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Abstract
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simple non-singular matrix and of the set of real skew-symmetric logarithms of any special
orthogonal matrix.

Keywords Logarithm matrix - Semi-simple matrix - Orthogonal matrix - Skew-symmetric
matrix - Unitary matrix - Homogeneous space - Homotopy sequence of a bundle -

Generalized principal real logarithm

Mathematics Subject Classification 15A24 - 53C30 - 15B10

Contents

Introduction . . . . . . . .. L 649
1 Preliminary facts . . . . . . . . . L 650
2 Real logarithms of semi-simple non-singular matrices . . . . . . .. .. ... ... ... ..... 653
3 Real skew-symmetric logarithms of special orthogonal matrices . . . . . . .. ... ... ... .. 657
4 Remarks on the homotopy groups of some homogeneous spaces . . . . . . ... .......... 660
5 Some topological properties of Log(M) and Loggo()(Q) -+ -+ - o o oo 663
References . . . . . . . . . . . e 665
Introduction

The aim of this work is to study the differential and topological properties of the set of real
logarithms of any semi-simple matrix and of the set of real skew-symmetric logarithms of
any special orthogonal matrix. As far as we know, such studies have never been done before.
More generally, there are not many papers studying the real logarithms of a matrix from a
theoretical point of view. The best known is an old paper by Culver ([2]), in which, among
other things, the author proves that a non-singular square matrix M has a real logarithm if
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and only if each of its Jordan blocks corresponding to a negative eigenvalue occurs an even
number of times. Furthermore, Culver provides the necessary and sufficient conditions, in
terms of Jordan blocks of M, for the real logarithm of M to be unique and the set of real
logarithms of M to be countable. A simpler exposition of some of these results can be found
in [13].

In the first preliminary Section we fix the notations and, in particular, we define the main
homogeneous spaces involved in the structure theorems of the sets of real logarithms and
skew-symmetric logarithms.

In Sect.2 we study the set Log (M) of the real logarithms of a given semi-simple matrix.
The main result of this Section is Theorem 2.5, which states that Log(M) is a countable
disjoint union of differentiable submanifolds of M (n, R); these are all diffeomorphic to
suitable homogeneous spaces, which depend on the eigenvalues of the matrices constituting
each of these submanifolds. In Sect. 2, we also define and study the set of generalized principal
real logarithms of a given semi-simple matrix M (see Theorem 2.8). In general, we say that
alogarithm X of a matrix M is generalized principal, if every eigenvalue of X has imaginary
part in [—, 7]. Our definition of generalized principal logarithm is more general than the
usual definition of principal logarithm (see [8, Thm. 1.31 p.20]). Indeed, generalized principal
logarithms are also defined for matrices with negative eigenvalues, even if, in this case, they
are not unique.

In Sect.3, we prove analogous Theorems for the set Logso(n)(Q) of skew-symmetric
logarithms (Theorem 3.4) and for the set of generalized principal skew-symmetric logarithms
of any special orthogonal matrix Q (Theorem 3.7). For a study of the set of generalized
principal skew-symmetric logarithms of a given special orthogonal matrix, we also refer to
[4, Sect. 3].

In Sect.4 we determine, in the simplest cases, some of the homotopy groups of homoge-
neous spaces involved in the Theorems of Sects.2 and 3.

Finally, in Sect. 5 we prove that all components of the sets Log(M) and Logsq ) (Q) are
simply connected and that their second homotopy group is a free abelian group, whose rank
depends on the eigenvalues of the matrices constituting these components (see Theorems 5.1
and 5.2).

We point out that the techniques used in this paper are similar to those used in [5] to study
the set of real square roots of suitable non-singular matrices.

1 Preliminary facts

Notations 1.1 «) In this paper, for any integer n > 1, we denote

— M(n, R): the R-vector space of real square matrices of order n;

— GL(n,R) (and GL™ (n, R)): the multiplicative group of non-singular real matrices of
order n (with positive determinant);

— O(n) (and SO(n)): the multiplicative group of real orthogonal matrices of order n (with
determinant 1);

— so(n): the Lie algebra of real skew-symmetric matrices of order n;

— M(n, C): the C-vector space of complex square matrices of order n;

— GL(n, C): the multiplicative group of non-singular complex matrices of order n;

— U(n): the multiplicative group of complex unitary matrices of order n;

We denote by I the identity matrix of order n, by O, the null matrix of order n and by i
the imaginary unit. We write |_| j Xj to emphasize the union of mutually disjoint sets X ;;
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furthermore we denote by |S| the cardinality of any given finite set S and by & jy the usual

Kronecker delta defined by §; jy =1 if i = j, and O otherwise.

b) Forevery A € M(n, C), tr(A) is its trace, AT isits transpose, A* .= XT is its transpose

conjugate, det(A) is its determinant and, provided that det(A) # 0, A~ is its inverse;
Ai

Sfurthermore exp(A) := Log - denotes the exponential of A.

If C € GL,R), we denote by Ad, the map from M(n,R) onto itself, defined by

Ad, : X — Ad.(X) := CXC~'. Note that the maps Ad,. and exp commute.

For every 6 € R, we denote Ey := <COS(0) B sm(@)) and E := Eyp = (0 _01>; hence

sin(0) cos(9) 1
Eg = cos(9)I, + sin(0)E.
It is easy to check that exp(SE) = Es, for every § € R, and from this we get

(A) exp(al, +8E) = e“E;, foreverya,d € R

If By, ..., By are square matrices (of various orders), then By @ . .. ® By, denotes the block
square matrix with By, ..., By, on its diagonal. If B is a square matrix then B®™ denotes
B®- - -@ B (mtimes). It is easy to check that exp(B1 ®. . .® By,;,) = exp(B1)®...Dexp(Bn),
forevery By, ..., By.

If Sy, ..., Sy are sets of square matrices, then S| @ - - - ® Sy, denotes the set of all matrices

By ®---® By, with B; € S for every j.

To give a full generality to the results of this paper (and to their proofs), it is necessary
to establish agreements on the notations that we will use: if s is a non-negative integer
parameter, when we write a termas Y ;_y (--+), @i_; (--) or [[i_ (--+), we mean
that, if s = 0, this sum, this direct sum or this product does not appear in the related formula.
Similar considerations hold for Ziel (--+)and @ie] (--+), whenever the set I is empty.
We also assign a meaning to the matrices of order zero 1,, O, and to the groups of order
zero SO(0), 0(0), GL(0,R), GL*(0,R), defining them all equal to a single (phantom)
point Q which, conventionally, satisfies the following conditions: LQ = Q, forany A € C;
Q@ B = B®Q = B, forany complex square matrix B; Q&S =S®Q =S, for
any set S of complex square matrices. The eigenvalues of zero multiplicity of a given matrix
X € M(n, C) are all the complex numbers which are not eigenvalues of X. Finally, a free
abelian group G of rank zero means that G is reduced to the identity element.

For all other notations and information on matrices, not explicitly mentioned here, we refer
to [9] and to [8].

Remarks-Definitions 1.2 a) The mapping py : C — M(Q2,R) defined by p(z) =
Re(2)Ir + Im(2)E, is a monomorphism of R-algebras such that p1(Z) = p1(z)T and
p1(z) € GL(2,R) as soon as z # 0. More generally, for any h > 1, we define the
decomplexification mapping p;, : M (h, C) — M (2h, R), which maps the h x h complex
matrix Z = (z;j) to the (2 h) x (2 h) block real matrix (p1(zi;)), having h? square blocks
of order 2. We have tr(pp(Z)) = 2Re(tr(2))), det(pn(Z)) = | det(Z)|? and, moreover,
pn is a monomorphism of R-algebras, whose restriction to GL(h, C) is a monomor-
phism of Lie groups from GL(h,C) into GL(2h,R). Since pp(Z*) = on(Z2)T, the
restriction of the monomorphism py, to U (h) maps U (h) into SO2 h) and pp (U (h)) =
on(GL(h, C)) N SORhK) = pp(GL(h, C)) N O h). To simplify the notations and in
absence of ambiguity, from now on, we omit to write the symbol py, so, for instance, we
can consider M (h, C) as an R-subalgebra of M(2 h, R), GL(h, C) and U (h) as closed
subgroups of GL(2 h, R) and SO(2 h), respectively.

b) For every matrix B € M(n,R) we denote Cp := {X € GL(n,R) : BX = XB}. It is
easy to prove that Cp is a closed subgroup of GL(n, R); hence Cp is an embedded Lie
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subgroup of GL(n, R) (see, for instance, [17, Thm.3.21]). We also denote by o (B) the
set of distinct complex eigenvalues of B.

Lemma 1.3 Let D = @tj:l D; € M(n,R), where each D; is a semi-simple real square
matrix of order n, (with thzl n; = n) and assume o (D) N o (Dy) = @, whenever j # h.
Then we have Cp = @’j:] Cp;-

Proof Any matrix A € Cp can be written in blocks as A = (A;;), where A;; is an n; X n;
real matrix, fori, j = 1, ..., t. The condition AD = DA implies A;; D; = D; A;j, for every
1 <i,j<tFixi,je({l,..., t}withi # j.Since D; is semi-simple, there is a basis of C"/,
called {v,, - - - , Un; }, consisting of eigenvectors of D;; hence, if v belongs to this basis, there
exists A € o(Dj) such that D;(v) = Av, and therefore we get D;A;;j(v) = A;;D;(v) =
AA;j(v). From the assumptions, A ¢ o(D;), and so we conclude that A;;(v) = 0, for
every v € {v,,..., Uy }; hence A;; is the null matrix. Therefore we have A = EB’jzl Ajj
where Aj; € GL(nj,R) and A;;D; = DjAj;, forevery j = 1,---,t, so we obtain
Cp C @tj:l C D;- Since the reverse inclusion is trivial, the statement has been proved. O

Using similar elementary arguments, it is easy to prove the following:

Lemmal14 If 0 < 6 < m, consider the matrix Egam e GL2m,R) (m > 1). We have
CEgam = GL(m,C) c GL(2m, R) (remember Remarks—Definitions 1.2 (a)).

Remarks-Definitions 1.5 a) It is known that every closed subgroup H of a Lie group G is
also a Lie group and that the set of left cosets G /| H has a unique structure of differentiable
manifold (of dimension equal to dimgr G — dimg H ) such that the projection G — G/H
is differentiable and the natural action of G on G/H is transitive; moreover, G is a
principal fiber bundle over G/ H with group H (see, for instance, [17, pp. 120 -124]).

b) In the next Sections we will have to deal with the following homogeneous spaces:

5 _ GL(,0) o __uwm
(V11 vg) (@j’:] GL(v;, (C))’ V1,00 05) (@j’:l U(Uj))’
+
GL*(¢ +Y2v,1R<) if r>1
R GL*(¢.R) @ (D), GL(v;.0))
Cigivg,my = GLT(Q2v,R) '
- if ¢=0
(D=1 GL(v;. 0)
SO 2
SO©) ® Eg 1))U( ) vt
- V;
e = SO(ZUJ)J J , where ¢, vy, ..., v5 are
e el if ¢=0
(65;:1 U))
integers such that { > 0, vy,...,vg > 1 (s > 1) and v = Zj‘=1 vj- It is useful to

define the spaces F({;vl ,,,,, vy) and Tz,
(&3 v1, ..., V) reduces to (£)) and ¢ > 0, setting them, in all these cases, equal to a
single point. Consequently, note that I'¢.., ... v,) reduces to a single point if and only if
eithers =0, ¢ >0 or s =1, vy =v =1, ¢ = 0, while the space F({;w
point if and only if s = 0, ¢ > 0. Also note that both spaces O,
are single points if and only if s = 1 (for every v = vy > 1).

c) All the spaces we have defined in (b) are connected differentiable manifolds; more-
over T;g;vl ,,,,, ) and O, . are also compact. Theil:\dimensions are the following:
dimg Tiguy,u) = 400 +0) =235 15, dimg Oy, = 207 =235 v},

v) evenwhen s = 0 (i.e. when the multi-index

.....

.....

.....

,,,,,

.....
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dimp r({~v1 ,,,,, v) = vv +2¢ — 1) — Zj‘:l V%, dimp O,
We also observe that T',v), '0,v), O, ), Ow, v,) are symmetric spaces, for every
v, v, v, > 1. Moreover, it can be easily seen that T ) is diffeomorphic to the 2-

dimensional sphere S.
GL(¢ +2v,R)

d
GLG. R @ (@, GL(;,C)

d) Note that, if ¢ > 1, the homogeneous spaces

O +2v) are diffeomorphic to T and T’ respectively
00 & (@j‘:] U(Uj)) (&5v14ee05) &y, vg)y TES
(and so th ted), while, for ¢ = 0, th GLv, B d
and so they are connected), while, for ¢ = 0, the spaces an
(@)1 GL1;,0)
OQ2v) . L~
— - have two connected components both diffeomorphic to I o,y ..., and
(@ j=1 Uy j))
GL 2v, R
L 0:vy,....v,), Tespectively; hence we can say that €+ 2. R) and

GL(& R) & (P, GL(;,0))
O +2v)

0 @ (D)= U))

Definition 1.6 Let M € M (n, R). We say that X € M(n, R) is a real logarithm of M, if
exp(X) = M; we denote by Log(M) = {X € M(n,R) : exp(X) = M} the set of real
logarithms of M. Moreover, if M is special orthogonal, we denote by Logso(n)(M) =
Log (M) Nso(n), the set of real skew-symmetric logarithms of M.

have 2°¢0 connected components (if ¢ +s > 1).

Remark 1.7 1tis known that exp(X) € GL™ (n, R), forevery X € M(n, R); hence no matrix
with non-positive determinant has real logarithms. Moreover, also the following fact is known
(see, for instance, [2, Thm. 1] or [8, Thm. 1.23]):

M € GL*(n, R) has at least one real logarithm if and only if it has an even number of Jordan
blocks of each size, for every negative eigenvalue.

In particular, if M € GL™ (n, R) is semi-simple, then it has at least one real logarithm if and
only if each of its (possible) negative eigenvalues has even multiplicity.

Remark 1.8 Let G be a Lie group acting smoothly on a differentiable manifold X. The orbit

of each x € X is an immersed submanifold of X, diffeomorphic to the homogeneous space
G

Fem where G, is the isotropy subgroup of G at x.

Fu);thermore, if G is compact, all orbits are embedded submanifolds of X (see [14]).

2 Real logarithms of semi-simple non-singular matrices

Let M be any semi-simple real square matrix of order n; by Remark 1.7, if we want Log(M)
to be non-empty, we must assume that the matrix M is non-singular, with all (possible)
negative eigenvalues of even multiplicity.

Aim of this section is to study Log(M), for any M satisfying these assumptions.

Lemma2.1 Let A € M(n,R). Then A is semi-simple if and only if exp(A) is semi-simple.

Proof One implication is trivial. For the other, assume that exp(A) is semi-simple. By the
additive Jordan-Chevalley decomposition, there exist a semi-simple matrix S and a nilpotent
matrix N ofindex k > 1, suchthat A = S+ N with SN = NS (see, for instance, [10, Ch. VI]
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654 D. Pertici

and also [3]). Since N and S commute, we have exp(A) = exp(S) exp(N), with exp(S) semi-
simple and exp(N) unipotent; so, by the uniqueness of the multiplicative Jordan-Chevalley

Nl
decomposition, we get exp(A) = exp(S) and exp(N) = f:& - = I,. Since the minimal
i!
polynomial of N has degree k, this last equation implies k = 1,ie. N = O,, so A is
semi-simple. m]

Remarks-Definitions 2.2 a) Let M be a semi-simple non-singular real matrix, having every
(possible) negative eigenvalue of even multiplicity, and denote its eigenvalues as follows:
o the distinct positive eigenvalues are: ., < A, < ... < A, with (positive) multiplici-
ties h , h,, ..., hp respectively (p > 0);
© the distinct non-real eigenvalues are: p , exp(£if,),..., Pitay) exp(£ib,),
Py EXP(EiD,), . . ., Pay) exp(£ib,) up 1o p, , exp(#ib,). ..., p,, , exp(£if,),
where p, , exp(£it),) both have (positive) multiplicity m , ,, for every I, t, and where

0<6 <6, <...<0 <m, aq>1 0< Pany < Puay < --- < p«wal),forevery
l=1,....,r (r>=0)
© the distinct negative eigenvalues are: —w, > —w, > ... > —w,, with (even

positive) multiplicities 2k, 2k,, ..., 2k, respectively (¢ > 0). Note that Zf:l h, +
23, Z?’:l mg, +2 23:1 k; = n. We also denote by 2A =23"|_, a, the number
of distinct non-real eigenvalues of M. We point out that one or two of the indices p,r, q
can be zero. For instance, the index p vanishes when the matrix M has no positive eigen-
values. In this case, the numbers A, h, are not defined and it is understood that the term
Zle h, (or any term of the same type), does not appear in the previous (or in a similar)
equality, according to Notations 1.1 (b). Analogous remarks hold when r or q are zero.
b) Let M be asin(a)andletY € M(n,R) denote a real logarithm of M. By Lemma 2.1, Y is
semi-simple and its eigenvalues are (complex) logarithms of the eigenvalues of M. Hence
there exist two finite sets, {n(i,x), Tiins a(”)} C Zand{u(iyx), b,, s d(m, V(s cj} C
N, such that the distinct eigenvalues of Y are precisely the following:
<o ln()\i):EZﬂn(i'x)i, forx =0,1,...,b, withO = Mooy <Many <+ <Ny where,
ifb, > 1and x = 1, ..., b, the eigenvalues In(;) = 27, i both have multiplicity
U, = 1, while, for x = 0, the multiplicity of In(%,) is g, := h,, if b, = 0, and

b.
g =h —2%", Uiy =0, ifb, > 1, foreveryi=1,...,p;
o In(p,,) =+ 6 + Zﬂr(l,t.z))i’ both with multiplicity w,, , > 1, forz=1,...,d

o Yy

d
(1,1 _ _
where Ty < -0 < r«‘,’d(m) and Zz:l Kz =My forevery t =1,...,a, and
l=1,...,r;
<o ln(wj) + (7 + 2710(1..),))1 ,Cboth with multiplicity Uiy = I, fory=1,..., o where
J _ P
Vg <-ov < v(].‘[,_/_) and Zy:l V., =k, forevery j=1,...,q.

c) Let M, Y (and their eigenvalues) be as in (a) and (b), respectively.
In order to simplify notations and statements, we define the following sets:
I:={i:1<i<p b >1},T:={i:1<i<p, b =0}
Ji=liel: g =0={i:1<i<p g=0J:={iel:g =2},
K:={iel: g =0, bi=u(i‘1)=1},L:={j: 1<j<gq, c;=v
and the following multi-indices:

=1}

(.1

1= 00 N gys e My e s 00 TG00 ee s Mg )3
U= (g,,u(lyl),...,u“_hl); c &y Uiy ...,u(pybp));
= (Tyyps s Thady b 5 T o t""’r~"(r,a,.)));
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d)

= W o Bandg b o B Readg, )3
0= (0(1.1)"”70(1.(;1); NI a(q_cq));
V= (U<1,1)’ ces Vs s Vg e v(qicq)).

If the set of multi-indices (n, u, t, i, 0, v) satisfies the conditions stated in (b), we say
that it is admissible with respect to the matrixM or simply M-admissible. Note that some
multi-indices between 1, u, t, (i, o, v are necessarily empty when p, r or q vanish. For
instance, if p = 0, then n = u = @, and something similar holds when the integer
r or the integer q is zero. There is always a countable infinity of M-admissible sets of
multi-indices, unless the eigenvalues of M are real, positive and simple. In this case,
there exists a unique M-admissible set of multi-indices corresponding to the values
t=p=0c=v=01=00...0.u=(11...1).Wedenoteby LM
the subset of Log(M) of all real logarithms of M whose eigenvalues agree with the
eigenvalues of the matrix Y (with the same multiplicities). We say that the eigenvalues of Y
(each with its multiplicity) are the eigenvalues (with related multiplicities) of £(M) EZ;?)
Note also that, unless the eigenvalues of M are all real, positive and simple, we have

cagton =| | o)

where the countable disjoint union is taken over all M-admissible sets of multi-indices
n, u, T, 1, o, v), while, if the eigenvalues of M are all real, positive and simple, then

Log(M) agrees with the set E(M)EZ’L’?), where t = =0 =v =0, andn =

0,0,...,0), u=(,1,...,1). It is not difficult to prove that every [Z(M)EZ:;’Z)) is
an open and closed topological subspace of Log(M), and therefore, every connected
component of L(M )EZ;?) is also a connected component of Log(M).

If the semi-simple matrices M and Y (and their eigenvalues) are as in (a) and (b), the

real Jordan forms, Ty of M and J of Y, can be written, respectively, as follows:

. r a &m
=) In = [@ie] )‘ilhi] ® [@ieﬂilhi] ® [@1:1 Diz1 P Eo, ] ®

|: 3:1(_wj)12k/.i|f

(**)j = [@iel <(11’l(}\.’.)lgi ) @ (@iizl(ln()“i)lht(i)x) + (znn(i_x))Eeau(i'X) ))>i|®
a dy, 7
I:@iET ln()"i )Ihl:| 2] [@?:1 tl:1 691:(1[’ )(ln(p(lvt>)12u(ly,qz)+(91 +27TT(11,_Z) )E®l (R )]EB

D, B, (ln(w ), + (74270, )E®v(.f~Y>>].

j=1 Dy= I ) U

By [9, Cor.3.4.1.10, p.203], we know that there exist two matrices C,T € GL(n,R)
suchthat M = CTyC L and Y = TjT’l. Since j is a real Jordan form common to
all matrices of L(M )EZL?) we say that J is a real Jordan form of £(M )EZZ?) Taking
into account Notations 1.1 (D), it is easy to check that we have exp(j) = Ju. Also note
that this equality implies Cz < Cg,,.

Proposition 2.3 Let M be a semi-simple non-singular real matrix, whose eigenvalues are as
in Remarks-Definitions 2.2 (a) and fix C € GL(n,R) such that M = C Ty C~", where Ty
is the matrix defined by (x). Choose any M -admissible set of multi-indices (n, u, T, L, o, v)

as in Remarks—Definitions 2.2 (b),(c), and denote by T the real Jordan form of ll(M)("’r’o)

(u,p,v)

defined by (xx).

Then we have  L(M)("%) = {CXTX7'C™" 1 X € Cg,,} = Ad (L))
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656 D. Pertici

Moreover, L(M )EZL?) is a closed embedded submanifold of M (n, R), diffeomorphic to

the homogeneous space =T
C7

Proof If Y € £(M)EZ’:L’UU)), thenY = TJT~!, for some T € GL(n, R), and

exp(Y) = Texp()T~' = TIuT~' = M = CIyC~'. Hence C~'T € Cy,,, and so
T = CX, for some X € Cg,. Conversely, if ¥ = CXjX_IC_l, with X € Cg,, we
have exp(Y) = CXJyX~'C~' = M, and so Y € L(M)("") Therefore L(M)(I"7) =
(cxJx'c':xec 7w 1- The second equality of the statement follows directly from the
definition of the mapping Ad,..

Since Ad,. is a diffeomorphism of M (n, R), it suffices to prove that the set

E(jM)EZ:;j))) ={XJX"': X €Cy,) has the properties stated for E(M)EZ‘;’Z))).

The map: (B, Z) — Ady(Z) defines an action of the Lie group Cz,, on M(n,R). The

orbit of 7 is the set E(jM)EZ:;,?)' By Remark 1.8, this set is an immersed submanifold of

C
M (n, R), diffeomorphic to the homogeneous space % since C 7 is the isotropy subgroup

. J
of the action.

The set £(J) {1 1% is closed in M (n, R). Indeed, if {Y;},,, isasequence in L(T) (1 -, 7)
converging to Y € M (n, R), then exp(Y) = Ju, and the characteristic polynomial of Y is
the same characteristic polynomial of all matrices Y; (constant with respect to i € N). Hence
Y € LZ(JM)EZ:;’Z)); therefore this last set is closed and it is an embedded submanifold of
M (n, R) (see, for instance, [12, Thm.p. 65]). m]

Lemma2.4 Let Jy and J the matrices of Remarks—Definitions 2.2 (d) defined by (x) and
(xx), respectively. Then the Lie groups consisting of the non-singular matrices commuting
with Jy and J are the following:

CJM = [@iel GL(hi’ R):| @ [@iefGL(hi’ R)i| @ I:@;:l @;l[:l GL(m(,_r), (C)]GB

[ [ GL(ij,]R)};

cr= [ (6115, 210(@% 0110, 00) o [ @101, ]
a d,, ¢
[@lr:l @[]:l @z:(ll’) GL(M(!,/.z)’ (C)] D |: 7:] @):1 GL(U(JZ)')’ (C):I

Proof The statement follows directly from Lemmas 1.3 and 1.4. O

Theorem 2.5 Let M be a semi-simple non-singular real matrix, whose eigenvalues are as in
Remarks—Definitions 2.2 (a). Choose any M -admissible set of multi-indices (n, u, t, i, o, v)
andlet J = {i : 1 <i<p, g =0} then LM is a manifold with 207+

.....

connected components, each of which is diffeomorphic to |:]_[,-€1 ll:(gm(_ oo )):| X
1 1, 1, ’

(n,7,0)

(gev) is a manifold dif-

Proof From Proposition 2.3 and Lemma 2.4, it follows that £(M)
feomorphic to the following product of homogeneous spaces:
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GL(h,,R GL(m,,C)
[ iel (b’, ) ] X |:l_[lr=l | = i|><
GL(gi’ R) @ (@xlzl GL(M(!’,,\‘)’ (C)) (@Zi? GL(/,L(“'Z), C))
q GL(2kV, R) ] - )
|: =1 :|; hence, recalling Remarks-Definitions 1.5 (d), we obtain
( 1 GL(v; ., 0)
the statement of the Theorem. O

Remark 2.6 Let M be a semi-simple non-singular real matrix, whose negative eigenvalues
have even multiplicity. By Remarks—Definitions 2.2 (c), Theorem 2.5 and Remarks—
Definitions 1.5 (b), Log(M) is a finite set if and only if the eigenvalues of M are all real,
positive and simple, and in this case, it consists of a single point (see [2, Thm. 2]). Otherwise,
the set Log(M) is countably infinite if and only if every manifold E(M)(" ;?) has zero
dimension, and so, taking into account Theorem 2.5 and Remarks- Deﬁnmons 1.5 (b),(c), we
get that the set Log(M) is countably infinite if and only if all eigenvalues of M are simple
and no eigenvalue of M is negative, as in [2, Cor.p. 1151].

Definition 2.7 Let M € M(n,R). We say that a matrix X € M(n, R) is a generalized
principal real logarithm of M, if exp(X) = M and every eigenvalue of X has imaginary part
in [—m, ]. Note that this definition is more general than the usual definition of principal
logarithm (see, for instance, [8, Thm. 1.31 p.20]).

We denote by P Log (M) the set of all generalized principal real logarithms of M. Of course
this set can be empty, but this does not happen if the matrix M is non-singular, semi-simple
and all its negative eigenvalues have even multiplicity.

Theorem 2.8 Let M be a semi-simple non-singular real matrix, having exactly q distinct
negative eigenvalues (q > 0), of multiplicity 2k, , ..., 2k , respectively.

If g > 1, the set PLog(M) is a manifold with 29 connected components, each of which is
diffeomorphic to the symmetric space ]_[?:1 f(o; k;)

If M has no negative eigenvalues, then the set PLog(M) is a single point.

Proof Using the same notations as in Remarks—Definition 2.2, and denoting by O any multi-
index whose entries are all zero, we have PLog(M) = L(M)EZ;?) wheren = 0,1t = O,
co=0, u=("h;...; hp) wo=(mg ;- m(w)), v=(k;;...; kq). Therefore, by
Theorem 2.5, the manifold PLog (M) has 29 connected components, which are, if ¢ > 1, all
diffeomorphic to ]_[‘11.:1 f‘(o; k) If ¢ = O then PLog(M) consists of a single point (as in [8,

Thm. 1.31]), since all sets F(h,-) and @(’”(z o) reduce to a point. ]

3 Real skew-symmetric logarithms of special orthogonal matrices

Notations 3.1 In this Section we assume n > 2. Let Q € SO(n). The eigenvalues of Q have
unitary modulus, so the real Jordan form of Q can be written as follows:

) Jo=1, Eg?"" ©...0E" &1,

where h,r,k >0, h+2m+...4+2m+2k=n 0<60 <0, <...<0 <mu;
so the eigenvalues of Q are: 1 with multiplicity h > 0, exp(&£i6,) both with multiplicity
my, ..., up to exp(+£ib,) both with multiplicity m, (m; > 1, for every j, if r > 0), and —1
with multiplicity 2k > 0. Note that, also in this case, the integers h, r, k can vanish; so we
assume, in this Section, the same agreements stated in Notations 1.1 (b). Also note that, if
n is odd, h is also odd, so 1 is necessarily an eigenvalue of Q. It is known that there exists
K € O(n) such that Q = KfQKT (see, for instance, [9, Cor.2.5.11 p. 137]).
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Remarks-Definitions 3.2 a) Let Q be a matrix of SO(n) as in Notations 3.1, and choose any

real skew-symmetric logarithm W of Q. The eigenvalues of W are complex logarithms
of the eigenvalues of Q, so, as in Remarks—Definitions 2.2, there exist two finite sets,
. T, Uj} C Zand {u,, b, s dps v i ¢} C N, such that the eigenvalues of W
can be written as follows:
o E£2mni, fori =0,1,...,b with 0=n, <n, <...<mn,, where, ifb>1and
i=1,...,b theeigenvalues *2mn,i both have multiplicity u, > 1, while, fori =0,
the eigenvalue 0 has multiplicity g := h — 22;’:1 u, >0 ifb>1, and g :=h, if
b=0;

© (0, + 2mt, )i both with multiplicity v, ,, > 1, for every t = 1,...,d,, where

()
d
1 — —
Tan < Tap <+ < Tuap and ) L, =m, forevery l=1,...,r;
o E(7w + 27o))i both with multiplicity v; > 1, for every j = 1,...,c where
0, <...<o0, and Yoy, =k

As in Sect. 2, to simplify the notations, we define the following multi-indices:

n:=0,n,,...,m,); wi= (g, uy,...,u);
T = (T<1,1)’ s T Ty s T(r,dr));
W= (s oo Baays oo By oo Ha))s
o:=(0,,...,0,); vi=(v,,...,0,).

The set of multi-indices (n, u, T, u, o, v) is Q-admissible (see Remarks—Definitions 2.2).
Note that, since n > 2, there is a countable infinity of Q-admissible sets of multi-indices,
for every Q € SO(n). Also note that —1 is an eigenvalue of Q of multiplicity 2 if and
only if ¢ =v, = 1, for every Q-admissible set of multi-indices.

b) Let W be as in (a). The assumptions on the eigenvalues of W are equivalent to
saying that there is a real Jordan form N of W of the following type:

(k%) T = |:Og o) (@LI(Z”TLE@”I' ))]@
[@lrzl 69?121(0’ T 2”1(1.1))E®M<I'r)] @ [@;=1(7T + ZnG,)EEB”.i].

Since the matrix W is skew-symmetric, there exists a matrix Z € O(n) such that W =
ZTZT (see again [9, Cor.2.5.11 p. 136]). Note that 7 is also skew-symmetric.

Ifthe set of multi-indices (n, u, T, i, o, v) is Q-admissible, we denote by L4 (n) (Q)("’T’g)

(s pa,v)

=so(n)N ﬁ(Q)EZ’;’fL)) the set of real skew-symmetric logarithms of Q whose real Jordan

form is the matrix fdeﬁned by (xx). As in Remarks-Definitions 2.2 (c),(d), we say that

7 is a real Jordan form of ﬁgo(n)(Q)EZ’;‘?) and that the eigenvalues off (with their

multiplicities) are the eigenvalues (with related multiplicities) of [Zso(n)(Q) . U)) It is
clear that

C

~

£0g50m)(Q) = |_| Lsom (D015

where the countable disjoint union is taken over all Q- admissible sets of multi-indices

(n, u, T, 1, o, v). As in Remarks—Definitions 2.2 (c), Eso(,,)(Q)(u .. U) is an open and
closed topological subspace of L0gs0(n)(Q); so we get that each connected component

of Lsom) (Q)EZ’;’?) is also a connected component of LOgs0(n)(Q).

Proposition 3.3 Let Q € SO(n), assume its real Jordan form jQ is as in Notations 3.1
(%) and fix K € O(n) such that Q = KJQKT Choose any Q-admissible set of multi-
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indices (n, u, t, 1, o, v) and let 7 be the real Jordan form of Eso(n)(Q)EZ Z?) defined in
Remarks—Definitions 3.2 (xx). Then we have

Loom Q77 = IKXTXTKT : X € C5, N OM)} = Ady (Lsotn (T %)

Moreover Lgo(n)( Q)EZ;?) is a compact submanifold of so(n), diffeomorphic to the homo-
C Fo NO(n)

eneous spacé ————.
8 Pace e nom

Proof Let W € Laou)(Q)(17). Weknow thatthere exists Z € O(n) suchthat W = Z7Z" .
By Notations 1.1 (A), we get exp(J) = jQ Since exp (W) = Q, we have ZJQZT =

KJQKT sowe get Z = KX, with X € Cj N O(n). Conversely, if W = KXTXTKT,
with X € Cz, N O(n), then W € so(n) and exp(W) = KXJ7pX"KT = Q. Hence
LoD = (KXTXTKT : X € C7, N Om)} = Ad((XTX" : X € C3, N

u,pm,v)
Om)}) = Ad, (550(">(jQ)EZ:;:;)))' Since Ad, is a diffeomorphism of so(n) which maps
Lsom) (:’fQ)EZ;?) onto Lsa(n)(Q)EZ’;’?), it suffices to prove the final part of the Theorem

for Lso(n) (jQ)(u . v) The compact Lie group CJ N O(n) acts on so(n) through the map:
(AY) > Ad,(Y): Lo (JTp) "7 is the orbit of 7, while the isotropy subgroup at 7 is

(u,p,v)
Cz N O(n); hence, by Remark 1.8, ESO(,,)(fQ)EZ:;’Z)) (and therefore also Eso(n)(Q)EZ:;’z)))
CjQ N On)

is a compact submanifold of so(n) diffeomorphic to . This completes the proof.

CzN0On)
O

Theorem 3.4 Let Q € SO(n); assume its real Jordan form fQ is as in Notations 3.1 (x) and
choose any Q-admissible set of multi-indices (n, u, t, u, o, v). Then

a) L‘,go(n)(Q)(u " v) is a compact homogeneous submanifold of so(n), whose connected
components are all diﬁ‘eomorphie to the product

b) the manifold Lo (n) (Q)("’T’o) is connected if and only if either Q has no real eigenvalues

U, L)
or —1 isnot an eigenvalue of Q and 0 is an eigenvalue of Lo (n) (Q)EZ;?) s this manifold

has two connected components if and only if either 1 is an eigenvalue of Q, —1 is not an
(1,7.0)
(u,p,0)

or 1 is not an eigenvalue of Q and

eigenvalue of Q and 0 is not an eigenvalue of L (n)(Q) r —1is an eigenvalue

(n,7,0)
(u,p,v)’

—1 is an eigenvalue of Q; Lgo(y,)(Q) . Z?) has four connected components if and only

(n,7,0)
(u,pn,v)°

of Q and 0 is an eigenvalue of Eﬁo(,,)(Q)

if 1 and —1 are both eigenvalues of Q and 0 is not an eigenvalue of Lo(1)(Q)

Proof From Lemmas 1.3 and 1.4, we get

CjQ N Om) = {GL(h,R) @ (@l’:] GL(ml,(C)) ® GLRk,R)} N O(n) = Oh) &
(B, Um))) & O2k) and C7N0On) =

{GL&. ®) ® (B}, GLu,,C) & (D, ??Ll Giy, O) @ (B5- GLv;, O)} N
On)=0(g) & (@?:1 U)) @ (D=1 B,LUky,)) ® @5 Uw)).
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C7, N Om)

CzN0On)

|: O(h) ] o |: 1—[r U(m,) ] y |: O2k) ]
0e) ® (Bi_y U(w,)) B U) L (@ V@)

(We have assumed, without losing generality, that 2, k > 1.) By Proposition 3.3 and Remarks-
Definitions 1.5 (d), we get the statement (a), while (b) still follows, by means of simple
arguments, from Remarks-Definitions 1.5 (d). ]

Therefore the homogeneous space is diffeomorphic to the product

Remark 3.5 a) Now, keeping in mind Notations 3.1 and Remarks—Definitions 3.2 (a), if the
set of multi-indices (1, u, 7, u, o, v) is Q-admissible and the order n of Q is odd, then
0 is necessarily an eigenvalue of Eso(n)(Q)EZ:;’z)).

b) If O € SO(n) (n > 2), the set of real skew-symmetric logarithms of Q is never finite
and it is countably infinite if and only if, for every Q-admissible set of multi-indices
(n, u, t, u, o, v), the manifold Esg(,,)(Q)O7 ;G)) has zero dimension. By Theorem 3.4
and Remarks—Definitions 1.5 (b), (c), it follows that Logso(n)(Q) is countably infinite if
and only if all non-real eigenvalues of Q are simple and the multiplicity of 1 and —1 as
(possible) eigenvalues of Q is less than or equal to 2.

Definition 3.6 Let Q € SO(n). As in Definition 2.7, we say that X € so(n) is a generalized
principal skew-symmetric logarithm of Q, if exp(X) = Q and each eigenvalue of X has
imaginary part in [, 7]. We denote by PL0gs0(n)(Q) the set of generalized principal
skew-symmetric logarithms of Q.

Theorem 3.7 Let Q € SO(n). If —1 is not an eigenvalue of Q, then the set PL0gs0n)(Q)
consists of a single point, while, if —1 is an eigenvalue of Q of multiplicity 2k > 2, then
PLogs0n)(Q) is a compact submanifold of so(n), diffeomorphic to the homogeneous space
O(2k)
U (k)
diffeomorphic to the symmetric space T ().

. In this last case, PL0gs0(n)(Q) has two connected components, each of which is

Proof The set PLo0gso(n)(Q) agrees with ﬁso(n)(Q)(u . U), where n = O, 7 = 0,0 =
O,u=(0h),n=m;...; m), v = (k), so the statement follows from the proof of
Theorem 3.4, taking into account Remarks—Definitions 1.5 (b), (c), (d). ]

4 Remarks on the homotopy groups of some homogeneous spaces

As we have seen, the homogeneous spaces defined in Remarks—Definitions 1.5 describe the
structure of the set of real logarithms of an arbitrary matrix. For this reason, in this section
we will study some of their topological properties. We start with some general properties
concerning homogeneous spaces.

Remark 4.1 Let G be a connected Lie group with identity e and let H be any connected
closed subgroup of G. Denoting by G/H the related homogeneous space and by {e} = H
the equivalence class of e in the quotient G/H, it is known that we have the following

homotopy exact sequence, induced by the fibration on the quotient (see [16, p.90]):
S mH) D mi(G) = m(G/H) < S m(GIH) = )

11(G) = 71(G/H) = 0.
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In this sequence, the homotopy groups are based at the point e for G and H and at the point
{e} for G/H; the mappings ¢ and £ are, respectively, the homomorphisms induced by the
natural inclusion: H — G and by the projection of G onto the quotient G/H, while the
mappings § are the connecting homomorphisms.

Lemma4.2 Let G, H, H' be connected closed subgroups of a connected Lie group G, such
that H C G' N H. Suppose G’ is a deformation retract of G and H' is a deformation retract
of H. Then 7w;(G/H) = 7r;(G'/H'), for everyi > 1.

Proof From the assumptions, it follows that the natural inclusion: G’ — G is a bun-

dle morphism, i.e. there exist a (natural) inclusion map: G'/H' — G/H such that
¢ —— G

the diagram l l commutes. Then, for every i > 2, we get the fol-

G'/H —— G/H
lowing commutative diagram, where the rows are exact sequences (see [16, p.90]):
i (H) —Ys (G —— mi(GJH) — i (H) —— 1 1(G) ...

lﬁ lji lli lfifl lji—l

mi(H) —Y 1(G) —— m(G/H) —— mi_y(H) —— 1 1(G) -

Here the maps f;, j; and /; are the homomorphisms induced by the natural inclusions.
Since all groups are connected, if we define, as usual, 7o(G) = 7o(G’) = mo(H) = 7o (H')
= {0}, the previous commutative diagram remains valid also for i = 1. Furthermore, since G’
and H’ are deformation retracts of G and H, respectively, all maps f;, j, are isomorphisms,
therefore, by the classical Five-Lemma (see, for instance, [7, p. 129], where the proof also
works for non-abelian groups), all maps /; are also isomorphisms, for every i > 1. This

concludes the proof. O
Proposition 4.3 Let ¢, vy, ..., vy be integers such that { > 0 and v; > 1, for j =
l,...,s (s > 1). Then, for every i > 1, we have

ni(F({;vl,‘..,uj)) = ni(r({;ul ,,,,, US)) and ni(®(\)1 ,,,,, v;)) =m; (®(v1 ,,,,, V:))’

Proof It is well-known that SO(n) is a deformation retract of GLT (n, R). Indeed, if
X € GLt(n,R), by polar decomposition (see [9, Thm.7.3.1 p.449]), we can write
X = (XX")172((xxT)=1/2.X), where (XX T)!/? is a positive definite symmetric real matrix
of order n and ((XXT)_I/2 . X) € SO(n). Denoting by log((XXT) 172 the unique symmetric
real logarithm of the positive definite matrix (xxTz, by j : SO(n) - GL™(n,R) the
natural inclusion, and by 7 : GL™ (n, R) — SO(n) the retraction: X > ((XXT)_I/2 . X),
we define H(X, 1) = exp (¢ - log((XXT)1/2))((xXT)~!/% . X), for every X € GL*(n,R)
and t € [0, 1]. H is a C* homotopy between j o7 and the identity map of GL* (n, R), so
SO(n) is a deformation retract of GL™ (n, R). Similarly, it can be proved that U (n) is a defor-
mation retractof GL(n, C), ( P U(v})) is a deformation retract of ( Pj_ GLv;, 0)).
and SO(¢) ® (@;:l U(vj)) is a deformation retract of

GLT(¢,R) @ (@;:1 GL(vj, C)); so the Proposition follows from Lemma 4.2. ]

Remark 4.4 The spaces I"(o;1), I'(¢) and ©,) reduce to a single point (remember Remarks—
Definitions 1.5 (b)), so their homotopy groups are trivial.
We also recall that the so-called stable homotopy groups of the symmetric spaces
SOQ2v)

U()

T, = have been computed by R. Bott in his fundamental work [1], while results
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about unstable homotopy groups of I,y have been obtained by various other authors (see,
for instance, [6, 15] and [11]). Among the known results, we will use the following:

Proposition 4.5 The manifoldT (., is simply connected and > (I (0,1)) = Z foreveryv > 2.

We will study some other cases in the next Propositions of this Section.

Proposition 4.6 Let ¢, vy, ..., v be integers such that ¢ > 0, vy, ..., vy > 1(s > 1), and
assume either ¢ > 1 or s > 2. Then

a) T, vy is simply connected;

b) ng(F@ Vi,.v)) 1S isomorphic to Z7°, if ¢ # 2, while wa(I' (2.,
ZY

C) zfv1 = ...=vy = land ¢ = 0,1,2, then T[l'(l—‘(g;l
i (SO + 25)), for every i > 3.

v,)) IS isomorphic to

.....

1y) is isomorphic to

.....

Proof The assumptions about ¢ and s imply that ¢ + 2v > 3, where v := > _*
m1(SO(¢ + 2v)) is a cyclic group of order two. Furthermore, since
(SO + 2v)) = {0}, the final part of the homotopy exact sequence reduces to:

0 - mT¢...v)) -, 71 (SOE) @& (@)= U(W,))) 2, T (SO + 2v)) —
71 (Tz;v1,...,v5)) — 0. In this sequence the homomorphism v is induced by the inclusion

j=1V)3 then

determined by the decomplexification mapping. Now we set ¢; = 0, ¢; = Zﬁ;ll v, for
J=2,...,s,and we define, for j = 1, ..., s, the following loops:
aj it I{ D I¢_,~ &) (627[“) @ I(u—¢j—l) €SO ® (@2:1 U(Uh))’

Bi it = oy iy ® (2?587’,’,’)) —CS:)ZI((%Z,’;) © by, g, 1) € SO + 2v), for every t €
[0, 1]. Hence, denotmg by [o;] and [B,] the equlvalence classes of the loops «; and B; in
71 (SOW@) ® (B),—; U(v,))) and w1 (SO(¢ + 2v)), respectively, we have v ([o;]) = [B;],
for every j = 1,...,s. The mapping v is surjective, since [B1] is the generator (of order
two) of 71 (SO(¢ + 2v)); so, by the exactness of the previous sequence, 71 (I ¢;y,,...,v5)) 1S
the trivial group and therefore (a) is proved.

Moreover, all loops B; are homotopic to loop f;. Indeed, if Q; is a (special orthog-
onal) permutation matrix such that Q;B(t) Q]T = Bj(t) (for every t € [0, 1]) and
y 1[0, 1] = SO(¢ + 2v) is a continuous path joining /., and Q;, then the mapping
H defined by H(z,s) = y(s)B1(1)y(s)T (with r,s € [0, 1]) is a homotopy between the
loops By and B;. Therefore ¥ ([« ;]) = [B;]1 = [B1].for j =1, ...,5s.

If ¢ = 0, 1, the fundamental group (SO({) ® (@Zzl Uy, ))) is a free abelian group of
rank s and its generators are the homotopy classes of the loops &, for j =1, ..., s, and we
have w(Z;zl njla;l) = (Z;zl nj)pil, forevery ny, ..., ng € Z.

Furthermore, ker ¢ = {Z‘;zl njlo;] : Zj’:l nj is even} is a free abelian group, whose
rank is less than or equal to s = rank(m(SO(;“) ® (@2:1 U(vh)))). Since the elements
2[aq], ..., 2[ag] € ker ¢ are linearly independent over Z, it follows that rank(ker ) = s,
and so, w2 (L (¢uy,..0,)) S keryy = 7Z°.

If £ > 2, wedenote by o : [0, 1] - SO@) @ (j,—; U(v,)) and @ : [0, 1] - SO(£ +2v)
the loops defined, respectively, as follows:

w(t) = (ces(Znt) 7sin(27rt)> @1@72) @1 and (1) = (ces(Zm) 7sin(2m)) @I(zvﬂfz)’ for

sin(2wt)  cos(2wt) sin(2wt)  cos(2wt)
every t € [0, 1]. Since ¥ ([w]) = [@], as in the previous case we get
Y ([w]) = [B1]. Furthermore, the elements [w], [¢1], .. ., [a5] are independent generators

of 11 (SO) & (B, U(v,))).
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If ¢ = 2, all these elements have infinite order and 71 (SO(¢) ® (P, U(v,))) is a free
abelian group of rank s 4 1. Therefore

ker ¢ = {nolw] + Zj-:l njlo;]: Zj'zo n; is even} is a free abelian group of rank < s + 1;
since 2[w], 2[a1], .. ., 2[ws] are Z-linearly independent elements of ker 1, we conclude that
rank(ker ) = s + 1, and so w2(F 20y, v)) = keryp = 75+

If ¢ > 3, we have 7| (SO(;) ® (@Z:] U(v,,))) = 7, & Z° and hence

rank (ﬂl(SO(;“) & (@2:1 U(vh)))) = s. As before, 2[x1], ..., 2[as] are Z-linearly inde-
pendent elements of ker ¥ C 71 (SO() @ (D)_, U(v,))). Therefore

s <rank(ker ¥) < rank(m SOo@)® (@Zzl Uy, )))) = s, and so rank(ker ) = s. Note that
ker v is a torsion-free finitely generated abelian group. Indeed, [w] is the unique non-trivial
torsion element of the group (SO({) ® (@2:1 U(vh))) and [w] ¢ ker ¥. Hence ker ¢ is
a free abelian group of rank s, and therefore

72T z:y,...,v)) = ker ¢y = Z°. So the proof of (b) is complete.

Finally, if v; = 1, forevery j = 1,...,s,and £ =0, 1, 2, since we have

m1-(U(1)) = 7. (SO)) = 7. (SO2)) = {0}, for every r > 2, the sequence:

0— 7 (SO +2s)) N i (Cz:1,..1)) — 0is exact, for i > 3; so (c) holds. O

.....

Proposition 4.7 Let vy, ..., vg be positive integers (s > 1). Then

a) O, is simply connected;

b) m(O,,...v,)) is a free abelian group of rank s — 1

c) ifvi=...=v, =1, thenm; (O, 1)) is isomorphic to ;(U(s)), for every i > 3. In
particular, if s > 2, the group w3(©1,... 1)) is isomorphic to Z.

yaees

Proof We set v := Z;:] v;. Taking into account that 75 (U (v)) = {0} and arguing as in
Proposition 4.6, we obtain (a). Then we have the following short exact sequence:

.....

The group m2(®(y,,....v,)) is free abelian, since it is a subgroup of the free abelian group
T (@§=1 U(vj)) = Z°. Furthermore, the previous short exact sequence splits, because
w1 (U(v)) = Z is a free abelian group. We can therefore conclude that

72(Oy...v) = Z*~1, and so (b) holds.

yaens

Since (U (1)) = {0}, for every r > 2, the exactness of the sequence

..........

statement of (c) follows from the fact that 73(U (s)) = Z, for all s > 2. O

Remark 4.8 Using the Kronecker delta and taking into account Proposition 4.3, it is possible
to summarize Remark 4.4 and Propositions, 4.5,4.6 (b), 4.7 (b), by saying that 7> (F(C: Vlaeovs))
and 775(I'(z.v,,...,v,)) are free abelian groups of rank R

§ =808, 18w, 1) + 8.2 (1 = 8¢s,0) (for &, s =0, +5 = 1), while m2(Oy,....1,))
and m2(®(y,,....v,)) are free abelian groups of rank s — 1, for every s > 1 . Furthermore, all
these homogeneous spaces are simply connected.

yaees

5 Some topological properties of Log(M) and Log;,n)(Q)

Theorem 5.1 Let M be a semi-simple non-singular real matrix, whose eigenvalues are as in
Remarks—Definitions 2.2 (a), denote by 2 A the number of distinct non-real eigenvalues of M,
choose any M-admissible set of multi-indices (n, u, t, L, 0, v), and define the sets J, K, L

as in Remarks—Definitions 2.2 (c).
1.7.0)

) then

If C is an arbitrary connected component of L(M )E
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a) C is simply connected and w>(C) is a free abelian group whose rank is
~ a
{]:1171' - |IKl + |J| + Z;=1 Zz]=1 d(z,:) - A+ Z?:lcj — ILI;

(n,7,0)
(u,p1,v)

1 —~
is i(n— f:] g,.) — |K| + |J| — A— |L|; if, in addition, the multiplicity of all real

b) assume that all non-real eigenvalues of L(M) are simple; then the rank of w2 (C)

eigenvalues ofL(M)EZ’;’?) is less than or equal to 2, then, for everya >3, 1y (C) is

isomorphic to the direct sum

| L m(s0m) | @ | @11 @1l maWon,,) | @ | @ m(soek)) |
c) If W is any connected component of PLog (M), then W is simply connected and 7t (VW)

is a free abelian group of rank B, where B is the number of distinct negative eigenvalues
of M, the multiplicity of which is greater than or equal to 4.

Proof By Theorem 2.5 and Remark 4.8, the component C is simply connected and the rank
of the free abelian group 7 (C) is

a
Yier (b = 85,086,108, 1) + 8, (1 = 84,.0)) + Xioy XLide, — i a +

o~ a
foi(e; =8, e, n) = Xilib — KL+ U+ Yoy XLidg, — A+
?:1 ¢; — ILI|
where [ is the set defined in Remarks—Definitions 2.2 (c). This proves (a).

For part (b), we note that the condition on the non-real eigenvalues of £(M) EZ;?) isequivalent

to‘u(m = Hguy = Vi = 1, for any possible choice of indices i, x, 1, ¢, z, j, y, so, under
this condition, we have

(o) h,=g +2b, m,,=d k;, =c;, forall possible indices i, [, ¢, j.

(G

a (h, - g,) a
Hence Zf:l b, + erzl Zt/:l dy, + 23=1 ¢ = f:l — + erzl Zt/:l mg ., +
1
ik = E(n — Y7, g). From this and (a), we get the asserted formula for the
rank of 7> (C). If, in addition, the condition on the real eigenvalues holds, we have g, < 2,
fori = 1,..., p, so the statement about 77, (C) (¢ > 3) follows from Theorem 2.5 and

Propositions 4.3, 4.6 (c), 4.7 (c), taking into account the equalities (e) and the fact that, if
i ¢ 1,then o (SOh,)) = 74(SO(g;)) = {0}, for every a > 3.

Part (c) follows from (a), since, in this case, the set I is empty, d(m =c; = 1, for all
possible indices I, ¢, j, L={j: 1<j <gq, k]. =1} and B=g¢q — |L|. O

Theorem 5.2 Let Q € SO(n); assume its real Jordan form fQ is as in Notations 3.1 (x) and
choose any Q-admissible set of multi-indices (n, u, t, i, 0, v). Denote by B an arbitrary

connected component of Lgo(n)( Q)EZ;?) Then

a) B is simply connected and 7o (B) is a free abelian group whose rank is
b —8(,08b,100w,. 1) + 821 =8p,0) + Xj_1d, =1 + ¢ = S, ndw,, 1)
b) assume that all non-real eigenvalues of Lso(n) (Q)EZ’;’?) are simple and that the multiplic-

ity of 0 as eigenvalue of Lso(n) (Q)EZ;?)

is less than or equal to2; then, foreveryo > 3,
7o (B) is isomorphic to the direct sum 71 (SO(h)) & [ D 7 (U (m, ))} ®7e (SO2K)).

¢) If Z is any connected component of PL0gso(n)(Q), then
o Z is a single point, if either —1 is not an eigenvalue of Q or it is an eigenvalue of
QO of multiplicity 2;
o Z is diffeomorphic to a 2-dimensional sphere, if —1 is an eigenvalue of Q of
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multiplicity 4;
o Z is simply connected and 1w (C) is an infinite cyclic group, if —1 is an eigenvalue of
QO of multiplicity greater than or equal to 6.

Proof Part (a) easily follows from Theorem 3.4 (a) and Remark 4.8. Part (b) follows from
Theorem 3.4 (a) and Propositions 4.6 (c), 4.7 (c), since, in this case, we have g = h — 2b <
2, c=k and m, =d,, forevery I =1,...,r . Part (c) follows from Theorem 3.7 and
Proposition 4.5, also remembering that I' g 2) = s2. O
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