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Abstract

There is a strange duality between the quadrangle isolated complete intersection singu-
larities discovered by the first author and Wall. We derive this duality from a variation
of the Berglund—Hiibsch transposition of invertible polynomials introduced in our pre-
vious work about the strange duality between hypersurface and complete intersection
singularities using matrix factorizations of size two.

Keyword Mirror symmetry, Singularity, Reduction, Strange duality, Dolgachev
numbers, Gabrielov numbers
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Introduction

Arnold [2] observed a strange duality between the 14 exceptional unimodal singulari-
ties. It is well known that this duality is a special case of the Berglund—Hiibsch duality
of invertible polynomials, see e.g. [12]. Wall and the first author [15] discovered an
extension of this duality embracing on one hand series of bimodal hypersurface sin-
gularities and on the other hand, certain isolated complete intersection singularities
(ICIS) in C*. The duals of these ICIS are not themselves singularities but are virtual
(k = —1) cases of series (e.g. J3x, k > 0) of bimodal singularities. In [15], the
k = —1 cases of the series were called virtual singularities and Milnor lattices were
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Table 1 The elements with k = 0 of the series

Name Equations Restrictions Dol Weights

J30 (xy + w?, axd + xw? + yw + z2) a;aé(),fzi7 2,2,2,6 2,6,5,4;8,10
Ki,o (xy + w2, ax? + xw? + y2 +22) a 7&0,% 2,2,4,4 2,4,4,3;6,8
Lio (xy + zw, ax* + xw? + yw + z2) a#0,—-1 2,2,3,5 2,5,4,3;7,8
My Qxy +w? — 22, ax?z + x2w + 2yw) a#0,+l1 2,3,3,4 2,4,3,3:6,7
I10 x(y—2) +w?, aw? + yz —x)) a#0,1 3,3,3,3 3,3,3,2,6,6

associated to them, but they do not coincide with the Milnor lattices of the germs at
the origin by setting k = —1 in Arnold’s equations of the series, which are excep-
tional unimodal singularities with a smaller Milnor number. In [13], we showed that
the virtual singularities exist in the sense that the equations have to be considered as
global polynomials and we derived this extension from the mirror symmetry and the
Berglund-Hiibsch duality of invertible polynomials.

Arnold’s 14 exceptional unimodal singularities are triangle hypersurface singu-
larities, i.e., they are weighted homogeneous singularities obtained from triangles in
the hyperbolic plane. More precisely, they are determined by triangles with angles
Z—l, Z—Z, Z_f where by, by, b3 are positive integers called the Dolgachev numbers of the
singularity. The k = 0 elements of the bimodal series are quadrangle hypersurface
singularities, i.e., they are related in a similar way to quadrangles in the hyperbolic
plane. They are determined by four positive integers b1, bz, b3, b4. For 6 quadruples
(b1, by, b3, bs), the corresponding quadrangle singularities are hypersurface singular-
ities. They are the k = 0 elements of the 8 series of bimodal hypersurface singularities.
The dual ICIS are triangle complete intersection singularities in C*. There are 8 of
them determined by 8 triples (b1, b>, b3). For another 5 quadruples (b1, b2, b3, ba),
the quadrangle singularities are ICIS. They are again the k = 0 elements of certain
series of singularities. These series are the 8 series of K-unimodal ICIS in Wall’s clas-
sification [21]. Wall and the first author also observed a duality between the k = —1
cases of these series (see also [6, Sect. 3.6]). They were called virtual singularities
as well. The objective of this paper is to show that these singularities exist as well
and to derive this duality from the Berglund—Hiibsch duality, too. The equations and
notations of these quadrangle complete intersection singularities according to [21]
together with their Dolgachev numbers and systems of weights are listed in Table 1.
The virtual singularities obtained by setting k = —1 in the equations of Wall [21] are
listed in Table 2.

We derive this duality from our paper [13]. An important tool are matrix factoriza-
tions of size two. In [14], we showed that such a matrix factorization can be considered
as an inverse to Wall’s reduction of complete intersection singularities to hypersurface
singularities [22]. We proceed as follows. In [13], we classified certain 4 x 3-matrices
which provided the duality to complete intersection singularities. Here we consider
the polynomials determined by these matrices for the bimodal series. We determine
the matrix factorizations of size two of the corank 3 polynomials. It turns out that
we get exactly 8 possibilities which correspond to the 8 series of ICIS. We show that
one can associate 4 x 4-matrices to these equations such that the duality is given by
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Table2 Setting k = —1 in

Wall’s equations Name Equation

‘]é.—l (X}’+w2,x4+xw2+yw+zz)

Ki,fl (y + w2, 23 +xw? +y2 +22)

Kl Gy + w?, x4 2w 4 2xw? 4+ 32 4 22)
Li— (xy + 2w, 27 + xw? + yw + 2%)

Lﬁt,—l (xy + zw, —x* + 22w + xw? + yw + z2)
Mi.—1 @xy +w? — 22,22 + 22w + 2yw)
M @xy +w? — 22,22 + 2% (w — 2) + 2yw)

I —1 (x(y—z)+w3,xw+y(z—x))

the Berglund—Hiibsch transposition of these matrices. Using the definition of the vir-
tual singularities in [13] and matrix factorizations again, we define virtual quadrangle
complete intersection singularities.

Similarly as in [13], we associate Dolgachev numbers to the virtual singularities.
These are two pairs of numbers corresponding to a decomposition of the equations
into two parts. We also associate Gabrielov numbers to the virtual singularities by
considering deformations to cusp singularities. We consider the second function on
the zero set of the first function. Again this function has to be considered as a global
function. It turns out that these functions have, besides an isolated critical point at
the origin, additional critical points outside the origin. We consider Coxeter—Dynkin
diagrams of distinguished bases of thimbles corresponding to these functions taking
the additional critical points into account.

We show that the Dolgachev numbers of a virtual singularity are the Gabrielov
numbers of the dual one, and vice versa. Moreover, we show that an analogue of
[13, Theorem 6] holds: the product ]_[5:1 EX‘ j(t) of the reduced zeta functions of
the monodromies of a virtual singularity X coincides with the product of the Poincaré
series ng(t) and a polynomial Or (@) related to the Dolgachev numbers of the k = 0
element X of the dual series. The results are summarized in Table 3. Here we use for
a rational function Hml (1 —1")Xm (x,, € Z) the symbolic notation ]_[m‘ , m*m . For
more details we refer to Sect. 7.

1 Invertible Polynomials

We recall some general definitions.

A complete intersection singularity in C" given by polynomial equations f; =
.-+ = fr = Oiscalled weighted homogeneous if there are positive integers wy, . . ., Wy
(called weights) and dy, ..., dy (called degrees) such that f;(A"'xy, ..., A%x,) =
)\dffj(xl, ..o.,xp)forj=1,..., kandforA € C*. Wecall (wy, ..., w,;d,...,d;)
a system of weights.

A weighted homogeneous polynomial f(xy, ..., x,) is called invertible if it can
be written
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n n E
Fxr, ..., xp) =Zai l_[xj”,
i=1 =1

where a; € C*, E;; are non-negative integers, and the n x n-matrix E = (E;;) is
invertible over Q.

An invertible polynomial is called non-degenerate if it has an isolated singularity
at the origin.

Remark 1 Note that sometimes an invertible polynomial is defined to be a non-
degenerate invertible polynomial, see e.g. [12].

Let f be an invertible polynomial given as above. By rescaling of the variables, one
can assume thatq; = 1fori =1, ..., n.ﬁl{\/Ioreover, we can assume that det £ > 0.

The Berglund—Hiibsch transpose [4] f of f is defined by the transpose matrix ET
of E, i.e.

n n E
VA CSTR =Zai l_[xj"’-
i=1 =1

Let f(x1,...,x,) be an invertible polynomial. The canonical system of weights
Wy of f is the system of weights (wy, ..., wy; d) given by the unique solution of the
equation

wi 1
E| @ |=det(E)]|: ], d:=det(E).
wy, 1
We define
_w _ W
ql - d ’ . qn —_— d .

The maximal group of diagonal symmetries of f is the group
Gr={A1,.... M) € CY"| fFArx1, ..., Aaxp) = f(x1, .., x0) )

It always contains the exponential grading operator

g0 = (i Friany,

Denote by G the subgroup of G s generated by go.
By [3] (see also [10, Proposition 2]), Hom(G 7, C*) is isomorphic to G 7. For a
subgroup G C Gy, Berglund and Henningson [3] defined its dual group G by

G := Hom(G /G, C¥).
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2 Wall’s Reduction

Let (X, 0) be an ICIS in C* given by an equation F = 0 where
F(xs ¥, Z, U)) = (.Xy - Cl(Z, w)v yb(Z’ U)) + c(x, Z, w))

where a(z, w) and c(x, z, w) are polynomials of degree > 2, b(z, w) is a polynomial
of degree > 1, and x, b(z, w) form a regular sequence in C[x, z, w]. Then we can
consider the reduction

LyF(xa 2, w) = .)CC(.X, 2, w) + Q(Z, w)b(Z, U))

of [22] corresponding to the variable y. This means that we eliminate the variable y to
get the equation of a hypersurface singularity in C. Geometrically, this elimination
corresponds to the projection along the y-axis on the coordinate space of the remaining
variables x, z, w. It is proved in [22, Theorem 7.9], for the case b(z, w) = z, that the
Milnor number increases by one.

In [14], we considered certain polynomials of the form

flx,z,w) =xe(x, z, w) + alz, w)b(z, w)
with the conditions on a(z, w), b(z, w), and c(x, z, w) as above and associated a
complete intersection singularity to a graded matrix factorization of size two of f.

We showed that, in this way, we get an inverse to Wall’s reduction. More precisely, a
matrix factorization (of size two) of f is given by two matrices

_( azw) —x _( bz, w) x
a0 = (c(x,z, w) b(z, w)) and g1 = (—c(x,z, w) a(z, w))
such that

q091 = 4190 = (g ;)p) -

We associate to this the complete intersection singularity (X o, 0) given by

Fo(x,y,z,w) = (Fp1(x,y,z,w), Fga(x,y,z, w))
= (—a(z, w) +xy, c(x, z, w) + yb(z, w)).

If f = LyF, then we obtain back (X ¢, 0) = (X, 0).

According to [14], the quadrangle ICIS correspond to matrix factorizations of the
quadrangle hypersurface singularities Q2 0, S1,0, and Uj 0. They are given by non-
degenerate invertible polynomials with [G ¢ : Go] = 2. In [13, Proposition 1], we
classified such polynomials. The coordinates are chosen so that the action of Gy =
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Strange Duality Between the Quadrangle... 525

Table 4 Functions f of 4 of the quadrangle hypersurface singularities

Name Type P1, P2, P3 f ay,ap,as, a4
02.0 v, 3,12,24 a1x3 + apxy* + azyz? + agx?y? 1L,1,1,-2
51,0 I\ 5,10, 20 a1x5+a2xy2+a3yz2+a4x3y 1,1,1, -2
st I\ 5,10, 20 a1x222 + apxy? + a3yz? + asx3y 11,1, -1
Uto I\ 3,6, 18 a1x23 + apxy? + a3yz3 + agxly 11,1, -1

Table 5 Matrix factorizations of the functions f

Name Coord. change f Name
02,0 x,y,2) = (w,x,2) x(@wx3 + a3z% + agxw?) + (aqw) - w? Jz”o
S1.0 (. y.2) > (.2, w) xlapxt + ap2? + agx?2) + (a32) - w? Ki
S1.0 (x,y,2) > (x,z, w) x(a1x4 + azzz + a4x21) + (azw) - zw Ly
Sln,o (x,y,2) = (x,z, w) x(apxw? + axz? + agx?2) + (a32) - w? Klb,0
S?,O x,y,2) = (x,z,w) )c(a]xw2 +a2z2 +a4x21) + (azw) - zw Ltli,o
Uio (x,y,2) = (w,x,2) x(agxw + a3z + agw?) + (a12) - 22w Mo
Ui (x,y,2) = (z,w, x) x(a1x%z 4 azx?w) + (aaw + a42) - zw Mlu,()
Uio (0, v, 2) P> (x, z, w) x(@w? +axs? + agxz) + (a32) - w? Iio

7./27 on f~ is given by (x, y,z) — (—x, —y, z). The singularities Q> ¢, S1,0, and
Ui o are given by an invertible polynomial of type IV, namely

P2 r3
fx,y,2) =xP' +xyPr + yzpr2 with (p1, p2, p3)
(3, 12,24), (5, 10, 20), and (3, 6, 18)

respectively. In [13, Proposition 2], we classified certain 4 x 3 matrices corresponding
to data determined by such polynomials, see [13] for details. Using [13, Table 1,9 and
10] and the notations used there, this amounts to the list of Table 4. The last column
indicates the coefficients ai, ay, az, a4 € C which are used in [13] and will be used in
Sect. 4.

We now consider the matrix factorizations of the functions f of Table 4. They are
given in Table 5, where we use suitable coordinates (x, z, w) instead of (x, y, z).

In the case Q5 0, the matrix factorization from [14, Table 2]

(Y= (L ADxy? 4+ Max? —y
q1 = 2 L

is equivalent to the matrix factorization from Table 5 witha; = A4,a7 = —1,a3 =1,

as = 1+ A4, which is seen by adding the second column multiplied by y> — (14+2A4)xy
to the first column.
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526 W. Ebeling, A. Takahashi

3 An Extension of the Berglund-Hiibsch Duality

We shall now show that the duality between the quadrangle complete intersection
singularities can be derived from the Berglund—Hiibsch transposition of certain polyno-
mials in 4 variables. We use the procedure in [ 13] to associate a weighted homogeneous
non-invertible polynomial with 4 terms in 4 variables to each of the quadrangle com-
plete intersection singularities. We consider the complete intersection singularities
associated to the matrix factorizations in Table 5 defined by equations (Fg 1, Fg2),
where we seta; = 1,i = 1, ..., 4, and where we take a suitable order of the terms.
Moreover, in the equation for /1,9 we replace XZ + Y Z by X 2 4 Y2, We also sub-
stitute temporarily the variables x, y, z, w by capital letters X, Y, Z, W. We have the
following 4 cases:

(@) Fo1(X,Y,Z,W)=XY — W2,
(b) Fo1(X,Y,Z, W) =XY —W?,
(©) Foi1(X,Y,Z, W)=XY —-ZW,
d) Fo1(X,Y,Z, W)= XY — Z*W.
We make the following coordinate substitutions in Fg »(X, Y, Z, W):
(a) XY — W2 X = xzw, Y = yzw, Z:=z,W:=xyw,
(b) XY — w3 X = x6w3, Y = y6w3, Z .=z, W= xzyzwz.
© XY —-2zZW: X :=xw,Y :=yz,Z:=x7, W = yw,
(d) XY — Z2W : X =222, Y := x*w?, Z := xz, W := y?w?,

Then the polynomial Fg »(X, Y, Z, W) is transformed to a non-invertible polynomial

4
fx, v, z,w) = ZinlyEiZZEBwEM
i=1

for a4 x 4-matrix E of exponents. The corresponding polynomials are listed in Table 6.
This procedure can be explained as follows. We observe that the kernel of the matrix
E is generated by one of the following vectors:

(a),b) (1,1,0,-2)T,
©),@ (1,1,-1,-1T.

Let R := Cl[x, y, z, w]. There exists a Z-graded structure on R given by the respective
C*-action (here A € C*):

(@), (b) A (x,y,z, w) = (Ax, Ay, z, A 2w)

©, @ Ak (x,y,z,w) = A, Ay, A2, A T w)
Let R = P,y Ri be the decomposition of R according to one of these Z-gradings.
The new coordinates X, Y, Z, W are some invariant polynomials with respect to these

actions and they satisfy the relation given by the corresponding first equation.
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Table 6 Strange duality

Name (Fg,1. Fg2) f Dual
7o XY =W2X3W+ YW+ 22+ xW2  xTywt +xydw? 422 + x4y’ T
K{, XY -W2 x4+ 722 +YZ+X2) xSwt 422 + y2zw + xtow? Ki,
Ktl”o (XY — W2, XW2+724YZ+X%2) 2w 4+ 22 + y2zw + x*zw? Lo
Li,o (XY—ZW,X4+ZZ+YW+X22) x4w4+x2z2+y2zw + x3zw? K?,O
Li, XY —ZW. XW2+ Z2+ YW+ X2Z)  xy?w® + 2222 + 22w + x3z0? Li,
My (XY —Z2W,Z3 4+ W2+ YZ+ XW) 13283 4+ ytwt + B3zw? 4+ y42w? M
M}, XY —ZW. X’W+YZ+YW+X2Z)  x2ywd +xyz? +y?zw + 53202 M,
Iio (XY — W3, X2 4+v2 4+ 72 4+ w3) X120 1290 4 22 4 (6360 Iio

Table 7 Functions h of 4 of the quadrangle hypersurface singularities

Name f Coord. change h

02,1 w3 + x*w + xz2 — 2x2w? w > w4+ x? w3 + x2w? + xz2 — x3z
S1.-1 x5+ xz2 + zw? —2x32 2> 2412 x22 + zw? + x2w? — wx3
Slﬁ_1 —x2w? 4 xz2 4+ zw? — X3z > 74 x2 xz22 + 03z 4 zw? — ¥w
Uy,—1 —Bw+x%2w+xz3 — xw? X—=x4+w 2w+ xw? 4+ xz23 — zw?

An inspection of Table 6 shows that the Berglund—Hiibsch transpose of the polyno-
mial f is either the polynomial f itself or another polynomial appearing in the table.
This leads to the indicated duality.

4 Virtual Isolated Complete Intersection Singularities

We now derive the equations for the virtual singularities.

In [13, Section 4], we associated a polynomial h to f, which defines the correspond-
ing virtual bimodal hypersurface singularity. This is done as follows. We consider the
polynomial f(x, z, w) from Table 4 (using the coordinate transformation of Table 5)
with the choice of coefficients ay, a», a3, as given in the last column. Then the corre-
sponding equation defines a non-isolated singularity. We consider the cusp singularity

f(x,z,w) —xzw

and perform the coordinate change indicated in Table 7.
Then this polynomial is transformed to

h(x, z, w) — xzw,
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528 W. Ebeling, A. Takahashi

where the polynomial h(x, z, w) is indicated in Table 7. The polynomial h(x, z, w)
has an isolated singularity at the origin, but also an additional critical point of type A
outside the origin. Moreover, if we consider the 1-parameter family h(x, z, w)—¢-xzw
for t € C, then, for t # 0, 1, the polynomial h(x, z, w) — ¢ - xzw has two additional
critical points of type A outside the origin. One of them merges with the singularity
of h(x, z, w) at the origin for + = 0 and the other one merges with the singularity of
f(x,z, w) — xzw at the origin for t = 1.

Example 2 Consider the case Q2 0. Then

f(x,z,w +x2) —xz(w +x2)
=(w+ xz)3 +x4(w +x2) +x7% — 2x2(w + x

=w’ —i—xzw2 +x22 - x3z —XZw

2?2 — xz(w +x?)

=h(x, z, w) —xzw.

The polynomial h(x.z, w) has a singularity of Arnold type Q1> at the origin. On the
other hand, for ¢ # 0,

1 1
h<x,z,w—;x2>—t-xz(u)—;x2)
1, ’ 2 1, ? 2 3 1,
(w—;x) + x <w—;x> +xz —xz—t~xz<w—;x>
3 1 L\ 4 I 1)\ 5 2 1\ 2 5
=w’ + 3—2—2— Yw4 |5 -5 ) +xz7+ 1 —-3-)x"w”—1t-xzw.
t t t t t

Using the proof of [12, Theorem 10], one can show that, for # # 1, this is a cusp
singularity of type 73 36. For t = 1, it is a cusp singularity of type 733 7. Using this,
one can check the above statements.

Now we are looking at possible matrix factorizations of the polynomials h of Table 7.
They are listed together with the corresponding isolated complete intersection singu-
larities in Table 8. The resulting pairs of polynomials (hy, hy) are called the virtual
quadrangle complete intersection singularities or, shortly, the virtual singularities and
they are denoted by replacing the index 0 by —1.

There is another matrix factorization in the case Uy 1, namely

x(xw+z3 +w2) —Zw - w.

It is equivalent to the matrix factorization corresponding to /1 _j.

The equations (hy, hy) will be used in the sequel. Note that they differ from the
equations in Table 2 in a similar way as the equations in [12, Table 12] for the interpre-
tation of Arnold’s strange duality as the Berglund—Hiibsch transposition of invertible
polynomials differ partly from Arnold’s equations. In a similar way, the equations in
[13] deviate from the equations of Arnold as well, cf. [13, Table 10].
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Table 8 Virtual singularities

Name Matrix factorization of h (hy, hp) Virtual
0.1 x(=x2z+ 22 +xuw?) +w - w? (xy —w?, —x2z 4+ yw + 22 + xw?) Jz/,—l

S1.-1 x(=x2w + 22 + xw?) + 7 - w? (xy — w2, —x%2w + 22 + yz + xw?) Ki,—l
S?,—l x(—=x2w+ 22 +x20) + 2 - w? (ry — w2, —x?w + 22 + yz +x%2) K?,—l
S1,-1 x(=x2w+ 22 +xw?) +zw-w (xy—zw,—x2w+z2+yw + xw?) Ly
Sf’_l x(—x2w+z2+x2z)+zw-w (xy—zw,—x2w+z2+yw +x22) Li_l
Ui, x(xw—‘,-z3—i—wz)—z-w2 (xy—wz,—yz +xw+z3+w2) My
Uy,—1 x(=22 +x2w) +zw - (2 4+ w) (xy—zw,—zz—i-yw +x2w+yz) M?’_l
Uy,—1 x(—xw—o—zz—I—xz)—t—z-w3 (xy—w3,—xw+z2+yz+xz) I

Let (hy, hy) with

4
hi(x,y, 2z, w) =xy —zw?, ho(x,y,z,w) =) axtity*2z4y

i=1

Ajg

be a virtual singularity. We consider the polynomial hy(x, y, z, w) on the zero set of
the polynomial h;(x, y, z, w). This means that we substitute y = x~1z¢w? in the
polynomial h, (x, y, z, w) to get a Laurent polynomial

4
b (x, 2 w) = hp(x, x 72wz w) = ) g T AR A teAny diatd A
i=1
in the variables x, z, w. Define Supp(h}) := {(A;1 — A2, A3 +cAjz, Ais +dAjp) €
Z3|i=1,...,4). Let ' (h}) be the Newton polyhedron of h} at infinity [17], i.e.
' (h)) is the convex closure in RR? of Supp (h))U{0}. The Newton polyhedron I's, (h5)
has two two-dimensional faces which do not contain the origin. Call these faces X

and Xo. Let [y := {i € {1,...,4}|(Ai1 — Aj2, Aiz + cAjz, Aig +dApp) € Zi},
k=1,2,and let

hyy = ZaixAilyAfzzAizwAm_

iel
Then (hy, hy ;) defines a non-isolated weighted homogeneous complete intersection

singularity. The polynomials hy ; and hy ; and their systems of weights are listed in
Table 9.

5 Dolgachev Numbers

We shall now define Dolgachev numbers for our virtual singularities.
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530 W. Ebeling, A. Takahashi

Table 9 Decomposition of equations

Name hy Weights h; > Weights

7 —x2z+ 22 + xw? 2,4,4,3;6,8 2 +xw? + yw 2,6,5,4;8,10
K|, —x2w + 22 + xw? 2,2,3,2;4,6 2 +xw? +yz 2,4,4,3;6,8
Ktl’ﬁ1 —x2w+ x4 yz 2,4,3,3;6,7 X2z 4 yz 422 2,4,4,3;6,8
Ly —xzw—i-zz—i-xw2 2,3,3,2:5,6 12+xw2+yw 2,5,4,3:7,8
Lt —x2w + x22 + yw 2,4,3,3,6,7 X2z + yw + 22 2,5,4,37,8
My xw + 23 + w? 3,3,2,3;6,6 B+ w?—yz 2,4,2,3;6,6
M, —22 422w+ yz 2,3,3,2;5,6 2w+ yz + yw 2,4,3,3;6,7
I —xw + yz +xz 3,3,2,2;6,5 vz +xz+2° 3,3,3,2:6,6

The Dolgachev numbers of the virtual singularity (hy, hy) are defined in a similar
way as [13, Section 5]. Leti = 1,2and let V; := {(x, y,z, w) € c* [hi(x,y,z,w) =
0, hy;(x,y,z, w) = 0}). We consider the C*-action on V; given by the system of
weights of (hy, hy ;) (see Table 9). We consider exceptional orbits (i.e. orbits with a
non-trivial isotropy group) of this action. We distinguish between three cases:

(A) V; contains a linear subspace L of C* of codimension 2 obtained by setting two
coordinates to be zero.
(B) V; = U UU’, where

(hy(x,y,z, w), hp; (x,y,z, w)) = (g1(x, y, w), zg2(x, y, 2)),
U:{(x’y’z’w) EC4|81(X»)’»U)) =Z:O}7
U'={(x,y,z,w) € C*g1(x, y, w) = g2(x, y,2) = 0}.

(C) V; is not of the form of (A) or (B).

In case (A) we consider those exceptional orbits which are not contained in L. In case
(B) we consider those exceptional orbits which are not contained in U. In case (C)
we consider those exceptional orbits which do not coincide with the singular locus of
Vi. We call these the principal orbits. It turns out that in all cases we have exactly two
principal orbits.

Definition The Dolgachev numbers of the virtual singularity (hy, hy) are the numbers
a1, o2; a3, aq4 Where a1, oy and a3, ag are the orders of the isotropy groups of the
principal exceptional orbits of (hy, hy 1) and (hy, hy 7) respectively.

The Dolgachev numbers of the virtual singularities are computed as follows. The
two pairs of polynomials (hy, hy;),i = 1, 2, of Table 9 define non-isolated weighted
homogeneous complete intersection singularities of certain types. The systems of
weights correspond to the five quadrangle ICIS and three elliptic complete intersection
singularities as considered by Wall [23]. We indicate the notation of Wall [23] in
Table 10. The corresponding orbifold curves have genus zero. We list the orders of the
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isotropy groups of the exceptional orbits of these ICIS in this table (see also [8]). Some
of them correspond to the orders of the isotropy groups of the exceptional orbits for the
non-isolated singularities given by the pairs (hy, hy ;),i = 1, 2. Those ones which do
not occur are stroken out. The orders of the isotropy groups of the principal orbits are
indicated in bold face. We also indicate for each pair which of the corresponding cases
(A), (B), or (C) applies. An exceptional orbit which coincides with the singular locus
is marked by *. The Dolgachev numbers a1, a2; a3, a4 of the virtual singularities are
indicated in the last column.

Example 3 (a) We consider the singularity Klbﬁ_l. We have (hi,hy 1) = (xy —
w2, —x2w + x%z + vz) with the system of weights (2, 4, 3, 3; 6, 7). We are in case

(C). The exceptional orbits are

x =y =w =0 singular line, order of isotropy group: 3
y=z=w =0 order of isotropy group: 2
x =z=w =0 order of isotropy group: 4

This gives (a1, a2) = (2, 4).

(b) We again consider the singularity K;)’_l, butnow (hy, hy2) = (xy — w?, x2z+
vz + zz) with the system of weights (2, 4, 4, 3; 6, 8). Here we are in case (B). The
singular locus is the curve z = x> + y = x> + w? = 0 with trivial isotropy group. It
is contained in U = {xy — w? =z = 0}. The exceptional orbits contained in U are

y=z=w =0 order of isotropy group: 2
x =z=w =0 order of isotropy group: 4

The exceptional orbits not contained in U are

y=w=2x>+z=0 order of isotropy group: 2
x=w=y+z=0 order of isotropy group: 4

This gives (a3, aq) = (2, 4).

(c) We consider the case L1 1 with (h;, h2 1) = (xy — zw, —x2w + 22 + xw?).
The system of weights is (2, 3, 3, 2; 5, 6). Here V; contains the hyperplane L = {x =
z = 0}, so we are in case (A). The exceptional orbits contained in L are

x =z =w =0 singular line, order of isotropy group: 3
x =y =z=0 order of isotropy group: 2

The exceptional orbits not contained in L are

y=z=w =0 order of isotropy group: 2
x —w=y=z=0 order of isotropy group: 2

This gives (a1, a2) = (2, 2).

Remark 4 Using the primary decomposition algorithm of the computer algebra soft-
ware SINGULAR [5], one can show that, for each pair (hp, hy ;) where we have case
(A), the subspace L is an irreducible component of V;. If one removes this compo-
nent L in case (A), the component U in case (B), and the point corresponding to the
singular line in case (C), one gets ]P’ézl,_ |.ap; With one point removed. Here ]P’ézl,_ Lo
denotes the complex projective line with two orbifold points with singularities Z/o ; Z,
Jj=2i—1,2i.

@ Springer



W. Ebeling, A. Takahashi

532

€giee €cce €] 01y €607 7 ) P =17
rEET P€€T (v) 0Ty €€.07 T (v) 1P _hms\
vTiEE AN/ ) 1L AR ) 0y =Ty
$THET S€TT W) 0’17 V€T W) 0y =l
S€TT s‘€,0? ) 017 74T T ) 1P =17
vTT PrTT (@ 0ly baed T ©) 0y ly
byTT LA © o 77217 ©) 19 =y
9°TTT 97,07 ©) 0 Y urTT ) Oy Y
Yo teo (o 1o NQI0 (T Ty NQI0 (I'ey <1y sureN

s1oqunu A9YOE3[0Q 0L 3|qel

pringer

A's



Strange Duality Between the Quadrangle... 533

6 Gabrielov Numbers

We now want to define Gabrielov numbers. They will be defined as in [13, Section 5].
For this purpose, we consider the pairs (hj, hy) of polynomials of Table 8. Here the first
three cases Jz/,fl’ K i,—l’ and K f,—l are suspensions of the curve singularities J» _1,

Ky _1,and Kf‘fl . In these cases, we consider as the first polynomial hy (x, y, z, w) :=

xy — w? — z2. Then we consider the complete intersection singularity (X', 0) defined

by

hi(x,y,z, w),
hy(x, y,z, w) — zw.

As in [12], one can show that the singularity (X', 0) is KC-equivalent to the singularity
defined by

xy — 72/ — w2,
x4y — zw.

This means that (X', 0) is a cusp singularity of type Ty2

o Ly in the notation of [6,

Definition The Gabrielov numbers of the virtual singularity given by the pair (hy, hy)
are the numbers y1, v2; ¥3, V4.

Proposition 5 The Gabrielov numbers of the virtual quadrangle complete intersection
singularities are given by Table 11.

Proof We consider Wall’s reduction of the virtual quadrangle singularities according to
Table 8. The cusp singularity H' := (h;(x, y, z, w), ha(x, y, z, w) — zw) corresponds
to the hypersurface cusp singularity L,H" = h(x, z, w) — xzw. In all cases except
I —1, by transformations similar to the transformations in [ 13], we obtain the indicated
Gabrielov numbers. More precisely, for a suitable permutation o : {1,2,3,4} —
{1, 2, 3, 4}, the Gabrielov numbers satisfy (v5(1), Yo (2), Yo 3)s Yo @) = (2, Y1—1, Y2—
1, y3 — 1), where (¥1, 72, ¥3) are the Gabrielov numbers of the corresponding virtual
hypersurface singularity.

In the case 11,1, we indicate the claimed K-equivalence. We add the first polyno-
mial hy(x, y, z, w) to the second one hy (x; y, z, w) — zw and obtain

3—xw+z2+yz+xz—zw). 6.1)

(xy — w?, Xy —w
By the transformation w +— w + v, this is transformed to

(xy —w? — pr(y, w), =y} —w® — g1 (v, w) —xw + 2> +xz — zw), (6.2)

where p1(y, w) and g1 (y, w) are certain polynomials of degree 3 in the variables y
and w. Using [1, Lemma 7.3] and the fact that y divides p1(y, w), one can get rid of
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the polynomial pi(y, w) with the help of the term xy. Similarly, one can get rid of
the polynomial g1 (y, w) in the second equation with the help of the term zw. Now we
apply the transformation w +— w + x. Then the pair (6.2) gets

3 2 2

+ 77 — zw),

(6.3)

(xy —w? —x% — pa(x, w), —x% — y* — ga(x, w) — xw — x

where ps(x, w) and ¢» (x, w) are again polynomials which can be removed. Applying
the transformation x — x + z, one gets

I 23 — p3(x,2), —x3 = y3 —q3(x,2) —xw — %2 — 2xz — 2zw),

6.4)

(xy —w

again with certain removable polynomials p3(x, z) and g3(x, z). Finally, by the trans-
formation z — %(z — x) followed by w +— w — x and rescaling, we obtain

(xy — 2w+ pa(x, w), x4 y3 —zZw), (6.5)

again with a removable polynomial p4(x, w). O

By [6], one can compute Coxeter—Dynkin diagrams of the (global) singularities
defined by (hy, hy). In the cases M1 —; and I; 1, the polynomials h; and h; have to
be interchanged. Let x® .= {(x,y,z,w) € ct lhi(x, y,z, w) = 0} and consider
the function hy : X' — C. It has besides the origin one or two additional critical
points which are of type A1. The singularity at the origin is indicated in Table 11 using
the notation of [21]. We define the Milnor number of the virtual singularity by the sum
of the Milnor numbers of the singular points. It is equal to 12 in all cases.

One can compute that there exists a (strongly) distinguished basis of thimbles

(e1,...,euq1) = (e; |1 < j <8,1 <r < M;j), where the intersection matrix
of (e1,...,eg) = (e}, R eé) coincides with the intersection matrix of the system
@1, ... ,?8) of [6, Sect. 2.3], the numbers M1, M3, Mg are equal to one and the other

numbers M, My, M5, Mg, M7 are indicated in Table 11, and the intersection matrix
of (e;. |1 < j < 8,1 <r < Mj)is computed according to [6, Theorem 2.2.3].
By the proof of [6, Proposition 3.6.1], one can transform these bases to (strongly)
distinguished bases of thimbles with Coxeter—Dynkin diagrams of the form ITy, 1, 1,14
of Fig. 1, where yy, y2; ¥3, y4 are the Gabrielov numbers of the virtual singularity.

7 Strange Duality

We now consider the duality defined in Sect. 1. We summarize the results on the
Dolgachev and Gabrielov numbers of the virtual singularities in Table 3. From this
table, we get the following result:

Theorem 6 The Gabrielov numbers of a virtual quadrangle complete intersection
singularity coincide with the Dolgachev numbers of the dual one, and vice versa.
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Fig. 1 The graph Iy, 1,13,
Table 11 Coxeter-Dynkin diagrams of virtual singularities
Virtual Germ at 0 My My Ms Mg M7 V1. V2 V3, Va
5o 7, 3 1 1 1 341 2.22,5+1
Ki_, Ko 2 2+1 2+1 1 1 2,2;3+1,3+1
K, K/, 241 2 3 1 1 2,23,4+1
L1 Lio 2 241 1 1 241 2,34+1;2,3+1
L, Ly 241 3 1 1 2 2,3:2,441
My J1o 3 1+1 1+1 1 2 2+1,2+1;2,4
M, My, 2 241 2 1 2 2,3;3,3+1
ll,*l My 2 2 2 1+1 2 2+1,3;3,3

For another feature of this duality, we have to introduce some notions.

Let fi1, ..., fx be weighted homogeneous functions on C" of degrees dj, ..., dx with
respect to weights wy, ..., w,. We suppose that the equations fi = o =... = ff =0
define a complete intersection X in C". There is a natural C*-action on the space C”"
defined by A % (x1,...,x,) = A%xq, ..., A"x,), A € C*,

Let A = Clxy, ..., x,1/(f1, ..., fr) be the coordinate ring of X. Then the C*-
action on C" induces a natural grading A = @2, A, on the ring A, where

Ay ={g e AlgA*(x1,...,x)) =Ng(x1,...,x,) for A € C*}.
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We shall consider the Poincaré series Px(t) = Y .c,dim A, - t* of this graded
algebra. One has

[T5_1(1 %)

Py(t) = =~
X(t) 1—[:121(1 _l‘wi)

For amap ¢ : Z — Z of a topological space Z, the zeta function is defined to be

L) = 1_[ {det (id —t- ¢*|Hp(Z;<C))}(_])p .
p=0

If, in the definition, we use the actions of the operators ¢, on the reduced homology
groups H ,(Z; Z), we get the reduced zeta function

N 710
L0 =G

For 0 < j < k, let X) be the complete intersection given by the equations

=fi=0(X © — ¢r, x® = X). The restriction of the function f (=
1,...,k)to the variety XU~D defines a locally trivial fibration XU~D\x() — C*
Let VW) = f Jfl (1) N XU~D be the typical fibre (Milnor fibre) of this fibration. Note

that it is not necessarily smooth. There is a monodromy transformation ¢/ : V() —
V) onit. Let

=
Il
[
—~

Ex,j(t) = E(p(j) ().
One can show that (goij ))d-i = id and therefore EX, ;(7) can be written in the form

]_[(1 —1H%, e Z.

Lld;

Following Saito [18,19], we define the Saito dual to E X,j (¢) to be the rational function

0= [T =

mld;

(note that different degrees d; are used for different j).
Let Y® = (X%\{0})/C* be the space of orbits of the C*-action on X ®)\ {0} and

Y,g,k) be the set of orbits for which the isotropy group is the cyclic group of order m.
For a topological space Z, denote by x (Z) its Euler characteristic. Define

Orx (1) = [ (1 = x4,

m>1
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Now let X be a complete intersection in C* defined by two polynomial equations
fi = f» = 0 and assume that both XV = ffl(O) and X® = X have isolated
singularities at the origin. Moreover, assume that X! has a singularity of type Aj.
Consider the mapping F := (fi, f») : C* — CZ. Let Cr be the critical locus of
F and Dp = F(Cp). The mapping Flci_p-1(p,, : C* — F~1(Dp) - C* — Dp
defines a locally trivial fibration. Assume that (1, 1) ¢ Dp. Let v = fl_l(l) and
Vo = fz_1 (1) N v, (Note that V, # V@ but V, and V@ are homeomorphic to
each other.) Then V5 ¢ V() and the monodromy transformation ¢V : v — y @
induces a relative monodromy operator @; : H;(VY vy, 7) - H3(VD, Vs 7).
Let

Ax (1) :=det (id — 1 - @il yy (v v 0))

be the characteristic polynomial of this operator.

Proposition 7 We have
2
Ax(t)=1=0*]tx ;0.
j=1

Proof We have the following commutative diagram of split short exact sequences:

0——= H;(VD;Z) —— Hy(VD, V3 Z) —— Hy(Va; Z) — 0
o ;| o)
0—— H3 (VD Z) ——= H3(VD, vy, Z) —— Hy (Va3 Z) —= 0

This shows that

Ax(t) = det (id —1- Qoi])|H3(V(U;(C)) det (id -t (/)i2)|H2(V2;(C))
2
= Ex‘l(f)_lzx,z(f) =(1-1)? l_[EX,j(t)
=1

since ¢y (1) = (1 — )71 o

Let X be an ICIS with a Coxeter-Dynkin diagram of type Iy, ,, 5,y4- Then the
polynomial Ax(t) is equal to the characteristic polynomial A(ITy,,y, y;,5,)(t) of the
Coxeter element corresponding to this Coxeter—Dynkin diagram. By [6, Proposition
3.6.2], we have

A(Hylﬁyz,ys,m)(t) =- t)zA(SVWz,Vs,M)(t)

where A(Sy, 1,.y5,y,) (1) is the characteristic polynomial of the Coxeter element corre-
sponding to the graph Sy, ,, 5.5, depicted in Fig. 2. (Note that there is a slight mistake
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/%N\

81 87

Fig.2 The graph Sy, 5.3,

in the proof of [6, Proposition 3.6.2] which was corrected in [7].) By Proposition 7 we
get

EX,j(t) = A(Sy1,72,73.9) (@). (7.1

~.
I N
—_

This also gives an interpretation of the characteristic polynomial of the Coxeter element
¢” considered in [7].

A k = 0 element of one of the series can again be given as the zero set of two
weighted homogeneous functions of weights wy, wa, w3, ws and degrees dj, d>. We

are now ready to state the following analogue of [13, Theorem 6]:

Theorem 8 Let X be a virtual ICIS and ?0 be the k = 0 element of the dual series.
Then we have

(i8]

T

Ty, (1) = Py, (1) - Org, () = [ [ ¢%,; (O)- (7.2)

Proof By Equation (7.1), the left-hand side of Equation (7.2) isequal to A(Sy,; 1.y3,74) ().
By [6, p. 98] (unfortunately, there is a misprint), there is the following formula for this
polynomial :
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4
i —1
A(S n=¢F-20-2t+D[[——
(Sy12m)(0) = ( + )E —
4 | 4 .
» Tt —1 Vi —1
t _ _ 7.3
o 15 a3
i= j=1,j#i

Using this formula, we can compute the polynomial ]_ﬁ:l Ex, ;j(7) in each case. The
result is given in Table 3. Under a certain non-degeneracy condition, the function
{x.2(t) can also be computed by the formula of [16, Theorem 4] from the Newton
polytope.

On the other hand, we can compute the Poincaré series of X, from the weights and
degrees given in Table 1. The polynomial Org (7) is given by

4
Org, () = (1=~ [Ja -

i=1

where y1, y2; ¥3, Y4 are the Gabrielov numbers of X which are the Dolgachev numbers
of X (and of Xo). The result is also given in Table 3. Comparing these polynomials,
we obtain the first equality of Equation (7.2).

The second equality follows from [9, Theorem]. O

Remark 9 The spectrum of an ICIS was defined in [11]. In a similar way one can define
the spectrum of a virtual quadrangle complete intersection singularity X. Spectra for
the series of ICIS above have been calculated by Steenbrink [20]. The spectrum of a
virtual quadrangle complete intersection singularity agrees with the spectrum defined
by setting k = —1 in the corresponding formulas of [20]. The numbers " V-l
where « is a number of this spectrum, coincide with the roots of ]_[3:1 I3 x,j (1)
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