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Abstract
We consider the convolution operator

1 Z
=7 {m) *A-ctod —z)}

on the class of analytic functions f(z) = z + apz> 4+ ---, |z| < 1, in the complex
plane, where ¢ is complex, |{| < 1. For ¢ = 1, the operator becomes the derivative

f'(z), while for real { = ¢, 0 < g < 1 we obtain the Jackson’s g-derivative d, f (2).
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1 Introduction

Let H denote the class of analytic functions in the unit disc D = {z : |z| < 1} on the
complex plane C. We will use the following notations:

DN 7" @)
Jev(f;2) = 1:" @)’ (1.1)
Jsr(fi2) = fo(—iz))
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Let the function f € H be univalent in the unit disc D with the normalization
f(0) = 0. Then f maps ID onto a starlike domain with respect to wg = 0 if and only
if

Re{JsT(f;2)} >0 forall z € D. (1.2)
Such function f is said to be starlike in D with respect to wy = O (or briefly starlike).
Recall that a set E C C is said to be starlike with respect to a point wo € E if and only
if the linear segment joining wy to every other point w € E lies entirely in E, while a
set E is said to be convex if and only if it is starlike with respect to each of its points,
that is, if and only if the linear segment joining any two points of E lies entirely in E.
A function f maps ID onto a convex domain E if and only if

Re{Jcv(f;2)} >0 forallzeD (1.3)

and then f is said to be convex in D (or briefly convex). It is well known that if an
analytic function f satisfies (1.2) and f(0) = 0, f/(0) # 0, then f is univalent and
starlike in D. Let .4 denote the subclass of H consisting of functions normalized by
f(0) =0, f/(0) = 1. The set of all functions f € A that are starlike univalent in D
will be denoted by S*. The set of all functions f € A that are convex univalent in I
by K. It is known that for f € A, condition (1.3) is sufficient for starlikeness of f.
Also the condition
lUev(f;)—11<2, zeD,

is sufficient for starlikeness of f. In this paper we shall consider certain sufficient
conditions for starlikeness of order 1/2. The class S*(«) of starlike functions of order
a < 1 may be defined as

S* () ={f e A: RelJs7(f;2)} >a, z€D}.
The class S*(«) and the class K(«) of convex functions of order o < 1

K@):={feA: Re{Jev(f;2)} > «a, z € D}
={feb: zf € S;},

were introduced by Robertson in [10]. It is known the old Strohhécker result [16] that
K(0) C S*(a) € §*(0). Furthermore, note that if f € () then f € S*(§()), see
[17], where
12«
S for o % 1/2,
8(&) — 22—120172 75 / (14)

Wgz for o = 1/2
Robertson [11] proved thatif f € A with f(z)/z # Oandifthereexistsak,0 < k < 2,
such that

[Jev(fi2) =1 <klJst(f;2)], ze€D,

then f(z) € S*(2/(2+k)).In[8], it was proved that for f € Awith f(z) f'(z)/z # 0,
if
[ev(fi Dl < V21sr(fi) + 1], z€D,
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then f(z) € S*. Several more complicated sufficient conditions for starlikeness and
for convexity are collected in the book [7], Chap. 5. Recall also, that if f € A satisfies

!/
iRe{Z.f(Z)}>O,zeID) (1.5)
e'“g(2)
for some g € §* and some o € (—7/2, w/2), then f is said to be close-to-convex in
D and denoted by f € C. An univalent function f € A belongs to C if and only if the
complement E of the image-region F = {f(z) : |z| < 1} is the union of rays that are
disjoint (except that the origin of one ray may lie on another one of the rays).
On the other hand, if f € A satisfies

2f'(2)
m?{w}>o,Z€D (16)

for some g € S* and some 8 € [0, 1], then f is said to be a Bazilevi¢ function of type
B and denoted by f € B(B).
Jackson in [5,6] introduced and studied the g-derivative, 0 < g < 1, as

4 =T =T@ Ly (1.7)
(g — 1Dz
and d, f(0) = f'(0). Then
1 o0
d; f(2) = Z {Z + Z["]qanzn} ) (1.8)
n=2
where | .
)y = —0 n=2.3....

l—gq

Making use of g-derivative, Argawal and Sahoo in [1] introduced the class S (). A
function f € A is said to belong to the class Sj (@),0 <a < 1,if

quf(z)_l—ocq El—a’ LD (1.9)

@) l—gq l—¢q
If ¢ — 17, the class S;‘(a) reduces to the class S*(«). If o« = 0, the class S;(oe)
coincides with the class S; 0) = S,}", which was first introduced by Ismail et al. in [3]
and was considered in [2,9,12,14].

Let H denote the class of analytic functions in the open unitdisc D = {z : |z]| < 1}
on the complex plane C. Also, let .4 denote the subclass of 7 comprising of functions
f normalized by f(0) = 0, f'(0) = 1, and let S C A denote the class of functions
which are univalent in ID.
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2 g-derivative operator on convex functions

Theorem 2.1 If f is in the class K of convex univalent functions, then for all q,
0 <g <1, we have

zdg f(2) =z + Z[n]qanz", z €D, 2.1)
n=2

. «( 1—g . . : =g
is in the class S (—2(1+q)> of starlike univalent functions of order 5"

Proof 1t is easy to check that for each g € C, |¢| < 1, ¢ # 1, the function

b R Bt il—q”z” i[]z” D 22)
= (0] = —_—= —, s .
9% 1—gq gl—z l—g n nqn ¢

n=1 n=1

is convex univalent in D, see also [4, Th.17,p.170]. Hence,

2hy(2) = m Z[n]qz , zeD, 23)

is starlike univalent in ID. With a little more effort, we can find that zh’q (z) is starlike

of order 5~—=~. On the other hand, we have that

2(1+q)
- n - n o __ 2
quf(Z) = {Z + nX:;anZ } * ;[ﬂ]qz = f(2) * m, 2.4)

where * denotes the Hadamard product, or convolution, of power series. Hence,
zdg f(z) is a convolution of f(z) with a starlike function of order 2(11;+(Z)‘ Because

of the famous result [13] that IC % S* () = S*(«), we finally obtain that the function

in (2.1) is in the class S* (2(1—H)> O

The known Alexander theorem says that
fek = zf' eS*
Therefore, Theorem 2.1 is an equivalent of Alexander theorem
fekK = Yo<g<l1: zd;f(z) eS™

It is known that
VieS*3geK: f(2)=28@).
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A question is: Is it true that
VfeS*3geKI0<qg<1: f(z)=2zdsg(x) ?

In terms of the convolution, this problem we may write as: exists thereag,0 < g < 1,
that for given f(z) = z + azz> + - -- € S*, we have

z+2@z ek ? (2.5)

The answer on the question (2.5) is: no. Namely, for the starlike function

Z

)
m:Z"i‘ZnZn, zeD,

n=2
a, = n and the function in (2.5) becomes

o0

z~|—ZLZ",

n=2 [n]q

which is not in the class K because it has the coefficients n/[n], greater than 1,
otherwise than in K.

Because the Koebe function f(z) = z/(1 — 2)? € C, we have for the class of
close-to-convex functions C, (1.5), that

VfeCldgeKI0<g<1: f(z)=2d;8(2)

is also false. The above facts we can write S* ¢ zd, (K),C ¢ zd,(K), or equivalently
B0) ¢ zd, (K), B(1) ¢ zd,(K). A question for B(8) is: What about 8 € (0, 1)? So
we have the following problem.

Open Problem. There exists a 8, 8 € (0, 1), such that

VifeB(B)IgeKI0<qg<1: [f(z)=2zdyg(),

where B(p) is the class of Bazilevi¢ functions of type S.

3 {-derivative operator

It is easy to check that if ¢ — 17 the function zh; (2) (2.3) becomes the well-known
Koebe function

h)(z) = —z+an , D. 3.1

(1-2)?
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For each f € A, we can express its derivative in terms of the Koebe function as

f/()—l{f()*[h/()]}—l{f()* : } (3.2)
D=1/ @ *lzh@I) = - Z a2 .

It is a natural to consider a generalization of (3.2) for¢ € C, |¢]| < 1:

(3.3)

1 1
1= i) = e i)

For ¢ = 1, we have the derivative f’, while for { = ¢, 0 < g < 1 we obtain the
Jackson’s g-derivative of f, namely d, f, which is defined in (1.7). Therefore, for

[e¢)
f@Q=z+4) @, a=1,z€D,

n=2
we have
def@ =) ree — 7= }
SEEIUY T a0 -0
_l S n - l_é‘nn
= ;anz *};1_§z}
1 N
_Z Z+,§21_§anz}
l o0
= - Nia 3.4
- Z+r§[n]§az} 34
where . 0
e = =

For these reasons, we can look on g-derivative d, f as a special case of the convolution
operator (3.4).

Corollary 3.1 If f isinthe class IC of convex univalent functions, then forall ¢, |¢| < 1,
we have
o
2 f() =2+ ) [nleas", zeD, (3.5)
n=2
is in the class S8* of starlike univalent functions.

Proof The proof runs in the same way as the proof of Theorem 2.1, because the

function .

(1-¢2)(1—-2)

is starlike for all complex ¢, |¢| < 1. O

thy(z) =
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Theorem 3.2 If f isinthe class IC of convex univalent functions, then forall ¢, || < 1,

we have i
1 df2) 1+¢
mt{l—gzdgf(é-z)}>me{m}, zeD, 3.6)
or
2
e : 2 1d€f(2) >9‘ie{1+—§2}, z e D. 3.7
=0 = % de f D) 2(1—2¢2)

Proof Itis known [13], [15, p.10], thatif f € /C, then for all z, v, and w € D, we have

m% vmwf@-fw) v }>3 (3.8)
z—vz—w f(v)— f(w) z-—v 2
If we put w = ¢z and v = ¢z in (3.8), then we obtain
{ : -0z f) - fQ2) {’z } 1
e — > —.
=02 z—¢z f(CP)— fC2) z—10%z 2
Trivial calculations give
- { 1 -tz f@Q-fG) } 1
¢ - > =
1 -2 f(¢%2) — f(ta)  z—4¢z 1—-¢2] 7 2
or 5
S)%e{ 1 defl@ ¢ }>1‘
1-¢2defG) 1-42 2
This establishes (3.6) and (3.7). m]

Corollary 3.3 If f is in the class K of convex univalent functions, then for all g,
0 <g < 1, we have

zeD

d, f(2) 1442
5’%{quz)} S

or

2
Re ldqf(Z) > 114 , z€D.
1=gz *dg f(2) 2

Theorem 3.4 [f f is in the class KC of convex univalent functions, thenforall ¢, |¢| < 1,

we have 5 5
¢ d;f(CZ)} { 1+¢
4 {1—42 TSN R PTrer

},ZED, (3.9)

or

1
? rardf@ 142
9{2{1_{2 d;-f(z) <§R2{2(TC2)}, z € D. (310)
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Proof From (3.8), we have that for f € IC, for all ¢, v, and w € D, we have

z v—w f(@)— f(w) v 1
%e{t—vt—wf(v)—f(w)_t—v}>§' G-11)
Ifweputv=z,w=¢zandt = ;‘2Z in (3.11), then we obtain
m{ t’z z—¢z [P — f(C2) z } 1
e - > —.
?2z2—z28%2-tz f(—f) Pz—z) 2
After some calculations, we obtain
i)‘i{ 2 fP) - fn  z-¢z 1 } 1
¢ — > —
2—-1 ¢2z—-tz  fl-fCn ¢*-1)" 2
or
e{ 2 defGz) 1 }>1
2-1def(m) ¢2-1f" 2
This proves (3.9) and (3.10). O

Corollary 3.5 If f is in the class K of convex univalent functions, then for all q,
0 <gqg < 1, we have

, zeD,

me{dqf(qz)} - 1+q2
dg f(2) 2¢?
or

z € D.

1
1=z *dq f(2) 1+ ¢>
me{ 4,f@ | " 247

Corollary 3.3 and Corollary 3.5 may be applied to obtain a bound for the modulus.

Corollary 3.6 If f(z) is in the class K of convex univalent functions, then for all q,
0 < g < 1, we have

dq f@
d, f(gz)

>q, z€D

4 (-starlike functions of order @

Definition Let f be in A. For given ¢, |¢| < 1, we say that f is in the class S*(¢, «)
of ¢-starlike functions of order o, o € [0, 1) if

Re {Zd;{z()z) } >a, ze€D, “4.1)

where the operator d; f is defined in (3.3).
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Remark For ¢ = 1, condition (4.1) becomes

z2f'(2)
R
¢ { @

} >a, z€D, 4.2)

and the class S*(1, o) becomes the well-known class of starlike functions of order «.
For ¢ # 1, condition (4.1) becomes

iRe{f(s“Z)—f(z) z

-1z 7O } >a, zeD. 4.3)

Theorem 4.1 If f is in the class K of convex univalent functions, then f(z) €
S*(¢, 1/2) for each || < 1.

Proof For ¢ = 1, Theorem 4.1 becomes the known fact that each convex function is
starlike of order 1/2. Now, let ¢ # 1. If we put in (3.8) v = 0, next write z = ¢z, and
then, w = z; then, we obtain

R { —Z f(g“z)—f(z)} 1
¢ > —.
tz—z  —f(@) 2

From (4.3), we obtain that f € S*(¢, 1/2) for each [¢] < 1. O

Theorem 4.2 If f is in the class K of convex univalent functions, then

im{l flm)  11+¢

- = 0, D, 44
(=24, /) 21—;}2 “ @
foreach |¢]| < 1.

Proof For v = ¢z, the condition (3.8) becomes

ER{ I {—w f@)— fw) ¢ } 1
¢ — > —
I=C¢z—w fO)—fw) 1-¢

5
For w — z, this gives

1 ¢—-z  f ¢ 1
m - )
e{l—c 7O —/@ 1—5}22

and finally we get (4.4). O

Corollary 4.3 If f is in the class KC of convex univalent functions, then

me{ £/ }> 1+q

L@~ 2 , z€D, 4.5)

foreach0 < g < 1.
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It is a natural question whether

<
Se(2)i=zh(3) = —""—— 4.6
¢ (2) (@) d—c0 -2 (4.6)
is in the class of ¢-starlike functions S*(¢, ) defined in (4.1), for some «.
We answer this question in the following theorem.

Theorem 4.4 If |¢| < 1, then the function (4.6) is in the class ¢-starlike functions
S*(¢, a), where
14 gPRefg) — 1 + ¢
1 —¢]
Proof From (3.3), the function (4.6) is in the class ¢ -starlike functions S*(¢, «) if and
only if

Re{F(,2)} >0 zeD,

where
S¢(2) * S (2)

D.
S¢(2) ©

F(,2) =
We have

S¢(2) * S (2)
S (2)

[ Y O S | o (L _ _1
1-¢ \I—z 1-¢z 1-¢ \1—z 1-¢z
S¢(2)

1 1 2 1
(1-7)? (E T T 1—&)

S (@)

1 Z(1=02+¢(1-9)%z)
_ (=0T A—9)(1-¢2)(1-¢%)

B S¢(2)
1+¢z
1-2¢27

F(,2) =

An elementary calculation shows that the function F (¢, z) = lljfzzz maps the unit disc
14+¢¢2 lg+¢2]
i+ 50

iz and a radius r =

D on a circle with a centre s =

2 _ 2
%e{ 1+§Z}>9%€{S}—r: L[] 9?£§|2|4|§+§ |

for all |z| < 1. Thus for all ¢, |¢]| < 1, we have

Re{F(,z2)} > ay, zeD.



On convolution and g-calculus 359

Corollary 4.5 If |¢| < 1, then the function (4.6) is in the class ¢-starlike functions
S*(¢,0).

Corollary 4.6 For real {, 0 < ¢ < 1, the function (4.6) is in the class ¢-starlike

. 1—
functions §* (g, 1+{§2 )

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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