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1 Introduction
One of the most important tools to study singularities of analytic maps and spaces is given
by the fibration theorems a la Milnor [10,12,13,15,16].

In the case of a real analytic map f: (R?,0) — (RX,0) with » > k > 2 and with an
isolated critical value, it was proved in [18, Theorem 1.3] that if f has Thom’s a; property,
one has fibration on the tube:

- -1 -1

fiBINfTUSEH — s (1)
where B is the closed ball in R” of radius € around the origin. This is known as Milnor-
Lé fibration. Moreover, using Milnor’s vector field [16, Lemma 11.3] one also has an
equivalent fibration on the sphere:

¢: ST fTH0) > S¢ 2)
where Sk~ is the sphere of radius 1 around 0 € R¥. However, there is no control on the
projection map ¢.

The question of whether we can take the projection ¢ of (2) to be the natural one,
¢ = f/If || was answered in [7] for analytic functions with an isolated critical value,
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by introducing the concept of d-regularity (see also [3,4,8]). The d-regularity condition
actually springs from [6] and is defined by means of a canonical pencil as follows: For
every line 0 € ¢ C R¥ consider the set

Xe={x e R"|f(x) € £}.

This is a pencil of real analytic varieties intersecting at f~1(0) and smooth away from it.
The map f is said to be d-regular at 0 if there exists €g > 0 such that every X, \ V is
transverse to every sphere centred at 0 and contained in B¢, whenever the intersection is
not empty.

The case of a real analytic map f: (R”,0) — (RX, 0) with » > k > 2 and with non-
isolated critical value was studied in [5,9,19]. If f has the transversality property [5, Def-
inition 2.1] (compare with the definition of p-regularity in [9,19]), then for each ¢ > 0
sufficiently small there is a smooth locally trivial fibration on the tube:

fiBe nf NS A — SETT A (3)

where A, is the image by f of the critical points of f in the interior of B/. It was proved in
[5, Theorem 3.12] that if f admits a linearization / : (RK,0) — (RX, 0) (as in [5, Definition
3.11]) such that 47! o f is d-regular. Then the map

dpn: SIS THAD) > S\ 4, (4)
defined by
_ hlof@)
W = o pal

is the projection of a smooth locally trivial fibration, and this is equivalent to fibration (3)
above.

In this paper we envisage the case of (possibly non-analytic) functions f: (R”,0) —
(R, 0) of class C¢, ¢ > 2, with possibly non-isolated critical value. We extend the fibration
theorems of [5] for these maps: if f has the transversality property, then there is a fibration
on tube (3); if in addition f has linear discriminant and is d-regular, then there is a
fibration on sphere (6). This is done using a version of Ehresmann Fibration Theorem
for differentiable maps of class C* between smooth manifolds given in Sect. 6. It is an
open question whether these two fibrations are equivalent, as in the analytic case. If f
has arbitrary discriminant with the transversality property and admits a linearization
h: (R%,0) — (RX,0) such that #~! o f is d-regular, then there is fibration (4) on the
sphere.

Notice that the discriminant A, can have real codimension 1 and in that case its com-
plement splits into finitely many connected components, say S, . . ., S;. As it was pointed
out in [5], the topology of the fibres f~!(¢) N B, can change for values in different S;. It
would be very interesting to determine how the topology changes as we move from one
sector to another. This can clearly be seen in the example given in Sect. 5.

Remark 1.1 As in [5], throughout this paper, we will assume that f is locally surjective,
that is, the image by f of every neighbourhood of the origin in R” contains an open
neighbourhood of the origin in R¥, and we shall not mention it all the time. Nevertheless,
it is easy to see that in the general case the same results hold if one intersects the bases of
the locally trivial fibrations with their image. This choice is to avoid a heavy notation.
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2 Fibration on the tube
Letf: (R"0) — (R5,0),n > k > 2,bea map of class C* with £ > 2 and a critical point
at 0.

Assume that f is locally surjective (see Remark 1.1). In what follows, for 0 < € we shall
consider the restriction f; of f to the closed ball B? of radius € around 0 in R”.

Denote by X the intersection of the critical set of f with the ball B, and set A := f:(Xe),
which we call the discriminant of f. It may depend on the choice of the radius ¢, as shown
in [9].

Also denote by T (S”~!) the set of critical points in S/~! of the restriction f; |gn-1. Set
3 i= 2 UZ(S'1) and denote by A, := f(3) which we call the extended discriminant'

of f.
Following [17, §IV.4.4] and [2, Corollary 2.2], one can prove that the restriction of f to
the tube
FiBenf Y SEI\ Al — KT A, (5)

is a locally trivial fibration, where Slg_l = B]B%/g . Hence, in this general setting there is

always a fibration on the tube.

Definition 2.1 We say that f has the transversality property in the ball B! if there exist
0 < § K € such that for every y € B/g \ A, the fibre f~1(y) is transverse to the sphere
SrL,

€

So, if f satisfies the transversality property, there is no contribution to the extended
discriminant A, by points on the sphere S”~1; the extended discriminant is just the
discriminant A, of f in B?. Then we get:

Theorem 2.2 Let f: (R%,0) — [R50, n >k >2bea map of class Cle>2witha
critical point at 0 and dim(f ~1(0)) > 0. The map f has the transversality property in the
ball B? if and only if it admits local Milnor-Lé fibrations in tubes over the complement of
the discriminant Ac.

3 Differentiable maps with linear discriminant

In this section, we extend the concept of d-regularity to real differentiable maps with
linear discriminant. Then we show that in this context, d-regularity guarantees a fibration
on the sphere.

First, let us recall some definitions.

We say that a map f: (R”, 0) — (RX, 0) of class CY, ¢ > 2 has linear discriminant in the
ball B” if A is a union of line segments with one endpoint at 0 € R* and there exists
n > 0, called a linearity radius for A, such that each of these line segments intersects
SK=1, that is, if

A ﬂ]B%f; = Cone (Ae N Sl,;*l),

In this case, we set

k—1
Ayi=AcNS;

In [17, §SIV.4.4] 3 is called the apparent contour at the source and A, is called the apparent contour at the target or
just apparent contour.
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Also, let 7w : Slffl — Sk=1 be the radial projection onto the unit sphere S¥~! and set
A=n(Ay).
For each point 6 € S/,‘]_l, let £y C R be the open ray in R¥ from the origin that contains
the point 6. Set:
Eg:=f"1(Lp).
We say that fis d-regular in the ball B} if Eg intersects the sphere S/, ! transversely in
R”, for every € with 0 < €’ < € and for every 0 € SI,;’I \ Ay
The following proposition is a straightforward generalization of [7, Proposition 3.2].

Proposition 3.1 Let f: (R”,0) — (RK,0) be a map of class Ct with ¢ > 1, with linear
discriminant. Then f is d-regular in the ball B” if and only if the C*-map

¢5’ L . Sn/—l \f_l(Ae) — Sk—l \A

T

is a submersion for every sphere S, Ywith0 < € < e.
Now we can state the main result of this paper:

Theorem 3.2 Let f: (R”,0) — (Rk, 0) with n > k > 2 be a map of class Ct with ¢ > 2.
Suppose [ has linear discriminant and the transversality property in the ball B?. If f is
d-regular in the ball BY, then the map

f n—1,\ p—1 k—1
=—=—:8S A) = S 6
T \ ST (Ae) \A (6)

is a locally trivial fibration of class C*1.

be

In order to prove Theorem 3.2 we first need the following:

Lemma 3.3 Letf: X — Y andg: Y — Z be C*~-locally trivial fibrations with 2 < [ <
o0, between smooth manifolds possibly with boundary. Thengof : X — Z isa C*~'-locally
trivial fibration.

We will prove Lemma 3.3 in Sect. 6. Now we will prove Theorem 3.2.
Proof of Theorem 3.2 Set
M =S\ A,

Notice that M is an open submanifold of S~ since A is closed in RX. Consider the

following decomposition
M= (MnfiEh) u (MFEh),
where IB%lg is the interior of the closed ball IB%lg . Both pieces are submanifolds with boundary

of M of dimension n — 1, and their intersection is the common boundary submanifold of

dimension n — 2
si ST A = (M BH ) 0 (MO STAED)
We are going to show that the restriction of ¢ to each of these components is a C*~!-fibre

bundle and that these two fibre bundles coincide on the common boundary submanifold
N ﬂf‘l(S]g_l \ A¢), so they can be glued into a global fibre bundle.
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The restriction of f given by fi : M Nf~1(BX) — BX\ A, is proper since S”~1 Nf~1(BX)
is compact, and since f has the transversality property in the ball B it is a submersion, and
by Ehresmann fibration theorem (Theorem 6.3) it is a C*~!-fibre bundle. Now consider
the radial projection 7 : IB%’(; \Apy — Sk=1\ A which is a (trivial and smooth) fibre bundle.
The restriction

b (M mf‘l(]B%’g)) sk A

of ¢ is given by the composition 77 o fj. By Lemma 3.3 the composition ¢ = 7 o f] is a
C* locally trivial fibration.
So now we just have to show that the restriction:

g2 M\ B — S5\ A

is a C*~!-fibration. We have that ¢, is proper since "~ \f_l(IBSg‘) is compact.

Since f is d-regular, by Proposition 3.1 the map ¢: S'~1\ f71(A¢) — Sk=1\ A has no
critical points. So ¢ is a submersion restricted to the interior M\ f ! (]B§ )of M\f~! (I@g ).
Since ¢ and ¢, coincide on the boundary MNf~! (Slg_l), we already saw that ¢; restricted
to this boundary is a submersion. The result follows from the Ehresmann fibration theorem
for manifolds with boundary (Theorem 6.3). O

Remark 3.4 In the articles [3,4] we proved that when f: (R”,0) — (RX,0) is analytic
with a critical point at 0 € R” and 0 € R* is an isolated critical value, fibrations (3) and
(6) are equivalent. The proof uses [3, Proposition 3.5] (which is the analytic version of a
corollary by Milnor [16, Corollary 3.4]) which says that there exists a neighbourhood of the
origin of R” such that the gradients of two non-negative analytic functions cannot point
in opposite directions. This result is proved using the Analytic Curve Selection Lemma;
thus, the proof does not extend to the case when f is non-analytic.

Question 3.5 Are fibrations (3) and (6) equivalent, as in the analytic case? We do not
know the answer.

4 Differentiable maps with arbitrary discriminant
As in the analytic case, we want to extend the concept of d-regularity, allowing some maps
to become d-regular after a homeomorphism on the target space. We start recalling some
definitions from [5].

Givenn > 0and 6 € S’,;_l, recall the set £y C RX, which is the open segment of line
that starts in the origin and ends at the point 6.

We say that a restriction /,: B]f] — h(IB%/,;) of a homeomorphism #: (R¥, 0) —> (R, 0)
is a conic homeomorphism if:

(i) Foreacho e S/,;_l the image /1,,(Lg) is a path in R* of class C¢ with £ > 1;
(ii) The inverse map 4#~! of & is of class C* with £ > 1 outside the origin;
(iii) The map k~! is a submersion outside the origin.

To simplify the notation, set B/,; = h(IB/;).
We say that a conic homeomorphism /: IB%’,; — B’,; is a linearization for f. if

h~H(Ac N BY) = Cone(h™ ' (Ac N 0BY)).
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Given a linearization / for f., we say that f is d,-regular in B! if the composition #~! o f

is d-regular. Set
Apy =h AN 3By = (A) NSk

As before, let 77 : S/f]_l — Sk~ be the radial projection onto the unit sphere S*~! and
set Aj = m(Ay,,). Then the following theorem is a straightforward generalization of [5,
Theorem 3.12].

Theorem 4.1 Letf: (R 0) — (RX, 0) be a map of class C* with the transversality prop-
erty in BY, and suppose it admits a linearization h: IB%]; — Bf] making f dy-regular in B

Then the map
hlof oty o1 k—1
e = T Tofl SeTNST(Ar) = ST\ A

is a C*"Y-locally trivial fibration.

5 An example of a non-analytic djy-regular map
Consider the real function ¢: R — R given by:

e YVt ify > 0;
0 ift <0.

s(t) =

It is a classic example of a function that is smooth and non-analytic.

Now define a: R” — Rbya(x) =1 — ||x — 1||2 where 1 := (1,0,...,0).

So the function f : R” — Ry given by f(x) := ¢(a(x)), is smooth and non-analytic at
the origin.

Notice that:

+ f(x) = 0ifand onlyif ||x — 1|| > 1;

¢ f(x) =t for somet > Oifand only if t < el

and

. 1
x—1P=—+1
I I 7

So we have that:

(i) Im(f) =[0,e'];
(i) V(f) = R"\ B"(i;1), where B”(i;1) is the open ball of radius 1 around the point 1;

(i) f~1(@) = s*1 (i;Jﬁ + 1), where S"1 <i;‘/ﬁ + 1) is the (n — 1)-sphere

around 1 of radius ﬁ +1,forany0 <t < e L
(iv) f~He ) = {1}

The gradient of « is given by

The derivative of ¢ is given by

e

=

1

= t>0
st)y=1"

0 t<0.
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So by the chain rule, the gradient vector of f at a point x € R” is given by:

2 7y 3
— x)x—1), if |x—1| <1,
0, if Jlx—11>1

where 0 := (0,0,...,0).

Hence the critical set and the discriminant of f are given by:

T=V({OUl, Ar={0e}.

Now we consider a function g analogous to the function f. Define : R* — R by
B(x) =4 — |x — 2|> where 2 := (2,0, ...,0). Define g : R” — R, by g(x) := ¢c(B(x)).

In this case we have:

(1) Im(g) = [0, 3];

(@) V() =R\ B"(22);

(3) g l(t)=s""1 (2;,/% +4>,for any0 < ¢ < e_%;
1 _
@ g Me™ 1) =12},
Doing a computation analogous to that for f, we get that the critical set and the discrimi-
nant of g are given by:
- 1
Y, =V(@Uu{2} Ag ={0,e %},
Finally, set the map ¥: R” — R? given by ¥ := (f g). It is a smooth map that is not

analytic at the origin.
We have that:

(a) Im(¥) C [0,e"1] x [0, e 7];
(b) V(¥) = V(g) = R" \ B"(2;2), since V(g) C V(f);

(c) Wity ty) = S*1 (i;‘/ﬁ + l) nsr1 (2;‘/ﬁ + 4), forany #; # Oand £, # 0.

Notice that if the two spheres f~1(¢;) and g~ 1(£,) are transverse, the intersection is
either homeomorphic to a sphere S”~2 or empty. If they are tangent, the intersection
is a point;

d) w10, 8) = <Rn \ B (1; 1)) nsr—1 (2; \/ ﬁ + 4), for any tp # 0. Notice that this
is homeomorphic to a ball B, except when t, = e~ we get the point {2}.

() W1l(t,0) =81 <i; ./ ﬁ +1)N (]R” \ B"(2; 2)), for any 1 # 0. Notice that this
is the empty set.

The Jacobian matrix of W at a point x = (x1, .. ., ) is given by the following matrix
—ﬁf(x)(m —1) —ﬁf(x)xz —ﬁf(x)xn
~ g€ =2~ gipg@ . ~ gl |

So we have that the critical set and the discriminant are given by
Sy=V(OU==x=0, Auv={0n)0=<n=<ejuC,
where C is the curve in R? given by:
1 1
(e_m, e_m) ifs > 0;
(0,0) ifs < 0.

C(s) :=

In particular, ¥ does not have linear discriminant (see Fig. 1).

19
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(e7,0)

Fig. 1 The blue closed curve is the discriminant

Remark 5.1 The discriminant Ay divides the plane in two connected components. Here
we can see the phenomenon described in Introduction: by (c), over points inside the
discriminant, the fibres are spheres S”~2, while over points outside the discriminant, the
fibres are empty.

We claim that W has the transversality property, so there is no further contribution to
the discriminant by critical points of W restricted to the sphere S”~!. Let B, be the closed
n-ball of small radius € > 0 centred at the origin 0 € R”. Consider the (# — 1)-sphere
S"71(1;1) of radius 1 centred at 1. Firstly, we want to find the equation of the (72— 2)-sphere
which is the intersection of the (n — 1)-spheres S”~! and S"~1(1; 1) which, respectively,
have the equations

X4+ xn =€ (7)

(1= 1+ a2d o ta=1, (8)

2
Getting x% from (7) and substituting in (8) we get that x; = %, so the intersection is the
(n — 2)-sphere with equation

x2+--~+x2—62—i (9)
2 n — 4

Now we want to compute the radius r of the (1 — 1)-sphere S"~1(2; r) with equation
1 =22 +x3 4+ +a2=rs (10)
which intersects the hyperplane x; = % on the (n — 2)-sphere given by (9). Substituting
X = % and (9) in (10) we obtain that 7> = 4 — €2, The image of the (n — 1)-sphere
. _1 ;
S"71(2;7) under g ise +*. Any (n — 1)-sphere S"~1(2;7') of radius 7’ > r > 0 intersects
any (n — 1)-sphere S"~1(1;7”) with 0 < r” < 1 in either, an (# — 2)-sphere contained

1
in the interior of the #-ball B? or the empty set. Taking § < e ") we get that the fibre
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W(g, ) with (£, 1) € IB%IS‘ \ Ay is either contained in the interior of the n-ball B, or it
is the empty set; hence, W has the transversality property.
Consider the homeomorphism /: (0,1) x (0, 1) — (0,e™1) x (0, e_%) given by

1 1
h(l/i, V) = (e u(u72), ev(vf4)) s

with inverse

1 1
vy = (1- 1+ —, 2 J4+—].
Inu Inv

For n < e~! the restriction of /4 to IBS% N ((O, 1) x (0, 1)) is a conic homeomorphism that
gives a linearization for W, since / takes the segment ﬁ% to itself and the segment E%
onto the curve C (see the small rectangle in Fig. 1).

Set Eg := (h™! o W)~1(Ly) for 6 € (0, Z]. For any 6 € (7 /4, 7/2), one can check that
E, is a manifold homeomorphic to the cylinder S"72 x (0, 1) that intersects the sphere S,/
transversally, for any €’ < ¢, with € small enough as above, and for 6 € [0, 7 /4) we have
that Eyg is empty. Moreover:

Ex =fxy=---=2x,=0)

A

and Ez is a manifold homeomorphic to a disk D" that intersects the sphere S¢/ transver-
sally, for any € < €. Hence W is dj-regular. Alternatively, one can check this by using
Proposition 3.8 of [3] for the composition #~1 o W,

6 An extension of Ehresmann fibration theorem

In this section we give an extension of Ehresmann fibration theorem proved by Wolf in
[20] to prove Lemma 3.3. Analogous results are given by Ekedahl [11] and McKay [14,
Corollary 7].

We follow Section 2 of [20] to give the necessary definitions to enunciate Wolf’s theorem.
In [20] the results are stated for smooth manifolds and smooth maps between them. Here
we also deal with smooth (C*) manifolds, but the maps may be only of class C* for
2 <[ <oo0.

Let E and B be smooth manifolds and ¢: E — B a submersion of class Ct with 2 <
[ < oo. Since ¢ is a submersion, for any b € B the fibre ¢ ~1(b) is a submanifold of E of
dimension dim E — dim B.

Given x € E, the vertical space Vy at x is the subspace of T, E defined by

Vi={ve TxE|Dx(/7(V):O}»

that is, the space tangent to the fibre ¢ ~1(¢(x)). One has that dim V, = dim E — dim B.
The vertical distribution is V = {V,}xeg. An Ehresmann connection for ¢ is a distribution
‘H = {Hx}xee on E that is complementary to V, i.e., TxyE = V, @ Hy for every x € E. So
Dy restricts to a linear isomorphism from H; onto T, B. The space H, is the horizontal
space at x. Notice that using a Riemannian metric on E it is always possible to construct
an Ehresmann connection taking the orthogonal complement of the vertical distribution.

Fix an Ehresmann connection H of ¢: E — B. A tangent vector v € T,E is horizontal
(respectively, vertical) if v € Hy (respectively, v € Vy); a sectionally smooth curve in E is
horizontal (respectively, vertical) if each of its tangent vectors is horizontal (respectively,
vertical). We make the convention that all sectionally smooth curves are parametrised so
as to be regular (nowhere vanishing tangent vector) on each smooth arc.
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Let a(¢t), t € [0, 1], be a sectionally smooth curve in ¢(E) C B. Given x € ¢~ 1((0)),
there is at most one sectionally smooth horizontal curve o(t), t € [0, 1], in E such that:

(a) ox(0) = x,and
(b) poay =q.

If it exists, ay is called the horizontal lift of a to x. If ay exists for every x € ¢~ 1(a(0)), then
we say that o has horizontal lifts. In such case, the translation of the fibres along « is the

map

Pa: @ H@(0)) = ¢ (a(1)),

x > oy(1).
Following [20, Lemma 2.2] we get the following lemma.

Lemma 6.1 Let E and B be smooth manifolds and ¢ : E — B a submersion of class C* with
2 <1 < oo Ifu € ¢(E), then o~ (u) is a closed Ce—submanifoldofE. Ifp: oY) — ¢~ 1(v)
is a translation relative to an Ehresmann connection for ¢, then p is of class C*~1.

Proof Since ¢ is a C*-submersion, by the Rank Theorem [1, 2.5.15 Rank Theorem] F, :=
¢~ N(u) is a closed C*-submanifold of E for any u € ¢(E). The tangent bundle TF,, of F,, is a
C*!-manifold [1, 3.3.10 Theorem]; hence, the tangent spaces T, F,, depend differentiably
of class C*~1 onx € F,. Thus, given an Ehresmann connection H the horizontal subspaces
H, depend differentiably of class C*~! on x.

Since E and B are smooth manifolds, we can take the curve « to be sectionally smooth.
Thus, its derivative o/, which is a curve on the tangent bundle 7B, is also sectionally
smooth. Given x € ¢~1(«(0)), lifting the vector field ' to a horizontal vector field o/, on
E using the Ehresmann connection H and the differential D¢, which is of class C*~1, we
loose one degree of differentiability, but since o’ is of class C*, its lifting o/, is also of class
C®. View the Ehresmann connection as a system of ordinary differential equations. In
local coordinates the coefficients are of class C*~! because H, depends differentiably of
class C*~! on «; thus, the solution curve at time ¢ depends differentiably of class C =1 4n
the initial data. |

Taking Lemma 6.1 into account, one can follow the proofs of [20, Proposition 2.3 and
Corollary 2.5] to obtain the following theorem, where ¢ : E — Binstead of being a smooth
fibre bundle, is a differentiable locally trivial fibre bundle of class C*~: the projection is a
map of class C*, but the local trivializations are C*~!-diffeomorphisms.

Theorem 6.2 ( /20, Corollary 2.5]) Let ¢: E — B be a submersion of class C* with
2 < | < oo, where E and B are paracompact and B connected.” Then the following
Statements are equivalent:

(i) ¢: E— @(E)is a C*~1-fibre bundle.
(if) There exists an Ehresmann connection for ¢, relative to which every sectionally smooth
curve in ¢(E) has horizontal lifts.
(iii) IfH is an Ehresmann connection for ¢, then every sectionally smooth curve in ¢(E)
has horizontal lifts relative to H.

2The hypothesis in [20] of E being connected is not used in the proof, and it works without it.
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As a corollary, we get the following version of Ehresmann fibration theorem, which
corresponds to [20, Corollary 2.4].

Theorem 6.3 (Ehresmann Fibration Theorem) Let ¢: E — B be a proper submersion
of class C* with 2 < | < oo, where E and B are paracompact. Then ¢: E — ¢(E) is a
C*~-fibre bundle.

It is easy to extend Theorem 6.3 when E is a manifold with boundary 9E asking that the
restriction ¢|yg: 0E — Bisalso a submersion and applying Theorem 6.3 to the restriction
of ¢ to the interior of E and to the restriction of ¢ to the boundary JE.

Proof of Lemma 3.3 Since g is a C*~!-locally trivial fibration, by Theorem 6.2 there exists
an Ehresmann connection H¢ for g, relative to which every sectionally smooth curve in
g(Y) C Z has horizontal lifts. For any y € Y we have T,V = Vj,g @ Hf where \/5,g and
Hf are, respectively, the vertical and horizontal subspaces of T)Y. Recall that Vyg is the
tangent space of the fibre g71(g(y)) at y and that Hf projects isomorphically onto Ty(,)Z
under Dyg.

Analogously, there exists an Ehresmann connection H/ for f, relative to which every
sectionally smooth curve in f(X) C Y has horizontal lifts. For any x € X we have T,X =
V,J: D Hf: where V,{ and Hf: are, respectively, the vertical and horizontal subspaces of
T.X. Recall that V,j: is the tangent space of the fibre f~!(f(x)) at x and that Hf: projects
isomorphically onto Tf(,) Y = Vfg(x) @H}g(x) under D,f". This isomorphism induces a direct

sum decomposition H = 1:[3]: &) Hfof , where 1:[3]: and Hfof correspond, respectively, to

Vﬁx) and H}g(x). Hence we have T, X = V,j: @ H£ @ Hfof. Set Vfof = V{ @ I:Ifz, then we

have T, X = V§ o ® Hy % and we claim that 1%4 % is the vertical space of g o f at x and that
the distribution H8 = (H¥ s }xex is an Ehresmann connection for g o f. Firstly, it is easy
to see that Hfof is mapped isomorphically onto Tyr(x))Z under Dx(g o f)

Dy(x)8(Daf HEY )) = Drng (Hf(x)) = Ty(f(x)) 2.

To see that V3 f is the vertical space of gof atx we need to check two cases: 1) if v € V;{ we
have that Dyf (v) = 0, then Df(x)g(DJ(v)) = Dr(xg(0) = 0,2)ifv € ]:I{: then Dyf (v) € V}‘;’I
and Df(x)g(Dxf(V)) =0.

Letze (gof)(X) CZ,xe(gof) ' (z)andy = f(x) e g7 (z) C Y.Leta: I — Z be
a sectionally smooth curve in (g o f)(X) C Z with «(0) = z,and let a: I — f(X) C YV
be its horizontal lift relative to H¢, so we have that ,(0) = y and g o @, = . Now let
ay: I — X be the horizontal lift of ay relative to H/, so we have that ,(0) = x and
foay = ay. Thus we have g o f ooy = g o, = «a, s0 ay is a lift of & by g o f. To
conclude the proof we need to check that o, is a horizontal lift relative to the Ehresmann
connection H4¥ . Since a,: I — X is the horizontal lift of ay relative to H/ we have that
a(t) € Hf:x(t) = I:I{;x(t) <) Hﬁ:{t) for every ¢t € I. We claim that o,(¢) € ngj(;), suppose this

is not true that o,(¢) € Hix(t), then D, nf (o, (2)) = aj’,(t) c V8 but this contradicts

Slax(®))’
the fact that «, is a horizontal lift of « relative to the Ehresmann connection 2. O
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