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1 Introduction
Multiple zeta values are defined forr > 1and k1 > 2, ky, ..., k, > 1 by

1
g(kl; cee kr) = Z ﬁ (11)

my>->my>0 M1 Wy

We call the number k1 + - - - + k; its weight and r its depth. By Z, we denote the Q-algebra
of all multiple zeta values. There are two ways of expressing the product of multiple zeta
values, and both can be written in terms of quasi-shuffle products ( [22]). The relations
obtained from the two product expressions, together with some regularization process,
are referred to as the extended double shuffle relations of multiple zeta values ( [24]).
Conjecturally these give all algebraic relations among multiple zeta values. Multiple zeta
values have various different connections to modular forms. For example, in the caser = 1
multiple zeta values are the Riemann zeta values, which also appear as the constant term of
Eisenstein series. In [20] the authors defined double Eisenstein series, which have double
zeta values ((1.1) in the case r = 2) as their constant terms, and which in some sense give a
natural depth two version of Eisenstein series. This raised the question if these objects also
satisfy some of the extended double shuffle relations. Partial answers for this were given
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in [20] and in arbitrary depths for so-called multiple Eisenstein series in [1,2] and [9]. In
this work, we present a new approach and lift Eisenstein series with rational coefficients in
a purely combinatorial! way to g-series which we call combinatorial multiple Eisenstein
series. This provides a new framework for relating modular forms and multiple zeta values.
We discuss the relations satisfied by these g-series and give an interpretation of them as
a variant of the extended double shuffle relations.

We first recall the extended double shuffle relations for multiple zeta values before
explaining how the combinatorial multiple Eisenstein series fit into the picture. Consider
the alphabet L, = {z; | k > 1} and let $§' = Q(L,) be the free algebra over L,. Define a
product on QL, by z; ¢ zj = z;1; for all i, j > 1. The corresponding quasi-shuffle product
(3.1) % = %, is usually called harmonic or stuffle product. Let $° be the subalgebra of $)!
generated by all words not starting in z;. Due to the usual power series multiplication, the
linear map? defined on the generators by

: 9O Z
£:H°— 1.2)
Zkl---zk,'—>§(k1;---;kr)

gives an algebra homomorphism from (£, ¥) to Z. This homomorphism can be extended
to a homomorphism ¢* : 9! — Z, so we obtain elements c*(ky, ..., k) € R for all
ki, ..., kr > 1 called the stuffle regularized multiple zeta values (see [24]). In the case
k1 > 2 these coincide with the multiple zeta values (1.1) and they are uniquely determined
by this property together with ¢*(1) = 0 and the fact that the Q-linear map ¢* : §! — Z
defined on the generators by zi, ...zx, +— ¢*(ki, ..., k;) is an algebra homomorphism
from (91, ) to Z.

Next, consider the alphabet given by the two letters Ly, = {x, y} and write = Q(Lyy).
Define the product 2 ¢ b = 0 for all 4, b € QL,y, then the corresponding quasi-shuffle
product %, is the shuffle product, denoted by LL. Via the identification zy = x~1y we
can view $! and $° as subalgebras of the shuffle algebra (§), LLJ), we have $! = Q1 + §HHy
and $° = Q1 + x$y. Due to the iterated integral expression of multiple zeta values, one
obtains that the map (1.2) gives an algebra homomorphism from (%, (L) to Z. There is
also a unique extension of the map ¢ to an algebra homomorphism ¢% : (1, 11) — Z
given by shuffle regularized multiple zeta values and satisfying ¢"(1) = 0. These two
regularizations differ and their difference can be described explicitly (see [24, Theorem
1]). For example, we have in depth two for all k1, ky > 1

¢* (k)¢ ™ (ko) = ¢*(k, ko) + ¢ ¥ (ka, k1) + & (k1 + k2)

k1+ko—1 ] _1 ] 1
- ((/q - 1) * (kg - 1)) E0h ki + ko = ) + 8 41,287 (2),

j=1
(1.3)

!n the sense that we work with formal g-series without any convergence issues in contrast to working with holomorphic

functions given as sums over lattice points.
2By abuse of notation, we use the same symbol for the maps as well as for the objects. From the context, it should

always be clear if we are talking about the maps or the objects.
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where § denotes the Kronecker delta. We call these equations obtained by comparing
products of shuffle- and stuffle-regularized multiple zeta values the extended double shuffle
equations (see Definition 3.5 for a precise definition in terms of generating series).

Beside the multiple zeta values there are other objects satisfying the extended dou-
ble shuffle equations. In particular, it is known that there exist (non-trivial) ratio-
nal® solutions to the extended double shuffle equations, i.e. numbers B(ky, ..., k) € Q
for ki > 2, ko,..., k- > 1 and corresponding stuffle and shuffle regularized maps
g% BY : H! — Q. In this article, we focus on the stuffle regularized objects and thus
we write by abuse of notation f = B*. We restrict to rational solutions, which in depth
one for even k > 2 are given by

_ (k) By
plk) = ik 2k

(1.4)

and for odd k > 1 by (k) = 0. These rational numbers also appear as the constant terms
in the Fourier expansion of the Eisenstein series, defined for k > 1 by

G(k) = B(k) + Y. &g e Qlql. (1.5)

dm>1

1
(k— 1)

For even k > 4 these are, when viewed as functionsint € H = {r € C | Im(r) > 0}
2mitT

withg = e , modular forms of weight k for the full modular group. In our context,
they can also be seen as interpolations between ¢ (k) and S(k), i.e. the depth one objects
of the two solutions of the extended double shuffle equations mentioned above. More
precisely, we have lim, .o G(k) = (k) and lim,_.1(1 — q)*G(k) = ¢ (k), where the latter
is a consequence of (2.4).

In this paper, we generalize this idea to arbitrary depths and lift a rational solution 8
satisfying (1.4), to objects* G(ky, ..., k) € Q[q], which we call combinatorial multiple
Eisenstein series. In the case r = 1 they are exactly given by the Eisenstein series (1.5). The
combinatorial multiple Eisenstein series interpolate between ¢* and § in arbitrary depths,

i.e. we have for ky, . .., k. > 1 (Proposition 6.17)

limo Glky, ..., k) = Blki, ..., k),
q—

(1.6)
liml*(l — gt Gy, k) = kL k),
q—)

where the lim* indicates that we need to do some regularization in the case k; = 1 (see
(6.7)). The construction of the combinatorial multiple Eisenstein series depends on the
choice of the rational solution to the extended double shuffle equations j, though most of
their properties are independent of this choice as we have already seen in (1.6). Moreover,
the combinatorial multiple Eisenstein series can also be viewed as a map G : ! — Q[4]
satisfying for w, v € $! an analogue of the extended double shuffle equations. For example

3We call Q-valued solutions in the following also just rational solutions, which should not get confused with solutions

given by rational functions.
*In particular, the G(ky, ..., k) depend on the choice of the non-unique rational solution B, i.e. we should write

Gg(ky, ..., kr). But to keep notations cleaner we omit the 3.
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as an analogue of (1.3) we have for kj, ky > 1 (Proposition 6.7)
G(k1)G(ka) = G(ky, k2) + G(ka, k1) + G(k1 + k2)

ki+ky—1 ] 1 ] 1
- Z <<k1 - 1) * <k2 — 1)) G(j ki + k2 — j) + Rg(ki, ko), (1.7)

j=1

where the g-series Rg(ki, k2) is given by

Atk g d Gkt ky —2) ki + ko >3
Re(ky, ky) = D1k —119d4 (k1 2 ) ki 2

. (1.8)
G(2) ki+k =2

Observe that we havelimy_, o Rg (k1, k2) = 8, 1+4,,28(2) and limg_q (1—g)litheRe(ky, ko) =
k1 +ky,2¢ (2). In particular, the formula (1.7) gives an explicit expression for q%G(k) in
terms of combinatorial double Eisenstein series by choosing k3 = 2. This actually works
for arbitrary depths, for any w € $! we have (Corollary 6.31)

d
q—GWw) = G(zy xw—zy LLIW).
dg

This is a nice example for the fact that derivatives are an obstacle for the combinatorial
multiple Eisenstein series satisfying the extended double shuffle relations. The expression
G(zy % w — zo LU w) does not vanish in general, but it is exactly given by a derivative. So in
particular, its constant term (and also its limit for ¢ — 1) indeed vanishes.

In order to deal with derivatives and to include them into the algebraic setup, we consider
objects depending on double indices. More precisely, we introduce combinatorial bi-
multiple Eisenstein series G(Eﬁ:) € Q[q] defined for ki, ..., k, > land dy, ..., d, > 0.
The sum k; + -+ + kr + di + - - - + d, is called its weight. The combinatorial multiple
Eisenstein series are given in the special case

ki, ...,k
G(kl,...,kr)zG( (;,”.,0>'

In general one can think of the combinatorial bi-multiple Eisenstein series as some kind of
‘partial derivatives’ of the combinatorial multiple Eisenstein series, since we have (Propo-
sition 6.29)

dG(h,...,/@)_Xr:k'G<kl,...,k,-+l,...,k,>
a7 \ay.0a0) =& a1 d)

With this the extra term in (1.8) can be written as Rg(ky, ky) = (kll'gk_zl_ 2)G (kl'HIQ_l). For

example, as an analogue of the double shuffle equation (which also holds for the rational
solution f)

t21¢B)=¢(321)+¢(231)+¢(21L3)+¢(51)+¢(24)
=50(321)+20(231)4+¢(21,3)+2:(31,2) +9¢(4 1,1) +¢(2,2,2)
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the combinatorial multiple Eisenstein series satisfy

G2 1)GB)=+GB,21)+G(231)+G(21,3) + G5 1) + G(2,4)
=5G(3,21)+2G(2,3,1) + G(2,1,3) + 2G(3,1,2) + 9G(4, 1, 1)

+G(2,22) +3G 41 +3G 32 +G 23 (1.9)
" 1,0 0,1 01)° ‘

The additional terms 3 G(ﬁllj(l)) +3G (3%) +G ((2)“;’) in (1.9) vanish for both limits ¢ — 0 and
q — 1 (after multiplying with (1 — ¢)°).

In some special cases, the combinatorial bi-multiple Eisenstein series are modular
(Proposition 6.13) and the same holds for some linear combinations (Proposition 6.19).
But in general, the combinatorial bi-multiple Eisenstein series do not satisfy the modular-
ity condition and it is not clear which linear combinations of them do.

In contrast to the case of multiple zeta values, we do not describe the relations of the
combinatorial bi-multiple Eisenstein series in terms of two different product expressions.
Instead, we consider a bi-version of the stuffle product and a second family of relations
given by the invariance under a certain involution. This involution has a natural origin
coming from the theory of partitions ( [1,2,4,12]) and it can be described nicely in terms of
generating series. Therefore, we work entirely with generating series for the construction
of the combinatorial bi-multiple Eisenstein series. For r > 1 these are denoted by

X0 X\ Kioooke\ o1 w1 Yo Y
@(me, Yr) - kb%;% G(dl,...,d,)xl o x! T
di,..ndy =0

and in general a collection of such generating series for all r is called a bimould (Defi-
nition 3.7). To describe the bi-analogue of the stuffle product we consider the alphabet
LIZ’i = {z’; | kK > 1,d > 0} and define the quasi-shuffle product * = %, on Q(L'Z’i) by
22 o Zl(;i = z];if;zz. Then we call the bimould & symmetril (Definition 3.8) if the linear
map, defined on the generators by

k & ki, .. ke
Zg, -2 P G(dl,---,dr)’

gives an algebra homomorphism from (Q(L), ¥) to Q[g]. The bimould & is called swap
invariant (Definition 3.10), if it satisfies for all r > 1 the functional equation

QS(XIJ-‘*JXV) _®(YI+"'+Y}”)Y1+"‘+Y}‘l;u-;YI+Y2)YI>
Yi,..., Y X Xoo1 = Xpy oo, Xo — X3, X1 — X ’

which implies linear relations among combinatorial bi-multiple Eisenstein series in homo-

geneous weight. The main result of this work is the following.

Theorem (Theorem 6.5, Proposition 6.17) Let 8 be a Q-valued solution to the extended
double shuffle equations, which is in depth one given by (4.1). Then there exists a Q[q]-
valued bimould ®, which is symmetril, swap invariant and whose coefficients in depth one
are the Eisenstein series (1.5), i.e.

X\ _ k-1
QS(())_ZG(k)X :

k>1
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The coefficients of the bimould & interpolate between (stuffle regularized) multiple zeta
values and the given Q-valued solution B, i.e., they satisfy (1.6).

From this theorem we get that the combinatorial multiple Eisenstein series G(ky, . . ., k)
satisfy the stuffle product formula. By combining symmetrility and swap invariance of &,
we get that the combinatorial (bi-)multiple Eisenstein series also satisfy an analogue of
the shuffle product formula. This is made explicit in depth two in Proposition 6.7.

The construction of the bimould & is inspired by the calculation of the Fourier expansion
of the multiple Eisenstein series G introduced by Gangl-Kaneko-Zagier ([2,20]). We recall
this calculation (Theorem 2.1) in Sect. 2. The following diagram provides a rough overview
of how the building blocks of our constructions (right-hand side) are related to the classical
building blocks of multiple Eisenstein series (left-hand side).

£, Def. 6.1

[ b Def. 4.6 ]

In particular, the bimould & is constructed out of four bimoulds b, g*, £,, and g, whose

constructions are all inspired by the corresponding objects/statements in Sect. 2. We show
that the bimoulds g* and b are symmetril (Proposition 6.22, 4.7), hence the same holds for
the bimould & (by Proposition 3.9). On the other hand, the bimould & is a sum of swap
invariant bimoulds &; (Theorem 6.26, Proposition 6.27), thus & is also swap invariant.

By (1.6) combinatorial multiple Eisenstein series can also be interpreted as g-analogues
of multiple zeta values. Our notion of weight is compatible with the weight of quasi-
modular forms, and both product expressions of the combinatorial bi-multiple Eisenstein
series (given in Proposition 6.7 for depth two) are homogeneous in weight. As far as
the authors know, combinatorial multiple Eisenstein series provide the first model of
g-analogues of multiple zeta values with this property. In particular, this might give a
positive answer to a question raised by Okounkov in [26], since the space qMZV introduced
there is exactly spanned by all G(ky, ..., k) with kg, ...,k > 2. Moreover, we show
(Proposition 6.15) that the combinatorial bi-multiple Eisenstein series span the space of
g-analogues of multiple zeta values Z, considered? in [1,2,4] and [7].

Conjecturally all algebraic relations among combinatorial bi-multiple Eisenstein are
consequences of combining the symmetrility and the swap invariance (Remark 6.11).
Since these relations are all in homogeneous weight, we, in particular, expect that the
combinatorial bi-multiple Eisenstein are graded by weight.

In [5] the authors introduce the algebra of formal multiple Eisenstein series ¢, which
is given by (Q(L'Zﬂ), x) modulo the relations coming from the swap invariance. In this
algebra one can also define a projection to the space of formal multiple zeta values, which

°In [1] and [2] this space is denoted by BD.
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can be seen as a formal version of (1.6). Further it is shown, that the sly-action from
quasi-modular forms can be extended to this algebra. By the above mentioned conjecture,
the algebra of combinatorial bi-multiple Eisenstein series GP' (Definition 6.10) should be
isomorphic to the algebra of formal multiple Eisenstein series and therefore G** should
also be an sl-algebra.

A similar formal algebraic approach is used independently in the thesis of the second
named author [14]. Here another quasi-shuffle algebra is considered together with an
involution, which is of a simpler shape than the operator swap. It is shown in [15, Theorem
7.10] that this weight-graded algebra is isomorphic to the weight-graded algebra of formal
multiple Eisenstein series. The description in terms of this other quasi-shuffle algebra
seems to be a good choice to proceed as in [27], which means giving a generalization of
the pro-unipotent affine group scheme DM and the double shuffle Lie algebra dmy.

Finally we remark that the name of the combinatorial multiple Eisenstein series was
inspired by the combinatorial double Eisenstein series Z;, x, introduced in [20, (17)].
These differ slightly from our G(kj, k»), but they can be related using [8, Proposition 2.5]
and adding the constant term B(kj, k2). Combinatorial multiple Eisenstein series might
also have a connection to iterated integrals of quasi-modular forms ( [25]).

2 Multiple Eisenstein series
In this section, we recall multiple Eisenstein series and the calculation of their Fourier
expansion. Details can be found in [1,2], and [9]. This gives a motivation and an explanation
for our construction of combinatorial multiple Eisenstein series in Sect. 6.

Forki > 3, kg, ..., k- > 2 and t € H the multiple Eisenstein series are defined by

G,k (T) = Z ;, (2.1)

k1 k,
Ar=>=Ap>=0 )‘1 t ')"”r

)\,iEZ‘L'-'rZ

where the order > on the lattice Zt + Z is defined by m1t + ny > mot + np it m; > my
or my = my A n1 > na. Since Gy, . (t + 1) = Gy, .(7) the multiple Eisenstein series
possess a Fourier expansion, i.e. an expansion in ¢ = €77, which was calculated in [20]
for the r = 2 case and for arbitrary depth by the first author ( [2]). In depth one we have

fork >3
G)= Y = X =t D
AEZTHZ m=>0 m>0nez
A>0 V (m=0An>0)

=Wy (mt)

For even k > 4 these are just the classical Eisenstein series, which are modular forms
for the full modular group. When k is even, these differ from the Eisenstein series (1.5)
defined in the introduction just by a factor of (27 i)¥. We refer to Wi (t) as the monotangent
function ( [10]), which satisfies for k > 2 the Lipschitz formula

_ 1 —2mi)k k=10
Wi (t) = %XZ: el Pt Zd (2.2)

d>0
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This gives
(=27 k-1 _md K
Gr(r) = ¢(k) + Y Wilmr) = ¢ (k) + TR Y d g = (k) + (—2mi) g (k).
m>0 " m>0
d>0

Here the g(k) are the generating series of the divisor-sums and for higher depths multiple
versions of these g-series appear, which are defined for ky, ... k. > 1 by

ki—1 ky—1
n n
glky, ..., k) = E (kll_ o (krr_ 1)!qm1n1+ +mpny o Q[[q]] . (2.3)
ey

These g-series were studied in detail in [2,6] and they can be seen as g-analogues of
multiple zeta values since one can show that for k; > 2

i (1= g gl k) = k). 24

In the Fourier expansion of (multiple) Eisenstein series, the g-series g always appear
together with a power of —2mi and therefore we set for kg, ..., k, > 1

glky, .. k) = (=2mi)tthg(ky, . k) € Qlilq].

A multiple version of G (t) = ¢ (k) + g(k) is given by the following.

Theorem 2.1 (r = 1,2 [20], r > 1 [2]) For k1 > 3, ky, ..., k, > 2 there exist explicit

;(11/:’1 € 7, such that for q = e*™'* we have
Gy (1) = ¢kt ., k) + > ey gl k)

O<j<r
b=k oy
h220,...02>1

+ gk .. k).

Inparticular, G,k (t) = ¢kt .., ki )+ 020 Gy, k (1)q" for someay . (n) € Z[mil.

We sketch the proof of Theorem 2.1 in the following and then give an explicit example
at the end of the section. First, observe that for ki, ..., k, > 2 we have by the Lipschitz
formula (2.2), that the g-series ¢ can be written as an ordered sum over monotangent

functions

gk k)= D W (mr)- Wy (m,T). (2.5)

my>-->my>0

In general the multiple Eisenstein series can be written as ordered sums over multitangent
functions ( [10]), which are for ki, .. ., k» > 2 and t € H defined by

Yook (T) 1= Z ( ! (2.6)

k ke
e, r+n1) 1 (l'_{_nr) r
Vl,’EZ
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These functions were originally introduced by Ecalle and then studied in detail by Bouillot
in [10]. To write Gg,, . (7) in terms of these functions, one splits the summation in the
definition (2.1) into 2" parts, corresponding to the different cases where either m; = m;;
orm; > mjy for Ay = myt +mandi=1,...,r (A,41 = 0). Then one can check that the

multiple Eisenstein series can be written as
r
Gk (1) = > _ 8" k1, .., ) ki1, - Kr), 2.7)
j=0

where the g-series ¢* are given as ordered sums over multitangent functions by

j
§ky k) = > [T%, 1, (i), (2.8)

1<j<r i=1
O=ro<ri<--<rj_y<rj=r
my>-->m;>0

Further, one can show ( [1, Construction 6.7]) that the g-series ¢* satisfy the harmonic
product formula, e.g. §*(k1)g* (ko) = §*(ky, ko) +&* (ko, k1) +&* (k1 + ko). We will generalize
this construction later in terms of generating series (Lemma 6.21) and then use an analogue
of (2.7) as the definition for the combinatorial multiple Eisenstein series. To obtain the

statement in Theorem 2.1 one then uses the following theorem.

Theorem 2.2 [10, Theorem 6] Forky, ..., k, > 2withk = ky + - - - + k; the multitangent

function can be written as

s , -1
lIjkl)_“,k},('l:) = Z (_1)11+ +l,_1+k/+k 1_[ (kl _ 1)((11: cees lj—l) \Ijl/(t)
1<G<r 1<i<r M
ety =k i#]

((lr; lr—l; e lj—‘,—l) .

Moreover, the terms containing V1 (t) vanish.

This theorem can be proven by using partial fraction decomposition (see Example 2.3)
and then using the shuffle product to show that the coefficient of W;(7) vanishes.

Applying Theorem 2.2 to (2.8), we see by (2.5), that the §* can be written as a Z-linear
combination of g. This proves Theorem 2.1, since one can also show that all the appearing

multiple zeta values have the correct depth.

Example 2.3 We give one explicit example in depth two. In this case, (2.7) reads
Gk, (1) = ¢ k1, ko) + &7 (k)¢ (ko) + &% (ky, K2),
where g* (k1) = Zm1>0 Wy, (my7) = g(kq) and

Fhuk) = Y W m)+ Y i (7)Y, (myt)

m1>0 m1>my>0

= Y W k(1) + gk ko).

m1>0
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Considering the special case (k1, k2) = (3, 2) one sees by partial fraction decomposition

1
Yaale) = Z (t +m)3(t + n2)?

n1>ny

_y ( 1 . 2 s 3 )
B (m —m)X(t+m)®  (m—m)+m)?  (m—n)*r+m)

1 3
" mgz ((m —m)P(T+m)  (m —m)Hr + nz)) =3B T @),

and therefore §*(3,2) = 3¢(3)g(2) + ¢(2)¢(3) + £(3, 2). In total we get
Gsa2(7) = ¢(3,2) +3¢(3)8(2) + 2¢(2)¢(3) +8(3,2).

3 Moulds, bimoulds and quasi-shuffle products

First, we recall some basic facts on quasi-shuffle products ( [11,22,23]). Let L be a countable
set whose elements we refer to as letters. A monic monomial in the non-commutative
polynomial ring Q(L) is called a word and we denote the empty word by 1. Suppose
we have a commutative and associative product ¢ on the vector space QL. Then the
quasi-shuffle product *x, on Q(L) is defined as the Q-bilinear product, which satisfies
1%, w=w%,1=wforany word w € Q(L) and

aw xo bv = a(w *, bv) + blaw *, v) + (a © b)(w *4 v) (3.1)

for any letters a,b € L and words w,v € Q(L). This gives a commutative QQ-algebra
(Q(L), *o), which is called quasi-shuffle algebra. Moreover, one can equip this algebra
with the structure of a Hopf algebra [22, Section 3], where the coproduct is given for
w € Q(L) by the deconcatenation coproduct

Alw) = Z URV. (3.2)

uv=w

A well-known example is the shuffle Hopf algebra. Define the product on QL byaob =0
for all @, b € L. Then the corresponding quasi-shuftle product %, on Q(L) is the shuffle
product, usually denoted by LLI. The antipode in the shuffle Hopf algebra is given by

S@ai...a,)==D"a,...aq, ai,...,ar €L,

so the defining property of S yields the following relations in Q(L).

Lemma 3.1 For any non-empty word w = ay . ..a, in Q(L), it is
r
Z(—I)Ldidlpl ...ay1Wajpaivy...ar = 0.
i=0

To work with quasi-shuffle products it is convenient to consider generating series. For
this, we will introduce the notion of moulds and bimoulds, which were introduced by
Ecalle. We refer to the article [11] for a good overview on mould theory and a thorough
list of reference for the original works of Ecalle.
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Definition 3.2 Let .4 be a unital Q-algebra. A family Z = zr ))r>0 with Z© € A and
Z") e A[Xy, ..., X,] for r > 1is called a mould with values in A.

Givenamould Z = (Z* ))720 we call the Z") the depth r part of Z. All moulds considered
in this article satisfy Z(® = 1, so we usually just give the depth r > 1 parts when defining
moulds. Since the depth is clear from the number of variables we just write Z(Xj, . .., X;)
instead of Z")(X3, . . ., X,) in the following. Let Z = (Z (r ))r>0 be an A-valued mould, then
we define for r > 1 and ky, ..., k. > 1 the elements z(ky, ..., k) € A as the coefficients
of its depth r part

ZXy .o X) =0 Y alky k)X T X (3.3)
ki,eookyr =1

Consider the set of letters L, = {z; | kK > 1}. Then for any commutative and associative
product ¢ on QL, we obtain a quasi-shuffle algebra (Q(L;), *o).

Definition 3.3 Let A be an unital Q-algebra, Z an A-valued mould with coefficients z as
defined in (3.3), and ¢ a commutative and associative product on QL,.

(i) The mould Z is called o-symmetril if the coefficient map ¢z : Q(L;) — A given on
the generators by ¢z(1) = 1 and

Z, -2k, > zlky o k)

is an algebra homomorphism from (Q(L,), *.) to A.
(ii) If o is given by zx, © zx, = Zk, +k,, then we call a o-symmetril mould symmetril.
(iif) Ifthe product ¢ is given by zx, ¢z, = 0, then we call a o-symmetril mould symmetral.

Let Z; and Z; be moulds with values in A. The product Z, x Z, is the mould given by

.
(Zy x Zo)(Xy, . X)) = Y Zo(Xy, o, X) 2oy, - Xr).
j=0

Since we usually have Z(©) = 1, the first term (j = 0) in the above sum is simply given
by Zy(X1, . .., X;) and the last term (j = r) is given by Z1(X3, . . ., X;-). Equipped with this
product the space of all (A-valued) moulds becomes a non-commutative Q-algebra.

Definition 3.4 (i) For a mould Z we define the mould Z* by
Z8X . X)) =ZX0 4 4 Xy o X1+ X2, X1).

(ii) LetF =3 ,5oa,T" € A[T] be a formal power series with coefficients in .4. We can
view F as a mould with values in A, which we also denote by F and which is in depth
r > 0 defined by FO(X,...,X,) = a,. We call such a mould a constant mould.
Also notice that the product of two constant moulds is exactly the constant mould
coming from the product of their power series.

(iii) For an A-valued mould Z with coefficients (3.3) we define the constant mould I'? by

r .= Z VETT .= exp (Z (_;)" Z(n)T") . (3.4)

r=0 n=2




35 Pagel120f32 H. Bachmann, A. Burmester Res Math Sci (2023) 10:35

(iv) For an A-valued mould Z define the mould
Z, :=27F xI'?,

i.e. explicitly we have
r
Z, (X1, X) =) VPZXa+ -+ Xy X+ X X).
j=0

Moreover, we define its coefficients z, (ki, . . ., k;) € Aby

Zy(Xp, ..o X) = Y zylky, . k)X xR
kiy.nky>1

Conversely, the mould Z can also be written in terms of Z,

r
ZX1 0 Xp) = ) H 2y X Xrmt = X X1 = Xji), (3:5)
j=0

where (by using [23, (32)] for the last equation) we have

o0 o0 00 1yntl
Z P,(ZTk = Zz(l, L DTh = exp (Z ( 17)1 z(n)T") . (3.6)
k=0

k=0 k n=2

Definition 3.5 Let .4 be a unital Q-algebra and Z an A-valued mould. We say that the
mould Z satisfies the extended double shuffle equations if the mould Z is symmetril and
the mould Z, is symmetral.

Example 3.6 For a mould Z, the extended double shuffle equations in depth two are

Z(X1)Z(Xa) = Z(X0, Xa) + Z(Xp, Xa) + w
1= A2
Z,(X1)Z, (X2) = Z,, (X1, X2) + Z,, (X2, X1)

= Z(X1 + X, X1) + Z(X1 + X2, X2) + V£ .

The motivating example for these equations is the mould of (stuffle regularized) multiple
zeta values 3, whose depth r part is defined by

Xy, X) = Z ¥ (ky, .. .,kr))({q_1 .. .Xf’_l,
kiy.euky>1

The mould j satisfies the extended double shuffle equations ( [17,24]) and the correspond-
ing relations obtained for multiple zeta values are exactly the extended double shuffle

relations mentioned in the introduction.

Definition 3.7 Let A be a unital Q-algebra. A bimould with values in A is a family
B = (B"),5o withBO € Aand B" € A[Xy,..., X, Y1,..., Y,] forr > 1.
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As is the case of moulds, we call B") the depth r part of B and since the depth is clear
from the number of variables and we just write B()g);:) instead of B ()2);:) in the
following. Moreover, all appearing bimoulds also satisfy B®) = 1, hence we often restrict
to the case r > 1 when defining bimoulds.

For bimoulds, we consider the alphabet
LY ={zf | k>14d >0},

which can be seen as a generalization of L,. For a commutative and associative product ¢
on (@LEi we obtain a quasi-shuffle algebra (Q(LEi), *o).

Definition 3.8 Let A be a unital Q-algebra, B a .A-valued bimould, and ¢ a commutative
and associative product on QLY.

(i) If the coefficients b(gig’r) € A of B in depth r are given by

di d
Xl,...,Xr> (/q,..-,kr) k-1 k—1Y1 Y
B( = E b Xll ...XrV _ .. 3
1 |
Yi,...,Y, s di,...,dy di! d,!
di,...dr 20

then we define the coefficient map of B as the Q-linear map ¢p : Q(le’i) — A on the
generators by ¢(1) = 1 and

s & ki, ...k
zdi...zdr '_)b(dl,...,d)'

(i) The mould B is called o-symmetril if the coefficient map is a Q-algebra homomor-
phism

¢ (QULY), %o) = A
(iii) If o is given by z];i o ZI[Z = 2211;22, then we call a o-symmetril bimould symmetril.
(iv) If the product ¢ is given by ZZ o zlﬂZ = 0, then we call a o-symmetril bimould

symmetral.

If B is symmetril, then in depth two we have as an analogue of the first equation in (3.7)

X X
B<X1)B<X2> _ B(XL Xz) +B(X2’ X1) n B(Y1+1Y2) _B(Y1+2Y2) ‘

Y Y, Y, Yo Yo n X1 —Xo

Similar as for moulds, we define the product of two bimoulds B and C as the bimould
B x C given by

X1, ..., X "Xy, X Xii1, .. X
(BxC)( 1 r)z B( 1 ;)C( i+l r)‘
Yi,... Y, - Yi,.... Y Yiit, o Yy

Proposition 3.9 If B and C are o-symmetril (bi)moulds then B x C is o-symmetril.

35
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Proof Let g, ¢c be the coefficient maps of the (bi)moulds Band C and writem : AQA —
A for the multiplication on .A. Then we see by definition that the coefficient map of B x C
is the convolution product of ¢p and ¢c, i.e.

ppxc =mo (pp @ ¢c) o A,

where A is the coproduct (3.2) on (Q(L), *,) for L = L, or L = le’i. This shows that
vBxC : (Q(L), *,) — Aisan algebra homomorphism if ¢p and ¢¢ are and therefore B x C
is o-symmetril. o

There is another important property of bimoulds, which is closely related to the conju-
gation of partitions (see [1,3,4] and [12]).

Definition 3.10 A bimould B is called swap invariant if for allr > 1

B<X11~~~JXV)_ <Yl+"'+Yr;Y1+"'+Yrl;---;YI+Y2JYI>

(3.8)
Yb~~~;Yr XVIXV—I_Xr)~~~;X2_X31X1_X2

An explicit formula for the coefficients on the right-hand side of (3.8) can be found in
[5, Remark 3.14], where the swap is denoted by the involution ¢ and the coefficients b are
denoted by Ps.

4 From moulds to bimoulds and the bimould bt
Let b be a Q-valued mould, which satisfies the extended double shuffle equations and is
in depth one given by

By x1 t@m) 5,1 1/(1 1 1
b(X) = — —X = X e i
X) 2! 2 (27)2m 2\X & -1 2 (4.1)
k>2 m>=1

In particular, the coefficients 8 of b (as defined in (3.3)) are a Q-valued solution to the
extended double shuffle equations.

Remark 4.1 Such a mould b satisfying the extended double shuftle equations exists by
the work by Racinet [27] or by combining the work of Drinfeld [16] and Furusho [18].
We give a short explanation how to obtain such an element. In [27, section IV], the
space DM, (Q) C Q((Ly)) is introduced, where L, = {xg, x1}. It is then shown that the
space DM, (Q) is non-empty, so we can choose an element for A = B(2) = —i, ie.
b e DM_i(Q). There is a canonical projection 7, : Q((Ly)) — Q((L;)), which is given

on the generators by xlé_lxl > zj; and maps each word ending in xg to 0. So applying the

map z, ...z, > X{(l_l .. .Xf’_l to the depth r component of the element

(_l)nfl ;
be=exp | Y ——(m(b) | 2)2] | 7:(b)
n=2

yields a family of generating series b(X, ..., X;) € Q[X}, ..., X,], which defines a mould

b satisfying the extended double shuffle equations.
In [16, §5], the space M, (Q) of associators is defined for each u € Q. It is shown that
the space M, (Q) is non-empty, thus we choose an element b € M1(Q). By [18, Cor 0.4],
there is an embedding M;(Q) — DM _ 1 (Q) (the definition of DM, (Q) in [18] slightly
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differs from the original one given in [27], thus one has to be careful with the signs). So
take the image of b under the embedding and proceed as before to obtain a mould b with
values in Q satisfying the extended double shuffle equations.

Neither of the above approaches provides an explicit construction of such a solution,
this is an open problem so far. In low depths, there exist explicit rational solutions (
[13,17,20]), which then give possible candidates for b(Xj, ..., X;) in the case r < 3. See
also [3, Section 3] for an explicit expression of the bimould b in depth two coming from
the solution presented in [20] or see [8] on how to construct directly such a bimould in
depth two out of a power series satisfying the Fay-identity (e.g. a variant of coth).

The mould b is not unique, there are different choices starting in weight 8. In the
following, we fix a mould b with values in Q, which satisfies the extended double shuftle
equations and which is given by (4.1) in depth one. In particular, everything we define in
the following depends on this choice.

The following gives natural constructions to obtain bimoulds out of moulds.

Definition 4.2 (i) For a mould Z we define the two bimoulds X< and Y4 by

X1,..5X X1, ..., X
xZ(°! "=z, .., X)), YE(! ") =z(vy,..., Y,
Yi,..., Y, Yi,..., Y,

(ii) For a mould Z we define the bimould B by
B? =Y?% x X%, (4.2)

so explicitly we have

2 (X1 X d
By ) = 2 M Y20 X
j=0

(4.3)

= Y WZWi+ A Y 4 Y YDZGs - X,
0<igi<r

where the coefficients y# are given by (3.4).

This construction will be used to obtain a bimould version of b in Definition 4.6. We
show that BZ is always a swap invariant bimould and, if Z satisfies the extended double

shuffle relations, then BZ is additionally symmetril.
Proposition 4.3 For any mould Z the bimould B is swap invariant.
Proof The swap of B is given by

BZ(Y1+---+Yr,Y1+-~~+Y,_1,...,Y1+Y2,Y1>
Xr)Xr—l _Xr)«««;XZ _X3:X1 _XZ
= Z in(XV—/'-‘rH—l) Xr—j+i+2; .. -7Xr)Z(Y1 +---+ Yr—j’ B Yl) .
o<isi<r

Making the change of variables j/ = r — j + i, we see that above sum equals

X1, ..5X
Y 2K Xpya e XDZ(Y 14+ Yy, Y1) = B ")

— Yi...%/) g
0<ij'<r

35
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Proposition 4.4 If a mould Z satisfies the extended double shuffle equations, then the
bimould B is symmetril.

Proof Let Z satisfy the extended double shuftle equations, so Z is a symmetril mould and
Z, is asymmetral mould. We immediately obtain that X# is a symmetril bimould and Y%
is a symmetral bimould. If a bimould does not depend on the variables X;, symmetrility is
equivalent to symmetrality. In particular, the bimould Y%7 is also symmetril. In (4.2) we
see that BZ = Y%r x X?, so by Proposition 3.9 also BZ is symmetril. o

Remark 4.5 In [5], the relationship between the classical extended double shuffle equa-
tions and the relations of the coefficients of swap invariant and symmetril bimoulds will
be explained in detail. In particular, the authors show that in the special case of moulds
our Definition 3.5 coincides with the classical notion of extended double shuffle equations
used in [24] and [27].

Definition 4.6 For the fixed Q-valued mould b we define its corresponding bimould by
b = BY. By abuse of notation we denote the mould and the bimould by b, since it becomes
clear from the the set of variables which one is meant. Explicitly, we have

Xi,..., X
b(Y Yr> = Z yib(Yl"i—""‘_}/jfi)"') Y1+Y2; Yl)b()(j+ll~~~er))
Do 2/ ogigigr

where y; = ykb with the notation in (3.4), i.e. with (4.1) we have

- o D" — (=)™ By,
Zkak = exp (Z Tﬁ(n)X ) = exp (Z ” 2—}1!X ) .

k=0 n=2 n=2

Corollary 4.7 The bimould b is swap invariant and symmetril.

Proof This is just a special case of Propositions 4.3 and 4.4. O

5 The bimould g
For m > 1, we define the following power series in Q[g][X, Y]

X X+mY m
L, & 1 (5.1)
Y 1—eXg™

which will be used in the construction of combinatorial multiple Eisenstein series and
which is the building block of the following bimould.

Definition 5.1 We define the bimould g with values in Q[g] by
Xi,.., X, X3 X,
= L L .
g()ﬁ,...,Y,) 2 ml(n) ’”’(Yr)
my>--->m;>0

Proposition 5.2 ( [1, Theorem 2.3]) The bimould g is swap invariant.
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The coefficients g of g as defined in Definition 3.8 (i) are explicitly given by

ki—1_d ke—1_ d,
g(kl’ ook _ Z nll mll b oy qm1n1+...+mrnr (5.2)
dy, ... d, (ky — 1)! (ky — 1)! ' ’

m1>-->my>0
ni,..ony>0
These coefficients are generalizations of the g-series defined in (2.3). The coefficient of g”
isgivenbythesumoverallmyn; +- - -+m,n, = nwithmy; > --- > m, > 0,m,...,n, > 0,
i.e. all partitions of n with r different parts my, . . ., m, and multiplicities ny, .. ., n,. This
sum is invariant under the conjugation of partitions, which on the level of the generating
series g corresponds exactly to the swap invariance (3.8). This describes a combinatorial
proof of Proposition 5.2. Moreover, see [3] for the interpretation of the coefficients of the
bimould g as a generalization of the generating series of classical divisor-sums and their
derivatives.
The bimould g is not symmetril, but we can define a product & such that it becomes
&-symmetril. For this, we need the following property of the series L, defined in (5.1).

Lemma 5.3 For all m > 1 we have

I <X1>L <X2> LW‘(YH—Y;) LW‘(YH—Y;)

" Y1 " Y2 Xl XZ

4 (2000 —x0) = Voo (Y 4 (2600 = x0) = 21
2 1 2 mY1+Y2 1 2 2 mY]-i-Yz’

(5.3)

where b(X) = Zk>2 2" X5 s the depth one part of the mould b defined in (4.1).

eX+mY

q"
W satisfies

I X1 I X5 _ 1 I X1 " 1 I Xo
" Y1 " Yy _eX1—X2_1mY1+Y2 eX2_X1—1mY1+Y2’

which gives the above formula by using > 72, B, )51_:1 = ex%l and the parity of b. |

Proof By direct calculation one checks that L, (if) =

From this lemma, one can deduce the quasi-shuffle product satisfied by the coefficients
g of g. Explicitly, define for &, k9, j > 1 the rational numbers

k1 + k 1-— ki+k —1—j B i
k1,ko k 1 2 — ] k- 1 2 ] k1+ky—j
A =—[(-1)" + (—1)* -
J <( ) ( /(2—] > ( ) ( kl —j )) (/(1—|—k2—j)!

and define the commutative and associative product 4 on QLY by

ki+ky—1

ki A, k2 1+k2 ky,k2
Zay % dy = Zdy+dy + Z )L Ziiﬁ-dz (5.4)
j=1

Proposition 5.4 The bimould g is $-symmetril.
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Proof This follows from [1, Theorem 3.6] and is a consequence of Lemma 5.3. For exam-
ple, in lowest depth we have

()= (L2 0 £ o 2 ()

m1>my>0 my>m1>0 mi=my>0

Xi X
(5.3) (Xb Xz) + g(Xzf Xl) n g(Y1+Y1) - g(ylfyl)

- Y, Yo Yo 1 X1 —X3

1 Xl 1 X2
+ (Zb(Xz X)) — 5) 9(1/1 N Y1) + <2b(X1 —X2) - 5) 9()’1 + Y1>'

(5.5)

Considering the coefficients of (5.5) one sees that & in (5.4) gives ¢g4 (lez *4 Zdz)

®g (22 )@y (Z:Z)' The general case can be proven by induction over the depth. o

Proposition 5.4 shows the relationship between the bimould g and the depth one part of
the mould b. This will play a crucial role in the construction of the combinatorial multiple

Eisenstein series.

6 Combinatorial multiple Eisenstein series

In this section, we introduce combinatorial (bi-)multiple Eisenstein series, which are the
coefficients of the bimould &. Before we can give the definition of & we need to introduce
three other bimoulds b, £,,, and g*, which all depend on a fixed choice of a symmetril and

swap-invariant bimould b given in Definition 4.6.

6.1 The bimoulds b, £, and g*
Similar as in Definition 3.4 (ii) we can view the power series exp( — Z) € Q[T] as a
constant bimould. Moreover, define for any mould Z the mould Z~ for each r > 1 by
Z" Xy, .., X)) =Z(—X1, ..., X))
With this we define the following analogue of b = B® = Y x X".
Definition 6.1 Define the bimould b as a product of bimoulds
- - T
b=vb x exp (—E> x X°, (6.1)
i.e. for each r > 1 we have

B Xl,...,Xr Z( 1) l-‘rl)---er
Yi.... Y i—0 214! —Yi,...,—Y,; '

For m > 1, let £, be the bimould given in depth » > 1 by

X X X, X X: X ~ - X, .., X; — X
£m( " > Zb( 1 — , j—1— I>Lm< j >b< r j j+1 1)‘
LY i+---+Y, Yoo Y

Observe that the depth one part of £,, is exactly given by the series L,, defined in (5.1).
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Remark 6.2 (i) The bimould £,, can be also defined by using the flexion markers intro-
duced in [17] (cf. [10, Section 7.5.3]).

(ii) The definition of £,, is inspired by the calculation of the Fourier expansion of multiple
Eisenstein series. First observe that the power series L,, can be seen as the generating series
of the monotangent functions for ¥ = 0. Namely, define the ‘combinatorial version’ of
the monotangent function \I/,‘(”mb(T) = ﬁ Y -0 d*—14? for k > 1 by using simply the
right hand side of the Lipschitz formula (2.2). Then we see that

_ 1 _ _
Z lIj;(zomb(},;,”.)xk 1_ Z (k - 1)' de lqdek 1_ Zequmd
k>1 k>1 " d>0 d>0

B qum _; X
T 1-—eXgm T T"\0)"

So in analogy to Theorem 2.2, the £,, can be seen as the generating series of the com-
binatorial version of the multitangent functions. In particular, the trifactorization of the
mould of monotangent functions (used to prove Theorem 2.2) in [10, Theorem 5 & 6 ] is
similar to our definition of £,,. The mould consisting of multiple zeta values in [10] is in
the definition of £,, replaced by the mould b. Moreover, we omit the constant term for
W, (), this is necessary for our construction of combinatorial multiple Eisenstein series
for arbitrary indices (see the discussion before Remark 6.14 in [1]).

Definition 6.3 We define the bimould g* in depth » > 1 by
- (Xl, . .,X,) B 3 1’_[2 (Xrl._lﬂ, . .,X,l)
= m; .
Yi,..., Y, 2, L Y il Yy,

O=ro<ri<--<rj_1<rj=r
my>-+>m;j>0

The definition of the bimould g* is inspired by the definition of the classical g* in (2.8).
In particular, we show that the bimould g* is symmetril (Proposition 6.22).

6.2 The bimould & and combinatorial (bi-)multiple Eisenstein series
In analogy to (2.7) we define the bimould & as the product of g* and b.

Definition 6.4 (i) We define the bimould & by
6 =g*"xb.

(i) Forky, ...,k > landdy,...,d, > 0we define the combinatorial bi-multiple Eisen-
stein series G (25’, ) € Q[q] as the coefficients of the bimould &,

d ,
Z G<k1""’kr>Xkl_1--.Xkr—lil...Yrd ,:®<Xl’~~~:Xr)
Kipoke>1 dy,....dr )" Tody! dy! Yi,..., Y,
drrd, >0

The number ky + - -+ + k, +dj + - - - + d, is called its weight and r its depth.

35
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(iii) Inthespecialcased; = --- = d, = 0 we define the combinatorial multiple Eisenstein

series for ki, ..., k, > 1 by

ki, ...,k
Gk, ... k) == G( éo>

The mould given by their generating series is also denoted by &, i.e.

X1, .. X
GXy, ..., X,) :=c§( (1)0)

The main result of this work is the following.
Theorem 6.5 The bimould ® is symmetril and swap invariant.

Proof We will show that g* is symmetril (Proposition 6.22). Since b is also symmetril,
we deduce by Proposition 3.9 that & = g* x b is symmetril. For swap invariance we will
show that & can be written as a sum of swap invariant bimoulds &; (Proposition 6.27,
Theorem 6.26) and therefore & is itself swap invariant. O

Before presenting the necessary results for the proof of Theorem 6.5, we give some

examples and consequences.
Example 6.6 (i) Indepthr = 1 we have g*(}) = g(}) and therefore

o(v) =e(v)+olv)

So the coefficients are for k > 1,d > 0 given by

k By Bt d / 1
5 5 k=1 g, 6.2
G(d) 0% k@) T (k— e Z " 62)

We see that for k > d > 0 the combinatorial bi-multiple Eisenstein series G (5) is
essentially the d-th derivative of the Eisenstein series G(k — d), since

K\ (k—d—1( d\*
() =" (o) o=

The swap invariance in depth one just states & (X) =6 (Y) On thelevel of coefficients

this gives G (Z) = ﬁG (d+ ) which can also be obtained from (6.2).

(ii) In depth r = 2 the bimould & is given by
X1, X2 X1, X2 X1\, (X2 X1, X2
(G =g" * b b
(Yb Yz) g (Yb Y2)+g (Y1> (Y2)+ (Yl; Y2>
and from the definition of g* and £,, we get

Xl,Xz Xl XZ Xl:XZ
* —
s (Yb Yz) h Z £m1< >£m2< ) Z £m<Yb Yz)

m1>my>0
X1, X2 X1 — X X2 X1\ (X2 —Xi
= +b + b .
g(Yb Yz) ( " >g<Y1+Y2) El(Yl-f-Y2> ( Yy )
This gives an explicit expression of G(k1 kz) in terms of the 8 and the g-series g,
which we omit here.
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XLXZ) - & 1+Y2, Y1

(iii) In depth r = 2 the swap invariance reads ®(Y1,Y2 o —Xz)’ which gives for

ki, ko > 1,d1,dy >

G ki, ko _ Z (—l)h dq! (dy + a)! G dy+1+a di+1—a
di, dy 0y alb! (k; — 1) (kp —1—0b) ky—1—b ki—1+b)"
Sasdy

0<b<hky—1

(6.3)

In Proposition 6.7 this formula is used to give an analogue of the shuffle product
formula for combinatorial multiple Eisenstein series.
(iv) We saw in Example 2.3 that G35 is given by

G3a(1) = ¢(3,2) +30(3)8(2) + 2¢(2)8(3) +£(3,2).

In comparison, we get

G, = 3,2 + 2523 +¢(3.2) = ¢(3.2) ~ -¢(3).

Notice that 8(3) = 0 and therefore this is exactly the same expression after replacing
¢ by the rational numbers g and ¢ by g.
(v) The combinatorial multiple Eisenstein series G(2, 1, 1) is given by

G(21L,1)=8211)+ ég(2) —-g(2,1)+¢g(2,1,1).

By duality 8(4) = B(2, 1, 1), but one can check that G(4) # G(2, 1, 1), i.e. the com-
binatorial multiple Eisenstein series do not satisfy the duality relations. Another
example for this is G(3) # G(2, 1), since

nq” d
—=q—G(1)=G3B)-G(21).
§)<1_qn)2 14,60 =66 -6

As an analogue of the double shuffle equations of multiple zeta values in depth two (1.3),
the combinatorial bi-multiple Eisenstein series satisfy the following.

Proposition 6.7 For ki, ko > 1,d1, dy > 0 we have

k1 k\ (ki ks ko, k1 ki +ky
G(dl>G(d2> B G<d1, dz) (dz, dl) + <d1 + dz)
- (e @)+ (o )@ )eve)s(ir)
1 —1/\e ey, e

I +lz =k1+ko
e1+ey=dy+dy
h,lb>1e1,62>0

n dy\dy! <k1+k2—2>G<k1+k2—l>
(dy +dy + 1) ki —1 di+dy+1/)°
Proof The first equality is just a direct consequence of the symmetrility. To show the sec-
. . . 1\ = (k dy'dy)! d d
ond equality, first use the swap invariance to get G( di) G( 2) m G( ki fi) G( kiﬂ)
and then evaluate this product by the first equality. Using then again the swap invariance
in depth one and depth two (6.3) yields the result. O
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Remark 6.8 Proposition 6.7 shows that the combinatorial bi-multiple Eisenstein series in
depth < 2 give a realization of the formal double Eisenstein space introduced in [8]. This
space is exactly defined by formal symbols satisfying the relation in Proposition 6.7.

One can obtain an analogue for the double shuffle relations in arbitrary depths with
the same argument as in the proof of Proposition 6.7. For example, the equation (1.9) is
obtained in this way.

Example 6.9 Evaluating G(2)G(2, 1) in the two different ways described above and writing
out the Fourier expansion yields:

0=G(2,21)+6G3,1,1)—G(2,3) — G4 1) + 2G<3’ 1) + G(Z’ 2)
1,0 0,1
=p(2,21)+6B(3,1,1) — B(2,3) — B4 1)

- <2/3(2) — B2 +128(1,1) +4B(1, 3) + 68(2,2) + 126(3, 1) — %) q

+ (68(2) — 28(2)* + 60B(1, 1) + 8B(1, 3) + 128(2,2) + 248(3,1) — 1) ¢*

+ <4ﬂ(2) —2B(2)* + 1208(1, 1) + 88(1, 3) + 128(2, 2) + 24B(3,1) — g) 7
+ 0(g%h).

From this equation we can obtain relations among the coefficients 8 in lower weight
without using their explicit expression. We get (2) = —ﬁ, B(1,1) = ﬁ and 28(1, 3) +
36(2,2) +68(3,1) = ﬁ = % B(2). It might be interesting to understand in general,
which relations among the 8 can be obtained from the relations among the G.

Definition 6.10 The QQ-vector space spanned by all combinatorial bi-multiple Eisenstein
series is defined by

ki, ..., ky

gbi:Q+(G<d1 d> lr>1L k.. k> 1,d1,...,d,>o>Q,
) Uy

and the homogeneous subspace of weight k > 0 is given by ggi = Qandfor k > 1by

; ST ¢ :
g]t:l:(G(di, ,d’;> Eghl|k1+"'+kr+dl+"'+dr=k>Q‘

The subspace spanned by all combinatorial multiple Eisenstein series is denoted by

Q:Q+(G(k1,...,kr)|r> Lky,.. k> 1>Q’
and we set Gy = gmg,‘g‘.

Remark 6.11 We expect that all relations among the combinatorial multiple Eisenstein
series come from the swap invariance and symmetrility. In particular, this would imply
that the combinatorial bi-multiple Eisenstein series are graded by weight, i.e. we expect

bi 2 bi
G” =B 9¢-

Proposition 6.12 Both GP and G are Q-algebras containing the algebra of (quasi-) mod-
ular forms with rational coefficients, given by Q[G(2), G(4), G(6)].
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Proof This follows immediately from the symmetrility of & and (6.2). It can be also
obtained from Proposition 6.15 (i) below. O

Proposition 6.13 Fork > 1,d > Owith k + d even, G (fl’::l;) is a quasi-modular form.

Proof By a classical result for quasi-shuffle algebras ( [23, (32)]),the generating series of
G(Si::l;i) can be written as

. , > _ rk\ T"
1+ZG< )T —exp(;( 1) 1G<rd>7), (6.4)

By (6.2), the G (:5) are quasi-modular for k + d even. Therefore by (6.4), the G (612::];) are
also quasi-modular forms of weight r(k + d) and depth (in the sense of quasi-modular
forms) at most r - min(d, k — 1). O

Example 6.14 We give one explicit example fork =d = 1and n = 2:

(") =p 2+ 2661 (1) - e} b1
<1’1>—:3(: )+ ,B() )+:3( )g<1>_§g<2)+g(1’1>

11 1_(1\*> 1 _(2
=155~ 528 —8B) +g(22) +26(3,1) = §G<1) _ §G<2>
Clgop_ Ll

3 2) 597 2)

Here the first equality comes from the definition of G (H), the second equality follows
from using explicit values for 8,which are unique up to weight 7, and the swap invariance
of g. The third equality comes from (6.4), but could also be obtained from Proposition 5.4.
For the last equation we used the swap invariance of G and (6.2).

For some indices one can also give an explicit formula for the G in terms of the g-series
g, eg. in the case k = 2,d = 0 one can show that

2r+1 T 2
ZG(Z 2)T Zg <2sm<2>> .

r=0 r=0

To obtain this formula one shows that the generating series over all » > 1 of the coef-
ficients of X ... X, in £, (X(l)j::::é( ’) has a product expression in terms of the L,,. Using
the Weierstrass product expression of sin together with our construction then yields the
claim after some calculations. It would be interesting to know if in general there are simi-
lar expressions for G(2k, . . ., 2k) in analogy to the explicit evaluations of ¢ (2%, . . ., 2k) for
k>1.

By construction the combinatorial bi-multiple Eisenstein series G can be written as
rational linear combinations of the g-series g defined in (5.2). The following Proposition
shows that also the converse is true.

Proposition 6.15 Forallky,...,k, > 1andd,,...,d, > 0 we have

kl,...,kr bi
g(dl,...,dr> €g”
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In particular, the combinatorial bi-multiple Eisenstein series span the space Z; of q-
analogues of multiple zeta values defined in [7].

Proof In depth one we have by definition G(g) = g(z) + u for some u € Q (see (6.2)),
thus it is g(X) € G" for all k > 1,d > 0. Moreover, we obtain immediately from the
construction of & that for all ky,...,k, > 1landdy,...,d, >0

ki, ...,k ki, ..k
G("" =g ! ") + (terms only involving g of smaller depths and weights).
dy,....dy dy,...,dy

So induction on the depth shows that each g-series g is a Q-linear combination of com-
binatorial bi-multiple Eisenstein series. The last statement follows from [7, Theorem 1],
where it is shown that the g-series g span the space Z,, i.e. we get Ght = Z,. O

Remark 6.16 (i) The similar argument as in Proposition 6.15 also shows g(ky, ..., k) €
G for all ky, ..., k- > 1. Also the converse holds, i.e. every combinatorial multiple
Eisenstein series is also a QQ-linear combination of the single indexed g (this follows
from equation (6.15)). This is in contrast to the shuffle ( [9]) and stuffle ( [1]) regular-
ized multiple Eisenstein series, where double indexed g are needed when k; = 1 for
some j. In particular, we have G = Z(‘; where Z,‘; is defined in [7]. As a consequence

of this, one would expect G z GPL. This was first conjectured in [1] (see also [7,
Conjecture 5]).

(ii) As explained in Remark 6.11, we expect that GP is graded by weight. By Proposi-
tion 6.15, the dimensions of the homogeneous spaces g}?i should coincide with the
conjectured dimensions of the weight-graded parts of Z, given in [7, Conjecture 3]
(and similarly for the associated depth graded parts).

We explain now why the combinatorial multiple Eisenstein series interpolate between
the rational solution 8 and multiple zeta values. In the case k1 > 2, ko, ..., k» > 1 we get
as a direct consequence of the proof of Proposition 6.15 and (2.4) that

lim (1 - QTR Gk, k) =k, .. k). (6.5)
q~>

The limit is independent of the choice of the rational solution to the double shuffle
equations b, since the limit ¢ — 1 considers just the highest depth term of the g-series g
in G. In the case k; = 1 this limit does not exist, but we can consider a regularized limit,
which we describe now. Using the notation as in Sect. 3 we can, as in the introduction, view
the combinatorial multiple Eisenstein series as a Q-linear map defined on the generators
by

G:9' —g

(6.6)
W=z ...2k, —> Gw) = G(ky, ..., k).

Since & is symmetril, G gives an algebra homomorphism from (9L, %) to G. Due to H! =
$°[z1] (cf. [24, Proposition 1]) we can write w = Zky o 2k, € 9! forany ky, ..., k > 1

uniquely as w = Z;:o W) * z? with w; € $°. Then we define the regularized version of
the limit (6.5) as

lim* (1 - QTR Gk, . k) = lim (1 - )R Gwo) = ¢ (wo). (6.7)
q— q—
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Notice that if k; > 2, then w = wy and thus (6.7) is equal to (6.5).

Proposition 6.17 Foranyky, ..., k. > 1 we have
;i_r)r%) G(ky, ..., k) = Blky, ..., k),

liml*(l — gt Gk, k) = kL k).
q—)

Proof First notice that the constant terms of the combinatorial multiple Eisenstein series
are by construction the coefficients in b (Xé:::é(’). The bimould b was defined by the mould
b (Definition 4.6), which satisfies the extended double shuffle equations. Since the mould
b, is symmetral and b, (0) = 0 (as (1) = 0), we inductively get b,(0,...,0) = 0. We
deduce b (X(l):::::é(’) = b(Xy, ..., X;) which shows the first equation. For the second equation
observe that the stuffle regularized multiple zeta values {* are essentially defined in the
same way as we constructed the regularized limit (6.7). Then since G and ¢* are algebra
homomorphisms, we obtain the claim from (6.5). O

Remark 6.18 Ingeneral one can make sense of the limit of (1—g)<1+-+h-+di+-+d G(sl"“’k’)

1eewkr
as ¢ — 1. In [5] the authors introduce bi-multiple zeta values ¢ (Zillz ) € Z ([5, Defi-
nition 4.18] after setting 7 = 0), which are essentially given by the regularized limit of
(1—gq)lat-thtdittd o (51/2:) asq — 1 (similar to (6.7)). Using the notion of degree and
weight limit introduced in [5], one can check (by Proposition 6.15) that all the other terms
inG (2 2 ) have lower degree than g(l‘z l,i: ), so they do not contribute to the weight limit
([5, Definition 4.3]). Therefore the regularized limit of (1 — q)k1+'“+k’+d1+'“+d’G(Si:':]]i:)
as g — 1is exactly given by ¢ (2 l,i:) Assuming that GP' = @ k>0 g}gi (Remark 6.11) one
then would get that the map G (2;3 )~ ¢ (Siﬁ ) gives an Q-algebra homomorphism

from G to Z.

Proposition 6.19 If for some €x,, . € Qwithr > land ki +---+ k- = k > 4 the
q-series

E €ky,...ky G(kb cee kr)
1<r<k
ki4--+-kr=k

is a modular form of weight k (after setting q = e*™'%), then we have

~\k
E le,...,kyé‘(kb ..o k) = (2mi) E Ekl,..,,k,,B(kb oo k).
1<r<k 1<r<k
ki+--+ky=k ki+--+kp=k

Proof 1ff(v) =ao + ., anq" is modular of weight k thenf(—%) = tff (1), i.e.
lim (1 - 9)*/(q) = lim (27" + O )/ (1) = lim (2mi)'f (—%)
q— T— T
= lim 7i)*f(r) = @mifao.

The statement then follows from Proposition 6.17. o

Notice that the converse of Proposition 6.19 is not true, since £ (2, 1, 1) = (27i)*8(2, 1, 1),
but, as seen in Example 6.6, G(2, 1, 1) is not a multiple of G(4).
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6.3 Symmetrility of £, g* and &
In this subsection, we give the proofs for the symmetrility of previously mentioned
bimoulds.

Lemma 6.20 For all m > 1 the bimould £, is symmetril.

Proof By replacing g™ =e~ T inL,, ()é) = %, we obtain a new series

L=~ aux-1y- L
=TT~ X-T 2
For each r > 1, we define a multiple bi-version of L7 as

Xp ... X — X,X —X; =X X — X
£ b L (X; .
T<Y1)--~) ) Z < Y]—l T( ]) _Yr;--~;_Y]’+1

Then after the change of variables g™ = e~ T and multiplication with exp(m(Y1 +- - -+Y;)),
we obtain precisely the bimould £,,. Moreover, let br, b7 and Mt be the bimoulds given
indepth r > 1 by

Xt ..o Xr Xi—T...X —T Xy o X\ (X =T X —T
by =b , b =5 ,
Y. Y Yi...,Y, Y. Y Y.,

1 : _
MT(X],...,X,«): m, ifr=1 )
Yi,.... Y, 0, else

We show that the bimould £7 has the following product representation
Lr=byr x Mt x ET. (6.8)

Since all bimoulds on the right hand side of the equation are symmetril, by Proposi-
tion 3.9 also £7 is a symmetril bimould. Substituting back e~ = g™ and multiplying by
exp(m(Y1+- - -+Y,;)) gives the symmetrility of the bimould £,,. In depth one, we compute

bT(if) +Mr (ﬁ) + ETG) === l TTox : x =t ©2)

Substituting (6.9) in the left hand side of (6.8), we have to show in some given depthr > 1

X’:b(xl—x,«,...,x,-_l—)(j)bT()(,>E<X,—)(j,...,)(j+l—Xj)

4_ Yl)"') ijl 0 _er--:_ j+1

j=1

,
+zb(xl e )@)BT(&)B(M—%---%H—%)
JY}I 0 Y., =Y
« T — X Y1, ,Y,1 =Y. =Y (6.10)

4 Xt X\ (X1 Xy
—DT ir
i Y];---)Yj Yj+1;---;Yr

j=0
. i 1 T(XI: ;)(jl)ET<AXj+IJ~~~:Xr>
j=1 T - )(} Yl) 5] }/j—l }/j—O—I) e Y}"
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Rewrite this equation in terms of the mould b by inserting the Definitions 4.6 and 6.1.
Then apply symmetrility to the terms b(X, — Xj,...,X;_1 — X;) and —b(T — X;) for
a € {1,...,j}in the first row and to the terms —b(7T — X;) and b(X,_ — X, ..., Xj 11 — X))
forb € {0, ..., r —j} in the second row (after making use of the identity b(X) = —b(—X)).
Finally, rewrite the equation in terms of the mould b,, by using (3.5). Since the mould b,,
is symmetral, it satisfies by Lemma 3.1

r—b

D (=1Yby (X X1, . Xa)by (X1, Xy, Xpp) =0 (6.11)
j=a—1

forall1 < a < r — b < r. Frequently applying the relation (6.11) proves the above
equation except for the terms, where no mould b depending on some of the variables
X1, ..., X, appears. To show that these terms also vanish, we use an explicit expression
for the generating series of j = )7,(" defined in (3.6)

00 oo X 1yn+l
7(X) = l;) Xk = I;)ﬁ(l, L DXE =exp (Z; ( 1:1 ,B(n)X”) )
= = k n=

The following expression of the Gamma function (c.f. [24, (2.1)])

e"XT(1 4+ X) = exp <Z (—nl)” C(n)X")

n=2

together with the equality 8(n) = (2575’:;,7 for n even, gives
- 2 1 2 . X e% — 67%
7X)” = < v~ =psinh |~ | = —F—. (6.12)
P+ -5, X 2 X

Using the definition of b as a product of three moulds given in (6.1) one can write the
remaining terms in (6.10) as products of moulds for which one can show that they cancel
out by using the explicit formula (6.12) together with some straightforward calculation. O

Lemma 6.21 Let B, be a family of bimoulds which are o-symmetril for all m > 1. Then
the bimould Cy; defined by

J
Xi,.., X, D, CHNEE P, €
Cu Y- Y, = Z l_[Bmi Y, Y,
Loty 1<<r i=1 ric1+L -0 4y
O=ro<ri<--<rj_1<rj=r

M>my>-->m;j>0
is o-symmetril for all M > 1.

Proof Itis C; ())(,i))fr’) = 0forr > 1and C%O) = 1, thus C; is a o-symmetril bimould.
Moreover, one obtains from direct calculations Cp11 = By X Cpr. Therefore, induction
on M and Proposition 3.9 yields the ¢-symmetrility of the bimould Cys forallM > 1. O

Proposition 6.22 The bimould g* is symmetril.



35 Page280f32 H. Bachmann, A. Burmester Res Math Sci (2023) 10:35

Proof Choosing B,, = £,, in Lemma 6.21 and taking the limit M — oo gives the bimould
g*. By Lemma 6.20 the bimoulds £,, are symmetril for all m > 1, thus we obtain that g*

is symmetril. O

Remark 6.23 The bimould g* can be seen as variant of the bimould g which is symmetril
instead of &-symmetril. It should be remarked that this correction is a completely different
to the one obtained by using the maps log and exp from [22] and [23], which enables one
to switch between different quasi-shuffle products over the same alphabet. This other
approach is illustrated in [1, Remark 6.6].

6.4 Swap invariance
Lemma 6.24 The bimould b satisfies

E(Xlx~~~:Xr) _ 6<_Yl - =Y, 1 - =Y., Y1 — Yz,—Y1>
Yi,.... Y, X X1+ X .., X0+ X3, — X1+ Xo

i.e. it is nearly swap invariant up to some additional signs.

Proof Using the swap invariance of b (Corollary 4.7) we get

E<Y1+~~+Yr,...,Y1+Y2,Y1) _z’:(—l)" (Y1+"'+Yri;~~~;Y1>
X Xo 1 —Xp .. 0, X1 — X 2i4! —Xp oo —Xiv1 + Xig2

_Z’:(—l)fb ~Xigtr . =Xy _i X1, =X,
P 241 Yi,...,Y, -Y,...,—Y, ‘
O

Definition 6.25 For j > 0 we define the bimould &; = (®;r))r>o as follows. In the case
j = 0we set &y = b and in general Qij(.r) =0forj > r.If 1 <j < rwedefine

Q5()(1, . .,X,) B 3 ILIS (X,,_IH,...,X,,>b<X,j+1,...,Xr>
] - mj .
Yi,.... Y, O=ro<ry <-<rj<r i=1 Yr,;1+1) cees Yr,' Y}’/'-i-l; Y

m1>~->m,->0

Notice that we have @ﬁr) = g(’ ) for any r > 1, i.e. the &; can be seen as an interpolation
between the swap invariant bimoulds b and g. Using the swap invariance of b and g we
get the following more general result.

Theorem 6.26 The bimould ®; is swap invariant for anyj > 0.

Proof Since &y = b we can assume 1 < j < r in the following. For 1 < a < b < r we use
the notation Xfl’ = X, — X and Y,lb =Y, + .-+ Y. The £, can then be written as

ni nj ni nj
¢ (Xri,1+1;...,Xr,> _ Z [,(erflﬂ"“’xm—l)Lm( Xy >E(X,i,...,Xm+l>
i i ri *
le‘,1+11 ceey le. ri,1<n,<r,' le.71+1, ey Yni71 Yri71+l Yri’ PR Yni+1
By the definition of the bimould g in 5.1 as a sum over the L,,, we therefore obtain

Xl,...,Xr Iyl Xl)---;XV an""’an
&, = Z Cnl,...,n,' gl . rj ’
...,y n...Y Y;! Yy’

0=rg<ny <rp<-<mj<rK<r 177 S+l

(6.13)
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where

J nj nj i i
Cn <X1: . -;X ) — 1_[ h<Xri,1+1; .. .,Xni_1>6<XZ 3. "XZi+1>b<er+1’ .. .,XV>'
b Yl,...,Y 3 Yri71+1’-"tY}’li71 le"-"’Yl’li+1 YV/'"’I""’YV
(6.14)

We want to check that &; satisfies (3.8), i.e. that it is invariant under the simultaneous

change of variables X; — Y1+---+Y, j11 = Yr 7t and Y > Xpjr1—Xrji2 = X::llilz

forj =1,...,r (here X, 41 := 0), which imply X — Y’ ZIZI and Y? — X~ ZLZ Applying
this change of variables we get

— —nj+1
o B )y (e e )
r+1 yr 2] Nl r+1 yr 2 4l r—rji1+1 )

X X’ 1""'X1 0=ro<m <ry<-<mj <r<r Xr X’ 1""’X1 X2 71+1""’Xr—r,+l
(6.15)

Using the swap invariance of g together with the change of summation variables #; :=
r—ri—it1+1, rlf :=r —nj_iy1 + 1 we see, after noticing that the sumover 0 < n; <ry <
- < nj <rj < risthesame as the sumover 0 < ) <rj <--- < n]’ < r]’ < r, that

2 vl 2 vyl Xr Xr
& < Y[, ., YL ) _ Z C;l;...,z( Y[,..., Y5 >g< )
+1 2] = Lol +1 2 4 :
Xy XL X IAXTL X X Y' Y’

Sl el o r—1’
O=ry<n)<ri< <ni§r/§r 1+1

It remains to show that

LS Y{} B Y12: Yll 71; ;r X], .. .,X
C"’1'“"”/' r+1 yr 2] = Cn n ’
XL X e\ Yy, Yy
but this follows by using the swap invariance of b (Corollary 4.7) and the negative swap
invariance for b (Lemma 6.24) in (6.14) together with reversing the product, i.e. changing

i — j —i. The factor outside the product then becomes the first factor in the product and
the former first factor gives the factor outside the product. |

Proposition 6.27 Forr > 1 we have
X0 Xi,...,
(G (G .
(Yl,..., ) Z 1<Y1,..., >

Proof This follows directly from the definitions of g*, &, and &; (Definitions 6.3, 6.4, 6.25).
O

Remark 6.28 In [9] it was shown that the Fourier expansion of the multiple Eisenstein
series G can be described by using the Goncharov coproduct ( [21]). The explicit calcula-
tion of this coproduct has strong similarities with (6.13). Also Example 6.6 (iv) shows that
there might be connection of our construction to the Goncharov coproduct. In particular,
one might expect, in accordance with the results in [9], that G(ky, . . ., k) forky, ...,k > 2
is given by the corresponding convolution product of the coefficient maps ¢p and ¢g. A
natural question then is, if the formula (6.13) can be interpreted as the depth j part of
some convolution product with respect to some coproduct in this ‘bi-setup’, which might
be a natural generalization of the Goncharov coproduct.
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6.5 Derivatives
Taking the derivative in (6.2) gives q%G (ﬁ) = kG (Sﬂ), which is a special case of the
following formula in arbitrary depths.

Proposition 6.29 Forky,...,k, > landd,,...,d, > 0 we have

d (ki ...,k d ki .. ki+1,...,k
e B B T s Ay (6.16)
dg dy, ..., d, paey dy,...,d;+1,...,d,
Proof First notice that (6.16) is equivalent to
d _(Xi,...,X L0 0 (Xu...X
q-6("} =3 et "). (6.17)
dq Yi,...., Y, Py 0X; 0Y; Yi,..., Y,

Since q%Lm (ﬁ) = %%Lm ();) (6.17) is also satisfied by g (see [1, Proposition 4.2]). By
(6.13) we then see that (6.17) is already satisfied by the &; for all j, since

d X1, ..., Xy ooty (X1 X\ d Xy oo s Xy
%*@< = > Coa a—of . .
dg Y,...Y O=ry<m < < <ny <ry<r Yi,...,Y, ) " dg Yll,..., Y,/,]71+1

]
et (X1 X 9 9 Xnys s Xy
= E Cnll,m,n]/ ! E p g r r-/
Yi, o0 Yy ) 0K 0Y \YTY,

LY

O=rg<m <r1<--<m;<ry<r = ri—1+1
r .
K 5 g (Koo X\ (X X
= n1,. M ri .
0X; dY; i\y;, ... Y, 1 j
i=1 ! g O=ro<m <r1 << <r<r L ror Yl T Yr,‘,1+1

In the last equality we used that (by Definition 4.6) both b and b, and therefore CZ:{,,
vanish under any aix,vain and that the g terms are independent of X; if i ¢ {n3, ..., n;}, so
they vanish under aix,- % in these cases. Since & is the sum of the &; (Proposition 6.27),

we obtain the formula (6.17). O

Proposition 6.30 Forky, ..., k. > 1 we have

d
Glky, ..., k) =GQ)Glky, ..., k) — > (a—1)Glky, ..., k1,4 b ki1, ..., k)

g—
dq 1<r
a+b=kj+2
— > kGl ki+1. L kiya bk, k) (6.18)
1<i<j<r
a+b=kj+1
= Y kGlky kit 1 k1) = Gk, Ky, 2).
1<i<r

In particular, the space G is closed under q;—q.
Proof Since & is symmetril, we have

’
& X & Xl;-.-,Xr :ZQﬁ X1z~~.;Xj;X;Xj+1;Xr
Y) \1,... Y, Y., Y Y Y Yy

j=0

r

1 Xion X0 X Xt X0 X
Loy (02 ) ()
SX-5 U\ Y4y LY YooY+ Y. Y
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Sending all X; — X, taking the derivative with respect to ¥ and setting Y = 0 gives by
Proposition 6.29

d X..,X 9 X X..,X ! X..,X
qg—6 =—|e(" )& -y & )
dg \Yi,....Y, Y Y Yi,..., Y Y. u Y Y Y. Yy
|Y=0

j=0

Using the swap invariance and renaming the variables we obtain

d X0 X ad X . ST, ¢
q_@ 1 ry_ 2 & & 1 r
dg \%0,...,0) = ax "\v)"\xo0...,0/)) x_
d % (X1+)(1;)(1 +X)(j;}(j+11~~~)XV>

- — &
ax | 4 Y,0,...,0

/=1 IX=0
where in the last sum we set X,; := 0. The case Y = 0 yields the result by calculating

the coefficients of the right-hand side. o

With the interpretation of G as an algebra homomorphism from (9L, %) to G in (6.6),
we can give the following reinterpretation and consequence of Proposition 6.30.

Corollary 6.31 (i) Forw € $! the derivative of G(w) is given by

d
q—GWw) =Glzoxw—zp LU W).
dg

(ii) Leth:$H' — 9 be the linear map defined on the generators by

h:wr— z0%w—2zo LLUW.

Then for any v,w € $' we have

h(wxv) —h(w)xv—wxh(v) € kerG.

Proof The equation in (i) is a direct consequence of Proposition6.30 since the sums on the
right-hand side of (6.18) correspond exactly to those indices which appear in the shuffle
product of zp = xy with z, ...z, = ak1=1y  xk=1y For (ii) we use that G is an algebra
homomorphism and qf—q is a derivation on Q[g]. By (i) we have q%G(W) = G(h(w)) and
therefore get G(h(w * v) — h(w) x v — w * h(v)) = 0. O

Notice that the map / is not a derivation on (1, %), i.e. the relations we obtain among
the combinatorial multiple Eisenstein series from Corollary 6.31 (ii) are non-trivial. For
example, for v = w = z; we get G(4) = 2 G(2, 2) — 2 G(3, 1). This is the first relation, and
the only in weight 4, among combinatorial multiple Eisenstein series, since the g-series
g(ky, . .., ky) do not satisfy relations in lower weight (see [6, (1.9)]). It would be interesting
to see if one can describe G(v * w — v L w) for arbitrary w,v € H! explicitly and if this
can be used to obtain relations among combinatorial multiple Eisenstein series similar to
Corollary 6.31 (ii).

Remark 6.32 In [19] the Alekseev-Torossian associator, whose coefficients satisfy the
extended double shuffle equations, is computed. It turns out that in depth 1, it satisfies
also the additional conditions given in (4.1) (compare to [19, Example 4.1]). In general,
the coeflicients of the AT associator are not rational. But replacing the rational solution
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b to the extended double shuffle equations by the AT associator gives another family of
q-series whose generating series are symmetril and swap invariant.
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