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Abstract

Let M denote the maximal ideal of the ring of integers of a non-Archimedean field K
with residue class field k whose invertible elements, we denote k™, and a uniformizer
we denote . In this paper, we consider the map 7, : M — M defined by

v(x)

Ty(x) = —b(x),

where b(x) denotes the equivalence class to which %M belongs in k. We show that T,
preserves Haar measure p on the compact abelian topological group M. Let B denote
the Haar o-algebra on M. We show the natural extension of the dynamical system
(M, B, u, T,) is Bernoulli and has entropy ##il((kx)) log(#(k)). The first of these two
properties is used to study the average behaviour of the convergents arising from 7.
Here for a finite set A its cardinality has been denoted by #(A). In the case K = Q,,
i.e. the field of p-adic numbers, the map 7, reduces to the well-studied continued

fraction map due to Schneider.

Keywords Schneider’s continued fraction map - Non-Archimedean fields - Bernoulli
processes - Entropy
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1 Introduction

The purpose of this paper is to calculate the entropy of T. Schneider’s continued
fraction map, and to show the map has a natural extension which is Bernoulli. This is
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20 A. Haddley, R. Nair

then used to study the behaviour of averages of convergents arising from Schneider’s
map. Schneider’s map is usually defined on the p-adic field for the rational prime p,
see [26]. In fact we work in a more general setting which we now describe. Let K
denote a topological field. By this, we mean that the field K is a locally compact group
under the addition, with respect to a topology. This ensures that there is a translation
invariant Haar measure o on K, which is unique up to scalar multiplication. In the
non-Archimedean examples that concern us in this paper, this topology will always
be discrete. For an element a € K, we are now able to define its absolute value, as

_ ulah)
w(F)’

|al

for every i measurable ' € K of finite positive i measure. Let R>( denote the set
of all non-negative real numbers. An absolute value is a function |.| : K — Rx¢ such
that (i) |a] = 0 if and only if @ = 0; (ii) |ab| = |a||b| for all a,b € K and (iii)
la +b| < |a| + |b]| for all pairs a, b € K. The absolute value just defined gives rise to
a metric defined by d(a, b) = |a — b| with a, b € K, whose topology coincides with
original topology on the field K.

Topological fields come in two types. The first where (iii) can be replaced by the
stronger condition (iii)* |a + b| < max(|al, |b|) a, b € K, called non-Archimedean
fields and fields where (iii)* is not true called Archimedean spaces. In this paper,
we shall concern ourselves solely with non-Archimedean fields. Another approach to
defining a non-Archimedean field is via discrete valuations. Denote the real numbers
by R. Let K* = K\{0}. Amap v : K* — R is a valuation if (a) v(K*) # {0};
®) v(xy) = v(x) + v(y) for x,y € K and (¢) v(x + y) > min{v(x), v(y)}. Two
valuations v and cv, for ¢ > 0 a real constant, are called equivalent. We extend v to K
formally by letting v(0) = oco. The image v(K*) is an additive subgroup of R called
the value group of v. If the value group is isomorphic to Z, we say v is a discrete
valuation. Here Z denotes the set of integers. If v(K™*) = Z, we call v a normalised
discrete valuation. To our initial absolute value we associate the valuation described
as follows. Pick 0 < a < 1 and write |a| = «*@, i.e., let v(a) = log, |a|. Then v(a)
is a valuation, an additive version of |a|.

Letv : K* — R be a valuation corresponding to the absolute value |.| : K — Rxo.
Then

O=0,=xeK:vx) >0} =0 :={xeK:|x| <1}

is a ring, called the valuation ring of v and K is its field of fractions. The set of units
mOisO*={xeK :vx) =0 ={xe K :|x|]=1}and M = {x € K :
v(x) > 0} ={x € K : |x| < 1}isanideal in O. Note O = O* U M. Because M
is a maximal ideal, we know k = O/ M is a field, called the residue field of v or of
K. In the sequel throughout this paper, we assume that k is a finite field. Suppose the
valuation v : K* — Z is normalised and discrete. Take 7 € M such that v() = 1.
We call 7 a uniformizer. Then every x € K can be written uniquely as x = usw” with
u € O* and n € Z. In particular every x € M can be written uniquely as x = ux”
foraunitu € O* andn > 1.
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On Schneider’s Continued Fraction Map. . . 21

We now consider two examples.

a) p-adic numbers : Let Q denote the rational numbers. For r = p'» & in Q with
u and v coprime to p and each other, let |r|, = p~*». Thend, (r,r") = |r — 1’|, for
r" € Q defines a metric on Q. The completion of Q with respect to the metric d,, is a
field denoted Q, referred to as the p-adic numbers. We also use Z, to denote {x € Q, :
|x|, < 1}—the ring of p-adic integers. | It is worth keeping in mind that the metric d,
has the ultrametric property, namely that d,,(r, r”") < max(d,(r,r’),d, (', r")) for
allr, r"and r” € Q,. The main characteristics of the field Q,, that distinguish it from
the field R stem from the ultrametric property. It turns out that @, is a locally compact
abelian field and hence comes endowed with a translation invariant Haar measure. In
this instance, K = Q,, O = Z,, M = pZ,w = p and k = Z/pZ. See [16] for a
clear and succinct introduction to p-adic numbers.

b) The field of formal Laurent series in finite characteristic : Let g be a power
of a prime p and let IF, be the finite field with ¢ elements. Denote by F,[X] and
[, (X) the ring of polynomials with coefficients in I, and the quotient field of F, [ X],
respectively. For each P, O € F,[X] set [P/Q| = gdee(P)—deg(Q) \where for an
element g € F,[ X] we have denoted its degree by deg(g). Let F, ((X ~1)) denote the
field of formal Laurent series, i.€.

Fq((X_l)): {anX”+~~~—|—ao+a,1X_1 +---:ne’z, a GIFq].

Also, dy(x,y) = |x — y| for x, y € F,;(X) defines a metric on [, (X). The metric
extends to F, (X ~1)) by completion and by implication to its subset L. = {x €
Fq((X_l)) : |x|] < 1}. Note that this metric is non-Archimedean since |x + y| <
max(|x|, |y]). In this example, K = ]Fq((X_l)), O=L M=XL, 7 = X and
k = L/XL = F,. See [30] for more information on the field of Laurent expansions
over a finite field.

The only two types of non-Archimedean local fields there are finite extensions of
the field of p-adic numbers for some rational prime p and the field of formal Laurent
series over a finite field. For more details and background to this discussion of non-
Archimedean fields see Chapter 2 of [10], and Chapter 4 of [23].

Our primary object of study in this paper is the map T, : M — M defined by

v(x)

Ty(x) = ——— — b(x),

. . v(x) .
where b(x) denotes the residue class to which ”T belongs in k.
This gives rise to the continued fraction expansion of x € M in the form

T

T2
by +

by +

Pra)

b3 +
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22 A.Haddley, R. Nair

where b, € k*,a, € Nforn =1, 2,.... Here N denotes the set of natural numbers.

The rational approximants to x € M arise in a manner similar to that in the case of
the real numbers as follows. We suppose Ag = by, Bo = 1, A1 = bob1+7?, B| = by.
Then set

Ap=m"A, 2+ byAy_1and B, =1 B, 5 + b, B, (2)

for n > 2. A simple inductive argument, forn = 1, 2, ... gives
An—1By — AyBy—y = (=1)"g 3
The map T, : M — M preserves Haar measure on M. By this we mean, for
each Haar measurable set A contained in M we have M(Tv_l(A)) = wu(A). Here
Tv_l(A) = {x € M : T,(x) € A}. To prove that T, preserves Haar measure on M
we only need to check it for special sets of the form wa + 7" O, where a € O. This

is because sets of this form generate the Haar o -algebra on M. Suppose ¢y € k\{0}
and let m, n be positive integers. Then

m
T, <n—) =ma+n"0.

co+ma+ a0
It follows
o0 7Tm
e wor= U U(or).
cock [0y me1 \CO T A+ m"0
Since
™ '™

— nn+mo7
co+ma+ a0 co+na+

which has measure #(k)!~"~". Recall here #(A) denotes the cardinality of the finite
set A. It follows

(T, (ra 4+ 7" 0)) = Z Z " ( i + n"+’"(’)> ,

ok oy me1 N0t Ta

Z i m (nn+ino) i

coek\{0} m=1

Z Z #(k)lfnfm,

co€k\{0} m=1
=#k)'"™" = p(r + 1"0),

as required. So, T, preserves Haar measure on M.
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On Schneider’s Continued Fraction Map. . . 23

In the case where K = Q,, the map 7, reduces to the original Schneider’s continued
fraction map T, which motivates this whole investigation and is defined as follows.
For x € pZ, define the map T), : pZ, — pZ, by

v(x) v(x) a(x)
T, =2— - (p mod p) =P ), 4)
X X X

where v(x) is the p-adic valuation of x, a(x) € Nand b(x) € {1, 2, ..., p—1}. Then
using the continued fraction algorithm for x we get the expansion,

P
X = P , (5)
b1 + o
by +

b3+.

where b, € {1,2,...,p—1},a, e Nforn=1,2,....

We now define the measure-theoretic entropy. Let (X, A, m) be a probability space
where X is a set, A is a o-algebra of its subsets and m is a probability measure.
A partition of (X, A, m) is defined as a denumerable collection of elements @ =
{A], Ay, ...} of Asuchthat A; NA; =0@foralli, j € Awithi # j andU[eA A =
X. Here A is a denumerable index set. For a measure-preserving transformation 7',
we have T 'a = {T~'A;|A; € «} which is also a denumerable partition. Given
partitions « = {Aj, Az,...} and B = {Bj, Ba, ...}, we define the join of o and
B to be the partition o V 8 = {A; N Bj|A; € a, B; € B}. For a finite partition
o = {Aq,..., Ay}, we define its entropy H(x) = — Z?:l m(A;)logm(A;). Let
A" C A be a sub-o-algebra. Then we define the conditional entropy of « given
A'tobe H(x|A) := =37 m(A;|A") logm(A;|A’). Here m(A|A") denotes the m-
conditional probability of A with respect to the o -algebra .A’. See [22] for more details
about conditional probability. The entropy of a measure-preserving transformation 7
relative to a partition « is defined to be

-1
1\ ;
(T 20 = B, 2 <\/ T"a) ,
i=0

where the limit always exists. The alternative formula for /,, (T, &) which is used for
calculating entropy is

h (T, ) = lim H <a| \/ T—"a> =H <a| \Vi T—"a> ) (6)
i=1 i=1

We define the measure-theoretic entropy of 7 with respect to the measure m to be
hm(T) = sup, hp (T, ). Here the supremum is taken over all finite or countable
partitions « from A with H («) < oo.
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24 A.Haddley, R. Nair

Two measure-preserving transformations (X1, 81, m1, T1) and (X2, B2, ma, T>) are
said to be isomorphic if there exist sets M} C X and M> C X, with m; (M) = 1
and my(M>) = 1 such that T1(M) € M; and T>(M>) C M, and such that there
exists a map ¢ : My — M, satisfying ¢T1(x) = Th¢(x) for all x € M; and
mi ((]5_l (A)) = ma(A) forall A € 8. The importance of measure theoretic entropy is
that two dynamical systems with different entropies can not be isomorphic. For more
on measure-theoretic entropy and isomorphism, see [31]. The following is our first
result.

Theorem 1.1 Let B denote the Haar o -algebra restricted to M and let ju denote the
Haar measure on M. Then the measure-preserving transformation (M, B, u, T,) has

measure-theoretic entropy ;1(&]((_1?) log(#(k)).

The measure-preserving transformation (pZp, B, i1, T) is known to be ergodic
[14]. Moreover, in [12] it was proved that (pZ,, B, , Tp) is exact. We forgo the
definition of exactness here, however, as we do not use the concept in this paper.
The exactness of (pZ,, B, u, T),) implies other weaker properties including mixing,
which implies weak-mixing implying ergodicity, all implications being strict. Suppose
(Y, «, 1) is a probability space, and let Y,, = (Y, «, [) foreachn € Z. Set (X, B, m) =
I1,e7Y,, i.e. the bi-infinite product probability space. For the shift map 7({x,}) =
({xn+1}), the measure-preserving transformation (X, B, m, t) is called the Bernoulli
process with state space (Y, «, /). Here {x,} is a bi-infinite sequence of elements of
the set Y. Any measure-preserving transformation isomorphic to a Bernoulli process
will be referred to as Bernoulli. The fundamental fact about Bernoulli processes,
famously proved by D. Ornstein, is that Bernoulli processes with the same entropy
are isomorphic [27]. To any measure-preserving transformation, (X, 8, m, Tp) we can
associate another called its natural extension. Originally introduced by V. A. Rokhlin
[24], the natural extension is defined as follows. Set

XT() = {('anxlv-xz’ . ") :xn - TO('xl’l-'r])’-xn e X’n = Oa 1725 .. '}7
and let 7 : X7, — X7, be defined by
T((x0, x1, --.,)) = (To(x0), X0, X1, - .. ).

The map T is 1 — 1 on Xy, . If Ty preserves a measure m, then we can define a measure
m on X7, by defining 7 on the cylinder sets

C(Ag, A, ..., Ap) = {{xn} :x0 € Ag, x1 € Ay, ..., x; € Ay}
by
m(C(Ag, A1, ..., Ap)) = m(Ty F(A0) N Ty ¥ (A N0 Ap),
for k > 1. One can check that the transformation (XTO,E, m, Tp) is measure-

preserving as a consequence of the measure preservation of the transformation
(X, B, m, Tp). Our second theorem is the following.
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On Schneider’s Continued Fraction Map. . . 25

Theorem 1.2 Suppose (M, B, u, Ty) is as in our first theorem. Then the dynamical
system (M, B, u, Ty) has a natural extension that is Bernoulli.

In last two sections of this paper, this theorem is combined with subsequence
pointwise ergodic theorems and the moving average ergodic theorem [4], respectively,
to study the average behaviour of the convergents arising from the map 7. These results
in the special case K = Q,, already appear in [12]. Our two theorems above together
tell us that as a dynamical system, the isomorphism class to which T, belongs is
determined solely by its residue class field. This is irrespective of the characteristic of
the underlying global field. For instance, for each rational prime p the corresponding
Schneider map has entropy % log(p), so we know these maps are mutually non-
isomorphic. Each of them is, however, isomorphic to the analogue of the Schneider
map on the field of formal power series with coefficient field the finite field of p
elements.

Henceforth, for a real number y let {y} denote the fractional part of y. The study of
the properties of (M, B, u, T,,) parallels that of the Gauss map defined on [0, 1] by

o e
0 ifx =0.

This map preserves the measure defined for Lebesgue measurable A C [0, 1] by

(A) = 1 dx
M= g2 Jux+ 1

Like (M, B, u, Ty), if £ denotes the Lebesgue o -algebra on [0, 1], the transformation
([0, 11, £, n, T) also has a Bernoulli natural extension and in this case has entropy
#gz(z). Evidently the Gauss map cannot be isomorphic to (M, B, u, Ty), for any v.

Analogously to the Gauss map [13], the map which governs the regular continued
fraction on the real numbers, the measure-preserving transformation (pZ,, B, i, T),)
via (4) gives rise to an integer recurrence relationship. This is as follows. We Suppose
Ao =bg, By =1, A; = boby + p*', By = by. Then set

A, = Pa” A2+ b,Ay—1 and B, = Pa" By_>+b,B,_ @)
for n > 2. A simple inductive argument gives forn = 1,2, ....
Ap1By, —ApBy_1 = (_l)npa1+.4.+a,,. (8)

Because p does not divide B,, we deduce that the integers A, and B, are coprime.
The sequence of rationals (%: o2, are the convergents to x in pZ, arising from
(5). Naturally one of the first things one might try to do is explore the extent to
which, theorems true for continued fractions on the real numbers extend to the p-adic
numbers. For the most part, one can extend the regular continued fraction expansion
and its properties to the field of formal Laurent series over a finite field, in a relatively

trouble-free manner. This is primarily because the field of formal Laurent series over
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26 A. Haddley, R. Nair

a finite field is a Euclidean domain. In the context of the p-adic numbers the direct
analogue of the regular continued fraction is the Ruban continued fraction [25]. Here,
however, there are problems. The p-adic numbers are not a Euclidean domain. It is
possible to define a sequence of rationals analogous to the convergents of the regular
continued fractions. Their convergence to the number they are supposed to represent
is not assured, however. This problem can be got round using a system of weights.
This is what leads to Schneider’s continued fraction expansion. This is at a cost,
however. Some partial success at recovering analogues of standard properties of the
regular continued fraction for the real numbers is possible on the p-adic numbers.
See, for instance, [1-3,8,11], where the issues of when a p-adic continued fraction is
either finite or periodic is explored. One cannot, however, hope to have a theory as
satisfactory or as useful as that offered by the regular continued fraction expansion.
The situation is just more complex. For instance, unlike the sequence of convergents
of the regular continued fraction expansion, the sequence (‘g—z)fj"zl does not always
provide a sequence of best approximants to the p-adic number they approximate.
Other solutions to this particular problem are available, though not using Schneider’s
map however [20], [21]. All this said, as observed in [7], while not as versatile as
the regular continued fraction, Schneider continued fraction can be a powerful tool
in a number of situations. It is sometimes very useful in delicate constructions on the
p-adic numbers. In [7] for instance it is used to construct numbers that distinguish
between the Mahler and Koksma schemes of approximation to a specified degree.
Specifically for a p-adic number 7 let w(n) denote its Mahler function on N defined
to be the supremum of all real numbers w such that the inequality

0 <[P, <H®P) !

is satisfied by infinitely many polynomials P over Z of degree at most n. Here H
denotes the height of the polynomial P, defined to be the maximum of the absolute
values of the coefficients of P. Analogously, to n we can also associate the Koksma
function w*(n) which is defined to be the supremum over all real numbers w such that
the inequality

0<In—¢l,<HE ™!

is satisfied by infinitely many algebraic numbers & of degree at most n. In this instance
H (&) denotes the height of the minimal polynomial defining &. The relationship
between the numbers w(n) and w*(n) is a complex and unresolved issue. Restricting
to the case n = 2 some progress has been made, though even here this is not an easy
matter. It is known w(2) € [w*(2), w*(2) + 1]. We also know that w(2) = w*(2) for
almost all 1 in Q,. Methods of diophantine approximation have been used to show
there are p-adic numbers 7 such that w(2) = w*(2) + 8 for each § € [0, 1). Con-
structing & such that w(2) = w*(2) + 1 has so for only proved possible using the
Schneider continued fraction. The method has the additional advantage over diophan-
tine approximation methods of being constructive. The details of this are to be found
in [7]. See also [5,6] for related applications.
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On Schneider’s Continued Fraction Map. . . 27

Another interesting application of Schneider’s continued fraction is to deciding the
algebraic independence of a set of p-adic numbers. See [9,19] for details.

For background on the theory of regular continued fractions and its ergodic theory
see for instance [13,15]. As is well known, if you restrict the Gauss map to the rational
numbers you get the Euclidean algorithm. If you set p = 2 and restrict the Schneider
map to the rational numbers what you get is the Binary Euclidean algorithm. This is
another way of calculating the highest common factor of two integers, particularly
well adapted to efficient implementation on binary machines. The algorithm was first
published by Josef Stein [29] but is also attributed to Roland Silver and John Terzian
in unpublished form [17]. The algorithm may, however, be much older. Knuth [17]
cites a verbal description of the algorithm in the first-century A.D. Chinese text “Chiu
Chang Suan Shu”.

2 The Entropy of Schneider’s Continued Fraction Map

In this section, we will prove the first result of the paper.

One can see that it can be complicated to compute entropy from its definition, so
there is the following theorem due to Ya. G. Sinai which is the main tool. The proof of
the theorem and more information about entropy can be found in Chapter 4 of [31].

Theorem 2.1 If « is a strong generator, i.e. \/7;01 T a0 - Aasn — oo, and if
H(a) < oo then

hn(T) = hp (T, ).

Proof of Theorem 1.1 Let B = k* xNandlet j = (ji, j», .. .) be acountable sequence
of elements of B. For a particular element j* = (b, a) € B, define the cylinder-set

A(j*) by

v(x)
A(j*):{xe./\/l:v(x):aand (n modn):b}.
X

Now let A® = A and let A(].l) = A(Jj1), where j is the first element of the sequence
j. Next define ‘

A(f) ={x e M:x € A(j)) and T,(x) € A(jr)}.
Proceeding inductively, we get

AW ={x e M:x e A, Ty(x) € A(j). ... T (x) € AU}

So, Ag.n) is the set of all x € M with continued fraction expansion starting with

J1s j25 -+ » jn. This means that A;’” depends only on the first n terms of j. If J, =
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28 A. Haddley, R. Nair

(J1, J2, -+ Ju) € B", we have

M= U A;.") forall n>1

J,eB"
such that
U ap = ag
Jn€B
TU(A;.”)) _ A;n—l)
and

T,,(Af,“) = M.

Now take j, = (bp,ay),n = 1,2,... with j, # joifr # s and let ¢« =
{A(J1), A(j2), A(j3), ...} be the partition. Notice that

A = AG) N T HAGD) N T2 AGD) NN T "D (AG))

_ A ©) 3~
_AjﬂUAjﬂUAjﬂ n
JieB J,eB?

To compute entropy, we first need to find the conditional information function
(| \/"=] T, ) which is defined as

— —(n—1 . — —(n—1
1@ v v "oy = 3 yay@logua(ITy e v v T " Pay.
A(j)ea

Here, for a partition ¢ the symbol £ (A|¢p) denotes the p-conditional probability of A

with respect to the o -algebra generated by the partition ¢. If x € A;"), then xa(j) (x) =
I and xa(jH(x) =0foralli > 2. So we get

I@IT av v T Dy = —log u(AGDIT e v - v T Dy,
The conditional probability is

HAGNNC)

AGOIT, v v T Dy = > e

cery avenvT, Vg
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On Schneider’s Continued Fraction Map. . . 29

Ifx € A, we set C1 = 7,71 (AG2) N T2 (AGE) NN T "D (A(). Then
we can see that xc, (x) = 1 and for other

Ci # T, (AG) NN T, DA,
where i > 2 we have xc, (x) = 0. Thus, we obtain

wAG)IT, e v - v T, Ve
wAGHNT N AG) NN T AG))
O w@TNAG) N0 TG
ISR
oy

1
#ION

A simple computation shows that /L(A;.")) = where N =a; +a + --- + ay,.

Thus, we have

1 1

#ao™ wora — O™

w(AGOIT, v v T, Day =
and the conditional information function is
I@|T, ' a v v T Va) = —log(#(k) ™) = ay log(#(k)).
By (6), we see that the entropy of T, relative to the partition « is

n—1
hu(Ty, @) = lim H <a| \V T;"a) ,

i=1

where

n—1 n—1
H <a| \/ Tv_ioz) = /1 (a| \/ T,;"a)du.
i=1 i=1

So, we get
hy(Ty,a) = lim /al log(#(k)) du.
n—oo

Notice that a; (x) = v(x) and we have

#(k)
#(kX)

hy(Ty, a) = nlgrgo/ v(x) log(#(k)) du = log(#(k)).
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30 A. Haddley, R. Nair

We claim that « is a strong generator for 7, This is because for almost every x, y € M
if x # y, the points x and y have distinct Schneider continued fraction expansions.
This implies the partition « separates almost every pair of points. Hence, by Sinai’s
Theorem 2.1, the entropy of T;, with respect to u is

#(k)

hM(Tv) = hu(Tvs a) = #k<)

log(#(k)).

3 Proof of the Bernoulli Property

Let P = (p1, p2,...) and Q = (q1, g2, . . .) denote two p-measurable denumerable
partitions of the same set X. Then P and Q are said to be e-independent and we write
PleQif

SN wpi Nap) — wpdu)| < e.
i

A denumerable partition P is called weak Bernoulli with respect to an invertible,
measure-preserving transformation 7 if for each ¢ > 0 there exists a positive constant
K = K (¢) such that for every n > 0 we have

8K+n
\/TPJ_ \/TP

i=—n

Note this is not the only way to formulate this property. As observed in [28] for a
non-invertible transformation, its natural extension is weakly Bernoulli, if there is a
denumerable partition such that for each ¢ > 0 there exists K = K (¢) and every
n > 0 we have

8K+2n
\/T p1 \/ TP,

i=K+n

The isomorphism to a Bernoulli shift is then ensured by the following theorem
which was proved by Friedmann and Ornstein, see [27].

Theorem 3.1 A weak Bernoulli (invertible) transformation is isomorphic to a
Bernoulli shift with the same entropy.

We now complete the proof of our second theorem.

Proof of Theorem 1.2 Set

A =T,"lA)n A;”)
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then we get

y= [ OO, o
H(A)) = /T a0 = /Tledu(Tv (xX)).

Lemma3.1 du(7,"(x)) = ;-xdu(x) where N =ay + --- +ay (on Aﬁ.n)).

#(k)N

Proof Forx € A, suppose its n'? convergent is 2—: defined by the recurrence relation
(4) . Using (4) and (5) one checks that

—n xAp_1+ By Ay (_l)nan
I /"t)y=—/——=—+—F———.
XBy—1+ By By, (xBp—1+ Bn) By

As B, is in ©* and multiplication by 7% scales Haar measure by |7|~", this lemma
is proved if we show that the map ¢t : M — M defined by ¢ (x) = m preserves
Haar measure. Fix L € Nand y € k[x] (the ring of polynomials in 7 over the residue
class ring). One checks readily that # maps the coset 7 y + O bijectively to the coset
t(my) + ' M. Cosets of this type form a basis for the open sets of M and have the
same measure, so their measure is preserved. Hence, our lemma is proved. O

We, therefore, have

N 1 1 a1
RAD = gy /T | ) = T A) = A,

Recall that = M(A;")). So we get

#(k)N
T—n—l AN A(") — A(n) A
n(T, 7 (A) N AT = (A7) (A).
Suppose both A () and A belong to Vi Tv_i o, where
a={AGD, AG2), AG3), - -}
is a generator for 7;. Then A = Tv_l A e \/fﬁﬁn T, "o and we get
w(ANAT) = u(A)pA) =0
which implies
> > |rana?) - p@nai|=0<e
AV T AV, T

Thus, the generator « for T, is weak Bernoulli which by the above theorem means
that the natural extension of T, is isomorphic to a Bernoulli shift with the entropy

o log(#(K)). O

@ Springer



32 A. Haddley, R. Nair

4 Application of the Pointwise Subsequence Ergodic Theorems

. ‘s 00 _ 00 2 _ 1+
Recall the eleme.ntary‘ldentlFles dooo nx = (lf—x)z and ) 2, n°x" = iz ;‘)3 for
|x] < 1. Also as is easily verified

#(kX)
#(k)"

nw({x :v(ix) =n}) = n=1,2,...).

From this, we get

#(k)
#(k™)

[ vt = 3 ndtr s v = =
M n=1

and

24 = S il - vy — npy = FEZEE) + 1)
/M @ Pdp) = 3 n’ultx s o) =n) = =5

n=1

We now describe the elements of subsequence ergodic theory, which we use to
study convergents.

A sequence of integers (a,);~ | is called L”-good universal if for each dynamical
system (X, B, u, T) and f € LP(X, B, u), we have

N
—= . 1 a _
fx)= ngnoo v E_l f(T“x)  existing u almost everywhere.

Recall that we say a sequence of real numbers ()cy,)fl’oz1 is uniformly distributed modulo
one if for each interval I C [0, 1), denoting its length by |/|, we have

1
lim —#{n <N : Iy = I
Jim <N ) € 1) = 1]

See [18] for further background. The reference [12] contains an extensive list of
sequences of natural numbers, that are L”-good universal for all p > 1. Some are L'-
good universal as well. All the examples mentioned in the reference have the additional
property that ({k,v¥}),>1 is uniformly distributed for each irrational number . We
will call a sequence of natural numbers (k, ),>1 thatis both L”-good universal and such
that ({k, ¥ })n>1 is uniformly distributed modulo one for each irrational ¥ p-good. In
[12], the following theorem is proved.

Theorem 4.1 If (ky)n>1 is p-good for any p > 1 and the dynamical system
(X, B, i, T) is weak-mixing, then f(x) = fx fdu w almost everywhere.

the following result.
Note that transformations that have natural extensions that are Bernoulli are also
weak-mixing [31]. Theorem 4.1 has a number of applications.
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Theorem 4.2 Suppose (ky)n>1 is an p-good and suppose F : R>o — R is a continu-
ous increasing function with

/ |F(ai(x))|Pdx < oo.
M

For each n € N and arbitrary real numbers dy, . . ., d,, we define

F(d
MF,n(dl,...,dn)zF][ ( 1)+

n

+F(dn)]

Then we have
lim Mg ,(ax, (x), ..., ax, (x)) = F~! [/ F(al(x))dxj|
n—oo M

almost everywhere with respect to Haar measure on M.
Proof Apply Theorem 4.1 with f(x) = F(a;(x)). O

Theorem 4.3 For an p-good (kn)n>1 and a function H : N™ — R, suppose that

/ |H(ai(x), ..., anx)|Pdx < oco.
M

Then we have

1 N #(kX)m
Jim N;Hwﬂ (), @, 11 (X), s Ay () = Y H(G™) (—)

oo #(k)z1+~.+zn

almost everywhere with respect to Haar measure on M.
Proof Apply Theorem 4.1 with f(x) = H(aj(x), ..., apn(x)). O

Theorem 4.4 For any p-good (ky)u>1, we have

#h)
leloﬁ Z W = 2y’

and

#(k)
lim —Zbkn = (

N—oo N

almost everywhere with respect to Haar measure on M.

Proof Apply Theorem 4.1 with f(x) = v(x) and f(x) = b(x). ]
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Inthecase k, =n (n =1,2,...) and K = Q,, the first part of this result is from
[14]. Unlike the natural numbers, however, most examples of p-good sequences are
of zero density. We also have the following additional consequences.

Theorem 4.5 For any p-good (ky)u>1, we have

. 1 . #(kX)
Iim —#{1<n<N:ay, =i} = =,
N—oo N " #(k)!

1

lim —#{l1<n<N:aq, >i}=—,

N—oco N " #(k)!

and

. 1 . ) 1 1 )
wm y s S Nt s a, <”—W(1—(W))’
almost everywhere with respect to Haar measure on M.

Proof Apply Theorem 4.1 with f(x) = Ip, (x) (i =1, 2, 3), where I is the charac-
teristic function of the set B in the cases

By ={x e M:ax) =i},
By ={xeM:ax)>i)

and

Bi={xe M:i<ax)<j}

5 Application of the Moving Average Pointwise Ergodic Theorem

We begin by introducing some notation. Let Z be a collection of points in Z x N and
let

Z" ={n, k) : (n,k) € Zandk > h},
7" ={(z,s) € Z* : |z — y| < a(s — r)forsome (y,r) € Z"}

and
Z') = (n: im0 € Z1). (heN)
Geometrically we can think of Z ‘L as the lattice points contained in the union of all solid

cones with aperture o and vertex contained in Z! = Z. We say a sequence of pairs of
natural numbers (n;, kl)j'i | 18 Stoltz if there exists a collection of points Z in Z x N, and
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a function 2 = h(t) tending to infinity with ¢ such that (n;, k)72, € Z"® and there

exist hg, ®p and A > 0 such that for all integers A > 0 we have |Z§8 A < Ai.
This technical condition is interesting because of the following theorem from [4].

Theorem 5.1 Let (X, B, i, T) denote a dynamical system, on set X, with a o-algebra
of its subsets B, a measure wu defined on the measurable space (X, B) such that
w(X) = 1 and a measurable, measure-preserving map T from X to itself. Suppose
fisin LY(X, B, w) and that the sequence of pairs of natural numbers (n;, k)2, is
Stoltz then if (X, B, u, T) is ergodic, the limit

ki

S 1 ny+i
mf(x)—lglgok—lZﬂT x),

exists almost everywhere with respect to Lebesgue measure.

Note that if we set

ki

1 )
mip () = D ATy

i=1
then
my, (Tx) —my p(x) = k' (F@mTRely — prmtlyy),

This means that m ¢(T'x) = m (x) u almost everywhere. A standard fact in ergodic
theory is thatif (X, B, u, T') isergodicand m y (T x) = m y(x) almost everywhere, then
my(x) = | x fdu p almost everywhere [31]. The term Stoltz is used here because
the condition on (k;, n;)7°, is analogous to the condition required in the classical
non-radial limit theorem for harmonic functions also called a Stoltz condition, which
suggested the above theorem to the authors of [4]. Averages where k; = 1 for all [
will be called non-moving. Moving averages satisfying the above hypothesis can be
constructed by taking for instance n; = 22" and ki = 227

In this section, we state moving average variants of the results in the previous
section. The proofs, which are very similar to those in the previous section, are forgone.

Theorem 5.2 Suppose that (n;, k;);>1 is Stoltz. Suppose also that we have F : R=o —
R which is continuous increasing and such that

/ |F(ai(x))|dx < oo.

M

Suppose M ,(dy, ..., d,) is defined as in the previous section. Then
im Mp (ax, (x). ... Qg () = F~' [ / F(al(X))dX}
[— 00 M

almost everywhere with respect to Haar measure on M.
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Theorem 5.3 Suppose (nj, k;);>1 is Stoltz and H : N™ — R is such that

f |H(ai(x),...,a,x))|dx < oo.
M

Then we have

1 m ( ) #(k><)m
. —_— pm
lhlgo n E lH(ak1+1+1’ak1+2+p s Ay ) (X) = ) )E . HG@™) <#(k)i1+-~+im)

almost everywhere with respect to Haar measure on M.

Theorem 5.4 Suppose (k;, n;),>1 is Stoltz then we have

#(k)
zlilgon_z SRS,

and

#(k™)
lim _Zbk/'H =5

l—o0 ny

almost everywhere with respect to Haar measure on M.

Theorem 5.5 For Stoltz (ny, k1)1>1, we have

lim (1 < < i\ #E™)
im — n a4+ =i} = -
100 1y J = #(k)i
1 . 1
ll—1>nolon_l#{l <J=ncagy; Zl}Z#W,

and

1 1 1
T <1 B (W)) ’

almost everywhere with respect to Haar measure on M.
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