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Full list of author information is probability measures induced by such SDE's to sufficiently regular, small perturbations
avallable at the end of the article of the underlying dynamics. Understanding such a response provides a systematic way
to study changes of statistical observables in response to perturbations, and it is often
very useful for sensitivity analysis, uncertainty quantification, and improving
probabilistic predictions of nonlinear dynamical systems, especially in high dimensions.
Here, we are concerned with the linear response to small perturbations in the case
when the time-asymptotic probability measures are time-periodic. First, we establish
sufficient conditions for the existence of stable random time-periodic orbits generated
by the underlying SDE. Ergodicity of time-periodic probability measures supported on
these random periodic orbits is subsequently discussed. Then, we derive the so-called
fluctuation—dissipation relations which allow to describe the linear response of
statistical observables to small perturbations away from the time-periodic ergodic
regime in a manner which only exploits the unperturbed dynamics. The results are
formulated in an abstract setting, but they apply to problems ranging from aspects of
climate modelling, to molecular dynamics, to the study of approximation capacity of
neural networks and robustness of their estimates.

Abstract

1 Introduction

In many scientific applications, a systematic determination of the response of a complex
nonlinear dynamical system to time-dependent perturbations is of key importance; top-
ical examples in high-dimensional, non-autonomous and/or stochastic settings include
climate models (e.g. [1,16,34,36,59,62]), statistical physics and non-equilibrium thermo-
dynamics (e.g. [47,50,75,82,83]), and even neural networks (e.g. [18,22,76]). The sought
response is usually quantified in terms of a change in an ‘observable’ expressed as a sta-
tistical/ensemble average of some functional defined on the trajectories of the underlying
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dynamical system. The classical theory of linear response (e.g. [59,81]) is concerned with
capturing changes in observables to sufficiently small perturbations of the original dynam-
ics close to its statistical equilibrium. It turns out that in such a setting the response can
be expressed, with some caveats, through formulas linking the external perturbations to
spontaneous fluctuations and dissipation in the unperturbed time-asymptotic dynamics
(e.g. [56,82,83]). The classical fluctuation—dissipation theorem (FDT) is of fundamental
importance in statistical physics (e.g. [5,28,51]), and it roughly states that for systems of
identical particles in statistical equilibrium, the average response to small external pertur-
bations can be calculated through the knowledge of suitable correlation functions of the
unperturbed time-asymptotic dynamics; see, for example, [14,52] for some of the many
applications of the FDT in the statistical physics setting.

The validity of the linear response and fluctuation—dissipation relationships for more
general dynamical systems encountered, for example, in climate modelling (e.g. [59]) is an
important topic which is particularly relevant for uncertainty quantification in reduced-
order predictions and reduced model tuning (e.g. [16,34,61,63]). In an early influential
work, Leith [55] suggested that if the climate dynamics satisfied a suitable FDT, the climate
response to small external forcing could be calculated by estimating suitable statistics in
the unperturbed climate.! Climate dynamics is modelled as a forced dissipative chaotic or
stochastic dynamical system which is arguably rather far from the statistical physics’ set-
ting for FDT. Nevertheless, Leith’s conjecture stimulated a lot of activity in generating new
theoretical formulations (e.g. [40,62]) and in designing approximate algorithms for FDT
to study the climate response (e.g. [1-3,34,36-39,59,62,64]). However, despite numer-
ous applications in autonomous and non-autonomous settings, there is little rigorous
evidence supporting the validity of the linear response and FDT in the non-autonomous
setting beyond the formal derivation of FDT for time-dependent stochastic systems [62].

The goal here is to provide a more rigorous justification of the linear response theory for
a class of forced dissipative stochastic differential equations (SDE’s) with time-periodic
coefficients which induce time-periodic probability measures. Our objective is twofold:

(i) Establish sufficient conditions for the existence and ergodicity (in an appropriate
sense) of time-periodic measures associated with time-asymptotic dynamics for a
class of ‘dissipative’ SDE’s (defined later in (4.13)) with time-periodic coefficients in
finite dimensions.

(ii) Analyse thelinear response of such SDE’s in the time-periodic regime to small pertur-
bations, and express the change in the statistical observables based on time-periodic

ergodic measures via fluctuation—dissipation-type relations.

The results derived in the sequel will concern SDE’s whose time-periodic measures are
supported on certain stable random periodic solutions. In principle, the results discussed
in the context of the linear response apply to a wider class of dynamical systems generating
time-periodic measures; however, establishing conditions for the existence and ergodicity
of such measures in a more general setting (for SDE’s or otherwise) is not trivial and is
beyond the scope of this work.

!The meaning of the term ‘climate’ used in most theoretical work in atmosphere-ocean science is loosely related to
properties of the probability measure induced by the time-asymptotic dynamics.
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Time-periodic probability measures associated with the time-asymptotic dynamics are
arguably ubiquitous in many mathematical models. In particular, seasonal and diurnal
cycles in climate models due to time-periodic forcing or retarded self-interactions in
neural networks provide some of the obvious candidates and highlight the need for devel-
oping the linear response framework in the time-periodic setting. It is worth stressing
that the need for rigorous formulation of the linear response and FDT for dissipative
stochastic dynamical systems (in line with, for example, [59,60,64,77-79]) is justified
by contemporary approaches to the simulation and reduced-order modelling of high-
dimensional, multi-scale dynamical phenomena. For example, comprehensive models for
climate change prediction or molecular dynamics simulations involve stochastic com-
ponents (e.g. [4,30,58,60,77,78,90]) to mimic the effects of unresolved dynamics, while
reduced-order models typically involve stochastic noise terms (e.g. [15,21,49,57,72]. Here,
similar to [40,62], the presence of noise leads to improved regularity of the problem which
simplifies key aspects of the analysis compared to deterministic, dissipative nonlinear sys-
tems (e.g. [9-11,35,80]). As a consequence, we are able to focus on systems that have other
important features of realistic dynamics, namely a lack of ellipticity, non-compactness of
state space, and a lack of global Lipschitz continuity of the coefficients in the underly-
ing SDE. The results established below apply to a broad class of nonlinear functionals
which include common quantities of interest, such as the mean and covariance of subsets
of variables.

2 General set-up

Our framework relies on the theory of Markovian? random dynamical systems (RDS),
which provides a geometric link between stochastic analysis and dynamical systems. This
relationship was established through the discovery (e.g. [8,54]) that for sufficiently regular
coefficients b, o the stochastic differential equation (SDE)

dX; = b(t, X))t + o (t, X)dW,_s, X, € RY, (2.1)

generates a stochastic flow {¢(t,s, -,-): s,t € Z C R, s < t} of homeomorphisms on R?
such that

X () = ¢(6 s, o, %), P-as.

for x = Xs(w), w € Q in the Wiener space (2, F, P) with W; an m-dimensional Brownian
motion. For b = b(x), 0 = o (x), the SDE will be called autonomous, and non-autonomous
otherwise. It turns out (e.g. [7,8]) that, for an autonomous SDE (in the above sense)
with sufficiently regular coefficients there exists essentially a one-to-one correspondence
between the SDE and an RDS; a rough but convenient interpretation (skipping the filtra-
tion) is that in the autonomous case there exists an RDS generating the SDE, which in
turn generates the stochastic flow and vice versa.

One of the key concepts relevant for the analysis of the long-time behaviour of RDS is the
extension of the notion of ergodicity to the random setting (e.g. [8,12,13,24,44,68-70]).
These important results are established in the regime of (random) stationary measures
and (random) stationary processes, in the case when the source of time dependence is only

2Here, the notion of a ‘Markovian RDS’ means that there exists a version of the RDS which has the Markov property
w.r.t. the canonical filtration generated on the Wiener space by the Brownian motion discussed later.
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due to the noise process (i.e. b = b(x), 0 = o(x) in (2.1) and the SDE is autonomous in
the jargon established above). Over the last decade significant progress has been made in
the study of the long-time behaviour of SDE’s generated by time-dependent vector fields
(e.g. [20,31-33,86,87,89]). Based on the insight from the latter results, we shall study
the ergodicity of SDE’s with time-periodic coefficients in order to establish fluctuation—
dissipation formulas through the linear response in the random periodic regime. Our
strategy is to first prove the existence of a unique time-periodic measure under certain
‘dissipative’ assumptions on the SDE via a version of Lyapunov second method and cou-
pling. The standard Lyapunov second method is a well-known and powerful technique
for the investigation of stability of solutions of nonlinear dynamical systems in finite and
infinite dimensions. An extension of this method to an RDS generated by an autonomous
SDE is essentially due to Hasrhinskii (e.g. [44]); subsequent extensions include applica-
tions to SDE’s with random switching (e.g. [67]) and to the case of non-trivial random
stationary solutions and random attractors by Schmalfuss [84]. Importantly, this method
involves the study of random invariant sets (under the considered dynamics) without the
need for the explicit knowledge of solutions of the underlying SDE, and it is based solely
on the vector fields encoded in the coefficients of the SDE even when the drift term, i.e.
b in (2.1), is only locally Lipschitz continuous. However, in the present non-autonomous,
time-periodic set-up, the lack of stationarity and the unavoidable skew-product structure
of the underlying dynamics pose additional challenges when dealing with ergodicity of
time-asymptotic probability measures. The main issue which prevents one from using
the ‘classical’ methods (e.g. [27,44]) for proving ergodicity the random periodic regime
stems from the fact that these probability measures are defined on the skew-product
fibre bundle (e.g. [23]) in the space of measures on the time-extended state space and
that these measures are not mixing. Here, this complication is overcome by employing
an extension of the classical Krylov—Bogolyubov procedure (see, for example, [8, §1.5])
which allows for dealing with ergodicity of probability measures on appropriate Poincaré
sections in the narrow topology generated by the dual of an appropriate discrete-time
transition semigroup, and then ‘linking’ the results via the continuous-time transition
semigroup induced by the SDE dynamics on the space of skew-product probability mea-
sures. In the present case, the properties of the time-periodic measures established with
the help of the Lyapunov’s second method for dissipative SDE’s allow us to dispense with
explicit assumptions on the ergodicity in the Poincaré sections which would be otherwise
required.

The rest of the article is organised as follows. In the remainder of this section, we fix
the notation which is frequently used in the sequel. In Sect. 3, we recap some basic results
and definitions, including the notion of a Random Dynamical System (RDS) generated by
an SDE in finite dimensions, and we outline the notion of a random periodic process. In
Sect. 4, we first prove the existence of stable random time-periodic solutions for a class of
dissipative SDE’s with time-periodic coefficients, and the existence of the associated time-
periodic measures (Sect. 4.2); sufficient conditions for ergodicity of such measures (in an
appropriate sense) are established in Sect. 4.3. Section 5 deals with the linear response the-
ory in the above setting. The derivation of the linear response formula in the time-periodic
setting is followed by the derivation of two classes of fluctuation—dissipation relationships:
the first one applies to perturbations of dynamics with time-periodic ergodic probability
measures required only to exist in the unperturbed dynamics, the second one involves sim-
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pler formulas but it requires persistence of time periodicity in the perturbed probability

measures.

2.1 Function spaces
Below, we outline function spaces which are used in the sequel.

Let (X, d) be a complete separable metric space. We consider either ¥ = R? or the
space X = R x R4, or a flat cylinder X = [0, 7) x R4, 0 < 1 < o0, [0,7) >~ RmodT,
which arises when ‘lifting’ the dynamics generated by a non-autonomous SDE; in this
section, we use X for all these spaces to unify the notation. Throughout the paper, we set
No:=1{0,1,2...}and Ny :={1,2,...}.
® (2, F,P) denotes the Wiener probability space where Q := Co(R;R"”), m € Ny; ie.
the abstract sample space 2 is identified with a linear subspace of continuous functions
C(R; R™) which vanish at zero. F is the Borel G-algebra on €2 generated by open subsets
in the compact-open topology defined via

o0
) 1 Jo—a ) A )
owd)=) ————  [o-0l.= sup |o@)-a@), obecQ
n=0 2" 1+ ||C() - a)”}’l te[—n,n]

with |-| the Euclidean norm. Finally, PP is the Wiener measure on F. In such a set-up
the canonical Wiener process (with two-sided time) on (€2, F) with values in the Borel-
measurable space (R”, B(R™)) is defined as W;(w) = w(t), t € R, via the identification
of w € Q with functions w(-) € Co(R; R™); see, for example, [8, Appendix A.2] and
references therein for details.

® Given the probability space (2, F,P) and G € F, I/(,GP), 1 < p < o©
is the space of G-measurable random variables X : Q — R4 such that
E|X)? = fQ |X ()P P(dw) < oo, and equipped with the norm || X, := (E|X|P)VP.

® Given the (Borel) measurable space (X , B(X )), where B(X’) denotes the Borel G-algebra
over X,

M(X) is the space of measurable functions on X,

C(X) is the space of continuous functions on X,
Mo (X) is the space of bounded, measurable, real-valued, scalar functions on X, i.e.

Moo(X) == {f: X > R f e M) : || fllw <0} [ flloo = sup | f(@)].

Coo(X) is the space of bounded, real-valued, scalar, continuous functions on X, i.e.
Coo(X) := {f:X—) R, felCX): || flloo < oo}

® The space C/(X) contains [-times continuously differentiable real-valued functions.

® The space CéO(X ) contains those functions in C!(X’) which are bounded.

® The space ChA(X; x X,) denotes the space of functions which are C! on X3, and CK on
X,. The space C(l;é‘ contains bounded functions in C**.

® The space of bounded, real, Lipschitz continuous functions on (X, d) is denoted by
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Lipso(X) i= [ € Coal ) I < o0},

Vo) —s@)l

: . Y, Xt
40, 2) y#z ),z €

I fllBL := max {llfl\oo, Lip(f)}, and Lip(f) := sup {
® Cl(X), 1 € Ny, 0 < 8 < 1, is the Fréchet space of functions f: X — X, whose [-th
derivatives are §-Holder continuous, and which is furnished with the countable family of

semi-norms

[ f(x), x 8
I fllon == sup ——~ + sup |D7f(x)],
rex 1+ |7C|2 1<2ﬂ|:<1 x€EBN
\DPf (x) — DPf(y)|

)

£ s = If oy + D sup

)
X
1Bl= lxyeBNx;ﬁy | y'

where || is the Euclidean norm and (-, -) the dot producton X, and By = {x € X': |x| <N},
N € Ny, is a closed ball in X’ with radius N, and

alblf
(0x1)P1 - - - (3 )P’

DPf(x) := Bl:==Br+-+Bu, BicNo D=1
denotes the Fréchet derivative; f € C-*(X) if Ifllzs;8 < oo for all finite N € Nj.

o 528(26), I € Ng, 0 < § < 1, is the space of functions f: X — X, whose /-th derivatives
are §-Holder continuous with the norm

|f(x) 5
e D B
£ 110 ztelg g +1<§|ﬁ|<l j‘;}ﬂ' ()]
|DPf (x) — Df’f(y)y

Iflls = 1fllo+ Y sup

Bl X,yEX Xy lx —J’I‘S

Functions f € (fll;S(X) are such that || f1l;s < oo.
o éig(/'t’), [ € Ny, 0 < § < 1, is the space of functions f : X — X, whose [-th derivatives
are §-Holder continuous with the norm

I llo += sup £ ()] + Y. supIDPf()l,

1<|pI<t <Y

B _ DB
s =1+ Y sup 2LHZDTON

18l= lxye)(x;éy |x_y|(S

. 51,8
Functions f € C;, (X) are such that || f|;5 < oo.

3 Random periodic processes

In order to facilitate subsequent derivations, we recall definitions of random dynamical
systems (RDS) generated by SDFE’s (see, for example, [7,8,53,54]), random periodic pro-
cesses (see, for example, [20,31-33,86,87,89] and transition evolutions generated by SDE’s
(see, for example, [8,25,26,54]). We also provide an intuitive example of a random peri-
odic solution arising in the stochastic dynamics of periodically forced FitzHugh—Nagumo
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model. All definitions below are restricted to R? but a number of them are subsequently
extended (explicitly or otherwise) to the skew-product representation in [0, 7) X R4 which
is used to deal with the non-autonomous dynamics.

Definition 3.1 (Stochastic flow [53,54]) Let ¢(t, s, w, %) € R st € T C R, x € RY, be
a random field on a probability space (€2, F, P). The two-parameter family {¢(s s, -, -):
s, t € T C R}is called a stochastic flow of homeomorphisms if there exists a null set N” C Q
such that for any w ¢ V, there exists a family of continuous maps {¢(t s, , -): st € Z}
on R satisfying

(i) ptsw ) =dtu w ¢ s o, -)) holds forany s, t, u € Z,
(i) ¢(s, s w, -) =idy, foralls € Z,
(iii) themap ¢(ts5 @, -): R? > Réisa homeomorphism for any ¢, s € 7.

The map ¢(t s, w, - ) is a stochastic flow of C-diffeomorphisms, if it isa homeomorphism and
o(t s, w, x) is [-times continuously differentiable with respect tox € R foralls,t € T C R
and the derivatives are continuousin (s, , x) € Z x Z x R¥, The stochastic flow is referred
to as forward’ for s < t, and as ‘backward’ for t < s. In the sequel, we will confine the
discussion to (€2, F, P) being the Wiener space defined in Sect. 2.1.

Definition 3.2 (Filtration generated by a stochastic flow) Given a probability space
(Q, F,P), let F! C F be the smallest S-algebra on 2 generated by

Ne=0S(pw,v, -, )t s—e <uv<t+e),

and containing all null sets of F. The two-parameter filtration {F} : s < t} is the filtration
generated by the forward stochastic flow {¢(t, s, ,): stel CR s < t} and the
filtered probability space is denoted by (2, F, (F{)s<s, P).

Definition 3.3 (Transition kernel) Consider the stochastic flow {¢>(t, S5 ): 8 < t}
induced by the SDE (2.1). Given the Borel-measurable space (Rd, B[R4 )), the transition
probability kernel P(s, x; ¢, -) induced by solutions of (2.1) is defined by

Pisx6A) =Plo e Q: ot sw,x) €A)), Vstel s<t AeBR?). (3.1

The transition kernel satisfies the Chapman—Kolmogorov equation

Pls x5 A4) = / P, y: 5 A)P(s, %31, dy), (3.2)
Rd

foranys, t, ueZ,s < u < ¢, and for allxeR? A e B(]Rd).

Definition 3.4 (Transition evolution and its dual) Given the forward stochastic flow
{(j)(t, S -): st €TI; s < t} and the transition kernel (3.1) induced by the solu-
tions of (2.1), the operator Py; : Muo(R%) — Myo(R?) called the transition evolution
is defined by

Pug) = [ 0O)PG 2 d) =E[pl@(es )], VsteT s<gxek?
R
(3.3)
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where we use the shorthand notation E[q)(q&(t, s, x))] = fQ (0(¢(t, s, w, x))]P’(da)). The
action of transition evolutions to arbitrary measurable functions is extended in a stan-
dard way.

For any probability measure u; € P(R?),s € Z, on (Rd, B(Rd)), the L?(u;) dual Py, of
the transition evolution Ps; is defined by

(Pgiis)(A) = /dP(S; x; 8, A) ps(dx), Vs teZ s<t AeB(RY). (3.4)
R
Consequently, with the help of (3.2), we have forany s, u,t €Z,s < u < ¢,
ue(A) = (Pgus)(A) = (P, Py, ms)A) = (P nu)(A), YAe B(RY). (3.5)

Theorem 3.5 (Stochastic flows generated by solutions of SDE’s) Suppose that the coef-
ficients of the SDE (2.1) are such that b( -, x), o (-, x) are continuous for all x € R, and
forallt € R, b(t, -), ox(t, -) € CHORY), I € No, 0 < § < 1, where {ox}yL,, denote the
columns of o. If the initial condition X in (2.1) is independent of the G-algebra generated
by Wi_s(-), t > s, and IE[|XS|2] < 09, there exist unique global solutions of (2.1) which
generate a forward stochastic flow of homeomorphisms (I = 0) or C'-diffeomorphisms
(=1 onR% {¢ts, -, -): st € R, s <t} suchthat

X (w) = ¢(6 s, o, %), Vs,teR, s<t xeR% P-as., (3.6)

and which are adapted to the filtration (F!)s<; on (2, F,P), see, for example, [54, Thm
3.4.6 and §4.7] with slight modifications. If, in addition, E|Xs|P < oo, for some2 < p < 00,
then E[|Xt |p] < 00,8 < t < 00. Stronger (e.g. dissipative) growth conditions may have to be
imposed on the coefficients (b, o) in the SDE (2.1) to guarantee the existence of the absolute
moments of the solutions for all time (see, for example, Remark 4.5 and “Appendix A”).

Definition 3.6 (Infinitesimal generators) Let f € CY2(R x R4, R), and t — ¢(t s, w, x),
s < t,w € ,beasolution of the SDE in (2.1). Considering the evolution off(t, ot s, w, x))
allows one to represent the infinitesimal generator of solutions of (2.1) through the second-
order operator® (e.g.[54]);

d

d m
Lif(6x) =0 f(62)+ ) bilt,2)dx f(6 %) + 5 Y Y ol D)o (6207 f (6%),

i=1 ij=1k=1
(3.7)

where (b, o) are sufficiently regular drift and diffusion coefficients in the SDE (2.1). Anal-
ogously, for g € C2(R x R? x R?, R), the infinitesimal generator of the two-point motion
[54, §4.2], t — (¢(t, s, w, x), Pt s, w, y)), of the flow {¢(t, S5 ): §< t} can be repre-
sented through the second-order differential operator

3Strictly, £; in (3.7) coincides with the generator of (2.1) on f € CELZ(]R x R4, RT), but it is well defined for
f € CY2(R x R4, R*) and we refer to £; as the generator throughout; the same applies to Egz) in (3.8).
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d

080 %,5) = 01265 9) + Y (b6 x)0,8(6 %) + b6 )y 2(6 %)
i=1

d m
1
+5 2 2 (ot Dot 09, g (6.5,)
ij=1k=1

+ Gik(t) x)ojk(tl J’)aflylg(t; X, y)

+ 0t Yoy (6 )35, g (6% 9) + 0w (6 V) (6 9)dy,, g (8, y))‘ (3.8)

Definition 3.7 (Random dynamical system [7,8]) Given a probability space (2, F, P), a
measurable random dynamical system (RDS) on (Rd, B(R? )) over a measurable dynamical
system (DS), ® := (Q, F, P, (Gt)teR), satisfying? P = P,isamap ® : 7 x Q x R4 — R4
such that the following hold

(a) (& w,x) — P(t w, x) is measurable for all t € 7 C R,

(b) (0, w, -) =idpa forallw € ,

() Pt+sw )= P 6b6w P(s,w, -)) foralls, t € Z, w € Q (cocycle property),

(d) @ is continuous if (¢ x) — P(t w, x) is continuous for all ¢ € Z, x € RY,

(e) @ is smooth of class C/, if ®(¢ w,x) is [-times differentiable w.r.t. x € R4, and the
derivatives are continuous w.r.t. (£ x) € Z x R?.

The canonical filtration on (2, F, P) for the RDS is generated by (6¢)¢cr-

Definition 3.8 (Canonical DS for processes with stationary increments) Consider a prob-
ability space (2, 7, P¢) with the measure Pz on (€2, F) induced by the law of a stochas-

tic process with continuous time & = (§)cr, & : Q — R A process & is said
to have stationary increments if for any g < --- < ¢, n € Nj, the distribution of
(Ety+t — Egtts - - - Ety+t — E4,_1+¢) Is independent of t € R; i.e.

()P =P forall £t eR, (3.9)

where (0¢)tcr is a semigroup of time shifts. The corresponding measurable dynamical
system @ := (2, F, Ps, (6;):cr) is called the canonical dynamical system for the process
with stationary increments; see, for example, [8, Appendix A.3] for details.

Proposition 3.9 (Canonical DS for Brownian motion/Wiener process) For the Wiener
probability space (2, F,P) defined in Sect. 2.1, the canonical dynamical system
O = (Q, F, P, (Qt)te]R) for a stochastic process with stationary increments is given by

0;: Q2 — Q, Osw(t) = w(t +s) — w(s), Vstel, (3.10)

so that the set Q = Co(R, R") is invariant w.r.t. the shifts (6;)ter. The canonical stochastic
process Wi(w) = w(t), t € R, with stationary independent increments is the Wiener
process/Brownian motion (with two-sided time) which satisfies identically

Wt(Gsa)) = WH_s(a)) — VVS((J)), VstelR (311)

“Here, the notation /P = P means that P({w € Q : v € A}) = Plw € Q: w € A)), YA € F, t € T; ie. the
semigroup (0¢)¢ez, 0 : @ — L, preserves the measure IP; we restrict the definition of the RDS to Z = R.
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Proof See [8, Appendix A.3] for an outline or, for example, [73]. ]

Remark 3.10 In the sequel, it will be more convenient to use (3.11) in the alternative

form
Wi(w) = Wiis(0_sw) — Wi(0_sw), Vs telR (3.12)

Assuming suitable regularity of the coefficients of autonomous SDE’s, such as those in
Theorem 3.5, together with appropriate adoption of two-sided stochastic calculus, the
solutions of autonomous SDE’s generate® an RDS over © (e.g. [7,8,29,46,54]). We will
consider the non-autonomous dynamics of the SDE (2.1) with time-periodic coefficients
as an RDS on a suitably extended space.

3.1 Time-periodic setting

In the sequel, we consider non-autonomous SDE’s (2.1) on R? with time-periodic coeffi-
cients;ie. b(t+7, -) =b(t, -), o(t+7, -) =0(t -),0 < T < 00, satisfying the conditions
in Theorem 3.5 so that (2.1) has global solutions generating the forward stochastic flow
{¢t+ss - -): seR, t € RT} such that, foralls € R, t € R,

dpt+s+1,s+1T,0 ) =@t +ss0w -) P-as. (3.13)

The above property follows from the time periodicity of the coefficients and the uniqueness
of solutions of (2.1). The relationship in (3.13) is essential for constructing an RDS on
[0, 7) x R? from solutions of (2.1) with time-periodic coefficients, which is important for
asserting the existence and ergodicity of time-periodic measures supported on random
time-periodic paths defined below.

Definition 3.11 (Random periodic path of a stochastic flow [31,32,89]) A random peri-
odic path of period 0 < t < oo generated by a stochastic flow {¢(t +5ss +,-): seR
te R"’} is a measurable function S: R x & — R? such that for any s € R the following
holds

S(t+s0)=S5(s5,6;w) and @{t+ssw S w)=SEt+sw) P-as. VteRT
(3.14)

Definition 3.12 (Random periodic path of RDS [33,89]) A random periodic path of period
0 < T < 0o generated by an RDS, ® : Rt x © x RY — R?, is a measurable function
S:R x © — R? such that for any s € R and almost all w € Q2 the following holds

S(t+sw)=8(s,0;w) and (6w S(s,w) =St + s, w) VteRT. (3.15)

Example 3.13 Letb: R? — R?, d > 2, be a globally Lipschitz vector field, and consider
the deterministic flow {¥/(¢ -): t € R}, defined via (¢, -) = ¢(£ 0, -) and generated by
the autonomous ODE

dy,
d—t‘ =bY,, Yo=yeR% teR™ (3.16)

°The generation of an RDS from an SDE requires a ‘perfection of the crude cocycle’ associated with the SDE (see, for
example, [8, Theorem 2.3.26]); here, this important technical nuance does not require an explicit discussion.
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Assume that there exists a periodic solution ) : R — R% of the ODE (3.16) of period

0<1 <00
D +s)=V) and Y(EV6) =V +s), se€R teR"

Consider the stochastic process X;(w) = () + Z;(w), where Z; solves the following SDE
dZy = b(t, Z)dt + 6(6 Z)dW,, Zo =0, teRY, (3.17)

with time-periodic coefficients

b(t,2) == b)) +2) — b)),  6(t2) =0 (D) +2)

If 3(t ) is a random 7- periodic solution of (3.17), then S(t, ®) = Y(¢) + 3(t w) is a
random t- periodic solution of the autonomous SDE:

dX; = b(Xy)dt + o (X;)dW;, Xo =(0), t € RT,

Example 3.14 (Stochastic FitzHugh—Nagumo model with periodic current) Consider the
following SDE with nontrivial random periodic solutions (see [32]) which has less restric-
tive conditions on the drift than those considered in the sequel:

dX, = AX, dt + b(t, X,)dt + o ()dW,—s, Xi=x€R? steR s<t (3.18)

where

Ae (1 —1) bl y)= (—%x3+31 sin(t t)) L ol)= <\/2,3_1+Bg cos(t t) 0) ,

a—1 c 0 0

witha < 1,8 > 0,B,By,c € R,0 <t < 00, and W; = (th, O)T, where th is a
two-sided Wiener process on R. Let X} (w) = ¢(t, s, , %), s < t, be the solution of (3.18)
represented via

t t
ot s, w,x) = A=y 4 / eA(t_{)b(g“, o2, s w, x))d{ + / eA([_“a(g)dW; _s(w),

S N

where x > 2= is the solution of the linear ODE

dY;
d—ttzAYt, Y,=yeR% steR s<t
Consider the projections P~ : R?> — E~, P* : R? — E*, where the linear subspaces are

E- =span{yeR?: Ay = -y}, ET =span{y e R*: Ay =y}, A :=+1—a.

The process S(¢, w) defined by
t 0
So)= [ IR b, S aNd - [ A OP b S(e, s
—00 t
t [e%e}
t [ AP oW o) - [ AP o)A )
—00 t

is a random 27 /t-periodic solution of the flow generated by the SDE (3.18); see, for
example, [31,32], for further details or [20] for a simpler one-dimensional example.
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4 Time-periodic ergodic measures for dissipative SDE’s

In this section, we consider a class of non-autonomous SDE’s (2.1) which generate stable
random periodic paths. First, in Sect. 4.2 we prove the existence of a unique stable random
periodic solution for a class of ‘dissipative’® SDE’s with time-periodic coefficients, and we
assert the existence of time-periodic measures induced by such dynamics (Theorem 4.7).
Ergodicity (in an appropriate sense, and under typical regularity conditions) of these
time-periodic measures are established in Theorem 4.11 of Sect. 4.3. We conclude with
an example of a periodically forced stochastic Lorenz model, which is then used in Sect. 5
to illustrate the utility of fluctuation—dissipation formulas for time-periodic measures
when considering the linear response of the dynamics to small perturbations.

4.1 Preliminaries, definitions, and assumptions
First, we recall the notion of a time-periodic probability measure which will be needed
throughout the remainder of this paper.

Definition 4.1 (Time-periodic probability measure [33]) A measure-valued map given
by t — usis € P(R?) and induced by the family (Pisii)ier+> s € R, defined in (3.4) is
referred to as a time-periodic probability measure of period 0 < t < oo, if the following
holds for any s € R

Ms+t = P:S+[ us and sy = Us ViteR* (4.1)

Furthermore, s € P(RY), s € R, t € R, is called a time-periodic measure with the
minimal (or fundamental) period t, if T is the smallest strictly positive number such that
(4.1) holds.”

Proposition 4.2 Let S : R x @ — R? be a random periodic path (3.14) of a stochastic
Sflow {¢(t +s5s -+, ) seER, te R*} on (Rd, B(Rd)) and consider a family of probability
measures

srt(A) :=P({lo: Ss+tw) € A})), VseR teRY, AeBRY).

Then, the family (jLs1¢)ser ter+ consists of T-periodic probability measures on R4,

Proof This follows by a direct calculation combined with the properties of a random
periodic path (3.14), since for all s € R, ¢ € Rt, A € B(R?), we have

Ustr(A) = IP’({a) : S(s+1,0) € A}) = P({w . S(s,0; w) € A})
= P({w : S(s,w) € A}) = us(A).

[}

The above results will be generalised to the dynamics in the extended state space in
Sect. 4.1.1.

6See (4.13) for one such class which we focus on in this work.
’Sufficient conditions for the existence of the minimal period, which are satisfied here, are established in [33, §5].
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4.1.1 Dynamics on the extended state space

A useful way of examining ergodicity of time-periodic measures induced by non-
autonomous SDE’s with time-periodic coefficients of period 7 is to lift the original dynam-
ics from R to the extended state space [0, T) X R4, [0, 7) ~ Rmod 7, so that the resulting
‘lifted’ SDE is autonomous. Such a representation of the original dynamics does not neces-
sarily simplify the formulation of the problem but the flows of the lifted solutions generate
a cocycle® in the skew-product variables on [0, 7) x R?; we refer to this extended state
space as the flat cylinder’. Then, the lifted random periodic paths (3.14) of the stochastic
flow induced by the non-autonomous SDE (2.1) can be associated with random periodic
paths (satisfying (3.15)) of an RDS (see Definition 3.7) generated by the lifted flow in the
skew-product representation on [0, 7) x R; this fact allows to prove ergodicity (in an
appropriate sense) of time-periodic measures supported on the random periodic paths on
the fibre bundle® on P([O, T) X Rd),

To this end, consider the solutions of the SDE (2.1) satisfying the conditions of Theo-
rem 3.5 and assume that the coefficients of (2.1) are time-periodic with period 0 < t < o0;
we recast the solutions of (2.1) as an extended process X;(w) = (t, th’x(a)))T in the skew-
product representation on R x R satisfying

dXt = E(Xt)dt + 6(Xt)th_s, Xs = (S, x) e R x Rd, s<t (42)
where W;_s(w) = (0, Wtfs(w)), w € , and W;_; is the m-dimensional Brown-

ian motion for the two-sided time (see Sect. 2.1 or [8]), and b : R4*t! — RI+L
& : RAtTL 5 RUEFDX(m+1) g4 that

&t 1 0 0 .
d = dt + dW;_s, <t 4.3
(Xt> (b(ft; th’x)> (0 O’(Ct; th,x)> t N ( )

The dynamics in (4.2) or (4.3) can be represented in a more convenient form for the
subsequent derivations by setting ¢ — ¢ + s, so that

d-j(t+s = L(Xt+s)dt + 6'(Xt+s)th+SI Xs = (S, x) e R x Rd, t e R+, (4'4')

where W = W,(f_sw) is the Brownian motion satisfying (3.12). Finally, given the
form of the coefficients b, &, it is convenient to consider the dynamics induced by (4.4) on
the flat cylinder [0, 7) x R?, where [0, 7) ~ Rmod 7.

The RDS associated with the lifted dynamics (4.4) is generated in the skew-product
representation (see, for example, [8,23]) on [0, T) X R via

O(t, %) = (t+smodt, ¢p(t+ss0_50,%) Vi=(sx) €l07)x RY, t € RT.
(4.5)

The cocycle property'® of ® in (4.5), ie. (¢t + rw, -) = &(t 6,0, (o, -)) for all
r,t € RT,and a.a. w € , can be verified by recalling that £ +r mod v = ¢ +r — kv, where

8See Definition 3.7.

9See, for example, [23] for a detailed description of such structures on spaces of probability measures.

To be more accurate, the so-called crude cocycle property can be easily verified from the flow induced by the SDE,
and the crude cocycle needs to be ‘perfected’ in order to generate an RDS over the DS for the Brownian motion (see,
for example, [8, Theorem 2.3.26]); here, this important technical nuance does not require an explicit discussion.
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k= LH’T’J, and utilising (3.13). Note that, unless (2.1) is autonomous, {¢(t +s, 5, O_sw, -):
s € R, ¢ € R"} does not have the cocycle property, and hence, it does not generate an RDS
on R%. The RDS representation of the non-autonomous dynamics of the SDE (2.1) will
be useful in Sect. 4.3 when considering the ergodicity of measures supported on random
periodic paths, and in the discussion of the linear response in Sect. 5.3.

The transition kernel and transition evolutions on [0, T) x R? are constructed as follows.
Forany# := (s, x) € [0,7) x R%,t e R*,and A € B([O, t)) ® B(]Rd), the transition kernel
P(%;t, -) associated with ® is given by (see Definition 3.3)

f’(fc;t,A) = IF’({a) (Pt wi) e })
=P({w: (t+smodt, ¢t +5,50_s0,x) € T xA})
= 8(t4smod 1) (J) @ P(s, ;£ +5, A), (4.6)

foralA=J xAe B([O, 1')) ® B(Rd) and the transition kernel P defined in (3.1).
The transition evolution (P;);cr+ induced by ® and its dual (P}),cg+ are given by

(cf. (3.3))
Pro(®) = / ©(H)P&; t, dy), Y ¢ € Moo ([0, T) x Rd), (4.7)
[0,7)xR4
ﬂt+r(A) = ( ~£k/17')(~) = /[.0 xR p(x!t:A)/lr(di): Vi€ P([O: T) X Rd): r e RY,

(4.8)

with the short-hand notation fi,(d%) = 8( mod r)(s)ds ® p,(dx) for probability measures
in the skew-product fibre bundle on P([0, T) x R?), where i, € P([0,7) x R?) and
wr € P(RY); see, for example, [23] for more details concerning the structure of skew-
product fibre bundles on spaces of probability measures. Extension of (4.7) to functions
M([O, T) X Rd) can be carried out in a standard way.

Lemma 4.3 The families of transition evolutions (Py);cr+ and (75;" iR+ POSSESS a semi-
group structure. In particular, for iy = 8(; mod 1) ® It in the skew-product fibre bundle on
P([0, ) x R?) the following holds

Pttryu = 7574,.;«!114 = ,ﬁ: (75: ~u) = ~;,zk,&r+u VrtueR"
If the RDS {Cb(t, -, )i te R+} on [0, 7) x R? has a random periodic path t — S(t, ®) of
period 0 < T < oo, where §(t, w) = (t mod 7, S(¢ a))), teR weQandt - Stw)isa

random periodic path 0f{¢3(t +s58 ) te€ R*} on R?, then all probability measures
in the family (fi¢)scr+> fir € P([0, T) X R4), supported on such a path are T-periodic, i.e.

frr =PF e, s =je VteRY,
and

e(A)=pe(Ar), VA e B(01)) ®B(Rd), Ai=|{x e R?: (tmodz, x) € A }.
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Moreover, every such t-periodic measure is invariant under the action of the discrete
dynamics induced by (P}, )neny, i.e.

Pr =i, VmneNy teRT

Proof Thefirst claim is a direct consequence of (4.8), and the proof follows either by using
the cocycle property of ® in the first line of (4.6) or by utilising the Chapman—Kolmogorov
equation (3.2) for P in the last line of (4.6).

Regarding the second claim, consider measures supported on the random peri-
odic path §

ferrA) =P{o: St +ro)ed)), AcB([0,1)eB(RY). (4.9)

Since S is a random periodic path of the RDS ®, we have for all A € B([0, 7)) ® B(R?)
that

feer@) = P(lo: 5t +rw) € A) =P(lo: &0,60,5(; ) € A)) = Py (A),

for all ,¢ € RT by the general properties the of the random periodic path (3.15); this
could also be obtained directly from (4.8) by using the invariance of S under the action of
®. Moreover,

esed) = Pl St +7,0) € A)) = P((w: 5(66,0) € A1) = fuld),

by the property (3.15). Thus, fi; is a t-periodic measure for the RDS {CiD(t, ) te ]R+}
on [0, ) x R which is supported on the random periodic path S.

The last two claims are simple consequences of the properties established above and the
skew-product structure of probability measures supported on random periodic paths. O

In the following sections, after outlining some general assumptions, we will investigate
the existence and uniqueness of stable random periodic paths of the RDS {é(t, o)
t e R"’}, and we will prove the ergodicity of probability measures associated with the
dynamics of the skew-product lift (4.4) of the dynamics in (2.1) under some standard
regularity assumptions.

4.1.2 Assumptions
Throughout, we assume that the SDE (2.1) with time-periodic coefficients of period
0 < t < oo satisfies the conditions of Theorem 3.5, so that (2.1) has global solutions.

In order to establish the existence of stable random periodic paths in Sect. 4.2, we will
require the following assumption:

Assumption 4.4 Let V € CLZ(RX Rd;R+) s.t. V(£,0) = O for all £ € R, satisfy the
following:

(i) There exist A € L'(R;d¢), and a constant € > 1, such that for some 1 < p < oo and
all,n e LP(Q, FI_,P), we have

—o0?

ElgPP <E[V(58)] < CE[EP < o0,

< (4.10)
E[LPV(tE —n)] < AQE[V(&E —n)]
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where £® is the two-point generator defined in (3.8) and associated with the
SDE (2.1).
(ii) There exists A > 0 such that
1 ¢ -
lim sup —— Mu)du < —A < 0. (4.11)

(t—s)—>oo L =S Js

(iii) For the one-point motion ¢ — ¢(t s, w, &) induced by (2.1) forw € @, & € RY,
and s < ¢, there exists 0 < ® < oo independent of 5, € R such that!! for all
£ e 1P(QF ., P)

limsup E[V (5 ¢(t 5, &) — £)] <D, (4.12)

(t—s)—o00

where E[V(¢(5, 5, £))] := [o V(8 s 0, €))P(dw).

As pointed out later (Remark 4.12 in Sect. 4.3), this assumption is not strictly required
for proving ergodicity of t-periodic probability measures. However, without showing
the existence of random periodic paths (in this case, stable random periodic paths), the
existence of T-periodic measures ji; € P([0, ) x R?) would have to be assumed a priori
alongside the ergodicity of fi; for all fixed ¢ € [0, 7) with respect to the discrete transition
evolution (75,’;,)”61\;0, as done in [33].

Remark 4.5

(a) An important class of coefficients satisfying Assumption 4.4, which yield global
solutions of (2.1) are specified in “Appendix A”. In particular, we might take
bt -) € CY¥[®RY) and oyt ) € C°(RY), 0 < § < 1,k = 1,...,m, satisfying
the following ‘dissipative’ condition

(b(6 %), %) < Ly, () — L, 1x1% o (6 %) s < Lo (€) (1 + [x1), (4.13)

where Ly, Ly, Le € Coo(R,RT). Here, (- -) denotes the dot product on R
and || - ||us denotes the Hilbert—Schmidt norm (aka Frobenius norm) defined by
||A||12—[s = trace(AAT). Condition (4.12) is satisfied for (4.13) when (see Lemma A.1
in “Appendix A”)

inf (L;,Z(t) — 257 L () — LT + D)L () (p — 1)) =0, (4.14)

and it also leads to the global existence of the p -th absolute moment of the law
of the associated SDE; tighter bounds can be obtained for p = 2,3 as shown in
Proposition A.2 in “Appendix A”. Condition (4.12) is reminiscent of the Hasminskii-
type regularity condition [44] for the existence and uniqueness of global solutions
of SDE’s; sufficient conditions for verification of Haéminskii’s conditions require the
existence of real-valued functions Ly(-), Ly (-) € Cxo (R; R+) such that

(b(t, %), %) < Lp)(L+ [%1%), oG X)lIfs < Lo () (1 + 14[%). (4.15)

"This condition can be replaced by a stronger but a more concrete constraint on the global existence of the p-th
absolute moment of ¢; see Lemma A.1 in “Appendix A”.
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Coefficients satisfying (4.13) also satisfy (4.15), since for some L;, € C (R; R*) we
have

Ly, (8) — Ly, 1x* < Ly (1 + x[?).

(b) Construction of the Lyapunov function V satisfying Assumption 4.4 is often not
straightforward. However, one can construct (e.g. [44,45,65]) a polynomial Lya-
punov function growing at infinity as |¥|?Y, N € Nj, for a broad class of
SDE’s whose coefficients b( -, x), o(-,x) are continuous, and b(t, -) € él’a(Rd),
{ox (8 ')}nggm € ébl’s (Rd) are such that

(bt 2) — bt y), x — y) < —Kilx = y1%,
lo(tx) — ot ylus < Lelx — yl, (4.16)
sup e {16(50)] + llo (% 0)[|Hs} < oo,

where 0 < Ly, Ky < 00, and

1 t
limsup — | A(w)du <0, (4.17)

(t—s)—00 t—sJs

with A(t) = —K; + @ pL% for some 1 < p < oo. The function K; is defined by
K; = lim inf K,(R),

where K; : R — R is a Borel function defined by

x) = b(t,y),x —y)
o — y12 '

, (b(,
K;(R) = inf { — lx —y| = R}.
Many important classes of SDE’s driven Levy processes (including the Brownian
motion) satisfy the dissipative conditions (4.16)—(4.17); see [44,45,65] for more
details.

In order to study the ergodicity of 7-periodic measures, we will require variants of the
following standard conditions (e.g. [43]) to be satisfied:

(i) Relative compactness property of the transition kernel P in (3.3).
(ii) Irreducibility of the transition kernel.
(iii) Strong Feller property'? of the transition evolution (Ps,t)e=s (3.3).

Thus, we will require the following version of the Hérmander condition (e.g. [66,74]) in

Sect. 4.3 in addition to Assumption 4.4:

Assumption 4.6 Denote by oy, 1 < k < m, the columns of ¢ in (2.1), and assume that
the following are satisfied for all £ € R:

(i) bt -) € C®°(R?) and ¢ — b(t, -) is differentiable.

2The transition evolution (Pg;);>s on a complete separable metric space X’ has strong Feller property if for
@ € M (X), one has Py1¢ € Coo(X), Vs < ¢, ie. Py : Mo (X) > Coo(X), Vs < ¢
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(ii) ox(t -) € (fgo (R%), t — ox(t x) is differentiable, and
|0:DPor(t%)| < C <00, (%) e R xR (4.18)

for every multi-index S.
(iii) Lie(o1(t ), - om(s -)) = RY, forall t € T, where

Lie(ol(t, x), -, om(t x)) = span{ai, loi, 0jl, [ow, [oj, 0% )], -+, 1 <4k < Wl},

and [F, G] is the Lie bracket between the vector fields F and G defined by

[F, G1(t, %) :== Dy G(t, x)F(t, x) — DxF(t, x)G(2, x).

4.2 Existence and uniqueness of time-periodic measures on stable random periodic paths
Given the preliminary results and assumptions outlined in Sect. 4.1, we have the following
result on the existence of a T-periodic measure (Definition 4.1) for the lifted SDE in (4.2).

Theorem 4.7 Consider the forward stochastic flow {¢(ts, -, -) : st € R s < t}
generated by the SDE in (2.1) with time-periodic coefficients of period 0 < © < oo, and
satisfying the conditions of Theorem 3.5. If Assumption 4.4 holds, there exists a family
(ite)ser+ of T-periodic measures, fiy = 8(rmodr) ® 1o e € P(RY), i1, € P([0,7) x RY),
given by

f(d):=P(lo: Stw)ed}), teRT, AeB(01])®BRY, (4.19)

which are supported on a unique random periodic path S of the RDS {®(¢, -, -): t € RT}
with ® in (4.5) generated in the skew-product variables on [0, T) x R

Proof First, for & € IP(Q F2,P), 1 < p < oo, where 2 = \/, F}, we show
that {¢(t, 5,0, &): st € R, s < t} converges to a random process S(f, w) € R? almost
surely as s — —o0, and that S(t, w) is bounded and independent of &. Next, we show
that ¢ — S(t w) is a unique stable random periodic path of period 0 < t < oo for
{p(t s, -): s,t € R, s < t}. Finally, we conclude that the law of the random periodic
path S(t, w) = (¢ mod 7, S(t, w)) generates a T-periodic measure for the RDS generated
by ® on the flat cylinder [0, T) x R%,[0,7) ~ Rmod 7.

Existence of random periodic paths for the stochastic flow ¢. Set &, n € R? to be random
variables on the filtered probability space (2, 72 ., P), s.t. &, n € LP(Q, 2 o, P). Then, by
It6 formula (e.g. Theorem 4.2.4 in [54] or Theorem 8.1 in [53]) and Assumption 4.4 we

have fors <t

dE[V (56 56) — dltsm)| = E[LOV (5 (s, 6) — $l65,m)|de
< A2) ]E[V(t; ot s &) — o(us, U))]d’f)

where E[V(t, ot s, &) — oy, s, n))] = fQ V(i ots o &) — du s, o n)P(dw). Thus, by
the first part of (4.10) and Gronwall’s inequality, we arrive at

Blg(656) — ¢(6 5 I <E[V(6 6656 — ¢l 1) ]
t
< E[V(s,s - n)] exp ( f ,\(u)du>, (4.20)
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Finally, given the bound (4.20), for r < s < t, we have
]E|¢(t’ I, %-) - ¢(t) S, €)|P = ]E|¢(t7 S (l)(S, T, E)) - ¢(t, S, E)|p
t
< E[V(s, P51, €) — S)] exp (/ /\(u)du>,

and, utilising the above with Assumption 4.4(iii), yields

limsup Elp(67 &) — (65 8)]" =0 (4.21)

r<s, (t—s)—>00

Thus, for & € LP(Q, F* ,P), 1 < p < oo, the above bound implies that the L? limit of
the flow {¢( s, -, &): s < t} exists as s — —oo. Note that this limit is independent of the
initial condition £ by (4.12). We denote this limit by the random process S : R x @ — R4,
so that

EIS(t) — ¢t s,8)) — 0 as s —> —o0,

for & € LP(Q, F* ., P), where S(t) := S(¢, -). Then, by Chebyshev’s first inequality (aka
Markov’s inequality; e.g. [6]), for any ¢ > 0, we have

P({w € Q: |S(t) a)) - ¢(t7 S, w}§)| 2 8}) < S_PE|S(t) - ¢(tx S, %-)|p, (422)

which implies that the convergence is also in probability. Thus, there exists a subsequence
(st)ken, in R with sz — —o0 as k — oo such that

St w) = lim ¢t sp, w, &), P -as.
k— o0
To simplify notation, we write

S(t,w) = lir_nOo ot s w&), P-as. (4.23)

Note that for & € LP(Q, F* , P) with the norm || - ||, := (E| - |P)1/P we have

—o0?

1655 6)llp < 166 5,) — £ll, + 11,
< (E[v(so@s o —¢)])" + el

1

< (supE[V (665 6) —§)]) + el < oo,

s<t

by condition (4.12) of Assumption 4.4. Consequently, for any ¢ € R, we have

IS@llp < limsup [|¢(5 s &)l < 00, (4.24)
§—>—00
implying that S(¢, @) is bounded in LP(2, £ , P).
Next, we show that £ — S(¢, w) is a random periodic path of period 0 < t < oo for the
stochastic flow {¢(t, s, -, -): s < t} using its T-periodic property (see equation (3.13) with
appropriately changed variables); namely

S(t+ 1, w) =S£§1w¢(t+r,s,w,$)

42
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= lim ¢(t+t,s—7+7,0E)
§—>—00

= lim ¢(ts—1,0;w &)
§—>—00

=S 60;w) P-as. (4.25)
Then, by the continuity of (£ s, x) > ¢( s, -, x) and the flow property, we have

¢(t +s 8w S(s, w)) = lim (b(t +s5 w0 ¢ 1w, E))
r——00
= lim ¢(t+srnwf)
r——00
=St +s w) VieRT, seR P-as. (4.26)
The equalities (4.25) and (4.26) imply that S(¢ ) is a random periodic path (3.14) of period
0 < t < oo of the stochastic flow {¢(t +s558 ) seER, te R"’} on R4.

Uniqueness: Let S1 (¢ w) and Sy (¢, w) be two random periodic paths of the forward stochas-
tic flow {qb(t +ss,-):seR, te R+} on R?. We know from (4.26) that for s < ¢,

S1(t, w) = ¢(t, s, w, S1(s, a))) P-as,
So(t, w) = d)(t, s, w, Sa(s, a))) P-as.

Then, for 1 < p < 0o, we have

[$16) = S20)[)2 = [ 6(55,51(5)) — (6,5, 5265) |,
< exp (Al = 9) B[V (5 5165) = $:0)) | — 0.

§—>—0Q
Thus, S1(t, w) = Sa(t, w) forallt e R P- as.
Construction of t-periodic measure for the RDS d:Let S : RxQ — [01) X R4,
[0, 7) ~ R mod 7, be defined by

S(r,w) = (rmodt, S(r,w)), vr e RY,
or, alternatively S(r, w) = (|r| modz, S(r, a))), Vr € R. Then,

Sr+t,0) = (r 4+t mod <, S(r+r, a))) = (r mod 7, S(7, 6 a))), (4.27)
and from (4.5) and (4.26) we have

(@, 0,0, 8, w)) = i(t, 0, w, (r modz, S(r, a))))
(t +rmodz, ¢t +nrrw S a))))

(t+rmodz, S(t+r w))
St +r,0), VtreRT P-as. (4.28)

The equalities (4.27)—(4.28) and the lifted version of (3.15) imply that S(, ) is a random
periodic path of period 7 of the RDS generated by ® (4.5) in the skew-product represen-
tation on the flat cylinder [0, 7) x R4,
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Finally, let (fi¢);cr+, 1z € P([0, T) X R?) be defined by

f(d) =P{o: St w) e A}), VteR', AeB(01)®B(RY).

It follows from (4.27)—(4.28) and Lemma 4.3 that the probability measure fi; is
T-periodic under the action of the transition evolution (75t* )ter+ which is induced by
the RDS {®(t, -, -): ¢t € Rt} on [0, 7) x R?. The skew-product structure of these mea-
sures in P([0, 7) x R¥) arises from Lemma 4.3, or directly from (4.6), so that for any

J € B([0, 1)), A € B(RY)

(T x A) = 8(t mod r)(j) ® ]P(a) (St w) e A) = 5(t mod r)(j) ® pe(A).

4.3 Ergodicity of time-periodic measures

In this section, we turn to establishing ergodicity of the t-periodic measures (fi¢);cr+,
it € P([O, T) X Rd), generated by the Markovian'® RDS {dD(t, - )i te R+} which was
constructed in (4.5) in the skew-product representation on the flat cylinder [0, T) x R?
from the lifted flow of solutions of the SDE (2.1) with time-periodic coefficients. The exis-
tence of t-periodic measures supported on stable random periodic paths was established
in Theorem 4.7. The lack of stationarity and the unavoidable skew-product structure
of the underlying dynamics pose additional challenges when dealing with ergodicity of
Pr-invariant measures, as outlined below. The main theorem of this section (Theo-
rem 4.11) is preceded by some preparatory results and definitions.

Definition 4.8 (Ergodic periodic measure [33]) A family of t-periodic measures (fi;);cgr+
on the extended state space ([O, 7) x R4, B([0, 7)) ® B(Rd)) is said to be ergodic if

_ 1 T
f=- / e ds (4.29)
0

is ergodic with respect to the transition semigroup (P});cg+ in (4.8).

One can check by the linearity of fip — 75:‘ i1 and Fubini’s theorem that /i is an invariant
measure for the transition semigroup (75;" )tcr+ defined in (4.8); i.e. 7%* -invariance of f
implies 75t* i = fi, for all t € RT. Moreover, from the definition of a T-periodic measure
fty in (4.19), induced by the RDS {®(% -, -): t € R*}on [0, 7) x R4, we have

T

-~ 1 /(7 ~ 1 (7 . - 1

_E [%ml({t c10,7):50 ) e A})], 4 e B(10,1)) ® BEY,

L; (S(5 -))dt:|

where ¢t — S(tw) = (t mod 1, S(&, a))), t € RY, is a random periodic path (3.15) of
an RDS generated by the lifted dynamics of the SDE (2.1) via & in (4.5), and 1 is the

3Here, the notion of a ‘Markovian RDS’ means that there exists a version of the RDS which has the Markov property
w.r.t the filtration generated on the Wiener space by the canonical DS for the Wiener process with Wyps(0_sw) for all
s €[0,1), t € RT; see Proposition 3.9.
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Lebesgue measure on R. Thus, given the invariance of i under the action of the transition
semigroup (ﬁf)teRJr in (4.8), and the t-periodicity of fi; (see Definition 4.1), one has

E [1m1 ((tel0,0):56 ) € A})] — (PR = [ P
T T Jo

1 T 5 1 u+t 5
= —/ feyu(A)dt = —/ i (A)de
T Jo T Ju

=E|:%m1({t €luu+rt):8@t-) EA})]’

forany A € B ([O, r)) ®B (Rd) and any u# € RY. This implies that the expected time spent
by the random periodic path ¢ — S(f, @) in any set A B([0,7)) ® B(Rd) over a time
interval of exactly one period is independent of the starting point.

Verification of ergodicity (in the sense of Definition 4.8) of t-periodic measures ({i¢);cr+
supported on the random periodic paths of ® requires one to assert that the time-averaged
measure f in the skew-product fibre bundle on 77([0, T) X Rd) is 75;‘ - ergodic. This set-up
arises from the need to deal with the random periodic nature of the underlying dynamics,
and it prevents a direct application of the classical tools for asserting ergodicity in the
(asymptotically) stationary case. In particular, it is well known (e.g. [25, Theorem 3.2.4])

that the following are equivalent:*

(i) A probability measure fi is weakly mixing,
(ii) There exists Z C [0, 00) of relative measure 1 such that lim;_, oo te7 Pitx ) —> [
weakly.

Thus, given the form of the transition kernel P in (4.6) and the underlying skew-product
structure, it is clear that one cannot establish the mixing property in the random periodic
regime.'® Thus, this key condition in Doob’s Theorem [27] does not hold in the random
periodic regime which, alongside the lack of irreducibility of the transition kernel, renders
the Hasminskii’s Theorem [44] for asserting regularity of the transition kernel (needed in
Doob’s Theorem) inapplicable.

Instead, the P- ergodicity of /i can be verified by means of a proposition which was
provedin [33, Lemma 2.18]; we repeat its statement below with a concise proof to make this
section self-contained. The main benefit of utilising the proposition below when dealing
with f is that it essentially relies on ergodicity of T-periodic measures ji; for any fixed
t € [0, T) with respect to the discrete dynamics induced by (P}, ),.cn,; the subsequent use
of the semigroup property of (75;") +cr+ allows one to show the ergodicity of /i. Importantly,
the 75;;, - ergodicity of fi; on the respective Poincaré sections with a fixed ¢ € [0, 7) turns
the problem into a stationary one which can be dealt with using the standard methods.
The result below provides an extension of the classical Krylov—Bogolyubov procedure
(see, for example, [8, §1.5]).

Proposition 4.9 Counsider a family of T-periodic measures (fit);cr+ on the extended state
space ([0, 7) x R4, B([0, 7)) ® B(Rd)). The 75;“— invariant measure fi in (4.29) is ergodic if
and only if the following holds for any A € B([0, 7)) ® B(R%)

These statements are not restricted to the skew-product representation of time-periodic measures.
15As before, we exclude the stationary regime from the random periodic regime by requiring that fundamental period

0 < t < 00; see Definition 4.1.
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lim i(dx) = 0. (4.30)
N—o00 [0,7)xR4

t(4 N
/0 {NZ @t +nt, A ,a,(~)}dt

Proof Recall from (e.g. [8]) that /i is ergodic if P, I; =154 fi-ae A e B(0 1)) ® B(RY)
implies that either ji(4) = 0 or ji(A) = 1. First, we assume that (4.30) holds for any
A € B([0, 7)) @ B(R%) with P(x; 1, A) = P, I3 (%) = I;(%). Then, it follows from (4.30) that

Juyas P8 N =

This implies that I; (%) is a constant for i -ae %€ [0,7) x RZ Thus, either i(A) = 0 or
ft(A) = 1. Conversely, assume that /i is ergodic, then for any A € B([0, 7)) ® B(R%)

fi(d¥) = 0.

(n+D)7 B o
! / PGt A)dt — ()
T Jur

1 [T, . .- B
lim - / P(x;t, A)dt = (A) in L2(R).
0

T—o0

Therefore,
% . 2,z
N%oo N ,12: / PGyt +nt, A)dt = i(A) in L*(Q), (4.31)
and (4.30) follows from (4.31) and from the Cauchy—Schwartz inequality. O

Consequently, the subsequent verification of the ergodicity of the P} - invariant measure
fuon [0, 7) x R relies (explicitly or otherwise) on the semigroup property and periodicity
of the transition semigroup (75;‘ )ter+, and on proving the strong Feller property of the
transition evolution (Ps);>5 in (3.3). Recall that the transition evolution (Ps);>¢ has the
strong Feller property (i.e. Ps:¢ € Cxo (R%) for any ¢ € Mo (R%)) if and only if

(i) (Pse)ess is Feller, ie. Py : Coo(R?) — Coo(R?), and
(ii) Forany ¢ € Cx (R%) the family (Ps;¢); > is equicontinuous.

The first condition follows from the existence of the stochastic flow (see, for example,
[44,54]); thus, we only derive the second item in Proposition 4.10 below.

Proposition 4.10 Suppose that Assumption 4.6 holds. Then, for any t € [s,s + T], there
exist 0 < Cr < oo such that, for any x,y € R% and ¢ € Coo(R?), we have

IPsro(x) — Psep@)l < Crllglloolx — yl.

Proof The proof consists of a tedious but relatively straightforward extension of results
which are well known in the autonomous case; for detailed derivations, involving some
Malliavin calculus estimates; see Theorem B.10 in “Appendix 5.3.2”. O

Given the above setting, we have the following main result of this section:

Theorem 4.11 Suppose that Proposition 4.10 and Assumption 4.4 hold. Then, the family
of t-periodic measures (fit);er+> ftr € P([0, T) X RY), in (4.19) is ergodic in the sense of
Definition 4.8.
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Remark 4.12 The requirement in the above theorem that Assumption 4.4 holds is inher-
ited from the conditions required in Theorem 4.7 for the existence of stable random
periodic paths on which the t-periodic measures (ji;);cr+ are supported; hence, the only
additional condition in Theorem 4.11 is introduced by imposing Assumption 4.6 which is
required in Proposition 4.10 to assert the strong Feller property of (Py¢);>;. If one dropped
Assumption 4.4, the existence of t-periodic measures would have to be assumed a priori
alongside the ergodicity of fi, for all fixed ¢ € [0, T) w.r.t. the discrete transition evolution
(ﬁnf)ngNO, as done in [33]. In the present case, the properties of the 7-periodic measures
derived explicitly in the previous section allow us to dispense with such assumptions.

Proof of Theorem 4.11. The proof is relatively long, and we divide it into four steps.
Throughout, we skip the dependence on w € Q2 in all quantities involving expectations.
Step I: First, we show that for a random periodic path S : R x € — R¥ of the stochastic

flow ¢ on R4, and n € L(Q, F* ., P), 1 < p < 00, there exists 0 < & < oo such that

_w}
. 1 S+nt
l¢(s + nt,s5,1n) — S(s + nt)ll, < Cexp <— / A(u)du) , n € No. (4.32)
P s

To see this, note that from the definition of the random periodic path of a stochastic flow
(3.14) we have S(s + nt, w) = ¢(s + nt, s, w, S(s, w)) P -a.s,, so that

(s + nt,s,n) — S(s +nt)lly = llo(s +nt,s,n) — (s + nt,5,806)p

< (E[V(s, n— S(s))])'l’ exp (}9 /SHM A(u)du)

. 1 s+nt
= C exp (— / A(u)du) ) neNy (4.33)
pJs

by Assumption 4.4(i) and the fact that S(s) € L(, F*,,P), 1 < p < oo, which was

_m)
shown in the proof of Theorem 4.7.
Step II: We show that for 1 < p < oo, there exists 0 < € < o0, such that for n € Ny

s+nt

P synrp(x) — /Rd w@)us(dy)‘ < €l exp (;/S k(u)du), ¢ € Coo(RY),
(4.34)

where ps(A) = P({w :S(s, w) € A}), A € B(R?).
To see this, we note that from the definition of the periodic measure u;, we have that

/ Pystnr () ius(dy) :/ e us(dy), (Z8S Coo(Rd)§
R4 R4

i.e. ug is invariant under the action of the dual of the discrete transition evolution
(Pgs1ne)neNg- Thus, for ¥ € Lipoo(Rd), we have for 1 < p < oo,

Pacsn )= [ 0O0@)] = | [ (Prcsmet ) = Prctreb )

< ls /R B[l 50— g5 e, )| us(d)

= [|¥ gL E|¢(s + 17, 5,8) — $(s + 17,5 S())|
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=

< 1o (Bl (s + 7, 5.%) = S(s + no)l?)

s+nt
< &1 lpL exp (1 / x(u)du), (4.35)
P Js

where we applied Holder’s inequality and estimate (4.32) in the last two lines, respectively.

Now, let ¢ € Coo(R?) be given. Setting ¥ = Pipr,str4nr® = Psstre in (4.35),
which holds due to (3.13), and using the invariance of us under the transition evolution
(P4t )neN,» we obtain by Proposition 4.10 that

Ps,s+r+nr(0(x) - /Rd Ps,ert(ﬂ(y)Ms(dy)‘ = ‘/Rd <Ps,s+r+nr§0(x) - Ps,s+r+nt¢()’))ﬂs(dy)‘
- s+nt
< €[ Pstnr, str+ne@llBL €XP <; / k(u)du)
- s+nt
= C|[Pss+rollBL exp <1—7 / k(u)du)

1 s+nt
< Coll@lloo exp (; / k(u)du), (4.36)

where € ; = C; €, and C; is a constant appearing in Proposition 4.10.
Step III: Let A C R be a closed set, take ¢ = I, and consider the sequence (¢.)men, of

functions defined by
1) if x e A,
Pmx) = {1 —2"d(x, A), if d(x, A) <277,
0, if dx,A) =277,

where d(x, A) = inf{|lx —y| : y € A}, x € R?. Then,
om(x) = @(x), asm — oo, forall x € RY,

Next, for s € [0, T), we have

Psstnt @mx) = Pysine (%) = Pysinr Lax),

which implies that P(s, - ;8 + nt, A) = Pssiur lu € Coo(R?) and, since j; is invariant
under (P ,r JneNy» (4.36) leads to

1 s+nt
|P(s, x;8 +nt,A) — [LS(A)| < € exp <}—7 / A(u)du) . (4.37)

By the covering lemma (e.g. [6]), the inequality (4.37) holds for any A € B (R%), and thus,
for J C [0, T), we have

T
f {P(s, x;8 + nt, A) — /LS(A)|dS < / |P(s, x;8 + nt, A) — /LS(A)|dS
J 0

T 1 s+nt
< QT[ exp (—/ A(u)du) ds
0 P Js
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T 1 s+nt nt
= Qf,/ exp (—f A(u)du) ds.
0 pnt Js

Now, we use the Chapman—Kolmogorov equation (3.2) for the transition probability to
obtain

‘ /j [P(s, x;t 4+ nt, A) — Mt(A)]dt‘ = H:f ./Rd Pt y;t + nt, A) — ut(A):|P(s, x; t, dy)dt‘
/ / (o exp( /Hm )»(u)du)mP(s, x; ¢ dy)de
RY
=C; /0 exp (1% /;Hm (u)du) dt.

By condition (4.11) of Assumption 4.4, there exists 0 < 8 < 1, 0 < K < 00, such that

‘ / (P(s, x;t +nt, A) — M,(A))dt’ < / |P(s,x;t + nt, A) — m(A)|dt < KB™.
J J

It then follows that
KN
/ /Rd f { ZP(s,x,t+nr, )—ut(A)}dt us(dx)dsgﬁ Z(:),B’” 0
. (4.38)

Step IV: In this final step, with the help of Step III, we show the convergence of Krylov—

Bogolyubov scheme for the t-periodic measures (ji;);cg+ on the cylinder [0, 7) x R4. For
any J x A € B([0, 7)) ® B(R?) we have

-/[‘0, 7)xR4

[1(d)

. N-1
/ <;[Zi)(~;t+l’lf,j><A)—ﬂt(jXA))dt
0

1 T 1 1
- 7/ / x)it +nt, J x A) — 1 (T x A) |dt | us(dx)ds
tJo R n=| 0
1 T 1 N-1
3 / / ~ 2 Ploxt 45+ nt,A) — 1i(A) )84 mod r) (T )dE|pes(dx)ds

—

N-1
Z P(s,x;t + s+ nt, A) — IM(A)) (t+5)(T)dE

n=0

1 T
L (
T 1
+/7 ZPs,x t+s+nt, A) — we(A) ) 8(pps—)(J)dt
n=0
N-1
/ /1.@1 / ( HZOPS,x,t'FS'FVlT;A)_ll«t(A))a(H»s)(j)dt
0 1 N
+/_S (ZP (s, %t + s+ nt, A) _Mt(A)>8(t+s)(\7)dt
/( ZPs,xt—FnrA) u[(A)>dt

- [ L
(P(s,x,t+s, ) — P(s,x;t—i—s—l—Nr,A))SHs (J)de

ms(dx)ds

s(dx)ds

1

-~/ ms(dx)ds
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N-1

f (;] Z P(S, Xt + nr,A) — l/«t(A))dt
J

1 T
<l
TJo JR4 0
1 T 0
— P(s, x;t , A
“5 L] [ (roseesa

— P(s,x;t +s+ Nr, A)) 8(t45)(T)dt

ws(dx)ds

s(dx)ds Nji)x; 0.

O

Remark 4.13 The invariance of the t-periodic probability measures under the discrete
evolution (75;T) neN, on their respective Poincaré sections was pointed out in Lemma 4.3.
It can be shown, as a consequence of [33, Theorem 4.11], that such t-periodic probability
measures are ergodic w.r.t. the discrete evolution (P};),cn, on their respective Poincaré
sections; given that we require Assumption 4.6 to be satisfied, these measures are sup-
ported on all of R?. This fact will be useful in Sect. 5 concerned with ergodic averages in
the context of the linear response.

Example 4.14 (Stochastic Lorenz model with periodic forcing) Consider a modified Lorenz

system (e.g. [48]) given by

x=—ax+ay,
jy=—ax—By—xz (4.39)
t=—yz+xy— 7B 20 +a),

with parameters @, 8, 7,0 > 0. We set (vy, v, v3) := (x%2) € R? and consider the
periodically-in-time and stochastically perturbed version of (4.39) for t € R* in the form

dve = bt v)dt + o (v)dW; = [ — Av — G(v) + F()]dt + o()d W, o € R,

(4.40)
where
a—-ao 0 f(1+38sin (Z¢t))
A=|a B 0|, GW)=| vivs|, F(t)= 0 ,

00y —v1vy —7B 20 + &)

vi 00
c(w)=6|0wvy 0|,

0 0 vs

with |§] < |f| < co and 6 € R\{0} finite, 0 < 7 < 00, and W; = (th, Wtz, Wf) an
independent Wiener process in R3. Although the above system is in the ‘toy category’,
considering the effects of time-periodic forcing and stochastic perturbations is relevant in
many atmosphere-ocean applications to model, for example, seasonal and diurnal cycles
in climate models (e.g. [59,60,64,77-79]). It is well known that for & = 0 the system (4.40)
has an absorbing ball for all values of the parameters, since for V(¢ v) = |v|> we have



42 Page 280f62 M. Branicki, K. Uda Res Math Sci (2021) 8:42

1dv ) Fi\? o+a\?
Sdr (b(v),v) = —a (Vl - g) —Bvy—vy <V3 + 2—132>
ayBp @ +a) +F}
+ - f
4a

where we skip the explicit time dependence and F; () = f (1 + §sin (27”15)). Note that the
drift and diffusion coefficients, b, o, in (4.40) are smooth and satisfy the growth conditions
(4.13) outlined in Remark 4.16(a); since for 0 < »xj, x3 < 00, and F; = supyg -] 1f1(£)] we
have

- 13! 2 n0 o+a \ 5 P P
(b(v),v)<—a& (1— 40_”{1) vi—pry—y(1-— M vs+Fua+y B (0+a)xs,
where we used the fact that |x| < x + ﬁ |x|2 for » > 0. Thus, we have

(bW),v) <Ly, — Ly, V1% NloW)llfs < Lo (14 [vI*), (4.41)

where L, = 6 and

: A=A | < (5 F\ 0 + @
Ly, =x1F +x37pB 2(Q+(¥), Lbzzmm(ﬁ,a(l— _1 ),y(l—g_—)>.

Thus, (4.40) has global solutions and it generates a stochastic flow of diffeomorphisms
on R3.
Next, note that the linear part in (4.40) satisfies

(Av, V)3 > Cqlv]? ¢4 = min{&, B, 7},

and the nonlinear term G(v) = B(v, v) is given by a bilinear map B(v, w) = (0, viws, —viw»),
v, w € R3, which satisfies (see also [48])

(B(v, w), w)gs = ((0, viws, —viw3), (W1, wo, w3))gs =0,
(B(v, w), u)gs = ((0, viws, —viwa), (u1, U, u3))gs = —(B(v, u), w)ps, (4.43)
[B(v, w)| < [v]Iwl.
Consider V (¢, v) = |v|? for some 1 < p < o0, so that
o, V(6 v) = prilvP™, 85, V(6 v) = plp — QvivylvIP ™ + 8plvIP 2.

Next, we have

(GV) = Gw),v —w) = B0 —w,v), v —w) < |[v—wl?|v, (4.44)
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which follows from (4.43) after some simple manipulations,'® so that
LAVt v —w) = p[— Av+ Aw — GW) + GW), v — w)gs|v — wP 2

i1 Z[ i) (o1(v) — 01(w)) (057) — 03w vi — ;)

ij=1

pp = 2)lv — w4+ 8; p(0i(v) — 0:(w)) (07 (v) — aj(w))|v — Wlp_z]

<pllv —wlP — pBlv — wi + 36%p(p — D)|v — w?, (4.45)

where £ is the two-point generator associated with (4.40). Next, choose p such that for
vw e LPHY(Q, F!.,P)and 0 < E|v — w|. Then, from Jensen’s inequality we have

0 <Elv—wp < (Ely — wpthyp/e+) - (4.46)
while the Holder’s inequality leads to (with || X||, := (E[1X|7])}/P)

E[[vllv — wl?] = [Ivllv = wi? |, < IVllps1 (Blv — wit1)PPH, (4.47)
The bounds (4.46) and (4.47) imply that there exists a constant 1 < €, < oo such that

(Ely — wpr YO = ¢ Bly — wie, (4.48)
Combining (4.48), (4.47), and (4.45) leads to

E[LPVEv—w)] < -1 E[VEv —w)],

where A, = p(@A — a(p —1) - ¢, |v||p+1) Now, for vy = ¢(t, s, w, &), wy = ¢(t, s, w, 1)
solving (4.40), we have from the above

E[LPV (6 ¢t 5E) — ¢tsm)] < —MG ) E[V (6055 E) — ¢t m)]  (449)

so that combining It6’s lemma

dE[V (£ ¢(t.5,€) — (6.5 m)] = E[LPV (6 ¢(t 5 &) — (6.5 1)) ],

with (4.49) we obtain

t
B[V (¢ 0656 - 05 0)] < B[V6 € - n]ew (- [ moowr).  @so

1This identity is obtained with the help of (4.43) by noticing that one has

(B(v —w,v),v—w) = (B(y,v),v —w) — (B(w,v), v — w)
= (B, v),v—w) — (Bw,w), v —w) — (Bw,v —w), v —w)
=(GW),v—w) = (Gw),v—w),

where the last term in the second line vanishes due to the fact that (B(u, w), w)gs = 0 Vi, w € R3.
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|(t,0,w,€) — ¢(t,0,w,7)|” B(t,0,w,€), telo, T), T>1

$(n7,0,w,6),neNg, n>1
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Fig. 1 lllustration of some aspects of the dynamics of the stochastic Lorenz model with time-periodic
forcing (4.40) with the flow of solutions {¢(t, 0, @, -), t > 0} in two different regimes. The top row
corresponds to the regime in which the time-periodic measure exists and is supported on stable random
periodic orbits of (4.40); the inset of the top-right figure shows a finite sample from this measure on a
Poincare section (i.e. on the subspace R3 of X = [0, 7) x R3). The top-left inset illustrates the relationship in
(4.50) in the case when lim;_. » Ap(t) < 0 and random periodic orbits exist (see text and Theorem 4.7);
colours denote path-wise evolution of [¢(t, 0, w, &) — ¢(t, 0, w, n)|? for fixed £, n, and the dotted black line
denotes E|¢(t,0, -, &) — ¢(t0, -, n)|2A The bottom row illustrates a regime where

liMi— oo |9t 0, w, &) — ¢(t,0, w, )| > 0and existence of random periodic orbits and periodic measures
cannot be guaranteed. Parameters in (4.40) are: (top row) & = 7.3, = 26,7 = 7,0 = 10,

f= 100,86 = 0.9 7 = 1,6 = 0.2, and (bottom row) & = 10,B =1y =28/30=28
f=236=09t=106=02

Thus, in order for Assumption 4.4(ii) to hold, it is sufficient to require that

1 t

Ca—56(p—1) — limsup —— [ Cp(,5)16(t,5,8)llp+1du > 0.
(t—s)—>o0 v — S Js

Finally, we choose p = 2, so that V (£, v) = |v|? and note that (see “Appendix A”)

Lbl + Lo’ )1/2

li ts, = (27)1/0
(im 16 £)la = DV (=

so that simple but tedious algebraic manipulations lead to

¢ = (27)"° lim
(t—s)—»oco t — 8

/L L\1/2
Q;A_%(}_Q(M) > 0,

¢
& (u, s)du, (4.51)
Lb2 - LO' l
where Ly, Lp,, and L, for the system (4.40) are given in (4.42).
Therefore, by Theorem 4.7, we conclude that the time-periodically forced stochastic
Lorenz equation (4.40) admits a family of periodic measures {u1; : t € [0, 7)} C P(R?)
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supported on stable periodic solutions of (4.40) lifted to [0, 7) x R3. For 6 # 0, Assump-
tion 4.6 holds in addition to Assumption 4.4, and Theorem 4.11 implies existence of
ergodic t-periodic measures fiy = 8t mod r @ Mt € ’P([O, T) X RS) in the sense of Defini-
tion 4.8. Numerical illustration of the convergence in (4.50) is provided in Fig. 1 alongside
a sample from the density of the ergodic measure supported on the attractor containing
stable random periodic orbits.

5 Linear response in the random time-periodic regime

In this section, we derive a general formula for the linear response function which char-
acterises the change of a statistical observable in response to small perturbations of SDE
dynamics with a time-periodic ergodic probability measure. The results presented below
build on and extend the derivations obtained for time-dependent stochastic systems in
[62]. First, we derive the linear response formula associated with perturbations of dynam-
ics with time-periodic measures, and we represent it via formulas exploiting the asymp-
totic statistical properties of the unperturbed dynamics; in line with terminology from
statistical physics, these are termed fluctuation—dissipation formulas. In Theorem 5.14,
we derive the fluctuation—dissipation formulas in the case when only the unperturbed
dynamics has a time-periodic ergodic probability measure. In Theorem 5.16 we con-
sider the linear response associated with perturbations of dynamics with a time-periodic
ergodic probability measure under stronger conditions when perturbed dynamics also
has a time-periodic ergodic measure. During the revision of the manuscript, we become
aware of related results derived independently in [19] for non-autonomous SDE’s; those
results are complementary to ours since they are confined to a finite time interval in the
non-autonomous case with a restricted class of perturbations, and they do not deal with
perturbations of asymptotically time-periodic ergodic measures. We conclude with some
examples of the linear response for the periodically forced stochastic Lorenz model used
earlier in Example 4.14. In principle, the results discussed below apply to a wider class
of SDE’s generating time-periodic measures under less stringent conditions than those in
Assumption 4.4; however, establishing the existence and ergodicity of such measures in a
more general setting is not trivial and it is beyond the scope of this work.

5.1 Set-up and assumptions
Consider the following SDE on R for t > 5,5 € R,

dX® = b(a(t), 6 XO)dt + 6 (a(t), 6 XO)dW;—s, XY =x, (5.1)
where the maps ¢t +— i)(O,t, ) =bt ), t — 6(0,t ) = ot -), are T-periodic and
coincide with the coefficients in (2.1); (- ) € CL (R; R) will be assumed sufficiently smallin
the sequel. Allowing for the explicit time dependence in «(¢) enables one to consider time-
dependent changes in the coefficients of (5.1) relative to those in the original dynamics
for o = 0; for example, one can think of changes in the ‘climatological’ forcing (e.g. [1,3,
34,36-39,59,62,64]) which is relevant for considerations in atmosphere-ocean science.

Similar to Sect. 4, we consider the Wiener probability space (2, F, P), @ := Co(R, R™),
with F the Borel G-algebra on €2, and the probability measure P on (2, F) induced by the
m-dimensional Wiener process W;. Furthermore, we assume that there exists a proper
interval A € R containing @ = 0 such that, for all @ € A, the coefficients I;(a, L),
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6 (o, ¢, -) are sufficiently regular for (5.1) to generate a forward stochastic flow on R
(see Theorem 3.5); i.e.

X7 (w) = ¢%(t, s, w, %), s<t P-as.

The forward stochastic flow {¢°‘ (ts +,-): s < t} induced by (5.1) has a one-point
generator

Lo =) bila(®), 6200 +5 Y aya@),6x)0;,, a=066". (5.2)
i=1 ij=1

As in the previous sections (see (4.2)), we lift the SDE (5.1) to R x R to represent the
dynamics as

dXy = b(a(t), X{)dt + 6 (a(t), X)) AWy, X0 =% s<t (5.3)

where & = (s,x) € R x R%, and

- . T 0 0
bla, %) = (1, b(a, s, %)), 6(a, %) = .
@5 = bes o s = (0,0 )
Finally, shifting the time ¢ — ¢ + s allows to represent the dynamics in (5.3) for £ € R™
as

dX7 = bla(t +s), X )dt + 6 (alt +5), X2 ) d Wi, X¥ =3 (5.4)

where W, s = W, 5(f_sw) due to (3.12). In what follows, we will always assume that the
SDE with a = 0 satisfies the conditions of Theorem 4.7.
The lifted process ®* : R x @ x R x R? — R x R%, is defined analogously to (4.5);

namely
¥ (t, w, 5c) = (t +s @Yt +s,s 0 s, x)), %= (s2) e R x RY, t e RT, (5.5)

Note that if the flow ¢“ is induced by the solutions of (5.1) with the coefficients I;(a(t), L x)
and 6 («(t), t, x) which are time periodic for all @ € A, * can be represented on a flat
cylinder [0, 1) x R4, [0, ) = Rmod#,0 < £ < o0, and the results of Sect. 4 hold; one
obvious case is for « = 0 when, by construction, the coefficients are time periodic with
period 7. If £ = t for any @ € A, both the unperturbed (¢ = 0) and perturbed (o # 0)
dynamics can be considered on the same cylinder. We will consider such a case in the last
theorem of this section (Theorem 5.16).

Similarly, the transition evolutions (P%);cg+ and their duals (P**),cr+ can be defined
through (4.7)-(4.8) with the transition kernel P* (56; t,il) = ]P’({a) D d%(Lw k) € A });

namely
Plo(®) == /R y ()P (%; t, dy), Vg e Muo(R xRY), (56)
X
Ae(A) = (PP ) (A) = / dP“(x;t,A)pL‘;‘(dfc), V% e P(RxRY), r e RT,
RxR

(5.7)
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with the short-hand notation % (d%) = §,(s)ds ® u¥(dx) for probability measures in the
skew-product fibre bundle on P(R x R?), where i e PR x R%) and ue e P(RY); see,
for example, [23] for more details concerning the structure of skew-product fibre bundles
of probability measures. The definition in (5.6) can be extended to ¢ € M(]R X ]Rd) ina
standard fashion.

The generator of the lifted one-point motion is given by Lo = 3,+Ly (see Definition 3.6).
By construction (see, for example, [62]), one can check that if 4§ € P(R?) is a solution of
forward Kolmogorov equation with the operator £}, then fif = é; @ u¢ solves the lifted
forward Kolmogorov equation with £} in the skew-product fibre bundle embedded in
PR x RY).

In the sequel, we derive fluctuation—dissipation formulas associated with the linear
response for time-asymptotic SDE’s dynamics in the random time-periodic regime with
the ergodic measure 1 € P([0, T) x R%), as in Theorem 4.11. We start with the definition
of a linear response function which approximates changes in the statistical observables
due to sufficiently small perturbations of the unperturbed dynamics with a time-periodic
ergodic probability measure.

Definition 5.1 (Linear response function) Assuming that E[p(®%)] € L!(ji9), consider a
family of statistical observables

where
C2RxRY) :={p e PR xRY): g(t+71,-) =9 -), t €R}, (5.9)

the transition evolution {ﬁf}tE]W is induced by ®* in (5.5), and 1o € P([0, T) x R?) is the
probability measure on the initial condition in (5.4), which is assumed throughout to be
given by the t-periodic ergodic measure associated with the ‘unperturbed’ dynamics with
a = 0. If there exists a locally integrable function szo such that the Gateaux derivative of
]Fgo( -, o) at o = 0 satisfies

_ d .
A]Fg"g(t) = %Fgo(t, )

t ~
= fo ROt — 1, r)2 (r)dr, (5.10)

for ¥ € CL(R',R), #(0) = 0, we say the}t Rgo is a linear response function due to
perturbations of the statistical observable F/,°.

In other words, Rgo can be defined if the functional Fgo( -, &) is Gateaux differentiable at
a = 0 in the direction of ¢, and the Gateaux derivative is linear and continuous in the
neighbourhood of « = 0. The formula (5.10) can be interpreted as an O(¢) approximation
of the change of the statistical observable Fgo in response to a sufficiently small perturba-
tion £ (¢) around o = 0. The explicit time dependence in the perturbation ©#(¢) enables
one to consider the linear response to small time-dependent changes in the coefficients
of (5.4) relative to those in the original dynamics for « = 0; for example, one can consider
changes in the climatological forcing (e.g. [1,3,34,36-39,59,62,64]).
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Throughout the remainder of this section, we impose the following regularity conditions
which reduce to Assumption 4.4 when « = 0, and which imply the smoothing property
(e.g. [26]) of the transition evolutions (75t“ )ter+ (in the x-component of the extended state
space R x R%):

Assumption 5.2 Assume that there exists a proper interval 4 C R containing « = 0,
and that the following conditions are satisfied for alls < ¢, s € R, and for all « € A:

(i) Dib(ast, -) € CO(RY), IDIb(es t,x)] < €1+ 1x%), 0 < £ < 00,0 < & < oo,
n € Ng,and ¢t — l;( -,t, -) is differentiable on A x R x R%,

(ii) Dhdplet, ) € éboo(Rd), n € No,and ¢ — 6&¢(¢ -, -) is differentiable on A x R x R?,
and |atang£6k(a, Lx) < € <00, (tx) e AxRxRY 1<k < m,for any
multi-index 8, and 8, 1 < k < m the columns of 6.

(iii) Lie(61(ow %), -+, 6mlos t, %)) = R4, for all s < ¢, where

Lie(61: ey 0A‘m) = Span{ﬁi; [6i) 6]]1 [di; [6/) 67(]]) a1 < i;j; k < m};
and [F, G](«o, ¢, x) is the Lie bracket between the vector fields F and G defined by
[F Gl(a, t, %) := DxG(a, t, x)F (o, £, x) — DyF(a, t, x)G(a, £, %).

Remark 5.3 Assumption 5.2, which is a version of the Hormander condition, implies the
existence of a smooth density of the time-marginal probability measure on (R4, B(R?))
induced by the law of the solutions of (5.1); i.e. uy (dx) = pf (x)dx, pf € C®(RY) OL}‘_(]R"I)
for all s < t. In order to simplify the subsequent derivations, we will abuse notation and
set the following

A%(dR) = p%(%)dE = 8;(s)ds ® p® (x)dax, (5.11)

when dealing with probability measures 1% € P(R x R?), i% = 8; ® u, of the lifted
process in the skew-product fibre bundle associated with the SDE (5.4). This intuitive
convention is consistent with the convention introduced in (4.6) for transition evolutions.

In addition to Assumption 5.2, the last theorem of this section, which is concerned with
the linear response when both the unperturbed and perturbed measures are t-periodic
and ergodic, will require the following assumption (which coincides with Assumption 4.4
for o = 0).

Assumption 5.4 Let V e C*?(R x R4, R*) such that V(5 0) = 0 for all £ € R, and the
coefficients Z;(Ol, L, x), 6(a t, x), in (5.1) be such that for « € A, where A C R is a proper
interval containing o = 0, the following hold:

(i) There exist functions A, € L1(R) with A 3 o — Ay (¢) bounded for ¢t € R, and a
constant 1 < € < oo such thatforall &, n € LP(Q, 72 ., P) and some 1 < p < oo we
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have

Ell <E[V(58)] < &P, 512
E[LOV (5 € —n)] < A @E[V(EE — )],

where C‘(xz) is defined analogously to the two-point generator £ in (3.8) but based
on the coefficients i)(a, t -),6(a, t, -) of (5.1); moreover, El(f) =L fora = 0.
(ii) There exists A > 0 such that

¢ .
sup | lim sup / Aa(u)du} <A <0 (5.13)
S

acA { (t—s)—o0 t—s

(ili) Given the one-point motion t — ¢“(4 s, w, &) induced by (5.1) for w € @, § € R?,
and s < t, there exists 0 < ®, < oo independent of s,z € R such that!” for all
EelP(QF P

limsup E[V (2, ¢ (5 &) — &)] < D (5.14)

(t—s)—00
where E[V(¢%(5, 5, £))] := [ V(0% (& s, 0, §))P(dw).

5.2 Preparatory lemmas

We start with the following standard and preparatory results which utilise relatively well-
known results from [26,85], and are aimed at representing ﬁfq)(ic) — P1p(%) in the form
amenable to further analysis in the context of the linear response. The main results are
derived in Sect. 5.3.

Lemma 5.5 Suppose that the coefficients l;(ot, tx), (o, t,x) in the SDE (5.1) satisfy
Assumption 5.2 so that global solutions of (5.1) exist for all time, and ¢ € C*(R x R%)
is such that for any fixed ¥ = (s,x) € R x R? and for all « € A, E[ngo(fi)“(t, x))] < oo,
1B < 2, where {®%(t, -, -): t € RT}in (5.5) is generated by the lifted SDE (5.4) on R x R4,
Then, the function v(r, X) := ﬁ?_,go(fc) with% := (s, x) € R x R%, and ﬁf‘ defined in (5.6),
is the unique solution of the backward Kolmogorov equation with the terminal condition

dv(nx) = —Lov(nx), 0<r<t

(5.15)
v(t, %) = ¢(%).
Moreover, for any ¢ € CgO(R x RY), there exists a constant € > 0 such that
1P, 0ll200 < Cllgllaos 07 <t (5.16)

where [|¢lla00 = [@llo + Y IDE@lloo-
1<IBIS2

7 This condition can be replaced by a stronger but more concrete constraint on the global existence of the p-th absolute
moment of ¢%; see Lemma A.1 in “Appendix A”.
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Proof See, for example, [54, Thm 4.8.11] or [17,26,85]. Sufficient conditions for
E[Df(p(é“)] <00, 1Bl 2,90 € C3(R xR%), a € A, are given in Proposition 5.8. It
can also be shown that, under Assumption 5.2, the problem (5.15) has unique classical
solutions for ¢ € C(R x R?) due to the smoothing property of (ﬁ?)teR-%— (e.g. [26]; the
general case can be obtained by approximating ¢ € C(R x R¥) by ¢, € Coo(R x R?)
converging uniformly to ¢ on compact subsets of R x R%, O

Lemma 5.6 Suppose that the conditions of Lemma 5.5 hold. Then,
t
Pio(®) — Prp&) = / Pr(Lo — L)PL, p@)dr, 0<r<t xeRxR%L (517
0

Proof Itcanbe obtained from Lemma 5.5 that the function u(r, %) = 75;’_,90(56) —Pr_ro(&),
0 < r <t & e R x R4 uniquely solves the inhomogeneous Cauchy problem (see, for
example, [17,26,85])

du(r, @) = —Lu(r, &) — a(r) f1a(r %),

(5.18)
u(t,x) =0,
where o € Céo(R, R), a(r) € A, and
a(Nfsa(r &) = (Lo — £)P @) (5.19)

Next, consider the solutions of (5.4) with « = 0 represented through (5.5) as
®° = &(r, w, &) where ® is defined in (4.5) and solves the SDE (4.4). Then, by Itd’s
formula

dud(r, &,) = [Oyu(r, &) + Luu(r &) [dr + Dyutr, &,)76 5 &)W,
= —a(r) f1u(r, ®,)dr + Dyu(r, ®,)7 6 (r, &,)d W, (5.20)
where &, = ®(r, w, &) to simplify notation. Combining (5.20) with (5.18), and using the
explicit form of u(t, %) leads to

t

t
P2 (@)~ ProlE) = / (PE Frar, B0 1] = /0 Po(La—L) P2 p@)dr

0

The above identity is well defined due to the underlying assumptions, and it is discussed
further in Proposition 5.8. O

Definition 5.7 («a-linearised generator) Given the infinitesimal generator £, = d; + Ly
with L defined in (5.2) and (b, &) satisfying Assumption 5.2, the a-linearised generator
is defined by

V(%) = b(E)Dep(%) + %Tr(a(ic)chw(ic)), i=(s2), ¢eC*(RxRY), (521)

where

b(%) = dub(a, 5, %)| a(x) = o (s x)H" (s, %) + o7 (s, x)H(s, %),

a=0’
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with Hy (s, x) = aaéik(a,s,x)|a:0, 1<k<ml1<i<d andé(0,¢t - )=o) as
in (5.1). The L?(jt;) dual of V is given by

- 1
V(@) = —Dy(b(@)p () + S Tr(DYa(@p(3) ), (5:22)
where p;(%) is understood in the sense of (5.11).

Note that the properties of a(%) and b(%) are fully controlled through Assumption 5.2.

Proposition 5.8 Suppose that the conditions of Lemma 5.5 are satisfied, and consider a
Sfunction fro 1 [0, T) x R x RY > R ac A defined by

fra(n®) = VP 0F), 0<r<t

N

T (5.23)

Then, fro € C(R x R?) and §;o < oo for any fixed % € R x R

If Assumption 5.2 holds for 0 < € < oo, and the initial condition in the lifted SDE (5.4)
has p > max(2, £) finite moments, then there exists a constant € = (T, k, ¢) > 0 such that
for any fixed % € R x R? one has

sup IE|fm(r, o(r, 5c))| <C <o (5.24)
0<r<t<T

where {®(r, -, -): r € RT} is the RDS (4.5) generated by the SDE (5.4) with o = 0.

The sufficient condition for (5.24) to hold for T — oo is that b, 6) satisfy the dissipative
conditions (4.13)—(4.14) withp=max(2, £). If p(-, x) < &;(1+ 1x1), 0< € < 00, 0K ) < o0,
then (5.24) holds for T — oo when b, 6) satisfy (4.13)—(4.14) with p = max (2, ¢, [); i.e.
the conditions E[D,’?(p(d)“)] < 090, |B] £ 2, in Lemma 5.5 can be replaced by assuming a
polynomial growth of ¢.

Remark 5.9 Note that for a dissipative dynamics satisfying (4.13) the dissipation coeffi-
cient L, might not be large enough to satisfy (4.14) with a given p > 2. Thus, not all
dissipative dynamics automatically satisfy Proposition 5.8 for all time.

Proof For (s,x) € R x RR?, one can obtain directly from (5.21) that
-~ . 1 .
fralr %) = VPE,0(8) = bEDPE, 0() + 5 Tr(aEDIPE, (). (525)

The regularity and growth conditions of the coefficients b, 6) imposed in Assumption 5.2
ensure the existence of global solutions to (5.4) which are represented via ®*(¢t — 7, -, &),
t —r € RY, and generate 75?_, in (5.6). If p > 2 moments of the initial condition of (5.4)
are finite and E[D,'?(p(dJ“(t, %))] < 00, |8] < 2,t < T, then by the assumption on (13, G)
and Lemma 5.5, we have §;, € C(R x R?) and f,,, < oo for any fixed ¥ € R x R,

Regarding (5.24), the polynomial growth of b combined with the standard calculation
utilising It6’s formula guarantees the existence of max(2, £) finite moments of the solution
for T < oo (Theorem 3.5). Thus, (5.24) follows by the Cauchy—Schwarz inequality applied
to E|f:q| and the finiteness of the moments of g, b for T < oo.

Considering (5.24) for T — oo, may require additional dissipative constraints on the
drift b, as outlined below. Moreover, we specify two explicit classes of ¢ € C2 (R x R?) for
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which E[Df(p(fbo‘(t, x))] < 00, |B] < 2, (5.24) holds for all time. First, if ¢ € Cgo(R x RY),
then

sup  Elfpo(n, @) < Cr sup [P, ¢ll200 (5.26)
o<r<e<T o<r<e<T

By the second part of Lemma 5.5, the term on the right of (5.26) is bounded by C||¢||2,00
so that one can set explicitly € = Cr Cll¢[l2,00 in (5.24). Given the existence of global
solutions of (5.4) for all time (Assumption 5.2 and Theorem 3.5), the bound (5.24) can be
extended to T — oo provided that the dissipative conditions (4.13)-(4.14) hold for (b, 6)
with p = max(2, £); so that E|b(®(r, %))| < oo, E|la(®(r, %))| < oo, r € RY, in (5.25). More
generally, if ¢ € C2(R x R%) and (-, %) < €1+ |x) with 0 < £ < 00, 0 < € < 09,
the bound (5.24) can be extended to T — oo provided that the dissipative conditions
(4.13)-(4.14) hold for (l;, 6) with p = max(2, ¢, [). Both assertions can be obtained through
derivations analogous to Lemma A.1 in “Appendix A”. O

Corollary 5.10 Letf;y : [0, T) x R x R — R, « € A, be defined by

a(Nipa(n®) = (Lo — L)P,0®), *eRxR%, 0<r<t<T, (5.27)

as in (5.19) of Lemma 5.6; so that ]Gt’a (r, %) = fra(r %) + O(a) with f1q defined in Proposi-
tion 5.8. Then, under the same conditions as those in Proposition 5.8, fm € C(R x ]Rd) and
fra < 0o for any fixed & € R x RY. Furthermore, for p > 2 chosen as in Proposition 5.8 one
has

sup E ft,oz (r, ®(r, 56))| < 00, ¥ e R x Rd, (5.28)

0<r<t<T
which can be extended to T — o0 in a way analogous to that in Proposition 5.8.

Proof This is a direct consequence of Proposition 5.8 and the fact that the O(«) terms
involve D,P* ¢(%), D2P® (%), with coefficients given by Db and D!"6 which are
controlled through Assumption 5.2 and the polynomial bound on the growth of the
a-derivatives of b. ]

5.3 Linear response and fluctuation-dissipation formulas for time-periodic measures
Here, in Sect. 5.3.1 we derive a general expression for the linear response function charac-
terising the change in the statistical observable (5.8) to small perturbations of dynamics of
an SDE whose time-asymptotic dynamics is characterised by time-periodic ergodic prob-
ability measures (see Sect. 4). This is followed in Sect. 5.3.2 by deriving a more tractable
representation of the response function in terms of fluctuation—dissipation-type formulas
which allow one to express the change in the statistical observables through statistical
characteristics of the unperturbed dynamics.

5.3.1 Thelinear response

First, we derive a general formula for the linear response function associated with per-
turbations of the time-asymptotic dynamics of the SDE (4.4). The derived formula is
equivalent to the one obtained formally in [62].
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Theorem 5.11 (Linear response) Suppose that Assumption 5.2 holds, Assumption 5.4
holds for « = 0, and that Proposition 5.8 is satisfied. Consider the family of transition
semigroups {75f‘ : (ta) € RY x A} induced by the SDE (5.4) which for a« = 0 admit
t-periodic ergodic measures (fit);>0, ftr € P([0, T) X R%),

Then, given the observable Fgo(t, a) = (755‘90, /10> in (5.8), for any ¢ € CE(R x R¥) such
thatIE[wa(d)"‘(t, N1 € LY(jio), |8 < 2, and the perturbation a(-) = £9(-) € C;(R*, R),
V(0) = 0, such that e € A, the following holds

~ t ~
AF (1) = / RIO(E — 1, 1) (r)dr, (5.29)
0
with the linear response function given by

Rgo t—rr) = /[O,r)de Pt_r(p(x)(V*[)r)(fc)dx, (5.30)

where V* is defined in (5.22), and p,(%)d% is understood in the sense of (5.11).

Remark 5.12 AIFZ)‘;9 () can be interpreted as the approximate O(¢) response of the observ-
able ]Fgo (¢ 0) in (5.4) to a sufficiently small perturbation «(¢) = €9 (¢), ¥(0) = 0. Note that
the linear response formula is solely based on quantities defined for the ‘unperturbed’
dynamics (¢ = 0). Moreover, the perturbation a(¢) = €9 (¢) does not necessarily have to
factorise the coefficients of (5.1) as, for example, ba(t), t, x) = b0, t, x) + e F(x)0 (£). For
example, consider the following @(a(t), tx) = —(2 — sin? (x(l + a(t)))x cos?(t) in (5.1)
and the derivations below.

Proof First, we set o« = ¢ € A and show that under the assumptions of the proposition
the following holds for any ¢ € Cf(R x R?) such that IE[Df(p(CiD“(t, N € LY(jno), 1Bl <2
(see Proposition 5.8 for a sufficient condition for this to hold for all time),

1/ . ¢ Lo a
lim — (P Vp() - Peo@®) = f YOB VP 0)@dr,  0<r <t v eCLRYR),
E—> 0

with V defined in (5.21). To this end, it follows from Lemma 5.6 that for & > 0 sufficiently
small

t

1 ~E A 1 L S A\ /0 (r ~ 2 = -
f(Ptl’(t)w(x) R wm) = fo Pr(Levi — £) P20 g ()dr = fo DB foe (B0, 2) |a,

&

where ®(r, w, %) represents the solution of (5.4) with ¢ = 0 (or the solution of (4.4)).
By Proposition 5.8, Corollary 5.10, and the dominated convergence theorem, we have

t
lim é(ﬁf”%(x) —75t(p(5c)) - /0 ﬁ(r)]E[ lim fy. (1 cb(r,fc)]dr
t
= [ 20BP (2]

t
- /O )Py (VPrrp@)dr.
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Using Fubini’s theorem and Proposition 5.8, we have

e—>0¢

1, . ¢ s

lim —<’Pt819(t)(p_’Pt<p, flo) = /0 3(r) N Pr(VPi—rp(%)) fio(dx)dr
t

= [ o0 PPy () (B o) dD)dr
0 [0,7)x R4
t

_ / () VP (@) (dR)dr
0 [0,7)xR4

By the Hormander Lie bracket condition in Assumption 5.2, and ergodicity of the time-
periodic measures fi,, there exists 0 < p, € C°(R%) N Li(Rd) such that (ﬁjﬂo)(dfc) =
ir(dx) = pr(&)dx, where p,(%)d% is understood in the sense of (5.11). Thus, for any
¢ € CX(R x RY), such that E[DEo(2(t, -))] € L1(jio), |B] < 2, we have

1, - . ! .
im ~(P" % — Prg, o) = [ 90) VPr s p()pr ()i
0 [0,7)x R4

e—=0¢&

¢
- / ( / Br @) (V" ) 212 ) ()
0 [0,7)x R4
Finally, by the definition of the response functional Rgo we have for ¢ € Céo (R, R), that

t
/0 RgO(t — o (r)dr = sh—% é [Fgo(t, ed(t)) — ]Fgo * O)]

N v (t) 5 -
= lim =(P"Yo — P, i
el—>0 8< ¢ t 0>

t
= [ ([ P p)@de)o )
0 [0,7)x R4
where p,(%)d% is understood in the sense of (5.11). O

5.3.2 Fluctuation-dissipation formulas

Given the general framework for the linear response in the time-periodic regime, we now
derive a set of more tractable representations of the response function (5.30) via formulas
exploiting the time-asymptotic statistical properties of the unperturbed dynamics (4.4),
or (5.1) with & = 0; in line with the terminology inherited from statistical physics, these
are termed fluctuation—dissipation’ formulas. The first set of results in Theorem 5.14
shadows and formalises formulas derived in [62], while the results in a more restrictive
Theorem 5.16 concern the linear response in situations when the ‘a-perturbations’ do
not destroy the time periodicity and ergodicity of the dynamics in the sense that the
coefficients in (5.1) remain t-periodic for all ¢ € A. It turns out the two results are related
in a specific way.

Definition 5.13 (Correlation function) Given the RDS {Cb(t, )+t € R+} on
[0,7) x R, and ¢, ¢ € C%(R x R%), such that for any fixed # € [0,7) x RY,
E[p(®(t %))], E[y (P(4 %))] < oo, the correlation of the random variables ¢(®(t, -, %))
and ¥ (®(r, -, %)) is given by

E[o(®(52) ¥ (2 %)] = Pr(v®Pr—re), 0<r<t, (5.31)
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where (P;);cg+ is defined in (4.7), and (5.31) follows from the Markov property of the
RDS . The correlation function based on ¢, ¥ € C2(R x R?) and i € P([0, 7) x R%) is
defined as

Kpye=rn= [ P(vPig)di=[  wPedPim  o<r<i (532)
’ )xIR4 [0,7)x R4

01
Theorem 5.14 (EDT 1) Suppose that Assumption 5.2 holds, Assumption 5.4 holds for
a = 0, and Proposition 5.8 is satisfied. Then, for any ¢ € C%(R X ]Rd) such that
E[Df(p(cbo‘(t N eL(jto), |8] < 2, the following holds:

(i) There exists a family (fis)r>0, e € P([0, T) X R%) of t-periodic probability measures,
and a uniquely 75:‘ -ergodic probability measure, i € P([O, 7) X Rd), which is associ-
ated with the RDS {®(¢, -, -) : t € Rt} on [0, 7) x R? and generated by the SDE (5.4)
with o = 0.

(if) The linear response function in (5.30) is given by

it Lo ~\ PN P ~ V*~r(~)
REO(t—r, ) = KT (e~1,7) = /[ L BP0 @ B = =,
(5.33)

where0 < r < &, fi,(dX) = pr(%)dX is understood in the sense of (5.11), the correlation
function ICZ 0( .y is defined in (5.32), and the operator V* is defined in (5.22).
(iii) The linear response for perturbations of observables based on the ergodic measure i is

Ryt -n=Kyst-n= [ B@Po@i@dn  BE =00

where 0 < r < t, Ry(t —r) := RY(t — 1,0), and Kyp(t — r) := KL (¢ — 1, 0)
The above hold for all time if Proposition 5.8 is satisfied for all time.

Proof Part (i) is a direct consequence of Theorem 4.7 and Theorem 4.11. For Part (ii), we
have from the representation of the response functional R/, in (5.30) together with the
operator V* in (5.22) that the following holds for 0 < r < ¢

R“O t—rr)

/[Or x R4

V(Prorpl®) o) = /

[0,7)x R4

V(Peerp(®)) ()

P,
{ (%) 0 Pr—rp(®) + : [0k (B)Hjx (%) + o (%) Hiz (%) Bfixjﬁtﬂp(%)}i)r(fc)dfc
T/

/ Yx R4 2
= / y — O, [Gi(®) pr ()] + = a,%,x,<[a,k( )Hjjc(%) + o (%) Hyg (%] pr(fc))}ﬁ”w(a'c)dfc
/ Vo s @ @di = f By 2Py 0 ()5, B)d% = K (¢ — 1, 7),
)xRR4 ) [0,7)x R4 B
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where ¢ € C2(R x RY), E[DL (% (¢ -))] € L1 (10), || < 2, as in Theorem 5.11 (see also
Proposition 5.8 for a sufficient condition), and p,(%)d is understood in the sense of (5.11);

ie.
R = = [ (7 0) (Pasett )
[0,7)xR4

= [ B@Paeea)sds 0<r<t (535)
[0,7)x R4
As regards Part (iii), notice that due to the fact that 75,*,0. = i for any r € [0, T), we have

PV(Prg)ildi) = [ V(Pig)Pritdd
[0,7)x R4

Rg(t—r,r):/

[0,7)xR4

=[PP = Rie 50,
[0,7)xRR4

and the desired result can be derived by following analogous derivations to those above. O

Remark 5.15

(i) Theorem 5.14 implies that for the RDS {q~>(t, ) t € R*} in (4.5) induced
by the lifted SDE (4.4) on [0, ) X R4, the change in the value of an observable
Fg" (ta) = (P, j10) in (5.8) in response to a sufficiently small and regular per-
turbation can be represented by the correlation function utilising the unperturbed
dynamics/fluctuations. The operator V' defined in (5.21) does not depend on time
due to the t-periodicity of the coefficients of (5.1) at « = 0 and the skew-product
formulation on [0, T) x R%.

(ii) The response functions (5.33) and (5.34) evaluated on the unperturbed dynamics are
amenable to practical approximations via the appropriate long-time averages.

By 75,’,‘T - ergodicity of i, for any fixed r € [0, 7), and r < ¢ we have (see Remark 4.13)

REC-nn= [ B@P @@
[0,7)xR4

N
1 R .
= Jim, 57 2 Br(Poc(®)Prro (P @)

n—00

N
1
= lim N nz:;) B, (P41t (%)) (Pre9(t Phrnr (%)),

wherep € C2(RxRY), E[DLp(d9(t, -))] € L1 (j10), |B8] < 2, and in the last line above,
we used explicitly the skew-product formulation (5.11) and the representation (5.35);
(Pr.t)e>r is the family of transition evolutions defined in (3.3).

Similarly, by P¥- ergodicity of /i (see Theorem 4.11) we have for any u € R*

Row= [ B@Pp@i@s

1 N
= lim ﬁ/o B(Po,g(x))PO,u§0(§; PO,{(x))dC'

n—o0
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(iii) Note that the function B, in (5.30) of Theorem 5.14 is unique almost everywhere.
To see this, suppose that there exists B, € L!(ji,) such that

Kps ¢ =) =Kl (t—nr), ¢eCl(00)xRY), 0<r<t
This implies that

(Pe—r By = By), =0, ¢eCX0,71) xRY), 0<r<t
Given that ¢ € CCZ([O, 1) x R%) is bounded, taking limit as » — ¢ in the above
and applying the dominated convergence theorem, we obtain B, = B; /i, -a.e. by
arbitrariness of ¢.

Throughout the remainder of this section, we shall assume that ¢ — 1;(0:, tx), 6 (o, t, %),
are t-periodic for all (o, x) € A x R?. Thus, under Assumptions 5.4 and 5.2, the family
of measures {1¥ : t € RY, a € A} is t-periodic and ergodic (as in the case of Sect. 4.2)
and, as a consequence, the time-averaged (ﬁf*— ergodic) measures 1% (see (4.29)) satisfy
the stationary PDE

/[ @R =0, acA peDEINE, (5.36)
0,7)%x

where £, is the generator of the RDS {®%(¢, -, -): t e R*} on [0, 7) x R, fora € A (in
the same form as £ in Definition 3.6), and the domain D(L,) is defined by

D(Ly) :=H ([0, 7) x RY; i*)
={¢; [0,7) xRY = R: 90, -) = ¢(z, -) and

/[O | lpte R )
LT )X

+ / IDg(s, x)[2% (dsdx) < oo, a € A}. (5.37)
[0,7)x R4

ba = i‘p € C2([0,7) x RY): 9(0, -) = ¢(t, -),and
EDfp(®% (5 )] € L'(i*), 181 <2, a € A}, (5.38)

Sufficient conditions for ¢ € &, were given in Proposition 5.8.

Given the ergodic measure /i (4.29) of the unperturbed dynamics (i.e. (5.4) with o = 0)
and the above set-up, the linear response AIFZ,l,(t) of the statistical observable ]Fg (t «)
in (5.8) due to a sufficiently small perturbation ¢ () around & = 0 such that it preserves
the 7-periodicity of the unperturbed dynamics is summarised as follows.

Theorem 5.16 (FDT II) Let Assumptions 5.2—5.4 be satisfied for o € A, and suppose that
Proposition 5.8 holds. Assume further that t +— l;(t, a, x), t — 6(t o, x) are t-periodic for
all (o, x) € A x R%. Then, the following hold:
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(i) Foreverya € A, {i% : t € R"} is a family of t-periodic measures induced by the
one-point motion & > ®%(t w, %), € Q, with the uniquely P**- ergodic measure
% satisfying (5.36).

(i) Themap o — p*(dx) = p*(&)d% (with p* understood in the sense of (5.11)) is weakly
differentiable ata = 0 forall % € [0, T) x R?, and the linear response (5.30) associated
with perturbations of observables based on the P - ergodic measure [i is given by

Rylt — 1) = RE(t —1r,0) = 3,KLyy(t —rr),  0<r<s (5.39)

fory e D(Ly)NEy, with the correlation function IC"Z,W in(5.32) W € Cyo ([0, T) X Rd)
given by
~ 77(56) o
WE) =z — st (1,¢):=(00%0)|,_¢ (5.40)
p(x)

with 8y p® understood in the weak sense.

Proof Part (i) is a direct consequence of Theorem 4.7 and Theorem 4.11 given the fact that
Assumptions 5.2-5.4 hold for « in a proper interval A containing o« = 0. For Part (ii), we
proceed as at the beginning of the proof of Theorem 5.11, except that due to Part (i), both
the unperturbed and the perturbed measures are -periodic. Thus, for ¢ € CL (RT;R)
and ¢ > O sufficiently small so that ¢ € A, and for ¢ € &, there exists a constant
0 < Cg,p < 00 such that

o i = [ (P~ Prgl@) old)

< et]19 oo Cego a1

where the bound is due to Proposition 5.8. Averaging both sides over ¢ € [0, ), we have

1 - -
lim =(p, 2°% — i) <00, ¢ € &, (5.42)
el0 &

Thus, 2% is weakly differentiable. Next, by the Héormander condition in Assumption 5.2,
we have /1%(d%) = % (%)d# so that for any ¥ € C1 (RT, R)

—p) <00, @€k, (5.43)

which implies that % is weakly differentiable at @ = 0 (with % understood in the sense
of (5.11) to simplify notation). Furthermore, (5.36) yields

(2% Law) =0, acA ¢eDLy)NE,. (5.44)

Differentiating (5.44) with respect to the parameter « (in the weak sense), we obtain

=5 Vo )= (Vb ¢) (5.45)
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Next, we set (n, —E(p) = (00 p% —L¢)|a—0, and note that P;p € D(Ly) N Ey, t > 0, for

any ¢ € D(Ly) N &y (due to Assumption 5.2 and the associated smoothing property of
(Ps,)s<t generating (P:)ier+ in (4.7); e.g. Proposition 4.10 and [26]). Thus, we have

KDt = 1,7) = (P, (WP_,0), B) = (Pr_rp, Wp) = (Pr—r, ), (5.46)
where W is given in (5.40), and subsequently
0 Ko (t —1,7) = 0p(Prorp, ) = (~LPrrgp, ).

Since P;_,¢ € D(Ly) N Ey for 0 < r < t, we have by (5.45) that for ¢ € DLy NE,

Kyt —1,r) = (—LPr_rp, ) = (fnz_,w, 5)

= [ ORI = R~ )

Remark 5.17 Note that Theorem 5.14 is more general than Theorem 5.16 in the sense
that it only requires time periodicity of the coefficients of the SDE (5.1) and the existence
of time-periodic probability measure for the unperturbed dynamics (i.e. for« = 0in (5.1))
but it does not preclude the perturbed dynamics to have time-periodic measures. Thus, a
natural question arises as to the connection between the linear response functions R, in
(5.34) of Theorem 5.14 and (5.39) of Theorem 5.16, respectively, in the case when both
the unperturbed and the perturbed dynamics (i.e. for « € A in (5.1)) have time-periodic
ergodic measures of period 7. The desired connection stems from the fact that under
Assumption 5.2 the identity (5.45) leads to

*

b

mufwﬁzm%—a»:m—&»zwwwbﬂz,bﬁzwwm

for any ¢ € D(Ly) N Ey, where £ = 3 + L is the generator of the one-point motion
% Ot w ), t > 0, on the extended state space [0, 7) x R%, Thus, B = —ﬁ‘:‘*W,
where £7* is the L?(f1) dual of L. In fact, the above result also implies that W in (5.40) of
Theorem 5.16 is not unique in contrast to B in (5.34) of Theorem 5.14. To see this, assume
that there exists W € L(t) on [0, 7) x R? such that

arlCZW(t —rr) = B,ICZW(t —rr)y,  @eCP(01)xRY, 0<r<t

which implies that (see (5.46))

d - -
—(Pi—rp, W — W)

1 0, ¢eC®([017)xRY, 0<r<t
r

=

Since C°([0, 7) x RY) ¢ D(L), it follows by the smoothing property of P;_, (under
Assumption 5.2) and the dominated convergence theorem that

(Lo, W — W), = 0.

Since W — W e L1(/1), W — W is a.e. constant; hence, W satisfying Theorem 5.16 is not
unique.

42
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Fig.2 Theresponses AE,(t), AE, (1), AE,(t) of the expectations Elx], Ely,], E[z], associated with the
dynamics (4.40) perturbed to (5.47) via the spatially uniform, time-aperiodic perturbation (5.51) with ¢ = 0.05,
and to = 80t, AT = 12.The left column shows the direct simulation of (5.47), and the right column shows the
comparison between the exact response and the linear response given by (5.48) and the response function
given by (5.50). The parameters of the unperturbed system (4.40) are@ = 7.3, = 26,7 = 7,6 = 10,
f=1008=0971=10¢6 =02;see Fig. 1. Further details are discussed in the main text of Example 5.18

Example 5.18 (Stochastic Lorenz model with periodic forcing) We return to the stochastic
Lorenz model with time-periodic forcing used in Example 4.14, and we consider a simple
case of perturbed dynamics in (4.40) in the form

vy = [ —AVE — Gv)+ F(t) + SS(Vf)ﬁ(t)]dt + o (vf)dW,, (5.47)

where ¢ € CL (R*,R), #(0) =0, v > F(v) € CL (R%), and A, G(v), F(¢) are defined as in
(4.40) for v} = (x7, ¥, z7’). Here, the last term in the drift represents a perturbation of the
dynamics (4.40) due to «(t) = ¥ (¢), which is chosen for simplicity to be in the space-time
factorised form (recall, however, that the perturbation in this framework can take a more
general form; see Remark 5.12).

Note that, analogously to (4.40), the periodically forced dynamics in (5.47) satisfies
Assumption 5.2, and recall that in appropriate parameter regimes of (4.40) (or in (5.47)
with & = 0) there exists a time-periodic ergodic measure u; € P(R?) with a smooth
density p; with respect to the Lebesgue measure on R? forall ¢ € [0, 7), 0 < T < oo.

Assuming that the conditions of Theorem 5.11 hold, the linear response AFZ"Z,(t) in
(5.29)

- t
AlFZ,‘i,(t)z fo REC(t — 1, )0 (r)dr, 9 € CLRT,R), 9(0)=0, (5.48)

of the observable ¢ to the perturbation € §(v)?¥(¢) in (5.47) in the random time-periodic
ergodic regime is determined by convolving the response function R/° with ¥, where
(see Theorem 5.14)

REO(E—rr) = 0y (3P (7)) Pero()dv = K% (t —17), 0<r <t
¢ [0,7)xR3 o5

(5.49)



M. Branicki, K. Uda Res Math Sci (2021) 8:42 Page47 of 62 42

which is solely based on the unperturbed dynamics. In the above expression
() = pr(P)di, 7 = (s, v) € [0, T)xR3,and ]CZ,(J)Br (t—r, r) is the correlation function (5.32)
of the random variables ¢(7;), and B, (?) = —8,(F(v)p,(7))/pr(¥), with (V) = p:(¥)d
understood in the sense of (5.11). Thus, the response function can be written in a form
amenable to computations as (see Remark 5.15(ii))

Rpe=nn= [ O Pavle)as

= / IB%,(V)(’P,,tw(t, V)),o,(v)dv, 0<r<t (5.50)
[0,7)xR4

where V* is defined in (5.22), B, is given in (5.33), and (Prt)e>r is the family of transition
evolutions defined in (3.3). Furthermore, (5.50) can be evaluated in a more practical fashion
via appropriate ergodic averages, as discussed in Remark 5.15(ii).

For simplicity of the numerical illustration, we consider the linear response of the expec-
tation of the solutions to (4.40) to the perturbation & §(v*)v(¢) introduced in the drift
coefficient of (5.47). Given the dynamics (5.47) and ¢(v) = v, setting p = 2 is sufficient
for Assumption 4.4 and Proposition 5.8 to hold (i.e. Theorems 4.7, 4.11, 5.11, 5.14 will
hold for all time if the perturbation maintains dissipativity, which is the case here). In the
examples shown in Figs. 2 and 3, we denote the expectation of the solutions to (5.47) by
Elx¢], E[y:], E[z:], and we consider the response of the expectation to a spatially uniform
perturbation & F(v*)v (¢) with F(v*) = (f, 0, 0)7 and

¥(t) = O(t) cos(2m /3.3 1), (5.51)
where
1 t>ty+ AT,

2 1 2

It —ty) — ==t — L to <t<t+ AT,
o) = AzT( 0) Asz( 0)” to 0 (5.52)

art—t)+ st —10)? to— AT <t <t

-1 t<—ty— AT.

The simulations were performed for (5.47) with the same parameter values as those
in Example 4.14 in the random time-periodic regime, and the perturbation with
to = 807, AT = 1 with the amplitudes set to ¢ = 0.05 in Fig. 2, and ¢ = 0.25 in
Fig. 3. The unperturbed initial time-periodic measure at ¢ = 0, i.e. fig = §p ® 1o, was
approximated from long-time simulations of an ensemble of solutions to (5.47) witha = 0
at ¢ = tn, n € Ny. To simplify the notation, the linear response AFZ,%(L‘) in (5.29) of the
expectations is denoted by, respectively, AE (), AE,(¢), AE,(¢). The linear response was
estimated with the help of the fluctuation—dissipation formula (5.50), where KCy B, (t — 1, 1)
in (5.32) exploits the statistical correlations in the time-asymptotic dynamics of the unper-
turbed system (4.40) via (5.31). As expected from the theory, the linear response provides
a good approximation for a sufficiently small perturbation (Fig. 2), and it deteriorates with
the increasing amplitude of the perturbation (Fig. 3); the accuracy of the approximation
improves still with the decreasing amplitude of the perturbation but we do not show these
unsurprising results.
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Fig.3 The responses AE, (1), AE, (1), AE,(t) of Elx], Ely;], E[z] associated with the dynamics (4.40) to a
spatially uniform, time-aperiodic perturbation (5.51) in (5.47) with & = 0.25; the remaining parameters are as
in Fig. 2. See the main text in Example 5.18 for more details

In the simple example illustrated in Fig. 4, we consider the response of the expectation
of the solution to (5.47) in the stable random time-periodic regime to a spatially uniform
time-periodic perturbation & F(v*)¥(¢) with ¢ = 0.1, F(v*) = ( f, 0, 07 and

D (¢) = H(t — 80.257) cos>(2 /7 ¢), (5.53)

where H () is the Heaviside step function. As in the previous examples, the accuracy of the
linear response via the FDT formulas (5.49) or (5.50) combined with (5.48) improves for
decreasing magnitude of the perturbation but we do not show these unsurprising results.
Note that in this case the perturbed measures are also 7-periodic and one could consider
the FDT for the ergodic measure /i as in Theorem 5.16; such considerations of the linear
response are more relevant in the abstract analysis and we do not pursue such a scenario
here (see, however, Remark 5.17).

Finally, it needs to be stressed that the direct numerical evaluation of the correlation
function Ky g, (¢ — 1, 7) in (5.49) is, in general, very computationally intensive due to the
need for estimating the time-dependent density p;(v), v € R3, ¢t € [0, 7); more practical
implementations rely on various approximations (e.g. a Gaussian approximation of the
underlying density), and they were discussed in [62] in the time-periodic setting, and in
[1-3,34,36-39,59,62,64] in the stationary setting. These references also consider much
more elaborate examples than what we could consider in this work.
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Fig.4 Theresponses AE,(t), AE, (1), AE,(t) of Elx.], Ely,], and E[z] associated with the dynamics (4.40) to
a spatially uniform, time-periodic perturbation (5.53) in (5.47) with & = 0.1; the remaining parameters are as in
Fig. 2. See the main text in Example 5.18 for more details

Appendix A: Growth conditions and existence of absolute moments of
solutions of non-autonomous SDE’s

Here, we provide explicit examples of two classes of time-periodic coefficients in the
SDE (2.1) which satisfy Assumption 4.4.

Lemma A.1 Let {¢(ts, -, -): t > s} be a stochastic flow generated by the SDE (2.1), and
let Ve CY2(R x R%RY) be a Lyapunov function satisfying the first part of (4.10) with
some 1 < p < oo. Assume that the following ‘dissipative’ growth conditions hold on the
coefficients of (2.1)

(bt x), x) < Ly, (t) — Ly, (O)x% o (6 %) s < Lo ()1 + |x?). (A1)

Suppose further that there exist bounded functions Ly, (-), Lp,(-), Ly (-) € Coo(R;RY) such
that

. p_ p_
inf (Lbz(t) 2571, — 15 DL () — 1)) > 0.

Then, there exists a stochastic flow {¢(t,s, -, -) : s < t} on R induced by the solutions
of (2.1), which has a finite p-th absolute moment for all time. Furthermore, the following
holds

lim sup E[V(t, o(L s, x) — x)] < 00

(t—s)— 00
in Assumption 4.4(iii).

Proof It canbe established (in a similar way to that in [54, Theorem 3.4.6]) that the growth
conditions (A.1) lead to existence and uniqueness of global solutions of

dX;* = b(t, X7¥)dt + o (6 XV ) AW,  X5* =5, (A.2)
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such that X} (w) = ¢(4, s, 0, x) P-as., t > s.In order to prove the main part of the Lemma,
consider first g(x) = |x|?, p > 2; then,

d d
Lol = plal’™ Y it x)x + 3plalr = 3 {15128 + (0 — 2wy} (006 .5
i=1 ij=1

< plxlP (L, () — Ly, () 1%1?) + Lo (0)p(p — DA + |x[*) x>
= 2(Li®) + $Lo @ = 1) 15177 = p(Lyy(0) = 3Lo (O — D) 6. (A3)

p
2

Next, since |x#P~2 < (1+ |22 < (1 + |x|2)§ < 2%_1(1 + |x|P), we get

Lol < 287 (Lyy () + 3La (0 — D)

= p(Ln () = 25711y, = 357 + DL O — 1) el
which can be written as
LelxlP < ap — bp|x|pJ (A4)

with coefficients

a, =p25Tsup (L,,1 )+ Lo () — 1)), (A.5)
teR
by = pinf (L;,2 (£) = 25710y, — L5 4+ DL () (p — 1))‘ (A.6)

It turns out that sharper bounds can be obtained for p = 2, 3; these are derived in Propo-
sition A.2.

Next, consider X;}*(w) = ¢(t s, w, x) solving (A.2) and g(x) = [x, p > 2. Then, Itd’s
Lemma and the bound (A.4) lead to

dAE[IX*1P] = E[L|X}*1P]de < (ap — by E[IX;*P])de. (A7)
Therefore, based on the differential form of Gronwall’s inequality, (A.7) yields

E|th,x|p < e—bp(t—S)E|x|p + :_p<1 _ e—bp(t—5)>’ (AS)
p

Consequently, for p > 2, and Ly, Lp,, L, such that b, > 0 in (A.6), we have

a
0< lim E|gp@sa)l < L < oo
(t—s)—> o0 [Jp

For 1 < p < 2 we use Holder’s inequality and obtain
1
E[XP] < (B[Ix])".

Thus, analogous derivations to those in (A.3) onwards can be carried out for p’ = 2p > 2,
withl <p < 2.
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Finally, note that for Y;"*(w) = ¢(4 s, », x) — x we obtain
dY* = b, Y +x)dt + o (8, Y)" +x)dW,  Y3* =0,

so that analogous calculations in conjunction with Assumption (4.4) lead to
a
E[V(6@(652) — 0] < CEIp(652) — 2’ < €L (1- (),
P

Consequently, for p > 1and 0 < Ly, Lp,, Lo < oo such that b, >0

0< lim supE[V(t ¢(ts%) —x)] < 00,

5> =00 <y

0 < lim sup]E[V(db(t, S, %) — x)] < 00.

1=00 <t

O

Proposition A.2 (Sharper conditions for existence of absolute moments p = 2,3 for
SDE’s with dissipative growth conditions) Consider the same set-up as in Lemma A.l.
Suppose further that there exist bounded functions Ly, (), Lp,(-), Ly (-) € Coo(R;RY) such
that

— .
b2 = 2inf (L4, (8) = Lo (0)) > O

Then, there exists a stochastic flow {¢(ts, -, <) : s < t} on R? induced by the global
solutions of (2.1), which has a finite second absolute moment for all time. Moreover, if for
some x > 0

- 4
b3 = 3inf (Lsy(6) ~ Lo(0) = 555 L () + Lo (1) > 0, (A.9)

then the stochastic flow has a finite third moment for all time.

Proof For p = 2, we proceed in a way similar to (A.3), and we have

Lelx1* < 2(Lp, (8) = Lpy () 1x1*) + Lo (£)(1 + |x[%)

- 2(Lb1 (£) + 1L, (t)) - 2<Lb2(t) ~1i, (t)) ) < dg — bolxl?, (A.10)

where
= 25up (Lbl(t) +1L, (t)), (A11)
b2 = 2inf (Ly,(6) — 3L0(0)). (A.12)

Thus, based on (A.8) the second absolute moment exists for all time if by > 0.
For p = 3 we have

Lol < 3lxl(Lp, (£) — Ly, (0)|x1%) + 31| Lo ()(1 + |x[?)

= 3(L6y(0) + Lo () 1] = 3(L4, (6) = Lo (1)) P

42
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< 3(L,(0) £ Lo () = 3(Liy(0) ~ Lo 0) — 5 (L, (1) + Lo (0)) el

272

< a3 — bslxf, (A.13)

with
ds = 3x sup (Lbl(t) + Lg(t)), (A.14)

teR

b3 = 3inf (Lsy(6) — Lo () = 55 L O+ L), (A.15)
where we used the fact that x| < x» 27 —2_1x|3, x > 0. Thus, based on (A.8) the third
absolute moment exists for all time if b3 > 0. |

Remark A.3 It is worth noting that, for Ly, Ly,, L, constant, and such that b3 > 0,
the upper bound on the asymptotic moment E|¢(¢ s, x)|? for p = 3 is optimised for

Ly +Lo
x2 =12 (L) so that

L L 3/2
min =2 = (27)/2 (ﬂ) . (A.16)
x>0 b3 Ly, — Lo

Moreover,

G Ly, +1L i\ 23 Ly, +L
) < (Q) < (min 2) = (27)'/3 (M) (A.17)
[12 Lb2 - La Lb2 - La

this fact merely reflects the Jensen’s inequality for the second and third absolute moments,
ie. EIX7*12 < (EIX)*|3)%/3, but it is useful in Example 4.14.

Lemma A.4 Let {¢(ts, -, -) : t > s} be a stochastic flow generated by the SDE (2.1) and
let V € CY2(R x RY; R™) be a Lyapunov function satisfying the first part of condition (4.10).
Suppose further that there exist Ly(-), Ly (-), C(+) € Coo(R; R™) such that

(bt %), %) < Ly@)A + %) o 2)lfs < Lo(0)(1 + 1x1%), (A.18)
and
t
0 < lim sup exp (/ C(u,p)du) < 00, (A.19)
(t—s)— o0 s

where C(t, p) = Ly(t) + %(p — 1)L (t), for some 1 < p < oo.

Then, for x € R%, there exist global solutions of (2.1) such that the stochastic flow ¢
induced by the solutions of (2.1) has a finite p-th absolute moment for all time. Furthermore,
the following holds

lim sup E[V(t, oL s, x) — x)] <00

(t—s)—>00

in Assumption 4.4(iii).

M. Branicki, K. Uda Res Math Sci (2021) 8:42
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Proof First, we suppose that p > 2 and set g(x) = 1 + |x|2 and ¢(x) = g(x)%; then,

d

d
1
Leplx) = pg)s ™ ;bi(t, x)i + - pg() Zl
= bj=

x {23y + (0 = 2 | 0063 2)
By the growth conditions (A.18) on the coefficients b, o, we obtain
Lipx) < pC(t, o),

where C(¢ p) = Ly(t) + c(¢) + %(p — 1)Ly (?). Next, let Y (0) = ¢(t s, 0, x) — x, it follows
that Y7 (x) solves the following SDE

dY), = bt Y[, +x)dt + o (t, Y, +x)dW,;, Y =0.

58

By It6’s formula, we have

t
E[p(Y2)] = ¢(0) + E [ [ ﬁtgo(y;;s)du]
tS
< 0(0) +p / Clus p)E [p(¥7)] du

By Gronwall’s inequality, we have

t
E[o(Y7)] < ¢(0) exp (p f C<u,p>du).

b
2

But Y (0) = ¢(t, s, 0, x) — x P-as., p(x) = g(x)2 = (1 + |x|2)g and ¢(0) = 1, and thus,
» t
]E[ (1+ 18 s o, x) —x[*)? ] < exp (p/ C(u,p)du) )

Next, note forp > 2, [ < (1+ |x|2)[77 and by the assumption that V(¢ x) < C|x|P, we

obtain
p
E[V(t, ot s, %) — x)] < CE[ (1 + 16t 5,5) — x2)? ]
t
< Cexp <p/ C(u,p)du) .
S
t
Since C(-, p) € C(R;R) such that lim sup exp (/ C(u,p)du) < 00, then for p > 2, we
§—>—00 S
have
t
IE[V(t, ot s, x) — x)] < Clim sup exp (p/ C(u,p)du) < Q. (A.20)
§—>—00 S

The case where 1 < p < 2, we use Holder’s inequality, namely

Nl

E[V(o(6s%) — )| < CB 1659 — ] < ¢(E[I9(65,0) — 5% )",

and the rest follows, since in this case 2p > 2. O
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Appendix B: Strong Feller property for flows induced by non-autonomous
SDE’s

In order to prove Theorem 4.10, which is a generalisation of standard results to non-
autonomous SDE’s, we first outline some basic notions from Malliavin calculus; the actual
proof is given in and discussed in Appendix 5.3.2.

Malliavin calculus estimates

Establishing the strong Feller property of Markov evolutions (P;);>s in our setting
requires some estimates rooted in Malliavin calculus. We recall the main concepts and
results on the Wiener space (2, F, P); see (e.g. [40,43,66,71,74,88]) for a comprehensive
treatment. To this end, consider the Hilbert space H = L?([s, o0); R”) equipped with the
inner product

(N1, 12)mH =/ n1(t) - n2(t)de.

For a Hilbert space E and a real number p > 1, LP(Q2; E) the space of E-valued random vari-

able & such that E(||£ |1%) := / 115 dP < oo. Also, we set L°7 (Q; E) = ﬂ LP(QGE).
& 1<p<o0
Following the approach due to Malliavin (e.g. [66,74]), we introduce a derivative opera-

tor D for a random variable G on the space L~ (; E). We say that G € DV*°(E) if there
exists DG € L*(2;’H ® E) such that for any n € H,

G (w+e [ n(0)de) — G(w) »

&

lim EH — (DG, x| =0,

e—0

E

holds for every p > 1. In this case, one defines the Malliavin derivative of G in the direction
of n € H by D"G := (DG, n)3. For any p > 1, we define the Sobolev space D?(E) as the
completion of D¥*°(E) under the norm

IGllpE = (BIGIE)Y + (EIDGIE 5p) .

We define the k-th Malliavin derivative by DG = D(D*~1G), which is a random variable
with values in H®* ® E. For any integer k > 1, the Sobolev space Dk (E) is the completion
of D% (E) under the norm

k
1Glkpe = 1Glk-1pE + ID"Glly p 1ok ek

It turns out that D is a closed operator from LP($2; E) to LP($2;’H ® E). The adjoint § of
the operator D called the divergence operator is continuous from D*?(H ® E) to L?($2; E)
for any p > 1, with the duality relationship given as

E[<DG’ u)H@E] = E[(G, 5(”))[—?]: (B.1)

for any G € DY?(H ® E) and u € DY (H ® E), with 1% + %1 =1
Throughout the remaining part of this section, we assume the following notation:

— Cisageneric constant which may depend on 7, the exponent p > 1, the initial point
x and fixed element 7 of the Hilbert space H = LZ([s, 00); R”’),
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— (H,) denotes a class of coefficients b, oy, 1 < k < m, where oy are columns of o, such
that b(t, -) € C", ox(t, -) € CI(RY).

Proposition B.1 Suppose the coefficients b, o of the SDE (2.1) are in the class (Hy). Then,
forany t > s, we have ¢(t,s, -, -) € DY(R?) and the Malliavin derivative D" ¢(t, s) of
@(t s) in the direction of n = (', 0% ---,n™) € H is the unique solution of the following
affine SDE

dD"$(t, 5) = Dyb(t, (8, 5))D"p(t, s)dt + Y Dyoy(t ¢t 5)) D" (t, s)d W,
k=1

+Zokt¢(ts) ®)dt, t>s
k=1

D'¢(s,s) = 0.

Corollary B.2 (Chain rule, cf. [74]) Suppose that condition (Hy) holds true. Then, for any
neH, p=2andforany ¢ € C2(R?), we have

»

tim & [0 Z0@EI) ) Dres)| = o

e—>0 &

where ¢°'(t,s), t = s, € € (0, 1) is the solution of the following perturbed SDE

A" (t5) = b(t ¢°"(t,9))de + Y oy (6, (6 9)) AW, +& Y ou (5 ¢°(t, 5))n* (1)ds,
k=1 k=1
P°(s,5), = x € R,

Moreover, p(¢(, 5)) € DV®(R) and Dp($(t, s)) = Dxg((t 5) D (1 5).

Definition B.3 (Mean square gradient) Let G(x) : 2 — R? be a measurable function for
allx € R? and i € F. We say that the mean square gradient of G(x) with respect to x exists
if there is a linear map A(x) : @ — R%*? such that for any v € R%,

2
E Glx +ev) — Glw) —Alx)v| =o.

e—>0 &

We denote the mean square gradient matrix A(x) by D,G(x).

Theorem B.4 (e.g. [54,66,74]) Assume the condition (Hy) holds. Let ¢(t, s, w, x), t > s, be
the solution of the SDE (2.1). Then, the mean square gradient of ¢(t, s, -, x) with respect to
x exists. If we define J.s = Dx¢(L s, -, x), then

m
d]t,s = Dxb(t: ({b(t) S ':x))]t,s + ZDka(t, ¢(t: ) ':x))]t,detk: t=s,

— (B.2)

]s,s == 1;
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where I is a d x d identity matrix. Moreover, the inverse ]t;1 of s exists and satisfy

d]t’—sl = (D b(t ot s, ,x Z t ¢ Ls, ,x))Dx(rk(t ot s ,x)))dt

- Z]tjlexUk (t: o s, -, x))thk,
k=1

Jit =1
(B.3)

We shall refer to the mean square gradient {J;s = Dx¢(t, s, -, -) : s < t} as derivative
flow of {¢(¢, s, -, -) : s < t}. Next, we provide a crucial L” bound for the derivative flow
Jis and that of its inverse ]{Sl.

Lemma B.5 Suppose the condition (Hy) holds. Then, for any p > 2, there exists a positive
constant C = C(T, p) such that

IE( sup |]t,u|P> <C and E( sup |}t;}|1”) <C (B.4)

s<bu<s+T s<tus+T

Now, let D, ¢ (¢, s) be the solution of the following SDE:

¢
Dug(t,s) = o, $(u, 5)) + / Dyb(t, $(€, u)) Dy (¢, u)de
m t u
+ Zf Dyor (6, (6, ) Dy (6, W) dWE, fort > u, (B.5)
—1v4
Dupys =0, fors<t<u

Comparing the SDE’s (B.2) and (B.5), we obtain the following by the variation of parame-

ters formula

Dud’(t) 5) :]t,ua(({b(t: 3))) s<u<Lt<s+T,
Duodt,s) =0, u>t

Next, we recall a result on the Malliavin differentiability of the derivative flow Ji, t > s.
To this end, let’s denote by D! the Malliavin derivative with respect to the £-th component
of the Brownian motion W at time u.

Lemma B.6 Suppose that the condition (H3) holds. Then, for all s < t < s+ T,
Jis € DY°(RY ® RY) and for any p > 2, there exists a positive constant C = C(T, p, x),
suchthatforallj=1,---,mandu € [s,s + T],

IE|: sup D), t,s|p:| <C

s<Es+T

Moreover, forany t < s+ T, X(t,s) € D>*®(R%) and for any p > 2, there exists a positive
constant C = C(T, p, x) such that forallj,l = 1,---,mand ¢, u < t

ED, (DLt s)IP < C.
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Remark B.7 1f (Hs) holds true, then ¢(z s) € D*®°(R?) and Jes € D®(R? @ RY).

Denote by (D¢(z )T the transpose of the Malliavin derivative D¢(% s). From the rela-
tionship Dy (& 8) = Jyuo (1, $(u, 5)), we have (Dup(t, 5))T = o (u, p(u, 5))TJL,.

Definition B.8 (Malliavin covariance; e.g. [66,74]) The Malliavin covariance My of the
random vector ¢(t, s) is defined by

t
My = (D(t,5), (Dp(t, ) e = / Toeo (6, (6 9o (6, (6 9)TTLde

t
=Js [ / Joio(t ot 9)o (et (6 s)" (] )sz] JE

T
= ]t,s Ct,s]t,sy

where C;; is defined by

t
Cys = / Joso (6 ¢t ) (6 5) () de

is the so-called reduced Malliavin covariance of ¢ (%, s).

We conclude this section by elucidating the invertibility of the Malliavin covariance
almost surely and its integrability of all negative orders.

Proposition B.9 (e.g. [40,74,88]) Suppose Assumption 4.6 holds. Then, for every t > s,
the Malliavin covariance matrix My of the random vector ¢(t, s) is invertible P - a.s., and
E [det(M;f)] < oo, forevery tu € [s,s+ T], T > 0, and p > 1. Moreover, for any

x € RY, s < t, the law of ¢(t, s, -, x) is absolutely continuous with respect to the Lebesgue
measure on R? and the probability density is smooth.

Strong Feller property for non-autonomous dynamics

A transition evolution denoted by (Ps;);>s (3.3) and induced by a stochastic flow
{p(ts, -, -) : s < t} has the strong Feller property (i.e. Ps;¢0 € Coo(RY) for any
@ € Myo(R?)) if and only if

(@) (Pst)i>¢ is a Feller semigroup; i.e. Py : Coo (R?) = Coo(R?), and
(b) Forany¢ € Cwo (R%) the family (Ps;¢); > is equicontinuous.

The first condition follows from the existence of the stochastic flow (see, for example, [44,
541]); here, we are concerned with flows associated with solutions of the non-autonomous
SDE (2.1). Thus, we shall only derive the second item.

Intuitively, the strong Feller property states that for sufficiently close initial data x, y
and any realisation w of the past driving noise, one can construct a coupling between two
solutions ¢(t, s, w, x) and ¢ (¢, s, w, y) such that with probability close to 1 asx — y, one has
ot s, wx) = ¢t s, w,9), fort > s(e.g. [42,43]). One way of achieving such a coupling (e.g.
[41,43]) is via a change of measure on the driving process for one of the two solutions such
that the noises W} and Wty driving the solutions ¢ (% s, , x) and ¢(¢, s, , y), are related by
dw¥ = dW? + n;” dt, where 17,” is a control process that steers the solution ¢(t s, w, x)
towards the solution ¢ (% s, @, y). If one sets y = x + e¢n and looks for a control of the
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form nf’y = &1, then in the limit as ¢ — 0, the scheme will induce a deformation onto the
solution ¢(Z, s, w, x) after time ¢ in the form of Malliavin derivative of ¢ (¢, s, w, x) atw € Qin
the direction of n € H, H = L%([s, 00); RY), i.e. (Do (%, s, w, x), n)3¢ = D"$(4 s, w, x). On the
other hand, the effect of the perturbation of initial condition by v is given by the directional
derivative of the solution ¢(, s, w, x) at x along v, i.e. Dy (L s, @, x)v = J¢(w, x)v. In order
to assert the strong Feller property, one has to find a control " (e.g. [42,43]) such that

(DP(t, s, 0, %), 0"V = Jes(w, %)V, (B.6)
where for brevity of notation we skip the explicit dependence on w and x.

Theorem B.10 Suppose that Assumption 4.6 hold true. Then, for any t € [s,s + T, there
exist Cr > O such that, for any x,y € R% and ¢ € Coo(R?), we have

IPsrp(x) — Pseo@)l < Crllglloolx — yl.

Proof First, we find a control satisfying (B.6). To this end, for any v € R? with |v| = 1, let
n" = (D(t )T M, Jsv. Then,

(Do(t,5),1") = (Dt ), (Dp(t, 8) T My Jisv)n
= (Do (t, s), (Dp(t, ) ) 1M, Tysv = Jysv.

Next, we show that n” € DY?(H) for any p > 2. In fact, by chain rule of differentiation,

Dkn’ = (DE(Do(s s))T)Mts Josv + (Dot 9) " M, (DET5)v
+ (D (t, s)) T (DEM v
= (DE(Dg(s, s))T)Mts Jisv + (Dot 5)) M, (DL J)v
— (Dot )" M [(DE(Do(t, 5)), (Dp(t, 5)) )
+ (D (t, 5), DE(Dp(t, ) )0 | My v

By Lemmas B.5, B.6, and Proposition B.9 , we arrive at

Elln" I, +EIDn" gy < Eln"Iiy, + ZE[

IDEn" 15 dg] < 0. (B.7)
k=1 S

Recalling that n{ ; = o(s, X(s, s))T]t,TgM;sljt,sv, Then, for ¢ € C;O(]Rd), we have

Dx(Pyse)x)v = E [Delo((5 s, x))]v] = [Dx¢(¢(t % ))]ts(' x)v]
[ (Dxp(9(t s, x))stx ] [ #(t 5, %)), 77V>H]
E[(De(g(ts,x), 0" 3] = 1E[<p( P65, % ))5( )]

t
=E [<p(¢>(t, s x))f o (s, (s, )T My Tysv dwg]
t
=E [¢(¢(t, S x))/ Mes * de}, (B.8)

where in the first and second lines, we applied chain rule for mean square gradient and
Malliavin derivative, respectively, and third line is Malliavin integration by parts formula
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(e.g. [74]) and, the stochastic integral in the fourth or fifth line is interpreted in the sense
of Skorokhod, i.e.
t

/ 77;5 x d W, is the divergence of the process {ﬁz,sﬁ[s,t](s') : ¢ > s} (see equation (B.1)).
S
Next, since C;O(Rd) is dense in Coo (R?), we have

(@nlnen C Coo®Y), 9n —> ¢ € Coo(RY)
so that

nlggo Ps,tgﬂn(x) = Ps,t(/’(x):

t (B.9)
nll>ngo Dx(Ps,t(pn)(x)V =E |:<P(¢(t: S, x)) / U;,s * de] .

On the other hand, by Proposition B.9, there exists a function 0 < p;; € C (R%) x ¥ (R%)
such that P({w Pt s, w,x) € dy}) = P(s,x;t, dy) = ps (% y)dy. This implies that

lim Dy(Psrpn)(x)v = lim / ©n(¥)Dxps,(x, y)vdy
n— 00 n— 00 Rd
= /R | $OIDxps (5 y)vdy = De(Psrgp) v (B.10)

Comparing (B.9) and (B.10), we have that (B.8) holds for all ¢ € C (R9).
Next, the Cauchy-Schwartz inequality yields

t
IDx(Ps0)(x)v] < 1/ (Ps,9?)(x) (E ’/ ng,s * dWo

By generalised It6 isometry (cf. [74]), we have

t t t
=K </ |,7;S|2d§> +E (/ / (Dgng’s, Dgﬂ;)ShRd@Rdd%—dg)
St St St
<E ( / |n;,s|2dg) +E ( f / ||Dgn;,s||§§d®wdsdg)
S . . S S
— B2+ E (f IID’g‘nVII%dé)
k=1

Then, by the inequality (B.7) and (B.11), there exists Cr > 0 such that

o\ 1/2
) , @ € Coo(RY). (B.11)

2
E

t
/ ngjs *dW,

s

IDx(Ps0)(®)v] < Crllgllcolvl, % v €RY, ¢ € Coo(RY). (B.12)

Finally, let z; = €x + (1 — £)y, ¢ € [0,1] and set v = x — y. Then, by the mean value
theorem and inequality (B.12), we have

1
|Psep(x) — Psep(y)| < fo |Dx(Ps,c0)(ze)v1dl < Crll@llools — .
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