficients of the 5MW NREL
wind turbine (Jonkman et al. 2009) are not provided. Hence,
Coulling et al. (2013) calculated the new lift and drag coef-
ficients corresponding to the wind speeds in the experiments
and modified the numerical model in FAST.

The total thrust force for the scaled rotor is com-
puted in HYDRAN-XR with respect to the modified airfoil
coefficients. The numerically computed thrust forces by
HYDRAN-XRandFASTare comparedwith laboratorymea-
surements of Coulling et al. (2013) in Fig. 6. Shown in Fig. 6,
the wind thrust forces on the hub obtained by HYDRAN-XR
are in close agreement with the laboratory measurements of
Coulling et al. (2013).Moreover, the thrust forces determined
by steady BEM inHYDRAN-XR are slightly over-estimated
when compared to the unsteady BEM results of FAST, with
maximum 7% difference.

Next, the total hydrodynamic and aerodynamic loads on
theOC3 SPARFOWTand their RAOs to combinedwind and
wave loads are computed in HYDRAN-XR and discussed.
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Fig. 4 Comparison of added
mass and damping coefficients
computed by HYDRAN-XR
and the results by WAMIT
reported by Jonkman (2010) (a)

(b)

(c)

(d)

(e) (f)

(g) (h)

Fig. 5 Comparison of the
wave-induced RAOs of the
SPAR FOWT computed by
HDYRAN-XR and the
laboratory measurements of
Ahn and Shin (2017)

(a)

(b) (c)

The simulation is carried out for regular waves with A =
3m (chosen arbitrarily for a representative comparison) and
steadywind at 11.4m/s (ratedwind speed). In this study, both
wind and wave loads are codirectional.

The horizontal hydrodynamic excitation force with 3m
wave amplitude on the FOWT varies from 500 to 3600kN
for ω ≤ 1 rad/s, whereas the thrust force on the 5MW
NREL rotor is considerably smaller, and it is constant at
approximately 770kN. Ahn and Shin (2017) determined the
responses of the SPAR FOWT to the same environmental
conditions numerically by FAST + UOU and measured the
surge, heave and pitch motions of the structure. Figure7
shows the comparison of the numerical results obtained in
HYDRAN-XR and those reported by Ahn and Shin (2017).

From the results, we observe that due to the aerodynamic
damping by the operating rotor, peaks in surge and pitch
motionof theFOWTto combinedwaves andwind are smaller
than those in wave-induced surge and pitch RAOs, see Fig. 7
for comparison. As expected, the aerodynamic load on the
FOWT does not contribute to heave, and responses in heave
are identical to the heave RAOs presented in Fig. 5b. The
numerical results in HYDRAN-XR in surge and pitch are
slightly overestimated compared with the laboratory mea-
surements, however, they are in a very good agreement with
the numerical results of Ahn and Shin (2017) by FAST
+ UOU. Similar to Fig. 5, the difference could be due to
added resistance by the signal cables during the experi-
ments, see Ahn and Shin (2017) for more details. Overall,
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Fig. 6 Comparison of the thrust force on a fixed 5 MW NREL model
computed by HYDRAN-XR, and the reported numerical results by
FAST and the laboratory measurements of Coulling et al. (2013)

a good agreement is observed between the RAOs obtained
by HYDRAN-XR and the laboratory measurements.

6 Results: flexible body responses

Analysis of elastic responses of the entire structure ofFOWTs
(including the floating body and the turbines), as developed in
this study, is particularly critical when the size and the shape
of the structure is such that the wave-wind frequency is com-
parable to the natural frequencies of the structure. This is
observed, for example, in the multi-unit FOWTs (Bae and
Kim 2014; Hanssen et al. 2015; Lamei et al. 2022), and

Fig. 8 The a 7th and b 8th mode-shapes of the flexible barge, at its dry
natural periods of Tn = 0.640 s and Tn = 0.294s

other floating concepts. To assess the hydroelastic results of
HYDRAN-XR, we first consider a barge-shaped platform,
for which there are available laboratory data for its hydroe-
lastic responses. Barges are widely used as the floating part
of several FOWTs, see e.g. Jonkman (2007) and Chuang
et al. (2021). In the following discussion, laboratory mea-
surements of wave interaction with a flexible floating barge
are considered and results are compared. Next, we confine
attention to the SPAR FOWT considered in the previous sec-
tion, for the elastic analysis to determine deformation and
wave-wind induced structural loads.

Yago and Endo (1996) and Hamamoto and Fujita (2002)
studied hydroelastic responses of a freely floating rectangular
barge and reported its vertical displacements under several
incomingwave directions and periods. The prototype of these

Fig. 7 Comparison of the wind-
and wave-induced RAOs of the
SPAR FOWT computed by
HYDRAN-XR and laboratory
measurements of Ahn and Shin
(2017)

(a)

(b) (c)
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(a) (b) (c)

(d) (e)

(f)

(g) (h) (i)

(j) (k) (l)

Fig. 9 Comparison of the vertical displacement along the centreline of the flexible barge computed by HYDRAN-XR and laboratory measurements
of Yago and Endo (1996)

experiments is a steel barge, with an overall length of Lc =
300m long, 60m wide, and 2m deep with a draft of 0.5m.
The laboratory experimentswere carried out for amodelwith
a scaling ratio of 1:30. In the experiments, the total mass of
the scaled barge is 327kg, with 683.8 × 102MPa elasticity
modulus and 0.3 Poisson’s ratio. The density of the top and
bottom plates of the barge is 315.6kg/m3, with 0.02725m
shell thickness. The density of the side plates is assumed to
be negligible.

The wave-induced vertical displacements of the barge
along its horizontal centreline are computed by HYDRAN-
XR and compared with the laboratory experiments. The
computations for the panel size 0.325m, 1010 wet panels,
and for 5 wave frequencies required less than a minute. The
mode-shapes of the barge are computed such that similar to
a free-free beam, both ends of the barge are free. Figure8
presents the first two generalized modes of the barge, the 7th

and 8th mode shapes. Figure9 shows the distribution of the
vertical displacements normalised by wave amplitude along
the centreline of the barge and their comparison with the
laboratory measurements in wave heading angles β = 0◦,
β = 30◦ and β = 60◦. The results in Fig. 9 are presented
as a function of the ratio between the wavelength, λ, and the
length of the barge, Lc.

A non-uniform distribution of the vertical displacement
along the barge length is observed. The vertical displacement
increases gradually from the barge fore to the aft. The aver-
age displacement along the centreline of the barge increases
with the wavelength, while the wavy distribution of the ver-
tical displacement becomes flattened. This behaviour can be
explained by themode shapes of the flexible barge, the length
and its material properties, and the incoming wave periods.
As the incoming wave directions vary from head seas, the
vertical displacement is increased slightly.
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Fig. 10 The a 7th, b 8th, c 9th and d 10th mode-shapes of the flexible
FOWT at its wet natural periods of Tn = 2.219s, Tn = 2.041s, Tn =
1.965s and Tn = 1.8661s (enlarged by a factor of 500)

Shown in Fig. 9, in spite of some small differences for
wave heading angle 60◦ and λ/Lc at 0.2 and 0.8, see Fig. 10c,
l, there is an excellent agreement between the results of
HYDRAN-XR and the laboratory measurements.

Next, a fully flexible FOWT is modelled and its hydro-
and aeroelastic responses are presented and discussed. There
have been several FOWT concepts, but only a hand-full of
these concepts have accessible structural details such as the
OC3 SPAR FOWT. Although the substructure of the OC3
SPAR FOWT is designed to be rigid, this paper will also con-
sider the hydroelastic responses of the structure. The finite
element analysis tool of HYDRAN-XR is assessed in this

study and results are compared with laboratory measure-
ments of the rigid OC3 SPAR FOWT.

The finite element model of the rotor and the tower of
the OC3 SPAR FOWT is according to the system definition
given by Jonkman et al. (2009). The material properties of
the blades vary along their chords and their radius. A simpli-
fied model of the blades is used for this study. In this model,
the blades are divided into 17 sections along their radius
and the material properties are averaged over the chord at
each section. The mass of the RNA is added at the top of
the tower with nodal masses. As specified by Jonkman et al.
(2009), the tower for the 5 MW NREL wind turbine is coni-
cal with decreasing diameter from bottom to top. The tower
is modelled with three cylindrical segments, each with a uni-
form diameter along its length. The wall thicknesses of the
cylindrical segments decreases linearly from 0.0351m at the
bottom to 0.0247m at the top.

For the floating SPAR substructure, other than the geo-
metrical dimensions, the details about its material properties,
wall thickness, the mass distribution of the platform and
the ballast weight were not reported. To model the SPAR
platform, Leimeister et al. (2020) for instance, divided the
platform in four cylindrical sections, where the bottom sec-
tion was used for the ballast. Here, it is assumed that the
SPAR platform is a continuation of the tower, with the same
material properties. The wall thickness of the entire platform
is assumed to be constant and equal to the wall thickness at
the bottom of the tower, 0.0351m.

The total mass of the ballast and its location is specified
such that the total mass of the structure, the centre of grav-
ity and the inertia moments match the values reported for
the reference OC3 SPAR FOWT. With the specified mate-
rial density and the wall thickness for the SPAR platform,
the total mass of the added ballast is 6.6330 × 106 kg. It is
assumed that the ballast inside the platform covers the bot-
tom of the structure up to a specific height to result in the
centre of gravity and the inertia moments given by the def-
inition of the SPAR FOWT system. Similar to the RNA of
the FOWT, the ballast is added to the platform with nodal
masses. With an iterative procedure, the length of the bottom
section of the platform, where the ballast nodal masses are
assigned, is changed until the centre of gravity and inertia
moments match their target values. The wall thicknesses of
the tower and platform and the height of the ballast mass
are reported in Table 2. In Table 3, the mass distribution of
the SPAR FOWT finite element model in HYDRAN-XR is
given. Furthermore, the additional viscous damping coeffi-
cients and the mooring stiffness specified by Jonkman et al.
(2009) are implemented for the hydroelastic analysis of the
SPAR FOWT.

Generalised modes of the flexible SPAR FOWT are deter-
mined by a finite element method. The equation of motion
of the FOWT to combined wave and wind loads is solved for
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Table 2 Structural properties of
the tower and the platform of the
flexible SPAR FOWT

Tower

Top section, wall thickness (m) 0.0247

Middle section, wall thickness (m) 0.0299

Bottom section, wall thickness (m) 0.0351

Platform

Wall thickness (m) 0.0351

Length of the ballast mass from the bottom of the platform (m) 49

Table 3 Mass distribution of the flexible SPAR FOWT model in
HYDRAN-XR

Total mass (kg) 8.0660 × 106

Ballast mass (kg) 6.6330 × 106

Center of gravity (CG) below SWL (m) 77.0981

Roll inertia about CG (kgm2) 2.2130 × 1010

Pitch inertia about CG (kgm2) 2.2116 × 1010

Yaw inertia about CG (kgm2) 1.7912 × 108

18 modes, i.e. six translational and rotational modes of the
structure and 12 generalised modes, representing the flexi-
bility of the structure. The wet mode-shapes of the flexible
SPAR FOWT are computed, and the first four generalized
modes are presented in Fig. 10. The first four mode-shapes
are mainly dominated by the deflection of the blades of the 5
MW NREL wind turbine, and the contribution of the tower
and the platform to the mode-shapes are negligible. This is

expected as the blades are more flexible than any other part
of the SPAR FOWT.

The normalized added mass and damping coefficients for
the first four generalized modes and their couplings with
surge and pitch are presented in Fig. 11. As explained in
Sect. 3, the generalized mode shapes and so the diagonal
added mass and hydrodynamic damping coefficients are nor-
malized by the mass of the structure. For comparison, the
coupling components of the generalized modes with surge
and pitch are normalized with the mass of the structure and
the pitch rotational inertia, respectively. As shown in Fig. 11,
the diagonal values of both added mass and hydrodynamic
damping coefficients for modes 7, 8, and 9 are significantly
smaller than in mode 10. Shown in Fig. 11c, the added mass
coefficients coupling modes 7 and 9 with surge are approxi-
mately comparable in their magnitude. The same behaviour
in Fig. 11d–f, between the coupling components of modes
7 and 9 with surge and pitch, i.e. B17 and B19, A57 and

(a) (b)

(c) (d)

(e) (f)

Fig. 11 Comparison of the normalized added mass and hydrodynamic damping coefficients of the fully flexible SPAR FOWT for the first four
generalized modes, i = 7, 8, 9 and 10 and their coupling with surge, heave and pitch modes computed by HYDRAN-XR
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Fig. 12 Normalized hydrostatic restoring coefficients of the rigid and
flexible SPAR FOWT for heave, roll and pitch and the first four gener-
alized modes

Fig. 13 Comparison of wet natural frequencies of the moored fully
flexible SPAR FOWT computed by HYDRAN-XR and reported by
FAST (Jonkman and Musial 2010)

A59, B57 and B59 is observed. However, the coupling effects
of the 8th and the 10th modes are the least and the high-
est with surge and pitch rigid body modes, among others.
Similarly, Mantadakis et al. (2019) carried out a hydroelastic
analysis of the fully flexible SPAR FOWT and presented its
frequency-dependent coefficients for the first four general-
ized modes. However, the reported wet natural frequencies
and consequently the added mass and damping coefficients
are far different from the computations presented here. This
difference is explained by normalization of the added mass
and damping coefficients in the added generalized modes.

Shown in Fig. 12, the magnitude of the restoring coeffi-
cients of the rigid SPAR FOWT in its heave, roll and pitch

and for the first 10 modes of the flexible SPAR FOWT are
presented. For comparison, the hydrostatic restoring coeffi-
cients are calculated for mass-normalized mode shapes. In
Fig. 12, only the nonzero restoring coefficients in the gener-
alizedmodes are shown.As explained in Sect. 4, the restoring
coefficients are computed byEq. (16), including the effects of
both external forces and internal stresses of the structure. The
normalized restoring coefficients in heave, roll and pitch are
comparable with their counterparts for the rigid structure and
considerably smaller than hydrostatic coefficients at modes
7, 8, 9 and 10. However, hydrostatic coefficients for the cou-
pling effect of the generalized modes and roll and pitch have
lower values compared with the rest of the presented restor-
ing coefficients.

The wet natural frequencies of the full structure for the
first 10 modes are presented in Fig. 13. The computed values
in HYDRAN-XR for the six rigid modes are compared with
their reported counterparts by Jonkman and Musial (2010).
A close agreement between the natural frequencies deter-
mined by HYDRAN-XR and those reported by Jonkman and
Musial (2010) are seen for the rigid body modes. As shown
in Fig. 13, the natural frequencies in the generalized modes
are in an interval of high wave frequencies, and less likely to
be excited.

For a flexible structure, the equation of motion is solved
for the total number of rigid-body and the added generalized
modes. Due to the coupling effect of the generalized modes,
the responses of the structure in its translational and rotational
degrees of freedommight be different. The RAOs of the rigid
and flexible SPAR FOWT in surge, heave and pitch obtained
by HYDRAN-XR are presented in Fig. 14. For comparison,
the numerical results of the flexible SPAR FOWT reported
byMantadakis et al. (2019) and the laboratorymeasurements
of the rigid scaled model of Ahn and Shin (2017) are also
included in Fig. 14. The peaks in surge and pitch RAOs com-
puted by Mantadakis et al. (2019) are shifted to larger wave
frequencies compared with the laboratorymeasurements and
the numerical results for both rigid and flexible structures
by HYDRAN-XR. The difference between the numerical
RAOs of the flexible structure by HYDRAN-XR and Man-
tadakis et al. (2019) is more pronounced at the peak in heave
at approximately ω = 0.2 rad/s. Moreover, comparing the
RAOs of the rigid and flexible FOWTs byHYDRAN-XR, by
including the flexibility effects of the entire structure, peaks
in both surge and pitch RAOs become smaller.

Next, we investigate the shear forces and moments on a
cross-section of the platform at the SWL. The stresses on
each element of the circular cross-section are determined at
each quadrant based on the local coordinate system of the
quadrant, shown in Fig. 15. The forces and moments are then
transferred from the local coordinate system of the elements
to the global coordinate system of the structure, shown in
Fig. 15. Based on the direction of the local coordinate sys-
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(a) (b) (c)

Fig. 14 Comparison of the wave-induced RAOs of fully flexible SPAR FOWT by HYDRAN-XR with laboratory measurements of Ahn and Shin
(2017) and numerical results by Mantadakis et al. (2019)

Fig. 15 Top view of the global
coordinate system at a cross
section of the platform at the
SWL and the local coordinate
systems of the elements at the
cross section. The local
coordinate system of the
elements in each quadrant of the
cross section are the same.
Numbers refer to the order of
elements. Circles with a dot and
a cross describe the direction of
the vector out of and into the
paper, respectively
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Fig. 16 The wave-induced a
total horizontal shear force at
the SWL on the platform, b total
moment about the y-axis at the
SWL on the platform, c
contribution to the horizontal
shear force by Elements 18, 20,
22 and 24, and d contribution to
the moment about the y-axis by
Elements 18, 20, 22 and 24

(a)

(b)

(c) (d)

tem, in-plane tensile stress resultants either in local x- or
y-direction contribute to the global moments about x- and
y-axis. The local bending moment of each element is negli-
gible and it is not accounted in element contribution to the
total moment about global x- and y-axis. Furthermore, the in-
plane and transverse shear stress resultants of each element
contribute to the total shear forces in the global coordinate
system. There are 32 elements at the perimeter of the cross
section, shown in Fig. 15, and the local coordinate system of
the elements in each quadrant is the same.

Figure 16 presents the total shear force, Fx , and moment,
My on the cross-section of the structure. Also included in
Fig. 16 is the contribution of the shear force and the moment
by elements, on sample points of the cross-section (here,
Elements 18, 20, 22 and 24 in Quadrant III are consid-
ered). Similar peaks are observed at the same frequency
ω = 0.2 rad/s approximately the natural frequency of the
pitch and heave of the SPAR FOWT, in both the total force

and moment and for the element contributions. Among the
four elements, Element 18with the largest armwith respect to
the global y-axis has the highest contribution to the bending
moment about y-axis, compared with Elements 20, 22 and
24. Moreover, in Quadrant III, the angle between the global
x-axis and the local Y -axis on Element 24 is the smallest
compared with other three elements, resulting in the largest
contribution to the horizontal shear force of Element 24 in
comparison with Elements 18, 20 and 22.

Figure 17 compares themaximumwave-induced horizon-
tal nodal displacements of the fully flexible SPAR FOWT
with its rigid counterparts. For the rigid FOWT, the hori-
zontal displacements along the structure are the sum of the
motion of the structure in surge and the displacements due
to the rotation of the structure about the y-axis. Regarding
the fully flexible FOWT, in addition to the motions of the
structure in its rigid body degrees of freedom, the displace-
ments due to the flexibility effects of the FOWT contribute to
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Fig. 17 Comparison of the
horizontal wave-induced nodal
displacements of the rigid and
fully flexible SPAR FOWTs
computed by HYDRAN-XR

SWL

(a)

SWL

(b)

SWL

(c)

the total horizontal displacement of the structure. The nodal
displacements presented in Fig. 17 are the magnitude of the
maximumdisplacements of a node on the structure. Themax-
imum displacements of the nodes may not occur at the same
time, hence, the displacements of the rigid body do not follow
a straight line.

The displacements are shown for three wave frequencies,
one before the peak in surge RAOs (ω = 0.16 rad/s) and two
wave frequencies larger than 0.2231 rad/s, i.e. ω = 0.3 rad/s
and 0.6 rad/s. In Fig. 17, on the y-axis, three key vertical
locations along the platform and the tower are specified. The

horizontal dashed line represents the SWL, the substructure
cross section is tapered to a smaller diameter at z = −12m,
and the tower starts at 10m above the free surface. The hor-
izontal displacements are computed for 109 nodes from the
bottom of the SPAR platform up to the top of the tower. The
nodes are located at the leading edge of the structure, facing
the incoming waves. The displacements of the structure in
x-direction start from small values for ω lower than the peak
frequency. Similar to the surge RAOs, for ω > 0.2231 rad/s,
the magnitude of the displacements decrease.
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(a)

(b) (c)

Fig. 18 Comparison of the wind- and wave-induced RAOs of rigid and flexible SPAR FOWT by HYDRAN-XR with laboratory measurements of
Ahn and Shin (2017)

At ω = 0.16 rad/s, although the tower top of the rigid
FOWTexperiences slightly smaller horizontal displacements
than the flexible FOWT, the displacements along the plat-
forms of both rigid and flexible structures are the same.
As the wave frequency increases, the tower top undergoes
a larger displacement than the rest of the nodes along the
structure. At ω = 0.3 rad/s and ω = 0.6 rad/s cases, the
horizontal displacements of the rigid and flexible structures
are almost identical. Also seen in Fig. 17, at ω = 0.16 rad/s
and ω = 0.6 rad/s, the minimum nodal displacements are
observed at approximately z = 60m and z = −110m,
respectively. The minimum horizontal displacement corre-
sponds to the centre of pitch rotation of the SPAR at a given
wave frequency. See Kaptan et al. (2022) for a discussion on
the change of centre of rotation of a SPARFOWT in different
wave frequencies.

Next, the responses of the fully flexible structure are com-
puted for regular waves and steady wind at 11.4m/s. The
rigid body responses of the SPAR FOWT to combined wind
and wave loads were obtained in Sect. 2. Figure18 shows
the comparison of the RAOs computed in HYDRAN-XR for
the fully flexible and the rigid SPAR FOWTs, and the lab-
oratory measurements of Ahn and Shin (2017) for the rigid
structure. The elasticity effects of the FOWT have resulted in
some changes in its responses over the wave frequencies. As
shown in Fig. 18, the flexibility of the structure causes a slight
decrease in surge RAOs for approximately ω > 0.25 rad/s.
For the same interval of thewave frequencies, the pitchRAOs
of the flexible FOWTdecrease comparedwith the rigid struc-
ture. Furthermore, the peak in pitch RAOs at approximately
ω = 0.2 rad/s is 0.3deg/m larger than the peak computed for

the rigid FOWT. The elasticity effect of the structure on its
heave RAOs are negligible and the heave responses for both
rigid and flexible FOWTs are almost identical.

The total wave- and wind-induced horizontal shear force
and moment about the y-axis on the cross-section of the
structure and the contribution of four Elements 18, 20, 22
and 24 to Fx and My in Quadrant III (shown in Fig. 15)
are presented in Fig. 19. Both the shear forces and moments
experience a sharp drop at approximately ω = 0.2 rad/s. The
total and contribution of elements in shear forces gradually
become steady after approximately ω = 0.6 rad/s. Similar to
Fig. 16, Element 18 experiences the largest moment contri-
bution about the y-axis compared with Elements 20, 22 and
24. Comparing the shear forces and moments due to wave
loads (shown in Fig. 16) with those due to combined wave
and wind loads (given in Fig. 19), we observe larger hor-
izontal shear forces (about three times larger) and smaller
moments about the y-axis on the same elements due to the
addition of aerodynamic excitation forces and aerodynamic
damping effect, respectively. Similarly, including the aero-
dynamic loads results in increase and decrease of the total
horizontal shear force and the total moment about the y-axis,
respectively compared with its wave-induced counterparts.

The maximum nodal displacement of the structure under
combinedwind andwave loads are computed in x-directions,
shown in Fig. 20. For this purpose, similar to the hydroelas-
tic analysis, 109 nodes over the front side of the platform
and the tower, at the furthest distance from the x-axis are
chosen. The nodal displacements for ω = 0.16 rad/s are
significantly larger than the displacements presented for the
other two wave frequencies. This is because, as it is shown
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Fig. 19 The a total horizontal
shear force at the SWL on the
platform, b total moment about
the y-axis at the SWL on the
platform, c contribution to the
horizontal shear force by
Elements 18, 20, 22 and 24, and
d contribution to the moment
about the y-axis by Elements 18,
20, 22 and 24 by combined wind
and wave loads

(a)

(b)

(c) (d)

in Fig. 18, the surge RAOs at ω = 0.16 rad/s are larger than
those at ω = 0.3 rad/s and 0.6 rad/s. For the displacements in
x-direction, the difference between the rigid and the flexible
structures is the largest atω = 0.3 rad/s among the threewave
frequencies, due to the large difference between the rigid-
and flexible-body surge and pitch RAOs at ω = 0.3 rad/s,
see Figs. 7 and 18. Moreover, shown in Fig. 20b, the hori-
zontal displacement of the nodes above the SWL show that
the flexibility effects of the tower on the deflection of the
structure is more pronounced than the hydroelasticity effects
of the platform.Atω = 0.3 rad/s andω = 0.6 rad/s, themini-
mum horizontal nodal displacements occur at approximately
z = −110m, which is the center of the pitch rotation of the
SPAR FOWT at these frequencies.

7 Concluding remarks

An analytical approach and numerical solution are developed
to determine the motion and elastic responses of FOWTs
to combined wave and wind loads. The elasticity of the
entire FOWT is considered and its elastic motions to aero-
dynamic and hydrodynamic loads are obtained. The model,
an enhanced version of HYDRAN-XR, consists of three
integrated modules for structural, aerodynamic and hydro-
dynamic analysis.

With the finite element method, the mode-shapes of the
complete structure are prescribed and are added as general-
ized modes to the six rigid-body degrees of freedom. The
aerodynamic analysis includes the loads on both the rotor

123



Journal of Ocean Engineering and Marine Energy (2024) 10:399–424 421

Fig. 20 Comparison of the
horizontal nodal displacements
of the rigid and fully flexible
SPAR FOWTs to combined
wind and wave loads computed
by HYDRAN-XR

SWL

(a)

SWL

(b)

SWL

(c)

and the tower of the turbine. The aerodynamic load on the
rotor is computed with the steady BEM method, and is dis-
tributed along the blades rather than adding the integrated
aerodynamic normal force at the hub centre. The hydrody-
namic analysis of the floating structure is accomplished by
use of the linear boundary element method.

In this approach, the system of equations of floating
offshore wind turbines is solved in frequency domain. In
our formulation, wind may have arbitrary speed and con-
sequently there is no restriction on the wind load magnitude

(which is proportional to the square of thewind speed). Com-
parison of the results of the model with available laboratory
experiments for combined wave and wind load on structures
show very good agreement for this frequency-domain anal-
ysis. Time-domain analysis would be required if nonlinear
effects are to be considered.

The coupled fluid-structural dynamics is solved with a
finite element model that conforms to the panel mesh for
hydrodynamic analysis with a one-to-one mapping. There-
fore, the finite element model of the structure uses shell
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elements. It is shown that the simulation time in frequency
domain analysis of the FOWTs is remarkably smaller than
existing coupling approaches in the time-domain, making
this model very attractive for the concept and design stages
of FOWTs.

HYDRAN-XR is used to determine the wave-induced,
and combined wave- and wind-induced responses of a SPAR
FOWT and results are compared with the laboratory mea-
surements. A direct comparison of the responses of a FOWT
to wave, and combined wind and wave loads show that the
elasticity of the floating structure (often not considered thus
far) can play a remarkable role in the responses (and hence
performance) of the FOWT. Due to the addition of elasticity
effects of the entire structure, deviations were observed in the
computed RAOs for the fully flexible FOWT compared with
its rigid body motions. As a result, the flexibility of the struc-
turemay influence the responses of the structure significantly
and has to be considered for its loads and motions analyses.
Moreover, the hydroelastic analysis allows for determination
of the structural loads and deformations.

Offshore wind energy, and the involved engineering and
scientific challenges are rapidly emerging and new concepts
are introduced. This study shows that HYDRAN-XR can be
used to determine the loads, motions, and elastic responses
of floating objects of arbitrary shape to combined wind and
wave loads in any water depth.
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