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Abstract In the present study, the direct numerical simulation of the turbulent flow of an
electrically conductive fluid in a channel is performed and time series are recorded at a range
of locations along the y-direction between the parallel plates of the channel. An external
streamwise magnetic field is applied and the correlations between pairs of time series of the
fluctuating velocities from the magnetohydrodynamic and the hydrodynamic cases measured
at the same probing location of the channel are analyzed. We compare the situation with and
without magnetic field using the nonlinear method of Cross Recurrence Plots and Cross
Recurrence Quantification Analysis (CRQA). The results of CRQA indicate very well the
spatiotemporal extension of the effect of the applied magnetic field on the flow and are in very
good agreement with the detailed analysis obtained with other methods.

Keywords Cross recurrence plots . Cross recurrence quantification analysis . Turbulent channel
flow. Direct Numerical Simulation (DNS)

1 Introduction

Only a few direct numerical simulations (DNS) or large-eddy simulations (LES) have been
reported for the study of magnetohydrodynamic (MHD) turbulent channel flow with electri-
cally isolated walls. Since for laboratory and industrial scale flows of conducting fluids (except
plasmas) the magnetic Reynolds number, Rm, is much less than unity, the induced magnetic
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field is very small in comparison with the externally applied magnetic field and the low- Rm
approximation is valid for the study of this class of turbulent flows (Moreau 1998). Lee and
Choi (2001) have reported a DNS study with the magnetic field to be oriented in x, y, and z-
directions, i.e., the streamwise, the wall-normal and the spanwise directions, respectively.
Satake et al. (2006) and Boeck et al. (2007) have reported DNS studies of the turbulent MHD
channel flow for high Reynolds numbers, Re, considering the wall-normal oriented external
magnetic field. The MHD channel flow with an external magnetic field normal to the walls, is
usually referred to as the Hartmann flow. Hartmann (1937) performed the first theoretical
investigation of magnetohydrodynamic flows, and also, Hartmann and Lazarus (1937) con-
ducted the first experimental research on the influence of a wall-normal magnetic field on
turbulent flows. The effect of a magnetic field on turbulence, naturally, results in a change in
turbulent transfer of momentum. In the case of turbulent channel flow of liquid metals a wall-
normal magnetic field interacts with both the averaged flow and the turbulent fluctuations,
while a streamwise (as in the present study) or a spanwise magnetic field interacts only with
the turbulent fluctuations.

In the present study, velocities are recorded at the same locations of the channel in the
presence of magnetic field and without magnetic field. The time series located at the same
channel positions with and without magnetic field are studied using phase space reconstruction
methods and more specifically the Cross Recurrence Plots (CRPs) method (Eckmann et al.
1987; Marwan 2003) and the Cross Recurrence Quantification Analysis (CRQA) (Webber and
Zbilut 1994; Marwan et al. 2003, 2007) which extracts quantitative information from CRPs.
CRQA is the extension of the Recurrence Quantification Analysis method which has been
used in the study of various dynamical systems such as proteins (Zbilut et al. 2004; Giuliani
et al. 2002), corrosion (Cazares - Ibanez et al. 2005), financial systems (Strozzi et al. 2002;
Fabretti and Ausloos 2005), physiological systems (Marwan et al. 2002a, b; Marwan and
Meinke 2004; Riley et al. 1999), molecular systems (Karakasidis et al. 2007), among many
others. The CRP method is applied on climatological and geophysical data (Marwan et al.
2002a, b; 2003), financial data (Addoa et al. 2013; Crowley and Aaron 2010), engineering data
(Nichols et al. 2006; Shockley et al. 2002; Serrà et al. 2009; Wang et al. 2012), astronomical
data (Deng et al. 2013; Ponyavin and Zolotova 2004; Sparavigna 2008), Physics and Math-
ematics (Ganapathy et al. 2007), Biology (Li and Li 2013) etc.

In the present paper, the Cross Recurrence Plots method is employed in order to examine if
one can extract qualitative information about the extent of the effect of the magnetic field on
the spatial behavior of the flow. The paper is organized as follows. In section 2, the physical
problem and the simulation details are given along with the recorded quantities. Section 3
contains a description of the Cross Recurrence Plots and Cross recurrence Quantification
Analysis. In section 4, we present the results of our analysis as well a relative discussion of the
results. Finally, section 5 presents the conclusions of the present work.

2 Problem Setup and Governing Equations

2.1 Low Magnetic Reynolds Number Limit

In the limit of low magnetic Reynolds number (Rm<<1) the induced magnetic field is very
small when compared to the externally imposed magnetic field B0 and the electric current J is
given by the Ohm’s law (Moreau 1998):
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J ¼ σ −∇Φþ v� B0ð Þ ð1Þ
where, σ is the electrical conductivity, Φ the electric potential, (given by E=−∇Φ where Ε is
the electric field) and v is the velocity field. A discussion about the limits of validity of the low-
Rm approximation for thermal convection flows can be found in Sarris et al. (2006).

It is traditional to consider the governing equations for the velocity in terms of non-
dimensional variables (Sarris et al. 2007), obtained by introducing a characteristic velocity
scale U and a characteristic magnetic field B, and as usual for channel flows, Fig. 1, the
characteristic scales are chosen to be the channel half-width δ. Introducing also the non-
dimensional quantities: b0=B0/B, u=v/U, j=J/(σUB) and ϕ=Φδ/(UB), the following equa-
tions for an electrically conducting incompressible fluid in the limit of Rm<<1 are obtained:

∂u
∂t

þ u⋅∇ð Þu ¼ −∇pþ 1

Re
∇2uþ N j� b0ð Þ ð2Þ

j ¼ −∇ϕþ u� b0 ð3Þ

∇2ϕ ¼ ∇ u� b0ð Þ ¼ b0⋅ω ð4Þ
where Eq. (4) is a consequence of ∇⋅j=0 and is obtained by taking the divergence of Eq. (3).
Here ω=∇×u, p is the dimensionless pressure and the incompressibility imposes ∇⋅u=0. The
hydrodynamic Reynolds number is defined as Re=Uδ/v.

The traditional choice B=|B0| has been adopted for the characteristic magnetic field so that
b0 is a unit vector in the direction of the magnetic field. For the magnetohydrodynamic case
considered here, b0 can only be aligned in the streamwise direction of the channel. The Stuart
number (or interaction parameter), N=σB2δ/ρU, is the ratio of the electromagnetic force to the

inertial force and it is related to the Hartmann number by Ha ¼ ffiffiffiffiffiffiffiffiffi
ReN

p ¼ Bδ
ffiffiffiffiffiffiffiffiffiffi
σ=ρv

p� �
where

ρ is the density of the fluid and ν is the kinematic viscosity. The characteristic velocity is
chosen as the averaged bulk velocity, which is assumed to be directed along the x axis:

Fig. 1 Representation of the direction of the flow between the walls (up and down), the x, y, z-axis (the zero of
the y-axis is at the middle of the channel), and the u, v, w-velocity components of the flow
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U ¼ 1

V

Z
d3rυx rð Þ ð5Þ

Such a choice is particularly convenient in our simulations since the flow is driven by
imposing a constant mass flux, which amounts of imposing ∂tU=0. Hence, U is constant and
its initial value becomes a control parameter that can be used to determine a priori the
hydrodynamic Reynolds number Re. Equations 2–4 are referred to as the low- Rm MHD
equations.

2.2 Numerical Simulations

The direct numerical simulation method used to solve the low- Rm equations is based on the
code of Lundbladh et al. (1999). The equations that are solved for the velocity field are the
normal velocity equation and the normal vorticity equation similarly to Kim et al. (1987). The
other velocity components u and w are obtained from the incompressibility constraint and the
definition of the normal vorticity. The pressure is thus eliminated and the number of variables
to be solved for is reduced from 4 to 2. The spectral code is based on Fourier representation in
the streamwise (x) and spanwise (z) directions, and Chebyshev polynomials in the wall-normal
(y) direction. The bulk Reynolds number based onU and the channel half-width, δ, is 2800, the
Reynolds number based on the laminar centerline velocity and δ is 3300. The Reynolds
number, Reτ, based on the wall friction velocity, uτ and δ for the hydrodynamic case is
approximately 180 similar to the case study by Kim et al. (1987). The mean pressure gradient
is adjusted in such a way that a constant mass-flux is maintained throughout a simulation.

One value of the magnetic interaction parameter is used in the streamwise direction of the
magnetic field, N=0.1, which ensures that the flow will remain turbulent during the calcula-
tion. This value of N is selected also similar to the one used by Lee and Choi (2001) for
comparison purposes, and the corresponding Hartmann numbers are in the range of 0~16.6.

All simulations were performed using 128×128×128 grid points in a 4πδ×2δ×4/3πδ
computational domain similar to the one employed by Moser et al. (1999) for the same Reτ.
Dealiasing using the 3/2-rule was employed in the wall-parallel (Fourier) directions. The grid
cell sizes, in wall units, depend on the corresponding friction Reynolds number, and thus, on
the particular magnetic field used. Table 1 presents a summary of Reτ and the grid sizes for the
simulations. Non-dimensional units marked by the superscript B+^ are scaled in wall units and
defined as y+=y uτ/v and u+=u/uτ, respectively, where

uτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v
∂ uxh i
∂y

����
wall

s
ð6Þ

is the friction velocity. The brackets 〈⋅〉 indicate an average in both the wall-parallel directions
x and z as well as time. The time is advanced using a combined Crank - Nicolson scheme for

Table 1 Grid resolution and Reτ for all cases considered

Case MF direction N Hα Reτ Δx+ Δymin
+ Δzmax

+

1 – 0 0 179.3 17.6 0.054–4.39 4.39

2 x 0.1 16.7 171.8 16.8 0.051–4.21 4.21
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linear diffusion terms and a four stage Runge - Kutta scheme for the nonlinear terms. As the
velocity is advanced at each time step, the corresponding electric potential field is obtained by
solving the Helmholtz problem Eq. (4), in spectral space. The Lorentz force in Eq. (2) is added
explicitly at every Runge–Kutta substep. The time step is automatically computed using a CFL
criterion. Once a statistically steady state is reached, the statistics and time series are averaged
both in time and in the homogeneous wall-parallel directions. Based on the streamwise domain
size Lx and the bulk velocity U, Eq. (5), typical integration times are always larger than
1000 Lx/U meaning that, on average, the fluid crosses more than 1000 times the computational
domain.

Periodic boundary conditions are imposed in the wall-parallel directions for all quantities.
At the solid walls, located at y=±1, no-slip boundary conditions are used for the velocity field.
Furthermore, the walls are assumed to be non-conducting. Therefore, the boundary conditions
for the current density and the electrical potential are:

jy
��
wall

¼ −
∂ϕ
∂y

����
wall

¼ 0 ð7Þ

where, jy is the wall-normal component of the current density. When there is no externally
applied electric field and because of the periodicity of the domain, the total current in the flow
domain must be zero.

The hydrodynamic part of the code has been successfully validated and compared against
the results of Moser et al. (1999). The MHD part of the code has been first successfully
compared against the laminar analytic solution of the Hartmann flow for various Ηα numbers
as well as against the DNS results of Lee and Choi (2001).

The analysis that is performed here is based on the measurement of correlations
between pairs of fully turbulent temporal fields, one from the MHD and one from the
hydrodynamic case in specific probing locations of the channel. The time series of the
three velocity components from both cases were recorded at the locations of the channel
found in Table 2, while some representative temporal records are presented in Figs. 2, 3
and 4 for both the hydrodynamic case and the case of the flow under the effect of a
streamwise external magnetic field. As it is obvious from the time series, the application
of the magnetic field reduces the magnitude of the fluctuations without leading to flow
laminarization although the weak turbulence of Reτ~180. Thus, in principle the magnetic
field is acting as the flow to be in a lower Re number.

3 Methodology

3.1 Cross Recurrence Plots (CRP)

Cross Recurrence Plots was introduced to analyze the dependencies between two
different systems or simulations, one with the magnetic field and one without it in
the present work. It is an extension of the Recurrence Plot method which was
introduced by Eckmann et al. (1987). The Cross Recurrence Plot method compares
the two systems states represented by their trajectories xi and yi in a d-dimensional
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phase space (Marwan et al. 2007). It is based on phase space reconstruction of both
time series embedded in the same phase space. Embedding parameters of both time
series are found with the methods of false nearest neighbors (embedding dimension m)
and average mutual information (time delay τ). If m and t of the first time series are not
equal with m and t of the second time series then we have to choose the set of
parameters with the higher embedding dimension (Marwan et al. 2007). Then, the
distances dij between the reconstructed xi, yj vectors are calculated using the most
known norms, Euclidean (‖‖2) or Maximum (‖‖∞) norms and a matrix is constructed,
known as distance matrix CRi,j (Eq. 8).

CRi; j εð Þ ¼ Θ ε− x!i− y! j

��� ���� �
; i ¼ 1;…N ; j ¼ 1;…;M ð8Þ

The cross recurrence plot is obtained by setting a cut off distance ε (threshold) (Marwan and
Kurths 2002; Zbilut and Webber 1992). Cross recurrence plots show the duration which both
systems trajectories run parallel within a certain threshold ε in the same phase space. If the

trajectories are running parallel (in the trajectory y! j a state at time j laying near a state on the

trajectory x!i at time i), then the CRP takes the value of 1 and the corresponding element (i,j)
of the matrix is represented by a black point. On the other hand, if the trajectories are separated
by a distance larger than the threshold ε, CRP is set equal to zero and the corresponding
element of the matrix is represented by a white point (Marwan 2003). Note thatΘ(x) in Eq. (8)
is the Heaviside function. The time series are normalized before application of CRP analysis
by subtracting the mean value and division by their standard deviation.

So, we focus on sectors of the trajectories which run parallel in a certain threshold during
time. This time duration is pictured on a CRP as a diagonal line (black points one after the

Table 2 Probing of each i-position on the y-direction of the flow (from the wall up to the centerline of the
channel)

i -point Position i -point Position i -point Position

1 −0.99812 16 −0.86397 31 −0.48218
2 −0.99391 17 −0.83822 32 −0.46054
3 −0.9873 18 −0.82459 33 −0.43862
4 −0.98311 19 −0.79584 34 −0.39399
5 −0.97832 20 −0.76517 35 −0.37132
6 −0.97294 21 −0.74914 36 −0.34842
7 −0.96698 22 −0.71573 37 −0.30201
8 −0.96043 23 −0.69838 38 −0.27852
9 −0.95331 24 −0.66242 39 −0.23106
10 −0.94561 25 −0.64383 40 −0.20711
11 −0.93734 26 −0.62486 41 −0.15886
12 −0.92851 27 −0.5858 42 −0.11022
13 −0.91911 28 −0.56573 43 −0.0858
14 −0.90917 29 −0.54532 44 −0.03681
15 −0.89867 30 −0.52459 45 0.012272
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other forming a line). The longer the diagonal line, the bigger the time duration the two
trajectories run parallel in a certain area of the phase space (threshold). Similarity is interrupted
if white points appear, forming white bands (vertical or horizontal) which show that both
systems’ trajectories, for some time, do not lie parallel in a certain area of the phase space.

3.2 Cross Recurrence Quantification Analysis (CRQA)

A very interesting issue is the quantification of the Cross Recurrence Plots (CRPs) for better
understanding the non-linear relations between the two time series. Based on quantification of
Recurrence Plots (Zbilut and Webber 1992) an extension was introduced by Marwan and
Kurths (2002) which measures the parallel lines of a Cross Recurrence Plot. Since a cross
recurrence plot does not actually count recurrences between states, but similarities (Marwan
and Kurths 2002), the measures we study are the Determinism (DET) and the Average Line
Length (L).Determinism (Eq. 9) is the ratio of points forming the diagonal lines to all points of
the CRP:

DET ¼
X N

l¼lmin
lP lð ÞX N

l¼1
lP lð Þ

ð9Þ

Strong similarities are revealed by two states if long diagonal lines are pictured on the CRP,
resulting to high values of DET.
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Fig. 2 Time series with (upper) and without the magnetic field (bottom) of the u-velocity: a near the wall point
1, positioned at −0.99812, b further away from the wall point 10, positioned at −0.94561, and c point 45
positioned 0.012272 which is placed close to the middle of the channel
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Average Line Length (Eq. 10) counts the average length of diagonal lines on the CRP:

L ¼
X N

l¼lmin
lP lð ÞX N

l¼lmin
P lð Þ

ð10Þ

It provides the duration in time. Trajectories of both states close to each other in a certain
threshold line with high average length reveal continued similarity during time in both states.

In summary, high values of determinism and average line length depict the trajectories of
two states which run close to each other for long time in a certain threshold.

4 Results

4.1 Cross Recurrence Plots

The method of Cross Recurrence Plots (CRPs) is applied on the three velocity components
(Figs. 5, 6 and 7) between time series influenced by the magnetic field (velocities – m) and
without the magnetic field (velocities – wm), that were recorded at the same probing locations
of the channel (Table 2). Initially, the embedding parameters of all time series by applying
average mutual information and false nearest neighbor methods (Kennel et al. 1992; Kantz and
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Fig. 3 Time series with (upper) and without the magnetic field (bottom) of the v-velocity: a near the wall point
1, positioned at −0.99812, b further away from the wall point 20, positioned at −0.76517, and c close to the
middle of the channel (point 45 located at 0.012272)

S148 A.D. Fragkou et al.



Schreiber 2004) were found on the same probing positions for the three velocity components,
then the CRPs were constructed from the trajectories lying in the same phase space. The
measurements were performed with the Cross Recurrence Plot Toolbox for Matlab, ver. 5.12,
release 25 (2014). The embedding dimension m was set to 15 and time lags varied for the x
direction 7≤τ≤20, for the y direction 3≤τ≤10 and for the z-direction 3≤τ≤9. In a next step, by
quantifying the information of those plots using the method of Cross Recurrence Quantifica-
tion Analysis (CRQA), we analyze the parallel structures (diagonals) of CRPs (trajectories of
the phase space which run parallel for some time). We must draw the reader’s attention that
only CRPs representative of the characteristic behavior observed in each spatial region are
presented in Figs. 5, 6 and 7.

First, we study the behavior of the u-velocity component (Fig. 5) where many lines parallel
to the main diagonal are observed (Fig. 5a) at probing positions almost near the wall (u1–u9;
positions:−0.99812 to -0.95331). The large diagonal lines (for example in the region 1000–
1500) indicate that close to the walls the system states at the same channel y position with
magnetic and without magnetic field are closely related for quite long times, although it seems
that there are regions where such a relation is valid for shorter times since the diagonals are
shorter (see for example the regions 0–1000 and 2500–3000). These long lines lead to large
values of DET as we are going to see in the next section. This behavior of CRPs indicates the
long lasting memory of the events near the wall as a result of small velocities in the viscous
sublayer and as the probe enters in the buffer layer. Moreover, such a behavior can be related to
the weak fluctuations of the case with the magnetic field
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Fig. 4 Time series with (upper) and without the magnetic field (bottom) of the w-velocity: a near the wall point
1, positioned at −0.99812, b further away from the wall point 17, positioned at −0.83822, and c close to the
middle of the channel (point 45 positioned at 0.012272)
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As we move to regions further away from the wall (u10–u22; positions −0.94561 to
−0.71573), we can see that the length of the diagonals gets gradually smaller and white
regions make their appearance (Fig. 5b), indicating that the corresponding states (with and
without magnetic field) are related for shorter times. Approximately, in the middle of the region
studied (1/4 channel) and up to the channel centerline (u23–u45; position: −0.69838 to
0.012272) CRPs contain small lines. In fact this behavior corresponds to the laminarization
event due to the magnetic field, found also close to the wall in Fig. 5a between t=1000–1500.
A modification of CRPs’ texture is observed at probing locations u31–u37 (position: −0.48218
to -0.30201) where there are more parallel lines and close to each other (more dense patterns
are observed). Approaching the middle of the channel (u35–u45; position: −0.37132 to
0.012227) CRPs contain more isolated points than diagonal lines (which become very small),

Fig. 5 CRPs between time series without (shown at the small plot at the left along the y-axis of each plot) and
with the magnetic field (shown at the small plot at the bottom along the x-axis of each plot) for u-velocity
component, a near the wall point u1 (position −0.99812), b further away from the wall point u10 (position
−0.94561), c point u32 (position −0.48218) located at the critical area around −0.4 which is common in all
directions, and d point u45 (position 0.012272) placed close to the middle of the channel
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with an exception of two plots (u37, u38; position: −0.30201 and −0.27852) where a number
of parallel lines make their appearance (Fig. 5d). In the middle of the channel, we can see that
the lengths of the diagonals are even smaller indicating less related states (for very short times).
This overall behavior shows that the flow is more affected in the middle of the channel by the
presence of the magnetic field, and thus, the corresponding states (with and without magnetic
field) are less related.

In fact, these results are in agreement with the results of Lee and Choi (2001) who observed
that close to the walls all the velocity curves collapse to the wall-law of the hydrodynamic
viscous sublayer. This means that very close to the wall no significant deviation from the usual
hydrodynamic behavior of the turbulent channel flow is observed. For the hydrodynamic case
and the cases of the weak magnetic field the mean velocities are similar. However, away from

Fig. 6 CRPs between time series without (shown at the small plot at the left along the y-axis of each plot) and
with the magnetic field (shown at the small plot at the bottom along the x-axis of each plot) for the v-velocity
component, a near the wall point v1 (position −0.99812), b further away from the wall point v20, (position
−0.76517), c point v32 (position −0.48218) of the critical area around −0.4 which is common in all directions,
and d point v45 (position 0.012272) located close to the middle of the channel
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the walls a flattening and deviation of the usual logarithmic law (i.e., <u+>=2.5lny+ + 5.5) is
observed with the increase of the magnetic field.

For the v-velocity component (Fig. 6a) near the wall probing locations the length of
diagonal lines is relatively small compared to the same locations concerning the u component
(Fig. 5a) and a little further (v1–v19; positions: −0.99812 to −0.79584), but with small length.
This means that the states in the v-velocity are less related than the corresponding ones for the
u component. We believe that again this indicates the laminarization due to magnetic breaking
that is observed in the detailed analysis of such simulations. In the middle of the simulation
region and up to the middle of the channel (v20–v45; positions:−0.76517 to 0.01272) the lines
parallel to the main diagonal become fewer and shorter, and the corresponding dense patterns
they form are vanishing, and isolated points appear. In this area, we can separate v31 to v33

Fig. 7 CRPs between time series without (shown at the small plot at the left along the y-axis of each plot) and
with the magnetic field (shown at the small plot at the bottom along the x-axis of each plot) for the w-velocity
component, a near the wall point w1 (positioned −0.99812), b further away from the wall point w17 (position
−0.83822), c point w32 (position −0.48218) at the critical area around −0.4 which is common in all directions,
and d point w45 (position 0.012272) located close to the middle of the channel
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(positions: −0.48218 to −0.43862) where CRPs contain longer lines than the other plots in the
same region. This behavior reflects the existence of a large number of statistically independent
events due to the fully developed turbulence in the buffer layer and the log-law region of the
flow. As it is obvious in all the CRPs of the v-velocity, their patterns are darker than of the u-
velocity ones. This increased cross correlation is due to the direct weakening of the velocity
fluctuations due to the magnetic field in the wall-normal direction. The same effect due to the
magnetic field is also discussed for the spanwise velocity fluctuations of Fig. 7 in the next
paragraph.

Looking at the CRPs of the w-velocity component (Fig. 7a) which concern the probing
locations near the wall and a little further (w1 – w16; position: −0.99812 to −0.86397) we
observe many small lines parallel to the main diagonal, so dense to each other that form black
patterns. However, they are shorter than the ones obtained in the u component (Fig. 5a). Those
patterns seem to vanish gradually as we move further away from the wall (w17–w45;
positions: −0.83822 to 0.012272) and CRPs (Fig. 7b) contain shorter diagonals and isolated
points as we approach the middle of the channel (u45). However, there are CRPs at points
(w22–w25; positions:−0.71573 to −0.64383), (w32–w35; positions:−0.46054 to −0.37132) on
which we can distinguish small lines parallel to the main diagonal. As the streamwise magnetic
field acts only in the turbulent fluctuations of the w-velocity by reducing their magnitude, the
effect is more obvious close to the wall, where the velocity fluctuations are injected into the
flow. Moreover, the turbulent events at the other distances off the wall are much less affected.

So, the most similar states (velocity before and after the influence of the magnetic field)
seem to be near the walls, inside the viscous sublayer, in all directions, since the plots with the
most parallel diagonal lines are positioned to those points. In these areas, the magnetic field is
less affecting the flow as both the mean velocity and its fluctuations are small. States begin to
lose their similarity to the probing locations further away from the wall and approaching the
center of the flow, with an exception of the region around position y=−0.4 (Fig. 5c, 6c, 7c) or
at y+~100 where the mean velocity develops a plateau in the central part of the channel.

4.2 Cross Recurrence Quantification Analysis (CRQA)

The visual analysis of CRPs by a careful observation is interesting and provides, as we have
already seen, an interesting insight on the physical behavior of the two systems (with and
without the magnetic field) as well as its spatial variation across the channel. However, CRPA
which quantifies the information on the plots can provide an additional insight on the
underlying physical phenomena. Thus, we calculated two measures of similarity related to
the lines parallel to the main diagonal: Determinism and Average Line length (Fig. 8). Their
values have been extracted, considering Recurrence Rate valued from 1 to 1.3 % (Webber and
Zbilut 1994).

The results for Determinism and Average line length are plotted as a function of the probing
position in Fig. 8 where three regions can be distinguished. One corresponds to the region
almost near the wall, the region where the probing positions are further away from the wall
and the region where the probing positions are located in the central area of the channel. The
results are plotted for each direction (x, y, z). More specifically, from the results of CRQA for
the u-velocity (Fig. 8a) it can be seen that at points almost near the wall (u1–u9; posi-
tion:−0.99812 to −0.95331) values of Determinism are high (DET=0.85–0.91) and the same
occurs for the Average Line Length which is up to 3.6 (L=3.27 to 3.6), in accordance with the
qualitative observations on Fig. 5a. At probing locations further away from the wall (u10–u22;
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position: −0.94561 to −0.71573) values of determinism and average line length fall to 0.57 and
2.54, respectively (DET=0.57–0.84, L=2.55–3.42) as turbulence is stronger and the two time
series have only fewer and shorter in time correlations. At probing locations placed at the
central part of the channel (u23–u45; position: −0.69838 to 0.012272) determinism and
average line length take the lowest values of all u-velocity time series (DET=0.34–0.5, L=
2.2–2.4); in this region the time series are determined by shorter memory events of the mean
turbulent streamwise velocity. It is worth saying that there is a critical area (u31–u37; position:
−0.48218 to −0.30201) where different behavior is observed compared to the behavior of this
examined region. At this area, a mixed behavior is found close to y+~28 at the interface
between the buffer layer and the log-law region.

In the case of CRQA results for the v-component (Fig. 8b), we can again distinguish three
regions. In the region of probing locations almost near the wall (v1–v15; position:−0.99812 to
−0.89867) Determinism attains values up to 0.58 (DET=0.4–0.58) and the Average Line
Length values up to 3.6 (L=3.27 to 3.6). The region of probing locations further away from the
wall region (v16–v19; position: −0.86397 to −0.79584) where values of determinism and
average line length decrease to values close to 0.3 and 2.21, respectively (DET=0.3–0.4, L=
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Fig. 8 Cross Recurrence Quantification Analysis between time series with and without magnetic field, deter-
minism – DET and Average Line Length – L for: a u-velocity, b v-velocity, and c w-velocity
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2.21–2.43). For probing locations in the central region of the channel (v20–v45; position:
−0.76517 to 0.012272) determinism and average line length present lower values than at
points near the wall region (DET=0.11–0.23, L=2.18–2.28). It is worth saying again that there
is a critical area (v31–v37; position:−0.48218 to −0.30201) the same as in u-component where
again different behavior is observed compared to the behavior of this examined region (peak).

Three regions can also be observed for the w-velocity (Fig. 8c). The region of probing
locations almost near the wall (w1 – w10; position:−0.99812 to −0.94561) where Determin-
ism attains values up to 0.73 (DET=0.57–0.73) and Average Line Length values up to 2.77
(L=2.4 to 2.77). In the second region where probing locations are further away from the wall
(w11–w16; position: −0.93734 to −0.86397) values of determinism and average line length
fall to 0.4 and 2.2, respectively (DET=0.4–0.58, L=2.2–2.54). In the extensive central part of
the channel (w17–w45; position: −0.83822 to 0.012272) determinism gives lower values than
at probing locations near the wall region (DET=0.11–0.23) in contrast to average line length
which values are almost the same to those further from the wall (L=2.19 – 2.5). For probing
locations in the central region of the channel (w22–w45; position −0.71573 to 0.012272) three
critical areas are observed, (w22 – w24; position: −0.71573 to −0.66242), the common
separated with blue lines (v31–v37; position: −0.48218 to −0.30201) and (w38–w45; position:
−0.27852 to 0.012272) along this region (three picks). Moreover, it is observed that both the
Determinism and average line length have similar variation along the channel for both the v
and w-velocity components which we attribute to a similar reduction of their fluctuations by
the magnetic field.

In Fig. 9, we summarize the results for the three velocity components for comparison
reasons. It is found that u-velocity has the highest values of DET (Fig. 9a) among the three
components all along the probing locations, while v and w-velocities are found to have a quite
similar behavior, with the exception of the region near the wall. In this near the wall region the
w-velocity DET values are higher than those of the v-velocity since the weak fluctuations of
both w-velocity time series are more correlated near the wall. This correlation is reversed close
to the wall for the v-velocity because of the random production of streak structures indepen-
dent of the action of the magnetic field.

(a) (b)

0

0.2

0.4

0.6

0.8

1

-1 -0.8 -0.6 -0.4 -0.2 0

x

y

z

D
e
te
r
m
in
is
m

position

1

1.5

2

2.5

3

3.5

4

-1 -0.8 -0.6 -0.4 -0.2 0

x

y

z

a
v
e
r
a
g
e
 l
in
e
 l
e
n
g
th

position

Fig. 9 Cross Recurrence Quantification Analysis between time series with and without magnetic field along the
u, v, w-velocity components: a determinism - DET, b Average Line Length - L
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As far as the Average Line Length is concerned (Fig. 9b), we can observe higher values for
the u-velocity compared to the other velocity components only close to the walls (y>0.75). In
the central part of the channel, their values are quite similar for all three directions although
some minor differences are observed. These results indicate that in the region close to the wall
both velocity time series are strongly related and present similarities for long times due to their
weak fluctuations.

5 Conclusions

Cross Recurrence plots can reveal similarities/correlations between the two states (with
magnetic field and without magnetic field) in a visual way. The states of the u-velocity seem
to present the higher similarity in phase space since CRPs contain more diagonal lines parallel
to the main diagonal and this is true especially for the region close to the wall. Similarity seems
to be gradually lost when we go further away from the walls and approach the middle of the
channel where states are more different than similar (more isolated points on CRPs than small
diagonal lines).

CRPs of v and w-velocity components present also a significant number of lines parallel to
the main diagonal for points near the wall, however, they are shorter than those corresponding
to u-velocity. An interesting issue is that these diagonal parallel lines are relatively small and
very dense forming black patterns, meaning that the values of one of the two states are close to
each other for very small times indicating the fact that they found themselves in similar states
for small durations compared to the u-velocity where the flow in driven.

The quantification analysis of the above CRPs as represented by the two quantities
Determinism and Average Line Length, which have to do with the amount and the length of
diagonal lines parallel to the main diagonal, gave us a more detailed picture about the spatial
variation of state similarities/correlations. The long diagonal lines of the CRPs parallel to the
main diagonal of the u-velocity result in high values of determinism and their average length is
large enough to say that near the walls the two states present similar states that evolve in a
similar way (not in the same real time however) than as we go further away from the wall and
towards the channel centerline where this correlation reduces. This difference as a function of
the distance reflects the underlying dynamics of the system, where close to the wall the weak
magnetic field is less affecting the also weak flow. In contrast, in the central part of the channel
the effect of the magnetic field is stronger because of its increased breaking due to the higher
velocities.

The same picture about the state correlations and Determinism and Average line Length is
observed also for the other two velocity components at least qualitatively. The values are lower
than that of the u-velocity, but relatively high ones are observed near the wall (both for v and
w-velocities) revealing similarity/correlation between states. Going further away from the wall
and approaching the channel centerline values of determinism and average line length, they
decrease due to the stronger influence from the magnetic field as turbulence is more important
in these regions.

Along all velocity components at the region located between the middle of the simulation
region (1/4 channel) up to the channel centerline some critical areas are observed with
maximum values of determinism and average line length. The most important lie at the area
(u31, v31, w31 – u37, v37, w37; position:−0.48218 to −0.30201) which is common in all
components. Observing CRPs of those positions are different compared to their neighbor
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CRPs (more parallel lines than their neighbor CRPs) mean that at this area the two states are
more similar than they could be at their neighbor positions.

Summarizing the method of Cross Recurrence Plots and Cross Recurrence Quantification
Analysis can reveal not only nonlinear similarities between two different states, but can also
reveal the spatial variation of these correlations.
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