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Abstract

We present some results about the irreducible representations appearing in the exterior alge-
bra Ag, where g is a simple Lie algebra over C. For Lie algebras of type B, C or D we
prove that certain irreducible representations, associated to weights characterized in a com-
binatorial way, appear as irreducible components of Ag. Moreover, we propose an analogue
of a conjecture of Kostant, about irreducibles appearing in the exterior algebra of the little
adjoint representation. Finally, we give some closed expressions, in type B, C and D, for
generalized exponents of small representations that are fundamental representations and we
propose a generalization of some results of De Concini, Moseneder Frajria, Procesi and Papi
about the module of special covariants of adjoint and little adjoint type.

Keywords Simple Lie algebras - Kostant conjecture - Exterior algebra - Small
representations - Generalized exponents

1 Introduction

Let g be a simple Lie algebra over C of rank rk g. Fix a Cartan subalgebra h and let ® be the
associated root system with Weyl group W. We choose a set of positive roots ®* and let A
be the associated simple system. Let p be the corresponding Weyl vector and 6 the highest
root with respect to the standard partial order < on ® . If g is not simply laced, 6; is the short
dominant root. We denote by IT and ITT the set of weights and the set of dominant weights
respectively, moreover we denote by w; the i-th fundamental weight. Throughout the paper,
V;, will be the irreducible finite dimensional representation of g of highest weight A € TT™
and we denote by V)\0 the corresponding W-representation on the zero weight space of Vj.
Finally, e; < --- < e, will be the exponents of g.

The adjoint action of g on itself induces an action of g on S(g) and Ag, the symmetric
and exterior algebras over g respectively, preserving the natural gradings. Two celebrated
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results give an explicit description of the ring of invariants in S(g) and Ag with respect to
this action.

Theorem (Chevalley, Shephard and Todd) Let g be a complex semisimple Lie algebra of rank
n and Y a fixed Cartan subalgebra. Up to identify g with g* and b with b* via Killing form,
the restriction of polynomial functions induces an algebra isomorphism between the rigs of
invariants

S ~ SH”.

In particular, S(9)® is a polynomial algebra with generators of degrees ey + 1, ..., e, + 1.

Theorem (Hopf, Koszul and Samelson) Let g be a complex semisimple Lie algebra of rank
n. Then

(Ag)g = A(P], ey Pn)v
where the degree of a generator P; of the algebra of the invariants is equal to 2e; — 1.
If M = ®M,; is a graded g-module, we denote by

P(Vy, M.t) = dimHomg(Vy, M;)t'

L

the generating function for graded multiplicities of the irreducible representation V) in M.
As an immediate consequence of the above theorems, it is possible to obtain the following
formulae that encode the graded structure of rings of invariants:

P(Vo. Ag.t)y =[Ja+74%h, PV, S@.0) =[] —rtH~".

i=1 i=1

Aiming to generalize the above results, some questions about irreducile representations in
S(g) and Ag naturally arise:

Q1: Is it possible to determine the irreducible representations appearing in S(g) and in Ag?

Q2: If V, is a subrepresentation of S(g) or of Ag, is it possible to determine the degrees in
which V) appears?

03: Denoting by Alg (resp. S?(g)) the submodule of homogeneous elements of degree i in Ag
(resp. S(g)), is it possible to determine the multiplicity of V; in Al g (resp. Si (9))?

These questions inspired a great amount of claims and conjectures; many of them are still
open or have only implicit answers.

For what concerns the irreducibles appearing in the symmetric algebra, the problem was
extensively studied by Kostant in [27]. More precisely, Kostant proved the isomorphism

S = S@?®H,

where H is the ring of g-harmonic polynomials, i.e. the ring of polynomials over g annihilated
by g-invariant differential operators of positive degreee with constant coefficients. Studying
the graded multiplicities of V} in S(g) can be then reduced to determining the multiplicity of
V. in each homogeneous component ' of . Kostant proved that the multiplicity of V; in 1
equals the dimension of V)? and that the degrees i such that V; appears in ' are related to the
eigenvalues of the action of the Coxeter-Killing transformation on the W-representation V)f) .
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On the spectrum of exterior algebra, and generalized. . .

These integers are called the Generalized Exponents associated to V, and are extensively
studied in the literature because of their nice combinatorial properties. We summarize some
remarkable results about generalized exponents in Sect. 4.

On the other hand, despite its finite dimensionality, determining the irreducible compo-
nents appearing in Ag seems to be quite difficult. A complete description of irreducible
representations in the exterior algebra is known only in type A, by some general arguments
due to Berenstein and Zelevinsky, and for exceptional algebras of type F4 and G2, by direct
computations. For other cases an open conjecture has been formulated by Kostant, describ-
ing the V), appearing in Ag as the irreducibles indexed by A smaller or equal to 2p in the
dominance order on weights, i.e. the ordering defined by the relation & < X if and only if
A — p is a sum of positive roots. To introduce the reader to this fascinating subject and to
provide a framework for the new results contained in this article, we present in Sect. 2 a brief
survey of some known results on this topic.

The remaining part of the paper is devoted to present our results.

In Sect.3 we recall some results of Berenstein and Zelevinsky about multiplicities in
tensor product decomposition. These techniques are used in [4] to prove Kostant Conjecture
in type A. We use these tools to prove that large families of irreducible representations appear
as irreducible representations in Ag, for g of type B, C and D. More precisely we introduce
the Coordinatewise Ordering (Definition 3.3) on the set of dominant weights, prescribing
that w is coordinatewise smaller than A (for short i < 1) if certain combinatorial conditions
are satisfied. We use this ordering to describe a suitable subset of the set of dominant weights
smaller than 2p in the dominance order. We prove that irreducible representations associated
to weights in this subset appear in A g. The main result of the section is the following theorem:

Theorem Let g be a simple Lie algebra over C of type B, C or D and let ). be a dominant
weight for g. If .. < 2p and . < 2p, then V), appears as irreducible component in Ag.

Section 5 is devoted to compute explicit formulae for polynomials of generalized exponents,
using the techniques summarized in Sect.4. In particular, denoting by E, () the generating
polynomial of generalized exponents associated to V,, i.e. the Poincare polynomial of graded
multiplicities of V; into H, in Sect.5 we observe that the following formula can be obtained
in type C,, as a consequence of results contained in [16]

t“(n——Zk%—le(n)
t27

Eoy (1) =
o (1) m—k+1, \k

where (n); denotes the f-analogue of n and (Z) , is the ¢-binomial. Moreover, denoting by |a]

the integer part of a, we prove that the following formulae hold in type B,

Eo@) =1*(") |
k).
n—k [T
Ew2k+1 (1) =t (k),z’

_|n n
Ena, (1) = 1" LZJ(L’H) ’
24/ 2

B k(t”_Zk +1) <n>
Eauk(t) =1 ™+ 1) k t2,

and in type D,
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e+ 1)/ n
Eo, 1+o = TN s
i+, (1) "+ 1) (erlJ)tz

n

12 n
E2wn,1 (t) = E2w,, (t) = (n) s
5/,

@+ 1\2

where the formula for E,,, 44, (t) holds for n odd and the formulae for E»,, () and
E>4, (t) must be considered only if n is even. Finally, some open question and conjectures
are proposed at the end of Sects. 3 and 5.

2 Irreducible representations in the exterior algebra

As mentioned in the introduction, an uniform description of irreducible representations
appearing in the exterior algebra A g, with g a simple Lie algebra over C, has been proposed
by Kostant:

Conjecture 2.1 (Kostant, c.f.r. [5], Introduction) The representation V, appears in the
decomposition of Ag if and only if . < 2p in the dominance order.

Currently a proof of this conjecture is known only in type A, by the combinatorial con-
struction given in [5], and in the exceptional cases G, and Fy by explicit computations, as
reported in [12]. Moreover, we mention that in [12] the authors exhibit a possible uniform
proof of the Kostant Conjecture for algebras of types ADE, assuming that 1 is a saturation
factor for any simply laced algebra. It is not clear if similar techniques could be used to
prove the Conjecture in the remaining cases. Moreover, a priori it should be possible to
verify Kostant Conjecture in type E by direct computations, but it seems to be an unfruitful
approach. Nevertheless, a uniform proof of Conjecture 2.1 is desirable, but a concrete strategy
is far to be clear. In addition to that, if V) appears in Ag studying its graded multiplicities
seems to be also very complex. We collect here some partial related results. Firstly, a uniform
bound for multiplicity of Vj is known.

Theorem 2.1 (Reeder, [36], Sect. 4)
dim Homg(V, Ag) < 2™¢dim V. Q2.1
Moreover, Reeder investigated when the equality holds.

Definition 2.2 (c.f.r [36], Definition 2.2) An irreducible representation V,,_ is small if A is in
the root lattice and if 2« jé A for every dominant root «.

Theorem 2.2 (Reeder, [36], Sect. 4) Equality in Formula (2.1) holds if and only if V), is small.

Observe in particular that the adjoint and the little adjoint representations are special cases
of small representations. Some explicit formulae for polynomials of graded multiplicities are
proved by Bazlov.

Theorem 2.3 (Bazlov, [3], Sect. 5.2) The following formula for graded multiplicities of
adjoint representation in Ag holds:

n—1

n
P Ag.q) =1+ H][]@ ™+ q*.
i=1 i=1
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On the spectrum of exterior algebra, and generalized. . .

Moreover, for certain weights close to 2p, an explicit formula can be found in [36].

Theorem 2.4 (Reeder, [36], Proposition 6.3) Let I € A. Consider §; = Zae ; @ and denote
by c(I) the number of connected component of the Dynkin subdiagram generated by 1. Then

P(Vap_s,, Ag, 1) = 1@ 1= o 1yn=eD 2 L ylli=e 3 4 qyed),

Similarly, closed formulae can be obtained for small representations as a consequence of a
conjecture formulated by Reeder in [36] and proved in [16] and [17]. This conjecture was
inspired by two remarkable results:

Theorem 2.3 (Broer [10], Theorem 1) The homomorphism induced by the Chevalley
restriction theorem

Homg (Vs S(g)) — Homy (V. S(h))

is a graded isomorphism of S(g)® ~ S(§)Y -modules if and only if V;, is small.

Theorem 2.4 (Chevalley, Eilenberg [11], Reeder [35]) Let G be a compact Lie group, T C G
a maximal torus and W its Weyl group. Let g be the complexified Lie algebra of G and b
the Cartan subalgebra of g associated to T. The Weyl map W : G/T x T — G induces in
cohomology the following graded isomorphism:

(Ag)® =~ H*(G) =~ (H*(G/T) ® H*(T))" =~ (Hp ® Ap)" .

where H 2y denotes the graded ring of W-harmonic polynomials over ), with a grading
obtained by doubling the natural one.

Theorems 2.3 and 2.4 suggest that graded multiplicities of a small representation V; in A g are
linked to multiplicities of the W-representation V)\0 in the bigraded ring Ah ® H(2). Reeder
conjectured that, if V), be a small representation, the following equality holds:

dim Homg(Vy, A'g) = Y dimHomyw (V,), H{5) @ A¥D) (2.2)
k+h=i

Small representations for algebras of type A, are of the form V) where A is a partition of n.
Reeder’s conjecture is implicitly proved in literature for algebras of type A by comparing the
results contained in [25] and [32] with the following formula proved by Stembridge:

Theorem 2.5 (Stembridge, [40], Corollary 6.2) Let A be a partition of n and T the associated
Young tableaux, displayed in the English way.

le'lzl(l - qzi) (q2j—2 + qu—])
(1+q) (1 — g2hiD)

P(Vy, Ag.q) =
(ij)er

where h(ij) denotes the hook length of the box (ij) € T'.

For other simple Lie algebras the conjecture is proved in [16] and [17] using a case
by case strategy. The problem of finding a uniform approach to prove Eq. (2.2) for small
representations is still open and very interesting. In this spirit, an enhanced version of Reeder’s
conjecture has been recently proposed in [14], Sect. 7.

Finally, we remark that the module of special coinvariants Homg (g, Ag) has a richer
geometric structure, as proved in [15]:
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Theorem 2.6 (De Concini, Papi, Procesi, [15], Theorem 1.1) The module Homg4(g, Ag) is
a finitely generated free module over A(Py, ..., P,_1) with generators in degree 2e; and
2(3,‘ — 1.

An analogous result it is proved in [13], when g is not simply laced, for the module
Homyg (Vy,, Ag). An extension of these theorems to certain small representations is proposed
in Sect. 5.6.

3 Berenstein and Zelevinsky polytopes

The more efficient way to approach the Kostant Conjecture seems to be by facing the problem
using tensor product decomposition techniques. In fact, using the Weyl Character Formula,
in [26] Kostant proved the following isomorphism:
®2rk g
Ag~(V,®V,)
Kostant’s Conjecture can be consequently reformulated in the following terms (c.f.r. [12],
Remark 4):

Conjecture 3.1 (Kostant) The representation V), appears in the decomposition of V, ® V, if
and only if . < 2p in the dominance order.

The conjecture in type A is proved by Berenstein and Zelevinsky in [5] as a consequence of
a more general combinatorial construction, used to find the tensor product decomposition of
two irreducible finite dimensional representations of gl,, (C). More in detail, they prove that for
any triple of dominant weights (A, u, v), the irreducible representation V), is a component of
V,.®V,, if and only if there exists an integral point in a suitable polytope P (A, 1, v) depending
on the expansion of A and u in terms of the fundamental weights. As an application of their
results, Berenstein and Zelevinsky prove that for every . < 2p the polytopes of the form
P(p, p, ) have at least one integral point. Moreover in [4] it is conjectured that a similar
description of tensor multiplicities in terms of integral points of certain polytopes holds for
every classical Lie algebra. The statement of the conjecture is recalled in Sect. 3.2, it is proved
by Berenstein and Zelevinsky as a consequence of results contained in [6].

3.1 Orderings on dominant weights

We recall now how roots systems of type B, C, and D,, can be realized in an n-dimensional

euclidean vector space [E with basis {ey, ..., &,}. We follow the constructions exposed in [9]
and [18].
Root System of Type B,,:
O ={fe xejlic; UlLer, ..., Le,),
A ={ey—e, ..., En—1—&n, &nlh
O ={e tejlicjUler, ..., en) W=S,x (Z/2Z)",
81 + N + Sn
W =Eto e o=,
o = Cn—1De1+2n—3)ex+---+3e4-1+ 6
= 5 .
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Root System of Type Cp:

b = {£¢ :i:€j}i<j U {£2eq, ..., E2¢e,},
A ={e1—€2, ..., &n—1 — &n, 264},
O ={e tejlicjUl2er, ..., 28,0 W=S,x(Z2Z)",

W =& +---+¢&,
p =ner+m—1Dex+---+2e-1 +én.

Root System of Type D,,:

Q ={xe tejlic; A={e1—€ ..., En1 — &, En—1 + En,
DT ={e Lejlici W=S,x(Z22)"",

gl +--—¢& &+---+e¢
wj =1+ +¢& wn_1=% w":%’

p=m—Der+n—2e+- - +é&u-1.

The set of dominant weights is partially ordered by the dominance order, i.e. A > pif A — u
is a sum of positive roots. Moreover, every dominant weight A can be written as a sum
AEL+ ... 8, Where A; € %Z for all i. The condition A > u in the dominance order can
be restated as follows:

Remark 3.2 Let\h = g1+ -+ Apepand p = 181+ - -+ Wy &, be two dominant weights
for a simple Lie algebra of type B,, C,, or D,,. Then A > p if and only if the following
conditions hold:

(1) Y% (v — i) = 0forall 1 <k < n, intype B;
2) Zle(ki — i) >0forall 1 <k <nand er‘l:l(}‘i — ji) is an even integer, in type C
and D.

We introduce now a different ordering on the set of weight.

Definition 3.3 (Coordinatewise order on weights) Let A = Aje; + --- + Ape, and u =
ni1e1 + - - -+ uy e, be two dominant weights for a simple Lie algebra g of type B,,,C,, or D,,.
We say that p is smaller than A with respect to the relation < if and only if A; — u; > 0 and
[Ai] > |ui| for all i. In this case we write © < A and we say that u is smaller than A with
respect to the coordinatewise order.

Remark 3.4 Observe that the coordinatewise ordering is different from the dominance order-
ing. As an example, in type C the weight w» is the only non zero dominant weight smaller
than 2w with respect to the dominance order, but w, % 2w;. On the other side in type C we
have that w; < w», although w; is a minimal element between non zero dominant weights

with respect to dominance order.
The next two sections are devoted to prove the following theorem:

Theorem 3.1 Let g be a simple Lie algebra over C of type B, C or D and let ) be a dominant
weight for g. If A < 2p and A < 2p, then V, appears as irreducible component in Ag.
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Example 3.5 In this example we compare the set of weights considered in the assert of
Theorem 3.1 with the ones appearing in Theorems 2.1 and 2.4. In particular we focus on the
case of simple Lie algebra Cs. In type C3 there are 35 dominant weights smaller or equal to
2p with respect to dominance order. Between these weights, there are 30 dominant weights
w such that u < 2p. All small weights appear in this set, but they are considerably fewer
(more precisely, in type C3 there are 4 small weights, c.f.r. Table 4). Moreover, in type C3
there are 7 dominant weights of the form 2p — §; with I C A. Between them only 4 weights
are not smaller than 2p with respect to the coordinatewise order.

3.2 g-partitions and Berenstein-Zelevinsky polytopes

Let m be a weight in the root lattice for the Lie algebra s02,41C, it can be described by a
vector of non negative integers

(m12, m1+27 cees Mp—1n, m;,L_lnv My, ..., My)

such that
m = Zmij(ai — Sj) + Zm;(sl + Sj) + Zmi&‘,‘.

i<j i<j i
We say that the sequence of integers (mu,mf},...,mn_ln,m;m,ml,...,mn) is an
502,+1-partition for m. We say that an so0y,4 partition is an sop,-partition (resp. sp,,,-
partition) if m; = O (resp. m; is even) for every i. The inequalities that determine the
Berenstein-Zelevinsky polytope for a general tensor product V) ® V), are described in [4]
in terms of the variables m 1, mTz, e My_1n, mliln and my, ..., m,. We recall here their
description as presented in [4].

Consider theset / = {0, 1,...,n,1,...,n},orderedby0 <1 <1 < --- <n < n,and

set

+ . .
My = Mit]j+] if j <n,

11 = ;7 _.‘_. TT = 7 5 LT = T, =
Al]_ml] m;;, Alj Al+lj+17 A;] Az] {mi_miJrl ifi =n.

where m; ;, mj' must be considered only if i < j. Now, if j < n and ¢t € I, we consider
the linear forms (c.f.r. [4], Formulae (2.4)):

3;(31) = =D d=s=r Dsjs
A = A5 + s A G-D
/ij (m) = N—Jn + 2 izszn Djis

Otherwise, if j = n, consider

Zim)y =2\ Y. Apu |+ D Apu|  NP'm)=m, (TypeB), (3.2)
I<p<t O<p=t
1
Zimy=— | Y Apu |+ 5 D Apa | [N em) =ma/2 (Type ©),(3.3)
I<p=<t 0<p<t
Lim)y =2 _(m)  NP'm)=m}_,, (TypeD), (3.4)
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Table 1 Indices contribution

Type B and C Type D
f/’ l<j<n 0<t<j l<j<n—-1,0<t<j
/:n,(_)§t<n—l
J/j”‘) l<j<n—1,j<t<n l<j<n-2j<t<n-1
Jyj”l l<j<n—1,j<t<n l<j<n-2j<t=n,
j=t=n j=t=n,j=n—-1,t=n

where .,2””\"’_1 (m) is the image of .,2”,{_1 (m) under the involution

. mi; ifj<n ~ _m; ifj<n
Wll,J—{m;,rj lfj:n mi,j_ mi 1f]=n
Let us denote with ¢} " the generalized Littlewood Richardson coefficient associated to the
triple of dominant weights (A, i, v), i.e. the multiplicity of V,, in V3 ® V,,. The following
theorem, crucial for our results, was conjectured in [4] and proved in [6]

Theorem 3.6 (Berestein, Zelevinsky, [4], Sect. 2) Let A = ajw; + -+ + aphy, and p =
biwy + -+ + byw, be dominant weights. The irreducible components of V) ® V,, are in
bijection with integral points of the polytope defined by the inequalities

.,f; faj f/‘_//'LO < bj r/kiz,l < ij
where the indices considered are displayed in the Table 1.
Each integral point in the polytope corresponds to a g partition. We are going to call these

g partitions admissible for the pair (1, ;). We say that a g partition (m12, mfz, e, Mmy) s
associated to a weight v if

V= Zm[j(ei - Sj) + Zm:(s, + Ej) + Zm;e,-
i<j i<j i

As a corollary of the Theorem 3.6, Berenstein and Zelevinsky prove that:

Theorem 3.7 (Berestein, Zelevinsky, [4], Sect. 2) The coefficient c; " is equal to the number
of g-partitions admissible for the pair (A, i) and associated to A + p — v.

We want to use the previous results to obtain informations about the decomposition into
irreducibles of V,, ® V,. In particular, studying the irreducible components which appear in
V, ® V, is consequently equivalent to describe the integral points in the polytope defined by

Zimy <1, A4 0m), A m) <1,

for ¢, j that range as in Table 1. From now on this section, by abuse of notation, we say
that a g partition is admissible if it is admissible for the pair (p, p). Our aim is to construct
explicitly an admissible g-partition associated to each weight 2 < 2p such that A < 2p.
Firstly, we rearrange the equations defining the Berenstein and Zelevinsky polytopes in a
more explicit form. Set M (i, j) = m;; — m?j, N@) =m; —mjy1, R(i, j) = mfrj — m;l’j
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and S(i, j) =mijt1 —miq1 j4+1 +mi’;Jrl _mi++1j+1 forje{l,...,n}and 1 <i < j, then
the linear forms in Formula (3.1) can be expressed as:

t—1

Lim) =Y (M@, j+1) =M@, j)) = M(t, j)+m i1,
i=1

t
Lim) =Y (MG, j+ 1) = MG, ) +miy1js1,
i=1
t—1
AOm)y =mf + Y RGj+ D)+ = miii),
j=i+1

t
NOm) =mf + Y RG.j+ D),

j=i+l
n—1
A0y =mf + > RG.j+ 1D+ NGO,
j=i+1
t—1 n—1
N my =mf  + NO+MG. 0+ Y RG.j+D+Y SG.j+1),
Jj=i+1 j=t

t—1 n—1
AN m) =ml  + NGO+ Y RGj+D+ Y SGj+ D).
j=i+1 j=t

If j = n, the Egs. (3.2), (3.3) and (3.4) can be rearranged in the following way:

t t
Lim) = =2 MG, n)+m,  Zim)=-2Y M. n)+my (TypeB),

i=1 i=1

t t
Lim) == "M@, n)+m1/2  ZLim)=-Y MG, n)+m/2 (TypeC),
i=1 i=1
t—1 t t

Lhmy==3 MG 0) =Y MG, n=VD+mf,  Lim)==3" (MG, n)+ MG, n—1D)+mS (TypeD).

i=l1 i=1 i=1

Here we adopted the convention that, if the set of indices is empty, the sum is equal to 0.

3.3 The construction

For each & < 2p set ¢; = 2|p;| — |A;|, where by A; and p; we denote the i-th coordinate of
A and p, with respect to the basis {1, ...&,}. If 0 < ¢; for all i < n, we give an explicit
construction of an admissible g-partition associated to 2p — A, appearing as integral point in
the Berenstein Zelevinzky polytope associated to the tensor product V,, ® V,,. The conditions
on the ¢; in particular are equivalent to require that A < 2p.

We have three main cases, depending on the parity of the {c;};<,. We will construct an
admissible g-partition m = (m2, ..., m,) associated to 2p — A in an iterative way. We start
setting m to be the zero vector.

Case A: the ¢; are all even.
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Step 1 If ¢, = 0 set m;, = 0, otherwise m, = 2 (observe that the case ¢, even and
greater than O cannot happen in type B and D because in these cases 2p, < 2);

Step h +1 Supposeh+1=n— (i — 1)+ 1 and let (mii+1,m;ri+1, e, Min, mfn, m;) be
the integers constructed at the A-th step. Let J; = {jix < --- < ji} be the set

of indices such that m;;; # 0. By convention, we set jo = n + 1. We have the

following cases:

: +
(D) ifc;—1 =0,setm;_ ; = my

=m;_1; = 0forall j;

(2) ifc; = ¢j—1 > 0,set mj_y = m;, mj_1j = m;; and mltlj = m;rj for all j
such that n > j > j,, where s is chosen to be equal to ¢;—1/2 if m; = 0, and to
ci—1/2 — 1 otherwise.

Finally set m;_1; = ml.+_1 i= 0 for the remaining indices;

(3) if Cci—1=¢; + 2, setm;_1 = m; and mij—1j; =mjje m;tl

— ot P
j_mijforall]>z.

Finally set m;_1; = m?_—li =1

Proposition 3.8 The construction exposed in Case A produces an admissible g-partition
associated to 2p — .

Proof By Theorem 3.6, we need to prove that .,2”]’ (m), Jifj.i’o(m) and t/Vji’] (m) are smaller
than 1. Observe that in our construction m; # 0 only if m; 41 # 0 and then N (i) < Oforalli.
Moreover, a non zero m;; is constructed (i.€ in case (2) or in case (3)) if and only if ml’; # 0,

and in that case we always have m;; = m;; Consequently M (i, j) = 0 for every pair i, j.

Finally, if i +1 < j, we always have that m; ; = m;; # Oonlyif miyy j = mj;]j # 0 and
then R(i, j), S(i, j) < 0. Verify that the constructed g-partition is admissible is now just a
straightforward computation, recalling that by construction described in (2) and (3) we have

m,-j,m;; < 1 for every pair i, j and m; —m;y1j < Oforevery jsuchthati +1 < j. 0O

Example 3.9 In this example we construct admissible spgC-partitions associated to the
weights 2p — A and 2p — A/, where A = 2w3 and ' = 4w;. We remark that, because
in type C3 we have nine positive roots, an spC- partition can be identified with a vector of
the form

+ + +
(mi2, myy, my3, m3, mo3, myy, my, ma, ms3).

Firstly we deal with the case of A = 2w3. We have ¢3 = 0, so we set m3 = 0 and the
Step 1 returns the null vector. For Step 2, we have ¢ = 2 = ¢3 + 2 and we are in case (3).
We set my = m3 = 0 and my3 = m;g = 1 obtaining the vector (0,0,0,0,1,1,0,0,0).
Finally we have ¢; = ¢ + 2 and to perform Step 3 we are again in case (3), so we set
my=my =0,m;3 = mE =land mp = m1+2 = 1 and the iteration produces the vector
(1,1,1,1,1,1,0,0,0).

We want now obtain an spgC-partition associated to 2p — 4w;. We have that ¢3 =
c1 = 2 and ¢ = 4. Because ¢c3 = 2, Step 1 of our construction produces the vector
0,0,0,0,0,0,0,0,2). We have ¢ = ¢3 + 2 and then, to perform Step 2, we are in case (3).
Wesetmy, = 2andmo3 = ng = 1 and we obtain the vector (0, 0, 0, 0, 1, 1, 0, 2, 2). Finally,
because ¢ = c» —2 > 0, at Step 3 we are in case (2). Observe that J, = {3} and s = 0, so
we setm; =my =2and my; = m{y, = mj3 =mj; =0,and (0,0,0,0,1,1,2,2,2) isa
spgC-partitions associated to 2p — 4w .

Example 3.10 We construct now an admissible so7C-partition associated to the weight2p — A
where A = 4w 4 2w3. We identify an so7C- partition m with a vector of the form

+ + +
(m12, miy, mi3, miz, ma3, mys, my, ma, ms).
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In B3 the weight 2p has coordinates (5, 3, 1) with respect to the {g;} basis, and then ¢3 = 0,
¢2 = 2 and ¢; = 0. Consequently we have that moy3 = m; = 1 are the only non zero
coordinates of m and then the algorithm produces the vector (0, 0,0, 0, 1, 1, 0, 0, 0).

Case B: there exists an even number of odd ¢;, ¢, is even or ¢, is odd and X,, # 0.

Step 1 Let {y; < --- < yax} be the set of indices such that ¢; is odd. We pair together the

Jj-th and the k + j-th index obtaining the set P = {(y1, Vk+1)s ---» (Vk, Y2k)}-
Step 2 Construct the weight A’ starting from A using the pairs in P: if (y;, yj4x) € P, set
Ay, =dy; +landd] =2, — 1 otherwise A}, = A,,.

Step 3 Observe that A is again a dominant weight smaller than 2p and the set {cl’. =2|pi|—
|2}]} is composed only by non negative even integers. Using Case A, construct an
admissible g-partition m’ = (] i m;;’ m}) associated to 2p — 1.

Step 4 If (yj, yj+«x) is a pair in P, we set My;yi = + 1, otherwise My =

/
m
ViYj+k

/
Myiyive:
Remark 3.11 A g-partition constructed in Case B has the following properties:

(1) m;; > lonlyif (i, j)isin P;

2) m; is different from O only if m;; # 0. Moreover we have m;; < 2 and m;; < 1.In
particular m;; > m; if and only if (i, j) = (Vn, Yn+k) € P. Analogously, M (i, j) # 0
if and only if i = y;, and j = yj44, in that case we have M (i, j) = 1;

3) mz # 0 only if miilj # 0 orif j =i 4 1. Consequently the quantities R(i, j) =
mj; - ml.++]j and mlJr — m;41; are smaller or equal to zero if j > i + I;

(4) m; # 0only if m;41 # 0. This implies m; — m; 1 < 0 for all i. Moreover observe that
for every i we have

< lintype B,
m; = 10 in type D,
<2intype C.

(5) Because of (2), we have that S(i, j) = m;; + m; —(mijq1j + mi++lj) is always smaller
or equal to zero, except if (i, j) = (Vu, Vk+n) € P.In this case we have m;; + m; —
(miy1; + m;ﬁrlj) = 1.

Proposition 3.12 The construction exposed in Case B produces an admissible g-partition
associated to 2p — A.

Proof First of all observe that (3) and (4) in Remark 3.11 imply immediately that .#; t0(m),
JI{? O(m) and A" O(m) are all smaller or equal than 1. We want now find an upper bound
to Jlf '(m) and N (m). We have to discuss some cases, depending on the parity of c;

and cj41. Set P_ :={y1,..., vk} and Py = {Vk+41 ... Y2k }-

If c; is even By construction in Case A we have that m;; 1 + m;;H = m;H] + m;ﬁrl <
m;+1j+1 +m;frHj+l for j #iandthen S, j+1) = m;j41 +m:;+l —(mit1j+1 +m;—1j+1)
is non positive for every j > i + 1. Moreover M (i, j) = O for all j and N(i) < 0. Itis
immediate to check that .4/ Ym) < 1and v m) < 1;

If ciisoddand i € P, ,by (5)of Remark 3.11 we have that S(i, j) < O0and M(i, j) =0
for every j. The inequalities for .4} *1(m) and N 1 (m) are then easily verified;
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If ciand ci1arebothoddandi,i+1 € P_,supposei = yp, (andtheni + 1 = ygyp41).
We have S(i, vk+n) = 1 and S, yk+n+1) < 0. It follows that for every s > i + 1

n—1
Z [mij+l + m,»J;H — (Mmit1j+1 +mi++1j+1)] <0. (3.5
j=s

An immediate consequence of above inequality and of (3) and (4) of Remark 3.11 is that

/V’ Ym) — ”_H < 0. Because of (2) of Remark 3.11 we have mf;_H < 1 and then

/Vlt '(m) < 1. Observe now that if s > y;, inequality in (3.5) is strict. Moreover M (i, j) =
Lonly if j = yk+, and we obtain consequently that .4; *1(m) < 1 for every ¢ in Table 1.

If ci and c; 1) are both odd, i € P_and i + 1 € P, observe that ¢; < c; ; by Step 2
of the construction in Case B and this implies that m”+1 = mifﬂ = 0. Becausei € P_, we
can suppose i = y; and we recall that M (i, j) > 0 if and only if j = yx4+p. Moreover we

have

n—1 .
f
ZS(Z]+1)_[ 0S5 < Veth

<0 otherwise.

Observe now that M (i, j) > O (in particular it is equal to 1) only if Z" ! S, j+1D <0

and the inequalities Jl{’ Ym) <1 and A ! 1(m) < 1 are verified,

Finally, if c; is odd, i = y, € P_ and c,+1 is even, we observe again that because of
Step 2 of our construction in Case B, we have c <cl il and then m;; ] = mle =0.Asin
the previous case we have

<1 ifs <
Zs(l ]+l)—{ Yk-+h

< 0 otherwise.

and M(i, j) = 1 only if Z?;‘l S(@i, j+1) <0.Check that 4" '(m) < 1and A" 1(m) < 1
in now completely straightforward.

Itremains to prove that the conditions of Theorem 3.6 holds for the operators an; (m).Some
of these inequalities are trivial by the construction of m, in particular frf (m), f,f (m) < 1;in
factm; < lintype B and D,m;/2 < lintype C and in our construction we have M (i, j) > 0
and m; < 1 for every i, j. Furthermore observe that c,?f (m) = Q%JS 7l(m) — M(s, j) and,
again because M (i, j) are always non negative, we reduce to prove that f;'_l (m) <1.We
recall that

B t
Llm) =Y (M@, j+1) = MG, j) +m1j41.
i=1
We have four cases:

Ifboth j and j+1arenotin P, by (2)of Remark 3.11 wehave M (i, j) = M(i, j+1) =0
for all & and for all j. Moreover m1;41;41 is smaller than 1 because j + 1 ¢ P, and the
inequality .} (m) < 1 is verified.

If ] = Y+n € Py and j+1 ¢ Py, we have M(i,j + 1) = 0 for all
i and M(i,j) = O if and only if i # . Otherwise we have M (yp, Vk+n) =
1. This implies that Z§=1 MG, j+1)—M3G,j)) = —1if t > y,. Otherwise
Z§:1 (M@, j+1)—M(, j)) = 0. Moreover we have m; 141 < 1 because j +1 ¢ Piy.
These conditions immediately imply f;(m) <1

@ Springer



S.DiTrani

If j ¢ Prand j+ 1 = yr4, € Py, we firstly remark that by construction we have

< C}H + 2 and then m’jjJrl = 0 by construction in Case A. Thus m;; 11 = 1if j =y,

J
. , P , _ . ;
and zero otherwise. In general, m it = 0 implies m; il = 0 for every i < j and then

mey1j+1 = 1if t =y — 1 and zero otherwise. Moreover observe that M (i, j + 1) > 0
(and in particular, it is equal to 1) only if i = y,. Now we can evaluate the expression
Zle (M@, j+1)— M(, j)). By our previous observations about the M (i, j + 1) and by
(2) of Remark 3.11, itis equal to 0 if # < y;, and equal to 1 if # > ;. As observed before, in
the last case we have m; ;41 = 0 and it follows easily that .,2”1’ (m) < 1 holds.

If jand j + 1 are both in P, we can suppose j = ykx4, and then j + 1 = yryn41-
We consequently have M (i, j) # 0 if and only if i = y,, and that M(i, j + 1) # 0 if
and only if i = y,41. We then obtain that Zle (M@, j+1)—M(, j)) is equal to —1 if
Yn <t < ypt1 and O otherwise. If m, 1111 < 1 the inequality fl?(m) < 1 is verified.
Otherwise, we remark that m; 141 = 2 only if t + 1 = ypyq,ieif v <t < yp4q, but
this is exactly the case of Zf‘:l M@, j+1)—M(, j)) = —1, and again the inequality is
checked. O

4

Example 3.13 In this example we want to construct an admissible spgC-partition associated
to the weight 2p — A, where A = w4. We recall that w4 has coordinates (1, 1, 1, 1) in the {¢;}
basis so we have ¢4 = 1,¢3 = 3,¢c2 = 5, ¢1 = 7. The set of odd indices is {1, 2, 3, 4} and
P =1{(1, 3), (2,4)}. The weight A" is then (2, 2, 0, 0) (i.e. 2w>) and by construction in case A
we have that the non zero coordinates of m” are m)y = m}y = m, = m| = 2,m}, = mgX =1,
mh, = m/zf‘ = 1and m}, = m’lg =my, = m/]f‘ = 1. By our construction in case B, we
have that the spgC-partitions m associated to the weight 2p — w4 has the following non
zero coordinates: mq = m3 = my = m| = 2, m3q = m; =1, my = 2, mzzl = 1and
mlzsz:mB:mM:mﬂ: 1.

Remark 3.14 Because of the parity constraint in the dominance order relations in type C and
D (c.fr. Remark 3.2), Case A and B cover all the weights appearing in the statement of
Theorem 3.1 for symplectic and even orthogonal algebras.

Because of previous Remark, in the remaining cases we deal only with algebras of type
B. In particular, observe that in type B the condition ¢, # 0 is equivalent to assume that ¢,
is odd and in particular ¢, = 1. Moreover ¢, # 0 if and only if A, = 0.

Case C: L, = 0 and c, is odd or there exists an odd number of odd c; and X,, # 0. Let
I = {y;--- < yx} be the set of indices such that ¢; is odd.

Step 1 Construct the weight A’ setting A} = A;+1ifi € I and L] = }; otherwise. Observe that
' is adominant weight and it is again smaller than 2 p and that the set {c] = 2|0;|—|A;[}
is composed only by non negative even integers.

Step 2 Using Case A, construct an admissible g-partition m’ = (m] i mT

i m?) associated
to 2p — A’. Observe that A}, # 0, then ¢, = 0 and by construction in Case A we have

m// = 0 for every j.

’ o + _ o+ . T .. 1
Step 3 Setm;; = m;; and mg; = m;; for every pair of indices i, j. Moreover set m; = 1 if

i € I and m; = m} = 0 otherwise.

Proposition 3.15 The construction exposed in Case C produces an admissible g-partition
associated to 2p — .

Proof Let m be an admissible g-partition associated to 20 — A constructed using the iterative
process exposed in Case C. By our construction, .} (m) = £} (m’) and .Z}(m) = £} (m")
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for every ¢ and for every j # n. Moreover 4 Om) = ! O(m’) for every t # n. Observe
thatm; < 1 foreveryi and M (i, j) = m;; + m;; = m;j + m:]+ = 0 for every pair of indices
i, j because of construction in Case A. This implies that ffg (m), £ (m) < 1. Observe now
that, by Step 3 of construction in case C we have

n 0 + n0. 1 I+ / /
MM =gy = m e mig = AT ) =gy = my e my
11 + tl, ./ I+ / /
A m) —my o —mi Fmip = A7 (M) —my = my +mg
In particular, by construction of m’ both expressions 4" %(m’) — mﬁr_H —m; +mj

and A '(m') — m;;:l — mj + m;,, are smaller or equal than 0. To prove that
J{" 0(m), /1{’ tam) < 1itis enough to show that m;lfH + m; — mjy; < 1 for every i.
We remark that in our construction mlf 41 is always smaller than 1 and m; # 0 if and only if
i € I.Now, if ¢; is even, the inequality mlf g tmi—mip < 1 comes directly from the fact
thatm; < m;4.Ifi andi+ 1 are both odd, thenm; = m;; =1 andm;;rl +m;—miy; <1
is satisfied. Finally, if ¢; is odd and c; 41 is even, observe that ¢; < ¢; 41+ 1 by parity constraint
and then ¢; < ¢;_ by Step 1 of construction in case C. This implies, by construction of m’ and
by Step 3 in case C, that m;H = mﬁ’H = 0 and again we obtained m;:H +mi—miy < 1.

Remark 3.16 Intype B,, the construction of admissible g partitions exposed in Case C works
also in Case B. We privileged the procedure exposed in Case B to underline the uniform
construction in all the classical cases.

Example 3.17 In this example we construct an admissible so7C-partition associated to the
weight 2p — A where A = 4w;. We have ¢3 = 1, ¢c; = 3 and ¢; = 1. The weight 1/
constructed as in Step 1 of case C has coordinates (5, 1, 1) (i.e. ' = 4w + 2w3). We have
just constructed in Example 3.10 an so7C-partition m’ associated to 2p — A’. In particular we
obtained m" = (0,0, 0,0, 1, 1,0, 0, 0). By Step 3 of construction in case C, we then obtain
thatm = (0,0,0,0, 1, 1, 1, 1, 1) is an s07C-partition associated to 2p — 4w;.

3.4 A conjecture about exterior algebra AVg,

If g is not simply laced, we propose here an analogous of Kostant Conjecture about irreducible
representations appearing in the exterior algebra over the little adjoint representation. We are
motivated by two recent works that highlight some interesting aspects of the structure of A Vy,
as g-representation. The first one is an article of I. Ademehin [1], dealing with the graded
multiplicities of trivial and little adjoint representation in A Vj,. The results contained in [1]
are in some sense very similar to the classical ones about exterior algebra over g and we think
that a further investigation about the structure of AVy, could lead to some very interesting
results. Our second motivating paper is an article of Panyushev [34], where the following
theorem is proved in the more generic context of orthogonal isotropy representations.

Theorem 3.18 (Panyushev [34], Theorem 2.9) Let g be a non simply laced algebra of type
B, C and Fy. Let 65 be the short dominant root of g, then

AV, =280 (v, @ V,)
where A is the set of short simple roots and ps is half the sum of positive short roots.
Analogously to the case exterior algebra over adjoint representation, we formulate the

following conjecture:
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Conjecture 3.19 Let g be a non simply laced simple Lie algebra. V) is an irreducible
component of AVy, if and only if 1 < 2p;.

By Theorem 3.18, Conjecture 3.19 can be restated as

Conjecture 3.20 Let g be a non simply laced simple Lie algebra. V, is an irreducible
component of V,. @ V,, if and only if . < 2p;.

The Conjecture 3.20 can be easily proved for case B, using elementary representation
theory. We checked the conjecture also using Berenstein and Zelevinsky polytope associated
to V,, ® V... Moreover, we proved it for exceptional cases Fy4 and G, by direct computations.
The conjecture remains open only in type C, where it seems that combinatorics of short roots
and weights is linked to the Kostant conjecture in type D.

4 Generalized exponents and Macdonald kernels

We give here an overview of theory of generalized exponents for representations of Lie
algebras, following the results exposed in [27].

Theorem 4.1 (Kostant [27], Theorem 0.11) The module Homg (Vy, S(g)) is a free S(g)®-
module of dimension dim V/\O.

Let n be the dimension of V)? and let f1, ..., f, be any set of homogeneous generators of
Homyg (V;,, S(g)) as S(g)¥-module. Up to relabeling the polynomials f;, it is possible to
suppose that deg f; < deg fi4 for every i. Set m; (A) = deg f;.

Definition 4.2 (c.f.r [10], Introduction) The integers m (1), ..., m, (1) are the generalized
exponents of the representation V.

Generalized exponents have also an interpretation in therms of W-representation on the
zero weight space Vf . Let c € W be a Coxeter - Killing transformation, i.e. ¢ = Sq, ... Sq,
where sy, is the simple reflection associated to the i-th simple root. The action of g on Vjy
induces a representation py, : W — End(VA0 ). The element p; (c) acts diagonally on VA0 with
eigenvalues y; = expw, where £ is the Coxeter number.

Example 4.3 Consider g acting on itself by the adjoint action. Such an action induces the
reflection representation of W on h. The generalized exponents for this representation
coincides with the classical exponents of g.

Example 4.4 Let g be a not simply laced simple Lie algebra and consider its little adjoint
representation V. The generalized exponents associated to Vy, are the short exponents of g.

Consider now the generating polynomial of generalized exponents defined by the formula

: 0
dim V;

Ex) = Y ™%,

i=1
Theorem 4.1 translates naturally into the following remarkable factorization of generating
series of graded multiplicities:

P(Vi, S(@), 1) = Ex(0) [ [ — )~
i=1
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Determining the graded multiplicities in the symmetric algebra is then deeply linked to
determining the generalized exponents of Vj . In particular the problem of finding explicit
formulae for the polynomials E; (¢) turns out to be very interesting both from a combinatorial
and from a representation theoretic point of view. For Lie algebras of type A a combinatorial
description of generalized exponents is given in [29, 30]. For other classical algebras, the
combinatorics of generalized exponents is less explicit, and closed formulae are available
only in special cases (see [21-24, 31, 38]).

Remark 4.5 Values of classical exponents, and of short exponents in the case of non simply
laced algebras, are well known (see [42], Table 4.1). Explicit formulae for Eq(¢) and Eg_ ()
can be consequently computed in the classical cases:

Eg(t) = (n+1), Type A, “4.1)

Eg(t) =t ()2 Eg()=1"  Type By (4.2)

Eg(t) =t(n)2  Eq(t)=1t>(n—1),  TypeCy 4.3)
_ 1" 24 1)

Eg(t) = (n)p2 W Type D, “4.4)

4.1 Macdonald kernels

We recall now some tools, introduced by Stembridge in [42], useful to produce effective
computations.

Definition 4.6 (c.fr. [42], Sect. 1.1) Let Z(IT) := Z{e*, A € II} denote the group ring
generated by IT. The Macdonald Kernel of g is the formal series A(q, t) € Z(II) [lq, t]]
defined by the formula

i+1 %

1—git+l 1-—
Ag,t) =l_[<1_7ql> 1_[1_[ 1_qu i *

t
i>0 q i>0aed

The Macdonald kernels specialize to the graded character of exterior algebra of adjoint
representation, when evaluated at (¢, 1) = (—gq, g%), and to the graded character of the
symmetric algebra over g when evaluated at (¢, t) = (0, ¢) (c.f.r. [42], Sect. 1.2). Observe
now that A(g, t) is W-invariant; this implies that it can be expanded in terms of characters
of irreducible representations, obtaining an expression of the form

Alg, )= Culg, DX,

pellt

for certain formal series C (g, t), indexed by dominant weights of g. In particular, when
specialized at (¢, t) = (—q, qz) and at (g, t) = (0, ), the formal series C;, (g, t) gives the
graded multiplicities of the representation V), in the exterior algebra and in the symmetric
algebra respectively.

Remark 4.7 By Theorem 4.1, the polynomial E; (¢) can be computed by determining the ratio
Cy(g,1)/Co(q,t) and evaluating it at (0, t).

In [42] Stembridge proves that the formal series C,, (g, t) satisfy some recurrences, reduc-
ing the problem of their explicit computation to solving a linear system of equations with
coefficients in (C[qil, 1.
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Table 2 Weights of small representation for type B, C and D

Type B Type C Type D, n even Type D, n odd
wij, i <n Wk Wk Wk
2wy o1 + 02%k+1 20y—1, 20n wp—1 + wn
@1 + @241 ©1 + 0241
] + w1+, w1 + 20,1, 01 + 20,1

We recall that it is possible to extend the definition of C, (g, t) to any weight 1 by setting

if i + p is not regular,

C“(q”)z{( DIOC (g, 1) ifo(u+p)=r+p,rellt,ocecW.

For short, if there exists o such that o (i +p) = A+ p, with A € TIT, we say that the weight
is conjugated to A by o. Moreover, if w is conjugated to A by o, we say that (— DO Cy(g, 1)
is the reduced form of C,,(q, t). Sometimes a precise information about the sign of o is not
needed in our reasoning; in this case we shortly say that u is conjugated to X.

Theorem 4.8 (Minuscule Recurrence, [42], Formula (5.14)) Fix a dominant weight A and let
o be aminuscule coweight (i.e. (w, a) € {0, £1} for every positive root ), then the following
relation holds:

k
> Cunlg.ny | 30 (170 — gy | o, 4.5)
i= Y e,

where, denoting by W, the stabilizer of A in W, the wy, ..., wy are minimal coset

representatives of W /W, and O, is the orbit W, - w.

Remark 4.9 Observe that if A and u are dominant weights and w2 is conjugated to u, then
1 < A. As a consequence, if we write the Cy,, (g, t) appearing in Formula (4.5) in their
reduced form, in the minuscule recurrence there appear only C (g, t) with ;+ dominant and
smaller than X.

5 Small representations

The aim of this section is to present closed formulae for generalized exponents of certain
small representations in type B, C and D. In Table 2 we list the weights of non trivial small
representations in these three cases. More precisely, in Theorems 5.1, 5.2 and i5.3 we provide
closed expressions for the polynomials of generalized exponents for small representations
that are indexed by fundamental weights.

Theorem 5.1 Let X be a small weight of the form . = woy for the simple Lie algebra of

type Cp,. Then:
%K (n — 2k + 1
E\(t) = u(”) ) 5.1
(n —k + 1)[2 k 12
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Theorem 5.2 The polynomials of generalized exponents for small weight for the simple Lie
algebra of type B,, have the following closed expressions:

szk<r>=rk<z> : Ew2k+1<r>=r"—"(z> : Ezw,,<r>=r"‘L%J<L’,f J) . (52
12 12 24/ 12

Theorem 5.3 Let A be a small weight of the form . = woy for the simple Lie algebra of

type D,,, then:
(tn—Zk + 1) n
Eoy (1) = th——" = , 5.3
o = () (5.3)
Moreover, if n is odd, the weight w,—1 + wy is small and we have:
7]
th2l@+ 1) ( n
Ea, 1o, (1) = 7( ) ) , (5.4)
@+ \121),
Finally, if n is even, 2w,_1 and 2w,, are small and the following formulae hold:
By (6 = Enup )= 1 (”) (5.5)
2w,—1 = L2w, - (t” i 1) % t27 .

The proof of above theorems use and iterative reasoning, based on the fact that if X is small
and A’ < A, then A’ is small. In particular, a minimal non zero small weight is a dominant
root. The following remark provides the base step for our computations.

Remark 5.4 The following formulae are proved in [42], Theorem 4.1:

1—q
t—qth

Colg.1) = Eg(t)Co(g.1),  Coy(q.1) = t[__TzhEey(t)Co(q, n (5.6

5.1 Proof of formulae in type C

In this section we give a proof of Theorem 5.1. Observe that such a theorem hold true if k = 1
because of Remark 4.5. In [16], Theorem 5.5, the following iterative formula for C; (g, ?) is
achieved for weights of the form A = wox:

(t2(n—2k—l) _ 1)(t2(n—k+1) _ 1)(1 _ qt2k—l)t2
Congsn (@, 1) = — — 7 Coy (g, 1).
(tz(" 2k+1) _ 1)(t2(k+1) o qtz(” k) 1)

5.7

By Remark 4.7, evaluating Eq. (5.7) at ¢ = 0 we obtain a recursive relation between
Euyppr) (1) and E,yy (7). Using Remark 5.4 for the base step, we obtain by induction that

£ ) = t2([2(n—2k—1) _ 1)(t2(n—k+l) _ 1) ()
2(k+1) (t2(n—2k+l) _ 1)(t2(k+1) -1 @2k
220D (20D 1) 2K — 2k + D)2 (n
T @00 ) @2FD 2 1) (n—k+ g (k>t2
DG —2k— 1) (n
B (n—k)p (k—'_l)zz

and Eq. (5.1) is proved. We remark that similar but more complicated formulae can be
obtained for the other small weights in type C by making explicit the coefficients of the
equations in [16], Sect. 5.3.
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5.2 Proof of formulae in Type B

In type B, the unique minuscule coweight is 1. In Formula (4.5) we choose w = &1 and
A = wy withk < norA = 2w,. The stabilizer W,,, is isomorphicto S; x B,_; and W,,, (1) =

{e1, ..., &}. Analogously, Wy, is isomorphic to S, and W»,, (1) = {&1, ..., &,}. Writing
all the C (g, t) in their reduced form the recurrence can be rewritten as
Y AL, DCu(g, 1) =0, (5.8)
=i

for certain coefficients Ai‘;” (g, 1). We will refer to this form of the Formula (4.5) as the
reduced recurrence for C)(q,t). We recall that if X is a small, then a dominant weight p
smaller than X in the dominance order is again small. In particular the weights smaller than
wy, are of the form wy, with h < k. From now, we denote by C), the formal series C,, (q, t)

and by Ai’” its coefficient Al);” (g, t) in the recurrence for A = wy. Moreover, if A = 2w, we
use the notation C,, for Cy, (g, t) and the coefficient of Cj (g, t) in the relative recurrence

will be AZ‘". Reasoning as in [16] and aiming to simplify recurrence (5.8), we want now
k,n

expand recursively the coefficients A;™.

Remark 5.5 Using explicit realization of fundamental weights and of p as presented in
Sect. 3.1, it is possible to check that a weight of the form wawy in B, with w € W, is conju-
gated to wy, only if wwy = &1 + - - - + &, + v, where v has the first & coordinates equal to O
when written in the {¢; } basis. In our realization, the root system B,,_j can be identified as the
root subsystem of B, given by vectors of the form {£¢; *¢;}i<j<p—n U{Ee1, ..., £eyn}
This identification corresponds to the immersion of B,,_j, into B, induced by the immersion
of the associated Dynkin diagrams. Under this identification v can be thought of as weight
of the form w’wg_j conjugated to 0 in By,_j,.

Example 5.6 Consider the weight w4 in Bg and let €3 the element of W that acts as the sign

change on the 3-rd coordinate. Then e3ws = wy + v there v = —&3 + 4. Observe that v + p
has coordinates (%, g, % % %, %) in terms of the {¢;} basis. In particular s3(v + p) = p and

v is conjugated to zero.

Remark 5.7 1t is immediate to check that wA is conjugated to A if and only if w € W,. In
particular this implies that, if A = &1 + - - - 4 &, then

k 1— qt2n—2j+1 (1 _ qt2n—k)(tk _ 1)

k.on _
Ak - Z 2n—2j+1 - 2n—

i R T - 1)

The following Lemma, proved in [16], characterize the set Qﬁ’" of weights of the form wwy
conjugated to 0 in B,. In particular, it is possible to describe explicitly the coordinates of a
weight in 5216’" with respect to the basis {¢1, ..., &,}.

Lemma5.8 ([16], Lemma 4.1) Let w € W be such that wwy, € Qg’", then:

e if k iseven, wwy has all the coordinates equal to zero except for k /2 pairs of consecutive
coordinates of the form (—1, 1) and it is conjugated to 0 by o € W of length k /2.

e if k is odd then wwy has all the coordinates equal to zero, except for a choice of (k—1)/2
pairs of coordinates equal to (—1, 1) and for the last one that must be equal to —1. In
this case wwy is conjugated to 0 by by o € W of length (k — 1)/2 + 1.
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The cardinality of Qé’" can be explicitly computed as a consequence of Lemma 5.8:

_k
. (”&2) if k is even,
2k =180
- I
( 1 )1fklsodd.
T
Set
-1 _wol 3 ws  (t—q)(1 41272
pn,g,t)y=t 2 —qt” 2 +t 2 —qt I = -1 .
t72

Lemma 5.9 The following relations between the coefficients A];l’" hold for h < k:
. —k —hon—
AT = 1y Al <" v +S> 4 AR e g =0, (5.9)

—k o
Ak _ (_1)s+lAZ,n(n +s>+A§ hnsh ek p=2s41 (5.10)
N

, 51 o _
AZ = (—I)Sp(n,q,t)(nsil )—A?f 2n=2 4 A2l (5.11)

—5—2
A?*L”=(—n”*pmﬂﬁﬂ<"sil )-—A?””’”+A?+““3 (5.12)

Proof Equations (5.9) and (5.10) are direct consequences of Remark 5.5, where it is observed
that a weight wwy gives a contribution to Aﬁ’" ifitis of the forme| +- - -+&5 +v, where v can
be thought as weight w’wy_j, conjugated to 0 in B,_j;. Moreover, Egs. (5.11) and (5.12) can
be obtained observing that a weight v = way contributing to Ag’” is of the form —g| +&, +v’
with v’ conjugated to 0 in B,,_, or of the form v = (0, vy, ..., v,) in {&; }-expansion, where
V' = (va,..., ) is a weight conjugated to 0 in B,,_;.

The above relations enable to simplify considerably the computations needed to prove our
formulae. In particular they are crucial for the proof, contained in Sect. 5.3), of the following
theorem. We denote by R; and by R, the reduced recurrences for C; (g, t), with A = w; and
A = 2w, respectively.

Theorem 5.10 There exists a family of integers {Af’”}igk such that

k
Y AR = AP Ce+ Ty T O + Y Ty T g + ) TG Clai1 = 0
i=1 i=1 i=2
(5.13)

where the coefficients Ai’" and Ff)’" are defined by the formulae

t —q)" !

2n—1
2

t -1 =1
2n

1, 1,
FOn=A0n=_ -
t 2z t—1

rg" =1g"" = pln.g.0) =~

Observe that specializing the Eq. (5.13) at (g,1) — (—q, ¢*) one obtains the equation of
[16], Proposition 4.3 used to prove Reeder’s Conjecture in type B.

Remark 5.11 Dividing Eq. (5.13) by Co(gq,t) we obtain a recursive relation between the
formal series C,,(q, t) = C,(q,1)/Co(q, t). Werecall that C, (0, t) = E,,(t) by Remark 4.7,
and consequently the specialization at ¢ — 0 of Eq. (5.13) leads to a recursive relation
between polynomials of generalized exponents of small representations.

@ Springer



S.DiTrani

Proof (of Theorem 5.2) We denote by Ej; and E, the polynomials E,, (t) and E»,, (1)
respectively. Set

bi — —t'17i+1(t2i71 _ 1)7 ck = tk -1

Because of Remark 5.11, evaluating Eq. (5.13) at ¢ = 0 and multiplying it by o -1
it is possible to obtain the relation

14 ad
crEx + ankaJrlEkui + Z biEx—2i+1 =0.
i=1 i=1

We want now prove our formulae by induction. The base step comes from Remark 5.4 and
by formulae contained in Remark 4.5. Consequently, for the inductive step we have to prove
that the two identities

@ — 1) (7;) = (% —1)Ea,
t

s—1 s—1
- Z bp—s—j+1E2j — st—jEZj-H
j=0 j=0

s—1 s—1

_ Z (St (tZ(n—s—j)—H — DEyj + Z st (l2(s—j)+1 — 1 Eyji
j=0 Jj=0
s—1 s—1

_ Zrﬁj (2 =s =D+ _ 1) (") + Ztnfs+j+l(t2(s7j)+l — (")
=0 J/ 2 =0 J/ e
s—1

_ Z I:tx+2j(t2(n—s—j)+l — D+ t2n—s+l(t2(s—j)+l . 1)] (”)
j=0 I/

s—1
. . n
= § :t2] <t2(n—2j) _ 1) ( ) ,
j=0 e

n
(R DY <S) b1y = (3T — 1) Eagy1 + b Eng
t
s—1 s—1
= - st—j+1E2j - an—s—jE2j+1
j=0 j=0

s—1
= Z I:t”Jrerl(tz(”*xfj)Jrl D+ tnfs+2j(t2(s7j)+1 _ 1)] <n)
12

j=0
s—1 n
="y (tz("*Zj) - 1) ( ) .
hold. Observe now that

(t25+1 _ l)tl’lfs <n) + b] E2x — (t25+1 _ l)tnfs <n> _|__ bltS <n>
S/ 2 S/ 2 S/ 2
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_ [4n—s25+1 s n
=["@ 1) — "¢ 1)]<S>

— tnfs(IZS _ 1)<n) ,
S/

and proving the two identities reduces in both cases to prove that for s > 0 we have

s—1
" — 1)(2’) =3 (r”_zj - 1) (;’) : (5.14)

j=0

12

Identity (5.14) can be easily shown by induction on s. The case s = 1 is trivial and

K n _ : i (,n—2] n
(ﬁl_l)(su),_;f](’ =0()),
1

=ts(tn—2s_1)(n) +‘7 H(m20 (n)
) Ll 1)
=" — 1)<") ,

S/

The equality now holds because

(2= 0. ()
s+1), G+ \s/,

5.3 Proof of Theorem 5.10

Firstly, we define iteratively the family of integers {A];’"}. Set Ai’” = 1l,forh e {l,...,k—1}
we define
k . j—h
ko _ izt (=] + LTJ k,n
AP" = — Z (=Dl Ldj A (5.15)
j=h+1 2

Moreover, by convention we set Al,‘l'" =0ifh > korif & < 0. Using properties of binomials
and Eq. (5.15) it is possible to prove that the integers Aﬁ’" satisfy nice iterative properties:

k, k—1,n—1
Lemmkak5.12 (kl)1 kAhlJ:ll =]:41§k nl ’
Q) A=A AT
@) Al = Akt g2 g gy

We consider now the expression ZI;»:O Af’"R,-. It can be written in the form

k—1
AR"Ce+ Y TR Cy =0, (5.16)
h=0

for some coefficients FZ’” that we are going to determine explicitly.

Proposition 5.13 For every h such that 0 < h < k the equality Fz’” = ngh’"fh holds.
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Proof By definition we have that Fﬁ’" = Z’;Zh AI;’"Ai’". Now we use Lemma 5.9 to
expand Ai’":

j—h

k .
i—htl (0 — 4+ 5]
N v [(_1)L’2+J< {jfh 2 )AZ "oy h}+A’;’”AZ’”

j=h+1

k . j—h k
j=ht1 (0 — 4+ [5—] hnh
S (T T A Y A
= 157 j=h+1
using Eq. (5.15) and setting t = j — h we have
k—

_ k.n s t,n—h
- AH—hAO
1

=

~
Il

and now by Lemma 5.12
—h
Ak—hn—h pt.n—h k—h.n—h
Z n— Aon —F() n—

[m}

Remark 5.14 By Eq.(5.11) we know that AJ" = —p(n, ¢, 1) + AF"""

that Ay" = Ay" " and AT" = AT

. Moreover, observe
= 1. We consequently obtain

2, 2, 1, 2,n— 1,n—1 2,n—1
o =AY+ A" = —pn, g, )+ A"+ A" = —pn, g, 1) +T"

Proposition 5.15 If k > 2, the following relations between the coefficients FS‘" hold:

K.k k—Lk—1 | (k—2k—1 _ k—2k—2

Lyt =T, + T Ty

kn k-1 k—=2,n—1

[y" =Ty" ™" —rk=2n=2 4 py=>" fork <n

Proof We consider Fg’" = ZI;: | AI;’"A{)"" end expand A(j)"” according to Lemma 5.9. We
obtain

k i1y (1= L - —2.n-2 jon—1
=y abr [( Dtz ( Lsz | )p(n q.0 — AT AP } + AbAg"
j= 24~

2
a |_fJrl 7'—%J -1 k.n a ko, j—2,n—=2 d ko, j,n—1
=[> D ( 1 >Aj' pin,g,0) =Y AVTATETE 4y AVAY
j=2 20T j=3 j=1
Observe now that Eq. (5.15) implies
k j+1
Z( I)LJH ( LJTJ - 1)Ak',n -0
f .
i= L) =1
Furthermore using Lemma 5.9 and setting t = j — 2 we have

k k
k.an k.n , j,n—1 ko, j—2,n—2
Fo" =D ATAY"T =Y ATA

j=1 =3
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k k=2
_ k,n—1 k—2,n—1 j.n—1 k,n o, t,n—2
= Y[ R AT AT Y A A
j=1 t=1
k k=2 k=2
_ k,n—1 , j,n—1 k=2,n—1 , j,n—1 k—2,n—2 , t,n—-2
=D AT A D AT = ) AT
=1 j=1 =1
k,n— k—2,n—1 k—2,n— 2
=T, + Ty Iy

and analogously

k Jtl
i L5 L — i—2.k—2 j k— :
k_ § Alj‘.’k [(—1)L 2 ( o )p(k,q,t) -4 + AT AP A

k 1) -1y k22 | SN ko kel
=Y -t LjJ 1 )Aj’ plk, g, 1) =y ASEATTHE 4 N ALEATE
i) -

= =3 =1
k—1 k=2
k 1k— 1 k 2,k—1 Jk—1 k—2,k=2  j.k=2
Z ] AT =D A A
j=1 t=1
F 1,k—1 + l—w(/;72,k71 _ Fg—z,k—z.

Making explicit computations for n = 2, 3, it is possible to prove that Fé’z = F8’3.
Moreover observe that F(l)’" = Fé’"“ forevery n > 1. As a consequence of Proposition 5.15
we obtain:

Corollary 5.16 The following relations hold:

rhk _ Fg k=1 itk s even, ko _ Fg" ! ifn >k >2andk is odd,
0 Fg Lk ifk is odd. 0 Fg —2n-1 ifn >k > 2andk is even.

Theorem 5.10 comes directly by Remark 5.14 and iterating the relations of Corollary 5.16.

5.4 Proof of formulae in type D

We denote by Cj (g, t) the formal series C,, (¢, t). Moreover, if n = 2k + 1 (resp. n = 2k)
we denote by Ci(q, t) the formal series Co,_,+w,(q,t) (resp. Cay, (g, t)). Our formulae
can be obtained dealing with the non specialized version of Eq. 4.4 of [17]. The reduced
recurrence Ry for C (g, t) can be written in the form

Re =Y Ay"(g.0Ci(g.1) = 0. (5.17)
h<k

for certain coefficients A% h "(q,1). Reasoning as in Remark 5.7, a non specialized analogue
of Formula 4.5 in [17] can be achieved:

22 _ 1) (1 —g 12k~ )
Ay (g, ) = (2 Z1)(1—qr2n—0-1)

P Ta=T) otherwise. .
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Set now

(t—q)(t* =1 :
0D if n = 2k,
bk,n -

=" =" +1)

R GT) otherwise.

The next Proposition is a non specialized version of Proposition 4.6 of [17].

Proposition 5.17 The following recursive relation hold:

k

A" (@ DC. 1) =Y bin-24—iyCh—i(g.1) = 0 (5.18)
i=1

Using Eq. (5.18) and Remark 5.4 as base step, it is possible to prove inductively Theorem 5.3.

Proof (of Theorem 5.3) As observed in Remark 5.11, the formal series a((q,t) =
Ci(q,1)/Co(q, ) satisfies the Recurrence (5.18). Specializing Eq. (5.18) at ¢ = 0 and
recalling that E,,,, (f) = C(0, 1), Formulae (5.3), (5.4) and (5.5) can be obtained recursively
proving that

@t —1) k@ 1) <n> G
2

TR S T VR V) BT TP e

k=1 ki in—2i n—2k
t t — I)(t 1)—
_y e oD D )
= "=t —-1)

. "=l —1) @m+1) \i

i=1

A - e D e 4 ) <n>
12

_ k—1
_ k(=2 4 1) thi (t2(”_2i) N n
=1 — D@+ 1) P i

12

Again we reduced to Identity (5.14) that we just proved in Sect.5.2. O

5.5 Proof of Proposition 5.17

The proof is analogue to the proof of Proposition 4.6 contained in Sect. 5 of [17]. Set

(n-2) _ (t—q) (1 +1)

rn,q,t) =t7D — gD 4 == gy pr

We denote by Q();’ " the set of weights of the form wA conjugated to 0. If A = wy; we will
use the notation Qg " Coherently with our previous notations, if n = 2k + 1 (resp. n = 2k)

we denote by Q](;’ " the set ow weights of the form w(w,—_1 + w,) (resp. w(2w,)) conjugated
to 0. We recall the following results by [17], Sect. 4.1:

Remark 5.18 ([17], Remark 4.3) The weights giving non zero contribution to A]Z’" k>h>0
are of the form ej +- - - + €2, + v, where v has the first 2/ coordinates equal to 0. Considering
the immersion of D,,_»;, — D, induced by the Dynkin diagrams, v can be then identified
with a weight in Qg_h‘"_zh.
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Lemma5.19 ([17], Lemma 4.5) Set A = woy, 2k < nork = w,_1 + wy, n = 2k + 1 and
let w € W be such that w is conjugated to 0. Then w is of one of the following form:

(1) The 2k non zero coordinates of wM are pair of consecutive coordinates
((wk)(j), (wk)(j)+1) oftheform (—1, 1).

(2) There are 2(k — 1) non zero coordinates that are pair of consecutive coordinates
((wA)(jy, (WA)(jy41) of the form (—1, 1) and the latter two are equal to —1.

In both cases there exists an element o0 € W of length (o) = k such that o (WA + p) = p.

Remark 5.20 Consider u € Qg " and denote by ¢, the sign change on the n-th coordinate.
Qk—1.2k-2
0

)

e If n = 2k then u must be of the form —e; + ey + v with v €
e If n = 2k + 1 then u must be of the form —e; 4+ e; + v with v € Q’S_mk_l or
=10, uz, ..., uy) where &' = (uz, ..., in) € QS’Zk ore,u’ € QS‘Zk,
e If n # 2k,2k + 1 then u must be of the form —e; 4+ ex + v with v € 521571’”72 o
w=0,us, ..., 1wy) Where ’ = (ua, ..., i) € QS’"_I.
The above considerations lead to non specialized versions of recursive relations (4.6), (4.7),
(4.8) and (4.9) in [17]:
Ay g0 = DAL @ 0l T+ AT T g ). (5.19)
k
AG*(g.0) = (=D*Y r@ig.0) = (=Drr@k.q.0) — AP TP @. . (5.20)

i=1
Ay F g ) = (D r @k + 1,192 = AT g, 0 2857 (g, 1),
(5.21)
AS" (@0 = (=Drrn, g, 0125 = AT g, 0 + A gD, (5.22)

T

where
o _ |1 if A = 2w, orif A = 0
| 0 | n (n—k—1y - _ _ —
E( e ) if A = wy and 2k < nor A = w,—1 + w, and n = 2k + 1.

Asin Sect. 5 of [17], define a family of integers A];l‘” in the following way:

0 ifh>korh <0,
A];z’n =11 if h =k, (5.23)
- Zf:thl (—DIMQy "2 AR otherwise.

and consider

k k—1
Y AR = AY"(g,0Ck(g, ) = Y T (g, 0Cilg, D). (5.24)
i=1 i=0

Performing the same computation as in Proposition 5.2 of [17] it is possible to prove that
Flh""(q, t) = Fg_h’”_ﬂ’ (g, 1) if k > h > 0. Analogously the following relations hold:

k+1

re*q.0 ==Y r(.q.0. Te*q.0ny=2r*@q.0)—rik+2.q.0.
j=2

k,n _ pkon—1

rg"(q.0) =T¢" ' (g.0) = r(n —k + 1.4, 1).

Now it is straightforward to show that Fg‘"(q, t) = bg, and then Fg_h’”_zk(q, )

bi—n,n—2n-
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5.6 Open questions about generalized exponents and small representations

Some natural questions arise as consequences of our results. Firstly, as a consequence of
Theorem 2.3, generalized exponents of small representations are related to the so called
fake degrees, i.e. degrees of generators (as S(h)"-module) of isotypic components of W-
representations in S(h). There exists an ample literature about fake degrees and many
formulae to obtain them in terms of suitable combinatorial statistics (see [33] for a com-
plete survey about the topic and [2, 7, 8, 19, 28, 37, 41] for more specific results). It could
be interesting to find a purely combinatorial proof of Formulae (5.1), (5.2), (5.3), (5.4) and
(5.5).

Moreover, a closer analysis of formulae proved in [16] and [17] for graded multiplici-
ties of small representations in the exterior algebra, underlines some similarities with the
results contained in [13] and [15]. In fact, Theorem 2.6 and its analogous version for lit-
tle adjoint representation are suggested by the following factorizations of P(g, Ag, ¢) and
P(Vy,, Mg, q):

n—1

P(g. Ag. ) = (1+q7 " [[@" + DEo(g?) (5.25)
i=1
n—1

P(Ve,, Ag,q) = (1 +¢7 ) [[@* ™ + DEs, (67 (5.26)

i=1

In particular, the authors of [13] and [15] noticed that the factor ]_[l’-’:_l1 (qze"+1 + 1) is the
Poincare polynomial of the exterior algebra over the first n — 1 generators Py, ..., P,—1 of
the algebra of invariants in Ag. A direct computation shows that similar factorizations can
be achieved for polynomials of graded multiplicities of certain small representations. As an
example, comparing the results exposed in Theorem 5.2 with formulae proved in [16], in
type B, the polynomials for graded multiplicities can be rearranged as

n—s s—1
P(Van,, Ag,q) = 1+ ¢ D[+ [ [+ %) Eun, (47,
i=1 i=1
K n—s—1
P(szx+1’ Ag,q) =1+ q_l) l_[(l + qzeﬁ_l) l_[ a +qzei+])Ew2x+1 (qz)-

i=1 i=1

Analogously, using Theorem 5.1, in type C, it is possible to obtain the factorization:

n—k k—1

P(Voro Mg ) = (1 +¢ D[ [@ ' + D] [@H + DEwy ().

i=1 i=1
Consequently, it is natural to ask if there exist examples of small representations V,, differ-
ent from Vp and Vj,, such that the module Homg(Vy, Ag) has a structure of free module
over a suitable exterior algebra of invariants, with degrees prescribed by factorizations of
P(Vy, Ag, g) similar to the ones in Formulae (5.25) and (5.26).
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