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1 Introduction

Consider on the Riemann sphere C a linear differential system

d
d—y =B(R)y, y@) eC?, 1)
Z

of p equations with a meromorphic coefficient matrix B (whose entries are thus rational
functions) and singularities at some points ay, . . . , a,. Solvability of linear differential
equations and systems in the Liouvillian sense (in other words, by quadratures) is a
classical problem of differential Galois theory developed by Picard and Vessiot at the
beginning of the twentieth century. In analogy to Galois theory of algebraic equations,
they connected to the system a group called the differential Galois group and showed
that solvability of the system by quadratures depends entirely on properties of its
differential Galois group. Later, in the middle of the century, Kolchin completed this
theory by considering other types of solvability and their dependence on properties of
the differential Galois group.

However, the Picard—Vessiot—Kolchin theory reveals the cause of solvability or
non-solvability of linear differential equations by quadratures rather than answers this
question addressed to a specific equation, since one does not know how the differential
Galois group of an equation depends on its coefficients. In our paper, we are interested
in the cases when the answer to the question of solvability of the system (1) by
quadratures can be given in terms of its coefficient matrix B. For example, in the case
of a Fuchsian system

dy — B
—=> B; € Mat(p, C), 2
iz ( ; _ai)y, € Mat(p, C) 2

i=1

with sufficiently small entries of the matrices B;, Ilyashenko and Khovanskii (1974)
(see also Khovanskii 2008, Ch. 6, §2.3) obtained an explicit criterion of solvability.
Namely, the following statement holds:

There exists an € = ¢(n, p) > 0 such that a condition of solvability by quadratures
for the Fuchsian system (2) with || B; || < & takes an explicit form: the system is solvable
by quadratures if and only if all the matrices B; are triangular (in some common basis).

Using results of Kolchin, these authors also obtained criteria for other types of
solvability of the Fuchsian system (2) with small residue matrices B; in terms of these
matrices. Moreover, a topological version of Galois theory developed by Khovanskii
at the beginning of 1970’s allowed him to obtain stronger results concerning non-
solvability of Fuchsian systems.

Our paper may be considered as an attempt to generalize results of Ilyashenko and
Khovanskii to the case of non-Fuchsian systems. It is organized as follows. In the
next two sections we recall basic notions of differential Galois theory and of the local
theory of linear differential systems, which are used in the paper.

In Sect. 4, we describe a weak version of Ramis’s theorem (due to Ilyashenko
and Khovanskii) concerning the description of the local differential Galois group at
a singular point of a system in terms of local meromorphic invariants of the latter.
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This theorem is essentially used to prove statements on solvability of non-Fuchsian
systems by quadratures. In this section we also recall the notion of exponential torus,
a subgroup of the local differential Galois group, which also appears in further proofs.

Section 5 is devoted to an approach that uses holomorphic vector bundles with
meromorphic connections on the Riemann sphere in a context of the analytic the-
ory of linear differential equations. This approach was developed and successfully
applied by Bolibrukh to solving inverse monodromy problems of this theory, in par-
ticular, Hilbert’s 21st (the Riemann—Hilbert) problem. Here we also use this approach,
combining it with techniques from differential Galois theory, to obtain statements con-
cerning solvability of linear differential systems by quadratures.

Section 6 is about solvability of Fuchsian systems (more generally, systems with
regular singular points) by quadratures. In particular, we refine here the Ilyashenko—
Khovanskii criterion in such a way that it is sufficient that the eigenvalues of the residue
matrices B; be small (the estimate is given) rather than the matrices themselves. This
refinement is naturally extended to other types of solvability, as well as to strong
non-solvability of Fuchsian systems.

In Sect. 7, we propose a generalization of the criterion of solvability by quadratures
to the case of essentialy non-Fuchsian systems (systems with non-resonant irregular
singular points) with small formal exponents, and also discuss other types of solvabil-
ity, including local solvability by quadratures over the field of meromorphic germs at
an irregular singular point.

2 Solvability by Quadratures and the Differential Galois Group

In this section, we recall the definitions of some basic notions of differential Galois
theory. Besides solvability of a linear differential system by quadratures, we consider
other types of solvability and explain how they depend on properties of the differential
Galois group of the system.

A Picard—Vessiot extension of the field C(z) of rational functions corresponding to
the system (1) is a differential field F = C(z)(Y) generated as a field extension of C(z)
by all the entries of a fundamental matrix Y (z) of the system (1). Let us specify that
such a matrix is taken (by Cauchy’s theorem) in the field of germs of meromorphic
functions at a non-singular point zg of the system. One says that the system (1) is
solvable by quadratures, if there is a fundamental matrix ¥, whose entries are expressed
in elementary or algebraic functions and their integrals, or, more formally, if the field
F is contained in some differential field extension of C(z) generated by algebraic
functions, integrals and exponentials of integrals:

where each Fj | = F;{(x;) is a field extension of F; by an element x;, which is either:

— algebraic over Fj, or

— an integral (that is, an element whose derivative belongs to F;), or

— an exponential of an integral (that is, an element whose logarithmic derivative
belongs to F;).
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448 R. R. Gontsov, I. V. Vyugin

Such an extension C(z) C F), is called Liouvillian; thus solvability by quadratures
means that the Picard—Vessiot extension F is contained in some Liouvillian extension
of the field of rational functions.

In analogy to classical Galois theory, solvability or non-solvability of a linear dif-
ferential system by quadratures is related to properties of its differential Galois group.
The differential Galois group G = Gal (F /C(z)) of the system (1) (of a Picard—Vessiot
extension C(z) C F) is the group of differential automorphisms of the field F (i.e.,
automorphisms commuting with differentiation) that preserve the elements of the field

C(2):

G:[a:F—)Faodizioa,a(f)zf VieCz);.
<

dz

(The differential Galois group can be defined by any Picard—Vessiot extension,
since these are all isomorphic as differential fields.) As follows from the defini-
tion, the image o (Y) of the fundamental matrix Y of the system (1) under any
element o of the Galois group is a fundamental matrix of this system again. Hence,
oY) =YC, C € GL(p, C). As every element of the differential Galois group is
determined uniquely by its action on a fundamental matrix of the system, the group G
can be regarded as a subgroup of the matrix group GL(p, C) for any such Y. Moreover,
this subgroup G € GL(p, C) is algebraic, i.e., closed in the Zariski topology of the
space GL(p, C) (the topology, whose closed sets are those determined by systems of
polynomial equations), see (Kaplansky 1957, Th. 5.5). A very good reference for the
basics of differential Galois theory, especially the algebraic geometric aspects, is the
book by Crespo and Hajto (2011).

The differential Galois group G is a union of a finite number of disjoint connected
sets that are open and closed simultaneously (in the Zariski topology), and the set
containing the identity matrix is called the identity component. The identity component
G° C G isanormal subgroup of finite index (Kaplansky 1957, Lemma4.5). According
to the Picard—Vessiot theorem, solvability of the system (1) by quadratures is equivalent
to solvability of the subgroup GO (see Kaplansky 1957, Th. 5.12; Khovanskii 2008,
Ch. 3, Th. 5.1). Recall that a group H is said to be solvable, if there exist intermediate
subgroups {e} = Hy C H; C --- C H, = H, such that, foreveryi = 1,...,m,
H;_1 is normal in H; and the factor group H;/H;_ is Abelian.

Alongside the differential Galois group, one considers the monodromy group M
of the system (1) generated by the monodromy matrices My, ..., M, correspond-
ing to analytic continuation of the fundamental matrix ¥ around the singular points
ai,...,ay. Each M; is defined as follows: since the operation of analytic continua-
tion commutes with differentiation, the matrix Y considered in a neighbourhood of
a non-singular point zo goes to another fundamental matrix, ¥ M;, under an analytic
continuation along a simple loop y; encircling a point a; and no other a ;. As analytic
continuation also preserves elements of the field C(z) (since they are single-valued
functions), one has M C G. Furthermore, the differential Galois group of a Fuchsian
system coincides with the closure of its monodromy group in the Zariski topology
(see Khovanskii 2008, Ch. 6, Cor. 1.3). Hence, a Fuchsian system is solvable by

@ Springer



Solvability of Linear Differential Systems with Small... 449

quadratures if and only if the identity component M N G? of its monodromy group is
solvable.

Now we will discuss other types of solvability. These are defined in analogy to
solvability by quadratures, and we leave formal definitions to the reader. Kolchin
(1948) gave criteria for a linear differential system to be solvable with respect to
each of these types in terms of its differential Galois group. Further we will need his
results only for a system, whose differential Galois group is triangular, meaning that
all matrices of the group are triangular in some common basis.

Kolchin’s criteria (See also Khovanskii 2008, Ch. 3, §8). Let the differential Galois
group G of the system (1) be triangular. Then the system is

1. solvable by integrals and algebraic functions if and only if the eigenvalues of all
elements of G are roots of unity;

2. solvable by integrals if and only if the eigenvalues of all elements of G are equal
to unity;

3. solvable by exponentials of integrals and algebraic functions if and only if G is
diagonal,

4. solvable by algebraic functions if and only if G is diagonal and the eigenvalues of
all its elements are roots of unity.

3 A Local Form of Solutions Near a Singular Point

In this section, we recall the definitions of regular and irregular singular points of a
linear differential system and describe the structure of solutions near a singular point
of each type.

A singular point z = @; of the system (1) is said to be regular, if any solution of
the system has at most polynomial growth in any sector with the vertex at this point
of sufficiently small radius and an opening less than 2. Otherwise, the point z = g;
is said to be irregular.

A singular point z = a; of the system (1) is said to be Fuchsian, if the coefficient
matrix B(z) has a simple pole at this point. Due to Sauvage’s theorem, a Fuchsian
singular point is always regular (see Hartman 1964, Th. 11.1). However, the coefficient
matrix of a system at aregular singular point may in general have a pole of order greater
than one. Let us write the Laurent expansion of the coefficient matrix B of the system
(1) near its singular point z = a in the form

B_,—1 n B_;

B(Z):m T _a

+BO+"" 37,71#0. (3)

The number r is called the Poincaré rank of the system (1) at this point (or the Poincaré
rank of the singular point z = a). For example, the Poincaré rank of a Fuchsian singular
point is equal to zero.

The system (1) is said to be Fuchsian, if all its singular points are Fuchsian (then
it can be written in the form (2)). A system, whose singular points are all regular, will
be called regular singular.
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450 R. R. Gontsov, I. V. Vyugin

3.1 A Regular Singular Point

According to Levelt’s theorem Levelt (1961), in a neighbourhood of each regular
singular point g; of the system (1), there exists a fundamental matrix of the form

Yi@) = Ui@) (@ — ap)™ (z — ap, “

where U;(z) is a holomorphic matrix at the point a;, A; = diag((pl.l, R gol.p )is a
diagonal matrix, whose entries (pl' are integers organized in a non-increasing sequence,
and E; = = (1/27mi) In M; isan upper trlangular matrix (the normahzed logarithm of the
corresponding monodromy matrix M;), whose eigenvalues ,0 satisfy the condition

0<Re,0f<1.

Such a fundamental matrix is called a Levelt matrix, and one also says that its columns
form a Levelt basis in the solution space of the system (in a neighborhood of the
regular singular point @; ). The complex numbers ,B] = (p + p are called the (Levelt)
exponents of the system at the regular singular point q; .

A singular point a; is Fuchsian if and only if the corresponding matrix U; in the
decomposition (4) is holomorphically invertible at this point, that is, det U; (a;) # O.
It is not difficult to check that in this case the exponents of the system at the point a;
coincide with the eigenvalues of the residue matrix B;. In the general case of a regular
singularity a;, estimates for the order of the function det U; at this point were obtained
by Corel (2001) (see also Gontsov 2004):

-1
ri < ordg detU; < % ri,
where r; is the Poincaré rank of the regular singular point a;. These estimates imply the
inequalities for the sum of exponents of a regular singular system over all its singular
points, which are called the Fuchs inequalities:

n

NUEDS TN W LT 0
i=1

i=1j=1 i=1

(the sum of exponents is an integer).

3.2 An Irregular Singular Point

Let us now describe the structure of solutions of the system (1) near one of its irregular
singular points. We assume that the irregular singularity z = a of Poincaré rank r is
non-resonant, that is, the eigenvalues by, ..., b, of the leading term B_,_; of the
matrix B(z) in the expansion (3) are pairwise distinct. Let us fix a matrix 7', which
reduces the leading term B_,_; to the diagonal form:
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T7'B_, T = diag(by, ..., bp).

The system possesses a uniquely determined formal fundamental matrix Y of the form
(see Wasow 1965, §§10, 11)

Y(2) = F(z)(z — a)*e@®, (6)

where

(a) F (z) is a matrix formal Taylor series in z — a, and F (a) =T,

(b) A is a constant diagonal matrix, whose diagonal entries are called the formal
exponents of the system (1) at the irregular singular point z = a;

(c) O(z) = diag(q1(2),...,qp(z)) is a diagonal matrix, whose entries ¢;(z) are
polynomials in (z — a) ™! of degree r without a constant term,

q;(2) = —7’ z—a) +o(z—a)™").

For each pair (b}, by) of eigenvalues of the matrix B_,_1, one has 2r rays starting
at the point a, which are called Stokes lines of the system (1) at this point:

1 14
arg(z —a) = (arg(bj —by) + 3 —|—nm) ,

r

b, —b
Re(]—k= ]=[ze(C

m=0,1,...,2r—1].

These rays are asymptotic to the corresponding curves {Re (g; —gx) = 0}, whichdivide
a neighbourhood of a into domains, in which the function ¢4/ ~% has an exponential
growth or decay.

Consider a covering of a punctured neighbourhood of a by 2r congruent sectors

Sm:{d+(m—1)z—8<arg(z—a)<d+mz+8}, m=1,....2r
r r

with an opening T +24. The directiond, 0 < d < 2, and small § > 0 can be chosen
r

in such a way that each sector contains exactly one Stokes line for each pair (b}, by).
Such a covering is often referred to as a good covering by good sectors. According to
Sibuya’s sectorial normalization theorem (see Ilyashenko and Yakovenko 2008, Th.
21.13, Prop. 21.17), in each good sector S, of a good covering there exists a unique
actual fundamental matrix

Yn(2) = Fn(2)(z — @)"el® @)
of the system (1), whose factor F, has the asymptotic expansion F in Sm- In every

intersection S, N Sy, +1, the fundamental matrices Y,, and Y,,41 must differ by a
constant invertible matrix:

@ Springer



452 R. R. Gontsov, I. V. Vyugin

Y1) = Y (2)Cpy Cu € GL(p, O),

and the logarithmic term (z — @) is analytically continued from Sj to S, from S, to
S3, ..., from S, to S;, so that

Y1) = Y2, (2)Car in Sp N 81 ®)
The matrices Cy, ..., Cy, are called (Sibuya’s) Stokes matrices of the system (1)
corresponding to a good covering {Si, ..., S2,} of a punctured neighborhood of a

non-resonant irregular singular point a. They satisfy the relation
T =MCy.. . Co, ©)

where M is the monodromy matrix of Y at a. Indeed, the fundamental matrix Y
can be continued from S; into S as Y» Cfl, since Y1 = Y2 C Uin S1 N S,. Fur-
ther, it is continued from S, into S3 as Y3(C1C2)_1, etc. Finally, in S, it becomes
equal to Y2,(Cq ...C2r_1)_1. Then, according to (8), it comes back into S; as
Y1 2™ (Cy ... Cy)~ !, which implies the relation (9). It is also known that all the
eigenvalues of any Stokes matrix are equal to 1, that is, the Stokes matrices are unipo-
tent (see Ilyashenko and Yakovenko 2008, Prop. 21.19 or Wasow 1965, Th. 15.2).

4 Local Differential Galois Groups

Alongside the differential Galois group G of the system (1), one also defines the local
differential Galois groups G, corresponding to each singular point z = a of the sys-
tem. Let M, = C({z — a}) be the field of meromorphic functions at the point a.
Consider a fundamental matrix Yg(z) of the system (1) on some open sector S with
vertex a (its entries are elements of the field of meromorphic functions in ) and the
Picard—Vessiot extension M, C F, = M,(Ys) of M, generated by all the entries
of Y. The corresponding differential Galois group G, = Gal (F,/M,) is the group
of differential automorphisms of the field F, that preserve the elements of the field
M. Like the global differential Galois group G, this group is regarded as an algebraic
subgroup of the matrix group GL(p, C), where this representation depends of course
ona and on Yg.

We have the following natural inclusion of each G, into G. Consider a fundamental
matrix Y of the system (1) in a neighbourhood Uy of a non-singular point z¢ with
respect to which the group G is determined. The entries of Y are elements of the
field of meromorphic functions in Up. We analytically continue the matrix Y to the
sector S along some path y and obtain a matrix Yg, whose entries are elements of
the field F,,. Then we apply to Ys some element o of the group G, and return o(Ys)
back to Uy along the path y ~!. Since C(z) C M, the automorphism o preserves
rational functions, and thus the transformation 77! o o o 7,,, where 7, is the operator
of an analytic continuation along the path y (we mean that t, is an operator from the
solution space of (1) in Uy to that in §), is an element of the group G. On the level of
matrices, this looks as follows:
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-1
C;'G.C, CG,

where C,, € GL(p, C) is a matrix connecting Y and the analytic continuation Y s of
Y into S along y, that is, Ys(z) = Ys(z)Cy .

4.1 Sibuya’s Stokes Matrices as Elements of a Local Galois Group

It was J.-P. Ramis, who described the local differential Galois group G, in terms of
local matrix invariants of the system (1) at the irregular singular point a (among which
the Stokes matrices are). He defined (Ramis’s) Stokes matrices in a somewhat different
way and showed that, in particular, they belong to the matrix group G, (Ramis 1985;
Martinet and Ramis 1989, see also Mitschi 1991; van der Put and Singer 2003, Ch.
8). Further, Ilyashenko and Khovanskii (1990) proved that Sibuya’s Stokes matrices
defined in the previous section also belong to G,. We will describe their result in more
details.

Consider a good covering of a neighbourhood of the singular point a of the sys-
tem (1) by good sectors Si, ..., S> and the corresponding fundamental matrices
Y1,..., Y2 described in the previous section. The entries of each Y;, are elements
of the field of meromorphic functions in the sector S,,. Let G, be a matrix group
that represents the local differential Galois group of the system (1) at the point a
with respect to the fundamental matrix Y in Sj. In the intersection S; N S>, one has
Y2(z) = Y1(z2)Cy, where C is the corresponding Stokes matrix.

Theorem 1 (Ilyashenko and Khovanskii 1990). The matrix C belongs to the group
G,.

In fact, all the Stokes matrices C,, are elements of the group G, . Indeed, let Gg,, (Y,,)
be the matrix group that represents the local differential Galois group of the system (1)
at the point a with respect to the fundamental matrix Y, in S, [so that Gg, (Y1) = G].
In each intersection S,,, N S;,+1, one has Y,,,11(z) = Y,,,(z)Cpy,, and the Stokes matrix
C,, belongs to Gg,, (Y,,) in analogy to Theorem 1. But all groups Gg,, (Y;,,) coincide
with G,, as can be shown by induction with respect to m. Note that an analytic

continuation of Y, 41 from S,,,4 into S, is Y, C;,;; hence,
G,y (Ymi1) = G, (YuCu) = C,,' G5, (Yy)Co = G,

since Cy, € Gg,, (Y),) and Gg,, (¥,,) = G, by the induction hypothesis.

Remark 1 Loday-Richaud (1994) gave an example of a linear differential 2 x 2 system
that is meromorphically equivalent to a system with a non-resonant irregular singu-
larity z = 0 of Poincaré rank 1. The sector S = {Rez > 0} does not contain any
of the two Stokes lines in that examgle (thus, S is not “good”); that is why there are
two actual fundamental matrices Y, ¥ in § with the same asymptotics. Their quotient
C = (Y~1HY € GL(2, C) is called also a Stokes matrix there (corresponding to the
two realizations of one formal fundamental matrix in one sector), and it is shown that
C does not belong to the Galois group of the system.

@ Springer
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4.2 The Exponential Torus

According to the discussion above, the local differential Galois group G, (more pre-
cisely, its matrix representation with respect to the fundamental solution Y| = Yg,
in the good sector S;) contains the Stokes matrices Cy, ..., C, as well as the for-
mal monodromy matrix £2miA (see the relation (9)). But it also contains a connected
subgroup, the exponential torus.

Consider the differential extension M, C M, (e?', ..., elr) of M, generated by
the diagonal entries 9!, . . ., e9» of the exponential factor ¢ from the decomposition
(6). Let 7 denote the differential Galois group of this (Picard—Vessiot) extension, that
is, the group of its differential M -automorphisms. This group may be described in
more details as follows.

Let {p1,..., ps} be a basis of the Z-module Zq + --- + Zqp, so that
Mye?, ... elry = Mg (eP', ..., ePs). Since the logarithmic derivative of each e’
belongs to My, for any element o € 7, one has

o(eP) =nelt, ..., o(e?) =tels (10)

for some (11, ..., t;) € (C*)%. Conversely, any element of (C*)* defines in this way a
differential M, -automorphism of M, (e?!, ..., ePs), since there are no differentially-
polynomial relations over M, between the functions e”!, ..., ePs. Therefore, 7 is a
torus of dimension s, that is, a linear algebraic group isomorphic to (C*)*.

To show the inclusion 7 C Gy, first let us extend any o € ’T to a differential M,,-
automorphism of the Picard-Vessiot extension M, C M,(Y ) generated by all the
entries of the matrix Y. The latter extension may be viewed as a differential subfield
of a larger differential field

L=MJAz—a),...,z—a)r, el ... W),

which is an extension of the field ./\//Ta = C((z — a)) of formal Laurent series in z — a
with a finite principal part generated by the diagonal entries of the matrices (z — a)?,
and ¢2®@ regarded as formal objects so far. Since

./\//\la((z—a))”"“’(Z_a))‘p)m/\//\la<e(1]““’e(1p) zﬂa,

one can extend any o € T given by (10) onto £ by letting it be the he identity map on
/\/la ((z—a)*, ..., (z—a)*r). Thus, we indeed have adifferential /\/la automorphism
of £ that preserves the Picard—Vessiot extension M, C My (Y ) By restricting every
such an automorphism to M, (Y ) we identify 7 with a subgroup of the differential
Galois group of the Picard—Vessiot extension M, C M,(Y ) It remains to note that
the latter group is isomorphic to G, , because the differential extensions M, C M, (Y Y)
and M, C M,(Y1) are differentially isomorphic (this is provided by the mapping of
Y to Y1 via the operation of r-summability, which maps here the formal factor FofY
to its sum F in the sector S; and commutes with differentiation).

Finally, let us write the matrix 7, representing an element o € 7 given by (10)
with respect to the fundamental solution Y7. Let
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q1(z) =my1p1(z) + -+ misps(2),

qp(2) =mp1p1(2) + -+« + mpsps(2)
for some m;; € Z. Then
o(e?) = o (eMP1 . MisPsy = gl eMIPY | s MisPs = g1 qlMis e
hence,

Ty = diag(ti(8), ..., Tp(1)),

where t = (11,...,1;) € (C*)*, 5(t) = /""" ...1;"". Note that since the functions
q1, - .., qp are pairwise distinct, the monomials 71(¢), . .., T, () are pairwise distinct
as well.

5 Linear Differential Systems and Meromorphic Connections on
Holomorphic Vector Bundles

Let us recall some notions concerning holomorphic vector bundles and meromorphic
connections in a context of linear differential equations. We mainly follow Boli-
bruch et al. (2006) or Ilyashenko and Yakovenko (2008), Ch. 3 (see also Gontsov
and Poberezhnyi 2008).

In an analytic interpretation, a holomorphic bundle E of rank p over the Riemann
sphere is defined by a cocycle {gq5(2)}, that is, a collection of holomorphic matrix
functions corresponding to a covering {U,} of the Riemann sphere:

8ap: Uy NUg —> GL(p,C), U, NUp # 2,
and satisfying the conditions
8ap = gﬂ_(jv 8aB8By 8ya = I inUy;N Uﬂ N Uy #* J.

Two holomorphically equivalent cocycles {gy(z)} and { g(/xﬂ (z)} define the same bun-
dle. Equivalence of cocycles means that there exists a set {#4(z)} of holomorphic
matrix functions 4, : U, —> GL(p, C) such that

ha(2)8ap(2) = gop(Dhp(2). Y

A section s of the bundle E is determined by a set {s,(z)} of vector functions
Sq . Uy — CP that satisfy the conditions s4(z) = guap(2)sg(z) in non-empty inter-
sections Uy N Ug.

A meromorphic connection V on the holomorphic vector bundle E is determined
by a set {wy} of matrix meromorphic differential 1-forms that are defined in the
corresponding neighbourhoods U, and satisfy gluing conditions
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wo = (d8up)8yp + ZapOpSus - (12)

Under a transition to an equivalent cocycle {gt’w} connected with the initial one by
the relations (11), the 1-forms @, of the connection V are transformed into the corre-
sponding 1-forms

W), = (dhe)h;' + hgwyhy ' (13)

Conversely, the existence of holomorphic matrix functions hy: Uy —> GL(p, C)
such that the matrix 1-forms w, and w}, (satisfying the conditions (12) for g,g and
g, 8 respectively) are connected by the relation (13) in U, implies the equivalence of
the cocycles {gqys} and {g(;ﬂ} (one may assume that the intersections U, N Ug do not
contain singular points of the connection).

Vector functions s (z) satisfying linear differential equations ds, = wgySy in the
corresponding U, can be chosen, by virtue of the conditions (12), in such a way that
the set {s,(z)} determines a section of the bundle E, which is called horizontal with
respect to the connection V. Thus, horizontal sections of a holomorphic vector bundle
with a meromorphic connection are determined by solutions of local linear differential
systems. The monodromy of a connection (the monodromy group) characterizes the
ramification of horizontal sections under their analytic continuation along loops in
C not containing singular points of the connection 1-forms and is defined similarly
to the monodromy group of the system (1). A connection will be called Fuchsian
(logarithmic), regular, or irregular, depending on the type of the singular points of its
1-forms (as singular points of the corresponding linear differential systems).

If a bundle is holomorphically trivial (all matrices of the cocycle can be taken as
the identity matrices), then, by virtue of the conditions (12), the matrix 1-forms of a
connection coincide on non-empty intersections U, N Ug. Hence, horizontal sections
of such a bundle are solutions of a global linear differential system defined on the
whole Riemann sphere. Conversely, the linear system (1) determines a meromorphic
connection on the holomorphically trivial vector bundle of rank p over C. Such a
bundle has a standard definition by the cocycle that consists of the identity matrices,
while the connection is defined by the matrix 1-form B(z)dz of coefficients of the
system. To our purpose, it will be more convenient to use the following equivalent
coordinate description [this construction appears already in Bolibruch et al. (2006)].

At first, we consider a covering {U,} of the punctured Riemann sphere @\{al, e,
ap} by simply connected neighbourhoods. Then, on the corresponding non-empty
intersections Uy N Ug, one defines the matrix functions of a cocycle, g(’w (z) = const,
which are expressed in terms of the monodromy matrices My, . .., M, of the system (1)
via the operations of multiplication and taking the inverse (see Gontsov and Poberezh-
nyi 2008). In this case, the matrix differential 1-forms w),, defining a connection are
equal to zero. Further, the covering {U,} is complemented by small neighbourhoods
O; of the singular points a; of the system; thus, we obtain the covering of the Riemann
sphere C. To non-empty intersections O; N Uy, there correspond matrix functions
glf «(2) = Yi(z) of the cocycle, where Y;(z) is a germ of a fundamental matrix of
the system, whose monodromy matrix at the point a; is equal to M; (so, for analytic
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continuations of the chosen germ to non-empty intersections O; N Uy N Ug, the cocy-
cle relations g;q gop = gip hold). The matrix differential 1-forms a)l/. determining the
connection in the neighbourhoods O; coincide with the 1-form B(z)dz of coefficients
of the system. To prove the holomorphic equivalence of the cocycle {g/, T gi,) to the
identity cocycle, it is sufficient to check the existence of holomorphic matrix functions

he: Uy — GL(p,C), h;: O; — GL(p, C)
such that
wly = (dho)hy' + hewohy!, o) = (@dhj)h; ' + hiwih; . (14)

Since we have wy = B(z)dz and w], = 0 for all «, the first equation in (14) can be
rewritten as a linear system

d(h;") = (B(z)d2)h;",

which has a holomorphic solution h;l : Uy —> GL(p, C), since the 1-form B(z)dz
is holomorphic in a simply connected neighbourhood U,,. The second equation in (14)
has a holomorphic solution 4;(z) = I, since w; = a)l’. = B(z)dz.

One says that the bundle E has a subbundle E’ C E of rank k < p that is stabilized
by the connection V, if the pair (E, V) admits a coordinate description {gqg}, {wy} of
the following block upper triangular form:

1 1
| 8up * (o, *
g(xﬁ - ( O giﬁ 5 Wy = 0 (1)02( )

where g i 8 and wé are k x k blocks (then the cocycle {g i /3} defines the subbundle E’,
and the 1-forms ! define the restriction V’ of the connection V to the subbundle E’).

Example 1 Consider a system (1), whose monodromy matrices M1, ..., M, are of
the same block upper triangular form, and the corresponding holomorphically trivial
vector bundle E with the meromorphic connection V. Suppose that, in a neighbourhood
of each singular point a; of the system, there exist a fundamental matrix Y;(z), whose
monodromy matrix is M;, and a holomorphically invertible matrix I';(z) such that
I'; Y; is a block upper triangular matrix (with the same block structure as the matrix
M;). Let us show that a common invariant subspace of the monodromy matrices gives
rise to a vector subbundle E’ C E that is stabilized by the connection V.

We use the above coordinate descriptions of the bundle and the connection with the
cocycle {g,4. &/, } and set {w],, ;} of matrix 1-forms. The matrices g, s are already
block upper triangular, since the monodromy matrices My, ..., M), are (and a)(’x =0),
while the matrices g;a = Y; can be transformed to such a form, I'; glfa =TI Y;. Thus,
changing the matrices g/, toT; g/, and matrix 1-forms ! to I'; ITI —i—(dl*,-)f‘f1 ,we
obtain a holomorphically equivalent coordinate description with the cocycle matrices
and connection matrix 1-forms, which have the same block upper triangular form.
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The following auxiliary lemma points to a certain block structure of a linear dif-
ferential system in the case when the corresponding holomorphically trivial vector
bundle with the meromorphic connection has a holomorphically trivial subbundle that
is stabilized by the connection.

Lemma 1 If a holomorphically trivial vector bundle E of rank p over C endowed
with a meromorphic connection V has a holomorphically trivial subbundle E' C E
of rank k that is stabilized by the connection, then the corresponding linear system
(1) is reduced to a block upper triangular form via a constant gauge transformation

¥(z) = Cy(z), C € GL(p, C), that is,

CB(z)C~! = (B/(;Z) *) ,

*

where B'(z) is a k x k block.

Proof Let {s1, ..., s,} be a basis of global holomorphic sections of the bundle E (so
s1,...,sp are linearly independent at each point z € C) such that the 1-form of the
connection V in this basis is the 1-form B(z)dz of coefficients of the linear system.
Consider another basis {si, e, s;,} of global holomorphic sections of the bundle £
such that s, ...,s; form a basis of sections of the subbundle E’, (s{, ...,s;,) =
(s1,...,5,)C~1, C € GL(p, C).

Now, choose a basis {1, ..., h)} of sections of the bundle E such thathy, ..., A,
are horizontal with respect to the connection V and Ay, ..., hy are sections of the
subbundle E’ (this is possible, since E’ is stabilized by the connection V). Let Y (z) be
a fundamental matrix of the system, whose columns are the coordinates of the sections
hi, ..., hp inthe basis {s1, ..., sp}. Then

Y(z)=CY(2) = (k >O< k *)

*

is a block upper triangular matrix, since its columns are the coordinates of the sections
hi, ..., hpinthe basis {s{, ..., s;,}. Consequently, the transformation j(z) = Cy(z)
reduces the initial system to a block upper triangular form. O

The degree deg E (which is an integer) of a holomorphic vector bundle £ endowed
with a meromorphic connection V may be defined as the sum

n
degE = Z resy; tr w;

i=1

of the residues of local differential 1-forms tr w; over all singular points of the connec-
tion V (the notation “tr” stays for the trace), where w; is the local matrix differential
1-form of the connection V in a neighbourhood of its singular point @;. Later, when
calculating the degree of a bundle, we apply the Liouville formula tr w; = d Indet Y;,
where Y; is a fundamental matrix of the local linear differential system dy = w; y.
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6 Solvability of a Regular Singular System with Small Exponents
6.1 Solvability by Quadratures

Consider a system (1) with regular singular points ai, ..., a, of Poincaré rank
r1, ..., r, respectively. Here we prove that if the real parts of the exponents of (1)
are sufficiently small, then generically solvability of the system (1) by quadratures
implies a simple condition on the coefficient matrix B.

Theorem 2 Let for some k € {1, ..., p— 1} the exponents /3ij of the regular singular
system (1) satisfy the conditions

Rep! > —1/nk, i=1,...,n, j=1,...,p, (15)

and each difference ﬂl] — ﬂll ¢ Q\Z. Then solvability of the system (1) by quadra-
tures implies the existence of a constant matrix C € GL(p, C) such that the matrix
CB(z)C~" has the following block form:

CB(z)C~! = (B/O(Z) *)

*

where B'(7) is an upper triangular k x k matrix.

Remark 2 Though the inequalities (15) restrict the real parts of the exponents from
below, together with the estimates (5) they provide boundedness from above.

Remark 3 The sum of the Poincaré ranks of a regular singular system, whose expo-
nents satisfy the condition (15), is indeed restricted because of the Fuchs inequalities

(5), namely, >.7_, r; < p/k.
The proof of Theorem 2 is based on two auxiliary lemmas.

Lemma 2 Let the exponents ,Blj of the regular singular system (1) satisfy the condi-
tions (15). If the monodromy matrices of this system are upper triangular, then there
is a constant matrix C € GL(p, C) such that the matrix C B(z)C~" has the form
announced in Theorem 2.

Proof We use a geometric interpretation (discussed in the previous section) according
to which the regular singular system (1) gives rise to a holomorphically trivial vector
bundle E of rank p over the Riemann sphere endowed with a meromorphic connection
V with regular singular points ay, .. ., a,.

Since the monodromy matrices M1, ..., M, of the system are upper triangular, there
exists, as shown in Example 1,aflag E' ¢ E? C --- C EP = E of subbundles of rank
1,2, ..., prespectively that are stabilized by the connection V. Indeed, a fundamental
matrix Y determining the monodromy matrices M, ..., M, of the system can be
represented near each singular point g; in the form

Y(z) =T;(2)(z —a) ¥, E; = (1/27i)In M;,
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where T; is a meromorphic matrix at the point a;. This matrix can be factored as
T; (z) = V;i(2) P;(z), with a holomorphically invertible matrix V; at a; and an upper
triangular matrix P;, which is a polynomial in (z — ;)*! (see, for example, Gontsov
2004, Lemma 1). Thus, the matrix Vi_l Y is upper triangular.

Let us estimate the degree of each subbundle E I, Jj < k. For this, we note that,
in a neighbourhood of each singular point g;, the initial system is transformed via
a holomorphically invertible gauge transformation to a system with a fundamental
matrix of the form

(z—ap)

(5 9 (G2

Ul(z) =

Yi(Z)Z( zé) *)(Z—ai) 0 =x 0

such that the matrix Y/ (z) = U/(z)(z — a;) (z — a;)Ei is a Levelt fundamental matrix
for a linear system of j equations with the regular singular point a;. The matrix 1-
form of coefficients of this system in a neighbourhood of ¢; is a local 1-form of the
restriction V7 of the connection V to the subbundle E/, and the exponents Bil, e, Bf

of this system (the eigenvalues of the matrix A} 4 E?) form a subset of the exponents
of the initial system at a;. Therefore,

Refl > —1/nk, 1=1,...,].

The degree of the holomorphically trivial vector bundle E? is equal to zero, and for
Jj < k one has:

n n n
deg E/ = Zresaidln detY/ = Zordai det U/ + Ztr(A§ + E))

i=1 i=1 i=1

n noJ
= Zordai detU[+ZZRe,5il > —j/k>—1.
i=1

i=1I=1

Since the degree of a subbundle of a holomorphically trivial vector bundle is non-
positive, one has deg EJ/ = 0. Hence, all the subbundles E! c ... c E* are
holomorphically trivial (a subbundle of a holomorphically trivial vector bundle is
holomorphically trivial, if its degree is equal to zero, see Ilyashenko and Yakovenko
2008, Lemma 19.16). Now the assertion of Lemma 2 follows from Lemma 1. O

Definition 1 A matrix will be called N-resonant, N € N, if it has two eigenvalues
A1 # Ag such that )\11\/ = Aév, that is,

2 .,
[X1] = |A2l, |arg)»1—arg)\2|=71, je{l,2,...,N —1}.

LetagroupM C GL(p, C) be generated by matrices M1, ..., M,. If these matrices
are sufficiently close to the identity (in the Euclid topology), then the existence of a
solvable normal subgroup of finite index in M implies their triangularity, see Theorem
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2.7 in Khovanskii (2008), Ch. 6. According to the remark following this theorem in
Khovanskii (2008), the requirement of proximity of the matrices M; to the identity
can be weakened as follows.

Lemma 3 There is a number N = N (p) such that if the matrices M1, ..., M, are
not N-resonant, then the existence of a solvable normal subgroup of finite index in M
implies their triangularity.

Proof of Theorem 2 From the theorem assumptions, it follows that the identity com-
ponent G of the differential Galois group G of the system (1) is solvable; hence, G°
is a solvable normal subgroup of G of finite index. Then the monodromy group M of
this system also has a solvable normal subgroup of finite index, namely, M N G°.

As follows from the definition of the exponents ,Bl.j of alinear differential system at a

regular singular point a;, they are connected with the eigenvalues ul] of the monodromy
matrix M; by the relation

u! = exp@rip)).
Therefore,
il = exp@miRe B/ +ilm B/)) = e 2" ™ B (cos(27 Re B/) +1 sin(27 Re B7)),

and, for any N € N, the matrices M; are not N-resonant by the conditions on the
numbers ,Bij . Now the assertion of Theorem follows from Lemmas 2 and 3. O

As a consequence of Theorem 2, we obtain the following refinement of the
Ilyashenko—Khovanskii criterion of solvability by quadratures (mentioned in Intro-
duction) of a Fuchsian system with small residue matrices.

Theorem 3 Let the eigenvalues ,Bli/ of the residue matrices B; of the Fuchsian system
(2) satisfy the conditions

Rep! > — i=1,....,n, j=1,....p, (16)

n(p—1’

and each difference ,Bij - ,31-1 ¢ Q\Z. Then solvability of the Fuchsian system (2) by
quadratures is equivalent to the simultaneous triangularity of the matrices B;.

Proof The necessity of the simultaneous triangularity is a direct consequence of
Theorem 2, since the exponents of the Fuchsian system (2) at a; coincide with the
eigenvalues of the residue matrix B;. The sufficiency follows from a general fact that
any linear differential system with an (upper) triangular coefficient matrix is solvable
by quadratures (one should solve it beginning with the last equation). O
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Remark 4 The inequalities (16) restricting the real parts of the exponents of the Fuch-
sian system from below also provide their boundedness from above because of the
Fuchs relation >"_, Zle ﬂi] = 0 (see (5)). Namely,

np — 1

<R€ﬁi] < m

Tap—1)

In particular, the integer parts ‘Pi'/ (the so-called Levelt valuations) of the numbers
Re ,Bl.j for such a system must belong to the set {—1, 0, 1}.

Remark 5 If each residue matrix B; of the Fuchsian system (2) has only one eigenvalue
Bi, then solvability of this system by quadratures is also equivalent to the simultane-
ous triangularity of the matrices B; (regardless of the values Re ;). Indeed, in this

case each monodromy matrix M; has only one eigenvalue u; = ¢**'%i; hence, it is
not N-resonant. Therefore, solvability implies the simultaneous triangularity of the
monodromy matrices and the existence of a flag E! ¢ E> c --- C EP = E of

subbundles of the holomorphically trivial vector bundle E that are stabilized by the
logarithmic connection V (corresponding to the Fuchsian system). Since the degree
>, pBi of the bundle E is zero, the degree >_;_, jB; of each subbundle E 7 is also
zero, and all these subbundles are holomorphically trivial.

It is natural to expect that for a general Fuchsian system (with no restrictions on
the exponents) solvability by quadratures does not necessarily imply the simultaneous
triangularity of the residue matrices. This is illustrated by the following example due
to Bolibrukh.

Example 2 (Bolibruch 1994, Prop. 5.1.1). There exist points aj, az, az, a4 on the
Riemann sphere and a Fuchsian system with singularities at these points, whose mon-
odromy matrices are

1 1 1-100-1 1101 1 10
0—1-1 000 1 0-1 1 1-1 1-1
00 1 122 2 0 0—-1-1 1-1 0

Mi=|0 00 110 1|, Mp=|0 0 0 1 1 1 0f,
000 011 1 000 0-1-11
000 001 0 00000O0T O
000 000-1 00000 0-1
1 01 0-1200 1 0 1—-111 0
0-1-1 1-1 1 2 0—1 1-200 0
00 1 1-1 12 0 0-1 100 0

Mzs=|0 0 0-1 1-1-2|, Mg=|0 0 0—110 1|,
000 0-1 11 000 011 0
00000 1 1 000 001 1
00000 0-I 000 000-I
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whereas the coefficient matrix of this system is not upper triangular. Moreover, this
system cannot be transformed in an upper triangular form via neither a constant gauge
transformation nor even a meromorphic (rational) one preserving the singular points
ai, az, az, a4 and the pole order (=1) of a coefficient matrix at these points. Thus, the
residue matrices of this Fuchsian system are not simultaneously triangular, though the
system is solvable by quadratures, since its monodromy group generated by triangular
matrices is solvable.

We notice that Theorem 3 does not apply to this example as the exponents of such
a system cannot satisfy the conditions (16). Indeed, for any exponent ,Bij = <pl.] + ,ol.] ,
one has

1 . .
_ J J .
'Ol. _2_7-[ilnui’ ,bLl- G{—l,l},

hence, Re pij is equal to O (for u{ = 1) or 1/2 (for ,ulj = —1). The inequalities (16)
imply (forn =4, p =17)

i 1
Re ;' > _ﬁ;

hence, (pij is equal to O or 1 (see Remark 4). Therefore, the sum of the exponents over
all singular points is positive, which contradicts the Fuchs relation.

6.2 Other Types of Solvability

At the end of Sect. 2, we gave Kolchin’s criteria for a linear differential system to be
solvable with respect to different types of solvability formulated in terms of the differ-
ential Galois group. For a Fuchsian system with sufficiently small residue matrices,
Ilyashenko and Khovanskii (1974) (see also Khovanskii 2008, Ch. 6, §2.3) converted
these conditions on the differential Galois group into conditions on the residue matri-
ces. Now this may be formulated in accordance with Theorem 3, while a proof is
mainly still the same.

Theorem 4 Under the assumptions of Theorem 3, the Fuchsian system (2) is

1. solvable by integrals and algebraic functions' if and only if all the matrices B; are
(simultaneously) triangular and the eigenvalues of each B; are rational numbers
differing by an integer;

2. solvable by integrals if and only if all the matrices B; are triangular and their
eigenvalues are equal to zero;

3. solvable by exponentials of integrals and algebraic functions® if and only if all the
matrices B; are diagonal,

! Under the assumptions of the theorem, this type of solvability is equivalent to solvability by integrals and
radicals.

2 Under the assumptions of the theorem, this type of solvability is equivalent to solvability by exponentials
of integrals.
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4. solvable by algebraic functions® if and only if all the matrices B; are diagonal and
the eigenvalues of each B; are rational numbers differing by an integer.

Proof We note that each type of solvability implies solvability by quadratures; hence,
by Theorem 3 we have a simultaneous triangularity of the residue matrices B;. There-
fore, the differential Galois group G of the system is triangular, and we may apply
Kolchin’s criteria from Sect. 2. As the differential Galois group of a Fuchsian system
coincides with the closure of its monodromy group, each condition of the criteria is
equivalent to the same condition on the monodromy matrices (each condition deter-
mines a Zariski closed set).

So, the eigenvalues of all elements of G are roots of unity if and only if the eigenval-
ues of the monodromy matrices are, and, therefore, the eigenvalues of all the residue
matrices B; are rational numbers (recall that the eigenvalues of a monodromy matrix

27ip}

ig? . .
M; are e .,ezmﬁi , Where ﬂil, e, ,Bip are the eigenvalues of a matrix B;).

Since, according to the assumptions of Theorem 3, ,Bi] — ,Bf ¢ Q\Z, each difference
/31'/ - ,Bil must be an integer.

All the eigenvalues of all elements of G are equal to 1 if and only if the eigenvalues
of the monodromy matrices are; hence, all the eigenvalues of all the residue matrices
B; are integers. These cannot be negative in view of (16), but they cannot be positive
either in view of the Fuchs relation >, Zi.’: 1 ,31.] = 0 (if one of them is positive,
then there would be another one that is negative).

Finally, G is diagonal if and only if all the monodromy matrices are. Therefore, a
holomorphically trivial vector bundle E over C (with a meromorphic connection V),
which corresponds to the system (2), is a direct sum of line bundles stabilized by V. As
in the proof of Lemma 2, it follows from (16) that each of these line bundles is holo-
morphically trivial. Then an evident modification of Lemma 1 proves the reducibility
of the Fuchsian system (2) to a diagonal form via a constant gauge transformation.

Notice that, for each type of solvability, the sufficiency of the corresponding con-
dition also may be proved without using differential Galois theory and follows from
a method of solving first order non-homogeneous linear differential equations (one
begins to solve a Fuchsian system having an upper triangular coefficient matrix with
the last equation and uses the method of variation of constants). O

It turns out that the class of functions Liouvillian over the field K = C(z) is
closed with respect to the non-algebraic operation of composition. For example, if
f is Liouvillian, then In f is also Liouvillian, as it is an integral of f’/f. For an
algebraic function g, the function g o f is Liouvillian: g satisfies an algebraic equation
P(z, g(2)) = 0 over K, therefore, g o f satisfies P(f(z), g o f(z)) = 0 and hence
is algebraic over K (f). However, if we add to the field K some non-Liouvillian
function, the situation will change. Consider a field K (F), where F is a meromorphic
non-Liouvillian function. Then the class of functions Liouvillian over this field is
not closed with respect to composition. For example, In F is Liouvillian over K (F'),
whereas F'(Inz) is not. Hence, non-solvability of a linear differential equation by
quadratures over the field K ( F') does not guarantee that there is no solution of the form

3 Under the assumptions of the theorem, this type of solvability is equivalent to solvability by radicals.
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F(In z), for instance. Khovanskii developed a topological version of Galois theory,
where composition is equally involved, while the role of the Galois group is played by
the monodromy group of a function [for the details see Khovanskii (1995) (Khovanskii
2008, Ch. 5)]. In this theory, one obtains stronger results about non-solvability of linear
differential systems. Let M be the field of meromorphic (in C) functions, and let £
be a class of functions that can be obtained from M by using the standard arithmetic
operations, integration, differentiation, as well as composition. If all solutions of the
system (1) belong to L, then the monodromy group of the system possesses a solvable
normal subgroup of finite index (see Khovanskii 2008, Ch. 6, Cor. 2.13). Systems that
cannot be solved in such a way are called strongly non-solvable. Thus, we have the
following statement.

Under the assumptions of Theorem 3, the Fuchsian system (2) with non-triangular
residue matrices B; is strongly non-solvable.

7 Solvability of a Non-Resonant Irregular System with Small Formal
Exponents

7.1 Solvability by Quadratures

Consider a system (1) with non-resonant irregular singular points ay, ..., a, of
Poincaré ranks rq, . . ., r, respectively. If the real parts of the formal exponents of this
system are sufficiently small, then the following criterion of solvability by quadratures
holds.

Theorem 5 Let at each singular point a; the formal exponents A{ of the irregular
system (1) satisfy the conditions

1

Rekl] > —ﬁ.
np —

Then this system is solvable by quadratures if and only if there exists a constant matrix
C € GL(p, C) such that C B(z)C~" is upper triangular.

Proof As in Theorem 3, the sufficiency of the condition does not require a special
proof. Let us prove its necessity.

Consider a fundamental matrix Y of the system (1) in a neighbourhood of a non-
singular point zo and the representation of the differential Galois group G with respect
to this matrix (the entries of Y are regarded as elements of the field of meromorphic
functions at zo). For each singular point a;, let Y1, ..., Y5/ be the fundamental matri-
ces of the system defined respectively in the sectors Sf" ey S;’;I, of a good covering
of a neighbourhood of a; (these sectors were defined at the end of Sect. 3; the upper
index a; is used here to emphasize that the involved sectors and matrices correspond
to the singular point ;).

The connection matrix between an analytic continuation ?S‘l"' of Y into a neigh-

bourhood of each a; (more precisely, into each first sector S f") and the corresponding
Y| is denoted by P;:
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Y (@) = Y{' (P, i=1,....n.
1

As follows from the explanations of Sect. 4, the matrices

~a; —1 ~a; ~ai —1 ~a; .
Cl'=P Cl’Pi,...,Cz;izPl. C2;iP,-, i=1,...,n,

belong to G (here C f[ S, Cg;l_ denote the Stokes matrices at the point a;, which
correspond to the set of fundamental matrices Y f”, el Yzari,-)- Furthermore, for any
set T1, ..., T, of diagonal matrices from the exponential tori at the points ay, ..., a,

respectively, the matrices

el

[
”ﬁ
=
s
|

=

belong to G. Recall that, for each singular point, the corresponding exponential torus
consists of all matrices 7' (¢) = diag(z1 (1), ..., 7,(t)), wheret = (t1, ..., 1) € (C*)*
is an arbitrary parameter, s is the dimension of the torus, and t; are pairwise distinct
monomialsinty, ..., ;. Hence, forany N € N, the N-th powers of ; are also pairwise
distinct monomials. Thus, each matrix 7; can be chosen in such a way (by taking a
suitable value of ) that its eigenvalues are pairwise distinct, and that it is not N -resonant
forany N € N. This value of 7 should be taken from the complement (C*)*\ ¥ _, An
of the union | J%_; Ay of a countable number of the algebraic subsets

Ay =Jtre €M @) =1 0) c (€.
i#]

Denote by M the group generated by the matrices T;, C% e C2r ,i=1,...,n,
over all singular points. As follows from the assumptions of the theorem the group G
possesses the solvable normal subgroup G of finite index. Hence, the subgroup MC
G possesses the solvable normal subgroup of finite index, M N G°. For any N € N,
the matrices generating the group M are not N-resonant (the matrices 7; are chosen to
be non-resonant, whereas for the Stokes matrices this follows from their unipotence).
Therefore, according to Lemma 3, the generators of M are simultaneously reduced to
an upper triangular form by conjugating to some invertible matrix C.We may assume
that they are already upper triangular (otherwise, we would consider the fundamental
matrix Y C instead of ). As follows from Gantmacher (1959), Ch. VIII, §1, the relation

T,=PT P,

where 7} is an upper triangular matrix and 7; is a diagonal matrix, whose diagonal
entries are pairwise distinct, implies that the matrix P; can b~e written as P; = D; R;,
where R; is an upper triangular matrix (the conjugation R; T; R;l makes all the off-
diagonal entries of the matrix 7~", zero) and D; is a permutation matrix for 7; (that is,
the conjugation D, 'T; D permutes the diagonal entries of the matrix 7;).

In a neighbourhood of each a;, we pass from the set of fundamental matrices
Yla i Y;ji, which correspond to the sectors S?’, .. SZr , to the fundamental
matrices
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Y% (z) = Y% (z)P; (in particular, Y} = Y)

connected to each other in the intersections Sy N S

ny1 Dy the relations

Yol (2) = Y (2)Cl.

From the decomposition of P; above and from (7), it follows that the matrices ?,Z’ can
be written as

Y (2) = Fi(2)(z — )™ e@ @ D; R = F (2)Di(z — ap) e %R,
where
A} =D;'A;Di, Qi(z) = D' 0i(2) D

are diagonal matrices obtained from the corresponding matrices A;, Q;(z) by a per-
mutation of the diagonal entries. Therefore, in the intersections Soin S;Z” 41 We have
the relations

’

Fyi Q) Di(z — ap)™ie% DR, = Fui(2)Di(z — a;) e @ R; Cyi.

Thus, in the sectors Sf" sy Sg;i, which form a covering of a punctured neighbour-
hood of a;, there are holomorphically invertible matrices Fla (D, ..., anr’L (z) D;

such that, in the intersections Sy N S%

1> their quotients

(FE (D) "Fy | (2)Di = (z — a;)"e% @R, Coi RT'e™ %@ (z — a;) ™

are upper triangular matrices. Since foreachm =1, ..., 2r;, the matrix Fyi(z)D; has
the same asymptotic expansion F;(z)D; in the corresponding sector S, , there exists
a matrix I'; (z) holomorphically invertible at @; such that all the matrices

Fli(z) =Ty(2)F%(2)D;, m=1,...,2r;,
are upper triangular (according to Balser et al. 1980, Prop. 3). In particular,

()Y (2) = Ti@Y{(2) = T () F{" () Di(z — ap)ie %O R;
= Flai (Z)(Z — al')A;eQ;(Z)Ri

is an upper triangular matrix. Hence, for the pair (E, V) consisting of a holomorphi-
cally trivial vector bundle E of rank p over C and a meromorphic connection V on
it, which corresponds to the system (1), one has a flag E! ¢ E> C --- C EP = E of
subbundles of ranks 1, 2, ..., p respectively that are stabilized by V (see Example 1).
The final part of the proof, estimates for the degree of each subbundle E/, j < p—1,
proceeds as for Lemma 2. Since E is stabilized by V, the initial system, in a neigh-
bourhood of each singular point a;, is transformed via a holomorphically invertible
gauge transformation into a system with a formal fundamental matrix of the form
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Al oy (0l 0
E(Z)Z(Egz):)(z—ai)( 0 A%)e( OZ Qiz(z))

such that f/\i] (z) = I?il (2)(z— a,~)Ail 21 @ is a formal fundamental matrix (6) of alocal
linear differential system of j equations that corresponds to the restriction V/ (near a;)
of the connection V to the subbundle E/ [existence of the block formal fundamental
matrix ?, is proved, for example, in Loday-Richaud (1994), Lemma II1.3.8]. There-
fore, the formal exponents X}, cee ):{ of this system (the eigenvalues of the diagonal
matrix Al.l) form a subset of the formal exponents of the initial system at a;; hence,
Redl > ———— I=1,...,].
np—1)

Thus, for the degree deg E/ one has

n n n n
deg E/ = Zresaidlndet zl = Zordal. det I/*:il + Ztr Al + Zresaidtr ol
i=1 i=1 i=1

i=1

Recall that det 1’*:1.1 (a;) #0and tr Ql.1 is a polynomial in 1/(z — a;); hence,

n .
deg E/ = ZtrA} = ZZRe):ﬁ > —ﬁ > —1.

i=1 i=11=1

This implies (as at the end of the proof of Lemma 2) that all deg £/ = 0 and that all
subbundles E! c --- ¢ EP~! C E are holomorphically trivial, which implies the
assertion of theorem. O

7.2 Other Types of Solvability

According to the behaviour of solutions of a linear differential system near its irregular
singular point, the system (1) with at least one irregular singular point is not solvable
by integrals and algebraic functions. For solvability by exponentials of integrals and
algebraic functions the following criterion holds.

Theorem 6 Under the assumptions of Theorem 5, the system (1) is solvable by expo-
nentials of integrals and algebraic functions* if and only if there exists a constant
matrix C € GL(p, C) such that the matrix C B(z)C~" is diagonal.

Proof The sufficiency of the condition follows immediately from the integration of
a system with a diagonal coefficient matrix. To prove the necessity, we note that
solvability by exponentials of integrals and algebraic functions implies solvability by
quadratures. Hence, by Theorem 5, the coefficient matrix B is reduced to a triangular

4 Under the assumptions of the theorem, this type of solvability is equivalent to solvability by exponentials
of integrals.
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form via a constant gauge transformation. Therefore, the differential Galois group
G of the system (1) is triangular, and we may apply Kolchin’s criterion from Sect.
2. According to this criterion, G is diagonal. Further we proceed as in the proof of
Theorem 5 with appropriate simplifications. Namely, since M C G is diagonal, the
Stokes matrices are trivial. Hence, the fundamental matrix Y (z) near each singular
point a@; has the form

Y(2) = Fi(2)(z — ai)iei®,

where the matrix F; (z) is holomorphically invertible at @;. The monodromy matrices of
Y are diagonal, the matrix Fi_l (z)Y (2) is also diagonal. Therefore, a holomorphically
trivial vector bundle E of rank p over C (with a meromorphic connection V on it),
which corresponds to the system (1), is a direct sum of line bundles stabilized by V
(see Example 1). From the bounds on the formal exponents, it follows again that each
of these line bundles is holomorphically trivial. Now a modification of Lemma 1, as
mentioned in the proof of Theorem 4, proves the reducibility of the system (1) to a
diagonal form via a constant gauge transformation. O

As we have mentioned before, a topological version of Galois theory proves that
if a Fuchsian system is non-solvable by quadratures, then it is strongly non-solvable.
For linear differential equations with irregular singular points this property fails. For
example, the equation

y”+zy=0

with one (irregular) singular point z = oo is non-solvable by quadratures (see Kaplan-
sky 1957, Ch. V), but its monodromy is trivial and all solutions are meromorphic in C.
Thus, the next natural question is to obtain some sufficient condition for strong non-
solvability of a linear differential system with irregular singular points (formulated in
terms of the coefficient matrix rather than monodromy group).

We conclude this subsection by discussing local solvability of a linear differential
system by quadratures near its singular point z = a. To define this type of solvability,
one naturally changes the base field C(z) of rational functions to the field M, of mero-
morphic germs at a and considers Liouvillian extensions of M. If a Picard—Vessiot
extension M, C F, corresponding to the system is contained in some Liouvillian
extension of M, then the system is said to be locally solvable by quadratures near the
singular point z = a. In analogy to the global case, local solvability by quadratures is
equivalent to solvability of the identity component Gg of the local differential Galois
group G, of the system.

If the singular point z = a is regular, then the system is always locally solvable
by quadratures near this point. This follows both from the form (4) of a fundamental
matrix

Y(2) = U@ —a) @z —a)k,

where U (z) is a holomorphic matrix at a, and from the fact that the local differential
Galois group in this case is the Zariski closure of the local monodromy group, which
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is cyclic, hence solvable. On the other hand, in the case of a non-resonant irregular
singular point the following criterion of local solvability by quadratures is obtained
along the proof of Theorem 5.

Theorem 7 A linear differential systemis locally solvable by quadratures near its non-
resonant irregular singular point if and only if the coefficient matrix is locally reduced
to an upper triangular form via a holomorphically invertible gauge transformation at
this point.

If alinear differential system has only one singular point (for example, the entries of
the coefficient matrix are polynomials), then its local differential Galois group at this
point coincides with the global one (see Mitschi 1996, Prop. 1.3). Hence, solvability
of such a system by quadratures is equivalent to its local solvability. Thus, we obtain
the following consequense of Theorem 7.

Corollary 1 Consider a linear differential system with a polynomial coefficient
matrix, whose irregular singular point 7 = oo is non-resonant. This system is solv-
able by quadratures if and only if its coefficient matrix is locally reduced to an upper
triangular form via a holomorphically invertible gauge transformation at infinity.
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