Bollettino dell'Unione Matematica Italiana (2022) 15:117-131
https://doi.org/10.1007/540574-021-00287-4

®

Check for
updates

On the dimension of totally geodesic submanifolds in the
Prym loci

Elisabetta Colombo’ - Paola Frediani2

Dedicated to Fabrizio Catanese on the occasion of his 70th birthday

Received: 13 January 2021/ Accepted: 5 April 2021 / Published online: 20 April 2021
© The Author(s) 2021

Abstract

In this paper we give a bound on the dimension of a totally geodesic submanifold of the
moduli space of polarised abelian varieties of a given dimension, which is contained in the
Prym locus of a (possibly) ramified double cover. This improves the already known bounds.
The idea is to adapt the techniques introduced by the authors in collaboration with A. Ghigi
and G. P. Pirola for the Torelli map to the case of the Prym maps of (ramified) double covers.

Mathematics Subject Classification 14H10 - 14H15 - 14H40 - 14K12

1 Introduction

The purpose of this paper is to improve the estimates obtained in [4,5] on the maximal
dimension of a germ of a totally geodesic submanifold of the moduli space of polarised
abelian varieties of a given dimension, which is contained in the Prym locus of a (possibly)
ramified double cover. The idea is to adapt to the Prym case the technique developed in [6]
and [9] to give a bound on the maximal dimension of a germ of a totally geodesic submanifold
contained in the Torelli locus (see also [11]).

Denote by R, the moduli space of isomorphism classes of triples [(C, «, R)] where C
is a smooth complex projective curve of genus g, R is a reduced effective divisor of degree
2r on C and « is a line bundle on C such that &% = O¢(R).
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A point [(C, o, R)] € Ry, determines a double cover of C,  : C — C branched on R,
with C = Spec(O¢c ® a™1).

This defines the Prym variety P(C, «, R) which is the connected component containing O
of the kernel of the norm map Nm : J C—JC.If r > 0, ker Nmy, is connected. The Prym
variety P(C, o, R) is an abelian variety of dimension g — 1 + r endowed with a polarization
&, which is induced by restriction of the principal polarisation on J C. The polarisation Z is of

typed =(1,...,1,2,...,2) forr > 0, while if r = 0, 1 it is twice a principal polarisation
N— —
g times
and we endow P (C, C) with this principal polarisation. Denote by A‘g,_1 4, the moduli space

of abelian varieties of dimension g — 1 + r with a polarization of type . The Prym map
Per:Rgr— Ai)—1+r is defined as follows: P, ([C, o, R]) := [(P(C, a, R), E)].

The map P, , is generically finite, if and only if dim R, , < dim Ai,er, and this holds
if: eitherr > 3and g > l,orr =2andg >3, r=1landg >5,r =0and g > 6.Ifr =0
the Prym map is generically injective for g > 7 [10,13]. If » > 0, the works of Marcucci
and Pirola [16], Marcucci and Naranjo [15] and Naranjo and Ortega [18] show the generic
injectivity in all the cases except for r = 2, g = 3, which was previously studied in [2,17]
and for which the degree of the Prym map is 3. Recently a global Prym-Torelli theorem was
proved for all g and r > 6 ([12] for g = 1, [19] for all g).

In [7] an analogous question to the Coleman Oort conjecture for the Prym maps Py, for
r = 0, 1 was formulated. Namely, the authors asked whether there exist Shimura subvarieties
(hence totally geodesic subvarieties) of Ag_l 4 (r =0, 1) generically contained in the Prym
loci.

In [7] and in [8] examples of Shimura curves generically contained in the (possibly ram-
ified) Prym loci have been constructed for low values of g and the computations of such
examples suggest that they should not exist if g is sufficiently high.

Assume that dim R , < dim qu Lo 80 that the differential of the Prym map is generi-

cally injective and denote by Rg’, the open subset of R, where the differential of the Prym
map is injective. In this paper we give an estimate on the maximal dimension of a germ of a
totally geodesic submanifold generically contained in the Prym loci, passing through a point
[(C,a, R)] € Rg, , in terms of the gonality k of the curve C. The results are summarised
the following Theorem and they improve the estimates given in [4, Theorem 3.2] and [5,
Theorem 3.2].

Theorem 1.1 (Theorems 5.1, 6.1) Let [C, «, R] € ngr, where C is a curve of genus g > 0.
Denote by k its gonality and assume that C has no involutions and that g +r > k + 3.
Denote by Y a totally geodesic subvariety contained in Pg,r(R(g)’r) and passing through
Py ([C, a, R]).

() Ifr > k+ 1, then

3 1
dim(Y) < —g— = k.
1m()_2g 2+r+

Q) Ifg+r>k+4,r<k+1,b+r >S5, then

WF@e™H 3
%55%2”%.

B) Ifg+r=k+4+mr<k+1,b+r=5—m,m=>1, then

dim(Y) < 2g— 4+ 2474k
im —g—=—+= -
=287yt

3 m r
dim(Y) < — k+2——+—.
1m()_2g+ + 2+2
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On the dimension of totally geodesic... 119

From this, using that the gonality k& < [g—’zﬂ], we deduce the following result which
improves the estimates obtained in [4, Theorem 3.4] , [5, Theorem 3.4].

Theorem 1.2 (Corollaries 5.3, 6.3) Let Y be a germ of a totally geodesic submanifold of
A‘;_Hr which is contained in Pg,r(Rg,r), with g > 3. Assume that there exists a point
[C, a, R] € Y such that C has no involutions.

(1) Ifg <2r —5,thendimY <2g+rifgeven, dimY <2g+r+1ifgisodd
) Ifg=2r—5r>5thendimY <2g+r +3.

Q) Ifr=4ifg >4 thendimY <2g+4ifgiseven dimY <2g 4 5ifg isodd.
@) Ifr=3ifg>8 thendimY <2g+3ifgiseven dimY <2g+4ifgisodd
O Ifr=2,ifg > 12, thendimY <2g+2ifgiseven, dmY < 2g + 3 if g is odd.
©) Ifr=1,ifg > 16, thendimY <2g+ 1 ifgiseven, dimY <2g+ 2 if g is odd.
(N Ifr =0, ifg =20, thendimY < 2g ifgiseven, dimY <2g+ 1if g isodd.

The improvements in the above estimates are obtained using ideas introduced in [9] that
allow to use more than one quadric to compute the second fundamental form of the Torelli
map. Here we need to adapt this technique to the more complicated case of the Prym maps.

In the cases in which the assumptions of this theorem do not hold (i.e. for low values of
g and r), we still have the estimates done using only one quadric (Theorem 7.2), as in [4,5],
that are improved here thanks to a more careful study of the base locus of the linear system
M :=Kc®a® F~!, where F is the g,i on the curve C.

The result is the following

8

Theorem 1.3 (Theorem 7.2) Let Y be a germ of a totally geodesic submanifold of qu ir

which is contained in Pg,r(Rg,r)-

() Ifg=1,r =4, thendimY <7.

) Ifg=2,r =4, thendimY <0O.

(3) Ifg=3,r=4,thendimY < 12.

@ If2<g<7r=3dmY < %g+4, if giseven, dmY < %g—i—%, if g is odd.

b)) Ifd<g<l1l,r =2 thendimY < %g+4, if g iseven, dimY < %g—}-l‘% if g is odd.
(6) If6 <g<157r=1thendim¥ < 3g+ 3, if g is even, dimY < J¢ + Ll if g is odd.
(7 If8§ <g<19,r=0, thendimY < %g—i—l, if g iseven, dimY < %g-l—%, if g is odd.

Finally, in the case r > 4, in Proposition 7.3 we get a better estimate than the one in
Theorem 1.1, if the curve C is hyperelliptic, which is possible since a global Prym-Torelli
theorem is proved in [12,19].

The structure of the paper is the following: In Sect. 2 we introduce the notation and recall
the results on the second fundamental form of the ramified Prym map obtained in [5].

In Sect. 3 we do a careful study of the linear system M := K¢ ® « @ F~!, where F is
the g,i on the curve C. This technical part is crucial to get the estimates.

In Sect. 4 we explain the technique introduced in [6] and in [9] and adapt it in the case
of the Prym-canonical linear system K¢ ® «, to construct certain quadrics containing the
Prym-canonical image of the curve C, where we are able to compute the second fundamental
form of the Prym map.

In Sect. 5 we prove Theorems 1.1, 1.2 for r > 5.

In Sect. 6 we prove Theorems 1.1, 1.2 for r < 4.

In Sect. 7 we do the estimate using only one quadric in the missing cases, that is when
r < 4 and for low values of g. Finally we prove Proposition 7.3, in which we allow C to be
hyperelliptic if r > 4.
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120 E. Colombo, P. Frediani

2 Second fundamental form of the Prym map

In this section we recall the results contained in [5, Section 2]. Denote by C a smooth
complex projective curve of genus g, let R be a reduced divisor of degree 2r on C and «
a line bundle on C such that @® = O¢(R). To such data we can associate a double cover
m : C — C branched on R. The Prym variety P(C, , R) associated with this data is the
polarised abelian variety given by the connected component containing the origin of kernel
of the norm map Nmy : J C — JC.Forr > 0 the kernel of the norm map is connected. For
r > 1 the polarisation E is the restriction to P(C, &, R) of the principal polarisation © » on
the jacobian of C. For r = 0, 1 the polarisation © €1P(C.a.R) 18 tWice a principal polarisation
& and we endow P (C, o, R) with this principal polarisation.

The Prymmap Pg , : Ry, — A8g—1+r’ is the map that associates to a point [(C, «, R)] €
Ry, the isomorphism class of its Prym variety P(C, o, R) with the polarisation E.

The dual of the differential of the Prym map P, , at a generic point [(C, «, R)] is given
by the multiplication map

dPy,)*: S*HY(C, Kc ® a)—H"(C, K2(R)) (1)

and it is surjective at the generic point if either r > 3 and ¢ > 1,orr =2 and g > 3,
r=1andg>5,r =0and g > 6 (see [14]).

In these cases we denote by Rg’r the non empty open subset of R » where the Prym map
Pg , is an immersion. Notice that if » > 3, a global Torelli theorem is proved in [19] (and in
[12] for g = 1), hence RY , = R, .

Let us consider the (orbifold) tangent bundle exact sequence of the Prym map

0— Try — Py, Ty -0 )

—
g—1+r NR%,/.A

8
g—1+4r

We endow A‘z,_ 14 With the orbifold metric induced by the symmetric metric on the Siegel
space Hg_14,. The dual of the associated second fundamental form with respect to the metric
connection of the above exact sequence is a map

. % 201
oP 'NRSJ/A‘;,H, — S QRQ,/ 3)

In [5] a description of this second fundamental form is given in terms of the second
fundamental form of the Torelli map of the covering curves C. Denote by U the open subset
of R(g)y , where there is a universal family f : C — U and the differential of the modular map
U— Mg, [C—C]+ [C]is injective.

At the point by := [(C, «, R)] € U corresponding to the 2 : 1 cover 7 : C—C, the space

P;*rQL‘g_H,,bo is isomorphic to S?HY (K¢ @ a), Q;Zg,,.bo is isomorphic to HO(Ké(R)),
E o as = L(Kc ® «), and the dual of the exact sequence (2) at the point by
Rg.f/‘Ag—H—r,bo

becomes

0— Lh(Kc®a)— SPHY(Ke ® ) 5> HO(KE(R)) — 0.
The dual of the second fundamental form of the Prym map at the point bg is a map
pp: h(Ke ®a) — SPH(KZ(R)) 4

Denote by Io(K) the kernel of the multiplication map S2HO(K &) HO2K &) and
by (K €)+ its invariant subspace by the action of the involution on C. Observe that we

have the inclusion I (K¢ ® o) Z, L(K é)"'. Moreover by the projection formula we
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On the dimension of totally geodesic... 121

have H'(Tc(—R)) = H'(Tz)™. In [5, Thm. 2.1, formula (2.13)] we have shown that
VO € L(Kc ® @), Vv, v2 € H'(Tc(—R)), we have:

pp(Q)(v1 © v2) = p(T* Q) (V1 O v2). (&)

3 Gonality

Let [C,a, R] € Rg,r’ where C is a curve of genus g > 0. Denote by k its gonality. We
have 2 < k < [#]. Assume g +r > k + 3. Let F be a line bundle on C of degree k and
such that h(F) = 2. Set M := K¢ ® « ® F~!, where K¢ is the canonical bundle. Set

n + 1 := h%(M). From Riemann Roch we get
M) =h"FaH+2g—2+r—k—(g—1)
=FoaHY+g—1+r—k=g+r—(+1) (6)
Hence hO(M ) > 2,since g + r > k + 3. The Clifford index of C is either k — 2 (computed

by F) or k — 3. Denote by B the base locus of M and set b := deg(B). The line bundle M
has degree equal to 2g — 2 +r — k.

Proposition 3.1 Assume g > 1, g +r >k + 3.

(D) Ifr >k+1,thenb =0and °(F @ a~") = 0.

) Ifr > k + 2, then |M| is very ample.

) Ifr = k+2, and D is an effective divisor of degree s such that W (M(-D)) = hO(M) —
1 = n, thens < 2. Moreovers = 2ifand only if either C is hyperellipticand F = O¢ (D),
or |M| gives a birational map that contracts D.

Proof Since r > k + 1, then deg(M) = 2g —2+r —k > 2g — 1, hence B = (. We
have deg(F @ ™) =k —r < 0,50 '%(F @ a™!) = 0. If r > k + 2, then deg(M) =
2g —2+r —k > 2g, therefore | M| is very ample.

Assume r = k 4 2 and let D be an effective divisor of degree s such that WO (M(-D)) =
M) — 1.

By Riemann Roch we have h*(F(D)®@a™!) = h®(F®a™ ) 4+s5s—1 =s5—1,deg(F(D)®
oz_l) = s—2,s0 Clifford’s theorem implies s < 2and s = 2if and only ifF(D)@Ot_l = Oc.
In the case s = 2, either C is hyperelliptic and F = O¢ (D), or |M| gives a birational map
to its image that contracts D. O

Corollary 3.2 If g > 3, C is not hyperelliptic, g +r > k+ 3, and r > k + 1, then the
morphism given by |M| is birational onto its image.

Proof The proof follows from Proposition 3.1. O

Assume now that r < k + 1. We have
W (M(=B) =b+h"(F@a™). ™
We have the following

Lemma 3.3 Assume g+r > k+3,r < k+1. Ifeitherb > 2, orb = land °(FQa ™) =1,
then

D b<5—r=2Fxah.
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122 E. Colombo, P. Frediani

Q) Ifb>2r<3-2F®al).
@) Ifb=1=r"F@a "), r<2.

Proof Ifeitherb > 2,0rb = 1 and h'°(F ® «~!) = 1, (6) and (7) show that the linear system
|M (— B)| contributes to the Clifford index, hence

cliff(M(=B)) =2¢ —2+r —k —b—2h°(M(=B)) — 1)
=—r+k—b+2-2F®a ) >k-3.

Therefore b < 5—r—2h%(F®a ). Moreoverr < 5—b—2hY(FQa™1) < 3—2h%(F®a™")
ifb>2Hb=1="F@a N, r<5—-b-20F@a")=2. o

Corollary 3.4 Assume g +r >k + 3, r <k + 1. Then we have

(1) b<5.

) Ifr =4, thenb < 1.

(3) Ifr =3, thenb < 2.

) Ifr >3andb =1, then i°(F @ «~ 1) = 0.

Proof The proof follows immediately from Lemma (3.3). O
Let us now study the morphism given by |M — B|. Assume that g +r > k + 4.

Proposition 3.5 Assume g +r > k+ 4, r < k + 1. Let D1 be an effective divisor of
degree sy > 3 such that h°(M(—B — Dy)) = h®(M(=B)) — 1 = h%(M) — 1. Then
s1<—-r—b— 2h0(F aH+7. Therefore b +r < 4.

Proof By Riemann Roch we have

WEFEB+D)@a )= F@a™ ) +b+si—12s—122,
W(FB+D)®a™ ) =h"M-=B—-D))=h"M)—1=
=h"(Fa)+g—2—k+r>g+r—k-2>2,

since g +r > k+ 4. Hence F(B+ D) ® a~! contributes to the Clifford index and we
have cliff(F(B+ D) ®a ) =k —r+b+s1 —20°(FB+D)Qa H) —1) =
k—r—b—s1—-2"°FQa)+4>k—3.Sowehaves; < —r—b+7—-2h%F®a™ ).
Thusb+r <7 —s1 —2h%F ®a~!) < 4. o

Corollary3.6 If g+r > k+4,r <k+1,b+r > 5, then sy < 2, hence the morphism
induced by |M (— B)| is either birational on its image, or it has degree 2 on its image.

Proof By Proposition 3.5 wehaves; < —(r+b)+7— 2h9(F®@a~!) <2, sothe morphism
induced by |M (—B)| has degree at most 2 on its image. O

Assume now that b +r < 4.

Consider an effective divisor D; as above of maximal degree s; > 3 with the property
that A9(M (=B — D)) = (M (=B)) = 1 = h°(M) — 1 = n.

Then clearly the linear system |M (—B — Dy)| is base point free and W M(=B—-Dy)) =
n > 2,if g +r > k 4+ 4. Under this assumptions, in Proposition 3.5, we have shown that
51 <7—(r+b)—2°(F@a™).

We want to study the linear system |[M (—B — D1)| and give sufficient conditions ensuring
that the map associated with [M (—B — Dy)| has at most degree 2 on its image. Assume that
g +r >k +5. We have the following
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On the dimension of totally geodesic... 123

Proposition 3.7 Assume g+r > k+5, b+r < 4,r < k+1. Withthe above notation, assuming
s1 > 3, let Dy be an effective divisor of degree sy > 0 such that h°(M(—B — Dy — D)) =
W M(=B—D1))—1=n—1.Thensy <9—(r+b+s1) —2h°(FQa™") <6—(r+b).

Proof Assume that D, is an effective divisor of degree s such that W (M(=B-D;—D,)) =
hO(M(—B — Dy)) — 1 = n — 1. Then we have

W(F(B4+Di+D)@a"')=h®(M(—=B—D; — D) =n—1
=hl"FRa ) +g—1+r—k—-222,
since g +r >k +5.
WFB+D +D)Q@a )y =h"M(=B—Di —Dy)+k+si+s+b—r—g+1
=hFRa H+si+sa+b—-2>s+1,
since s; > 3. So F(B + D; + D) ® a~! contributes to the Clifford index, hence we have
cliff(F(B+Dy+ D)) ®@a™")

=k+b+si+s—r—20°%FB+Di+D)@a)—1)
=k—(+b+si+52)+6-2°F@a™l) >k-3,

if and only if
$5<9—(r+b+s)—2"°(F®a™h
<6—(+b —2"°F®a™') <6—(r+b).
O

Corollary 3.8 Ifg+r > k+5,b+r =4, r < k+1, then the morphism induced by |M (—B)|
is either birational or it has degree 2 on its image.

Proof By Proposition 3.7 we know that s < 2, hence the morphism induced by |M(—B —
Dy)|is either birational, or it has degree 2 on its image, hence the same holds for the morphism
induced by |M (—B)|. ]

Now we repeat the strategy explained above for the cases b + r < 3. Set D; an effective
divisor of maximal degree s;, [ = 1,...,5, such that WME=B =D, —---— D)) =
n+1—1>2 Thisholdsif g+r >k+3+1.

Proposition 3.9 Assume that g +r > k+4+m b+r <5—m,r <k+1, m > 1.
Assume S1,...,8n > 3, let D41 be an effective divisor of degree sy+1 > 0 such that
WM(—=B —-Dy —---—Dyy)) = °M(—B — Dy —---—Dy)) — 1 =n —m. Then
Smi1 < 5H2(m+1D)—(r+b4s1+- - +5u)—2h°(FQa ™) < T—m—(r+b)—2h°(FQa ™).

Proof We have deg(F(B 4+ D1+ -+ Dy+1) Qa H=k+b+si+-+Sup1 —r,

h'(F(B+Di+-+ Dpi) ®a ™) = h%(M(=B — Dy — -+ — Dpyy1)) =n —m,
= FQa H+g—1+r—k—(m+1)>2,

sinceg+r >k+4+m,

h(F(B+ D+ Dyy) @)
=hF@a ) +si4+ - +smp1+b—(m+1)>2m>2,
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124 E. Colombo, P. Frediani

sinces; >3,i=1,...,m,5,41 > 1,m > 1.So F(B+Dl+---+Dm+1)®a’1contributes
to the Clifford index, hence we have
cliff(F(B+Dy+ -+ Dyp1)®@a™h)

=k—(+b+si+ - +sus) +2m+2) —20°(F@a ') = k-3,
if and only if

Smpl S54+2m+ 1) —(r+b+si++5m) —20°(FRa™h

<T—-m—(+b) -2l (F®a™).
O

Corollary3.10 Ifg+r > k+4+m, b+r = 5—m, then the morphism induced by |M (—B)|
is either birational or it has degree 2 on its image.

Proof By Proposition 3.9 we know that s,,+1 < 2, hence the morphism induced by |M (—B —
D; — --- — Dy,)| is either birational, or it has degree 2 on its image, hence the same holds
for the morphism induced by |M (—B)|. O

4 Quadrics and estimate on the second fundamental form

In this section we explain how to construct certain quadrics contained in I5(K¢ ® o) on
which we are able to compute the second fundamental form of the Prym map pp. Here we
adapt the techniques introduced in [6,9] for the Torelli map to the case of the Prym maps.

4.1 The quadrics and the second fundamental form

With the above notation, assume that the morphism f induced by |M (— B)]| is birational on
its image. Set d = deg(M(—B)) =2g —2+r—k—b,n+1=h"(M(—B)) = h°(M) =
WO(FQa™h + g — 1+r —k, and fix now and for all two independent sections x, y € HO(F).
Take a section t € H%(M(—B)) and consider the associated divisor D(t) € |M(—B)|.
Assume that 7 is such that:

(1) D(t)N(Z U B) =, where Z is the ramification divisor of the map ¢y ) : c—P.

(2) D(t)=p1+---+ pa. pi # pjifi #j.
(3) The points p; are in general linear position: for any group of or n distinct points
Piys -+ Piy» we have HO(M (=B — (pi, + -+ + pi,)) = (1)

The last condition follows for instance from the uniform lemma of Castelnuovo (see e.g. [1,
Ch.3]) since f : C — P" is birational onto its image.
Consider the exact sequence induced by ¢

0— Oc - M(~B) - M(—B)p — 0.
We get
M(-B)p =) C,,.
where the last isomorphism follows from the choice of local trivializations of M (—B). Let

W c HY(M(—B)) be complementary to ¢ : HO(M(=B)) = (t) & W, so that dim W = n.
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Consider the induced injection j : W — HO(GB(C,,,.) = C%. We can rewrite the linear
uniform condition. For any s € W, s # 0, then the vector j(s) = (ay, ..., aq) has at most
n — 1 coordinates that are zero.

Lett € HY(O¢(B)), such that D(t) = B, then Vs € W, § = ts and 7 = tt, are sections
in HO(M). Let L(Kc ® @) C S?H%(K¢ ® a)) be the kernel of the multiplication map

m:S*H(Kc ® a)— H(KE*(R)).
Consider the quadric
Qs =xfOy§ — x50yt

Clearly Qs € I(Kc ® @), Vs € W. Denote by 7 : C—C the 2 : 1 cover given by a, and by
¥ : C—P! the morphism induced by (s, ¢). Then clearly {p1, ..., pa} = Z(t) = v~ (1 :
0). Set {T;, 0 (T})} = 7l pi), where o denotes the involution of the double cover . For
alli =1,...,d,setv; := &, + &1 € H' (Tp)T = H' (T (—R)).

Denote by V = (vy, ..., vg) C HI(T5)+, and set

B:W — STV*, B(s)(v O w) = pp(Q)(vOw) = H(*(Qs) (v O w), Yv,w € V.(8)

where the last equality follows from (5).
The following result has been proved in [5, (3.2),(3.3)], with the variant that all the quadrics
Q,,s € W, are taken into account.

Theorem 4.1 Let x1, ... xq be the basis of V* dual to the basis {vy, ..., v} of V. Then
d
B(s) =A Z a,')ci2
i=1

where . # 0 is a constant independent of s, j(s) = (ay, ..., aq) where j : W — C% is
the evaluation map. The quadrics B(s) are simultaneously diagonalized and for any s # 0,
rank(B(s)) >d —n+ 1.

Proof By [5, (3.2)], fori # j we have:
7 (Qs)(T;, Tj) = Qs(pi, pj) = 0.
Hence,
pP(Q)(vi ©vj) = p(*(Qs))(vi O vj) =0, Vi # j,
pP(Q) (Wi © i) = (" (Qs)) (Vi O v;) = cua(Qys)(pi),

where s : h(Kce ® a)— H(4K ¢ (R)) is the second Gaussian map of the bundle K¢ ® o
(see [5, section 2]). A local computation gives ua(Qy) = p1 p(x A y)p1,m (5 A7), where,
for a line bundle L, ;. : A?HY(L)— H%(K¢ ® L?) denotes the first Gaussian map of L
(see e.g. [3, Lemma 2.2]). In local coordinates one computes

wiG AT = (zs) (1) — (zs)(t1) = (/s + 5 (xt) — (rs) (Tt + ') = T2(s't — s1').

Hence (5 A 1)(p;) = rz(pi)(—s(p,-)t’(pi)) = ks(pi) = ka;, where k is a non zero
constant, that does not depend on s, by the assumptions on the section . So u2(Qg)(pi) =
(1(x A y)u1 (S A1))(pi) = Aa;, for a non zero constant A, which is independent of s. O
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4.2 The zero locus of the quadrics and the estimate

12

For an element z € V, write z = Z;izl ziv; and denote by [z] := [z1,...,24] € pd-1
P(V). Consider the locus

Z= [[z] eP! B(s)(zO2) = FTH(0)) (2O 2) =0, Vs € W} .

First we have the following

Lemma4.2 Set H = {[z1 € P4~ 1 z; =0, i > n}, then ZN H = W, therefore dim Z =
d—n—1.

Proof Notice that by the uniform position (see e.g. [1, Ch.3]), we know that for all i €

{1,...,n}, there exists exactly a section s; € W such that s;(p;) = 0,V € {L,...,n},
J #i,si(pi) #0,si(pr) #0,Vk > n, hence by Theorem 4.1 we get

Blsi) = aiix} + Y _ai jx7. ©)

j>n

witha; ; #0,a;; #0,Vj > n.Take [z] = [z1,...,2,,0,...,0] € H such that (s)(z ©
2) =0,Vs € W.Set Q; := Qy,, then p(7*(Q;))(zOz) = ai,izl.z =0Viifandonlyifz; =0,
Vi =1, ..., n, which is impossible, since [z] € H. Therefore we have H N Z = {J and then
dimZ <d — 1 — n. Notice that Z = {[v] e P4~ : s(x*(Qi))(wOv) =0, i=1,...,n},
sodmZ=d—-1-—n. m]

We need to estimate the dimension of a linear space I[1 C Z. Denote by T the linear
subspace of V corresponding to IT.

Considerthemaph : V — V, w(xy,...,xq) = (0, ...,0, xp, ..., xq) The restriction of
h to T is injective since I1 C Z. By formula (9) we can see S(s,,) as a quadric in h(V).

‘We have the inclusion

nT) C{venV)|B(sn)vOV) =" (Qn)(v Ov) =0}

Since B(sp) hasrankd —n + 1, dim(h(V)) =d —n+ land h : T — V is injective, we
get:

Proposition 4.3 Assume that the morphism induced by |M (— B)| is birational on its image.
Setd = deg(M(—B)) =2¢g —2+r—k—bn+1=h"M—B) =h M) =h"F®
a1V 4+ g — 14 r — k. With the above notation, let Tl be a linear subspace contained in Z,
and let T be the corresponding subspace of V. Then

dim7T <

d—n+1 g+1-b hFa)
22 2 '

5 Thecaseb+r >5

In this section we apply Proposition 4.3 in the case b 4+ r > 5. We have the following

Theorem 5.1 Let [C,a, R] € Rg’,, where C is a curve of genus g > 0. Denote by k its
gonality and assume that C has no involutions and that g +r > k + 3. Denote by Y a totally

geodesic subvariety contained in Pg,r(Rg’r) and passing through P, ,([C, o, R]).
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(1) Ifr > k+1, then
di (Y)<3 1+ +k
m —g&— = .
1 _2g 2 r

Q) Ifg+r=k+4,r<k+1,b+r =5, then

WF@e™H 3
%55“2”%.

dim(Y) < gg—l+é+r-|—k—
-2 2 2
Proof Under the above assumptions in both cases, by Corollaries 3.2, 3.6, the linear system
|M (—B)| induces a birational map on its image (in the first case B = J). Let S be the tangent
space of Y at Pg ,([C, a, R]). Let V be as above, then T = SNV is a linear subspace where
< g+é—b__ HRF?a’U.

all the quadrics vanish, so by Proposition 4.3 we get: dim(S N V)
Then dim § + dim V < 3g — 3 + 2r 4+ dim(S N V), hence

1-b WFQa!
dimS <3g—3+2r — Qg —k—2+7r—b)+ 55 _FFE®a)

2 2
3 1 b WEQa™H
2g > + > +r+ >
Incase (1) wehave b =0 = h9(F @ a™ 1), by Proposition 3.1. So we getdimY = dim S <
%g—%—l—r—i—k. In case (2), we get dimY = dim § < %g—%—i—%—l—r—kk— m.
Then we conclude, since b < 5, by Corollary 3.4. O

Remark 5.2 In the second case of Theorem 5.1, since b + r > 5, we can apply Lemma 3.3

and we have the following cases:

(1) Ifb>2,thenb+r =5and "*(F®a~!) =0, thendim(¥) < 3g— 2+ L +r+k -
PG = 3g+2+5+k.

(@) I6b =1, then I(F @ a~1) = 0, then dim(Y) < 3g — L 4+ & 4 4 — FSD
%g+r+k

0 -1
(3) Ifb=0,thendim(¥) < 3g — L 4r+k -1 <30 L r i
Corollary 5.3 LetY be a germ of a totally geodesic submanifold 0fA5g_1+r which is contained
in Pg,r(ngr), with g > 3. Assume that there exists a point [C, o, R] € Y such that C has
no involutions.

(1) Ifg <2r —5,thendimY <2g+rifgeven, dimY <2g+r 4+ 1if gisodd
2) Ifg=2r—5r=>5thendimY <2g+r +3.

Proof 1In case (1), by assumption we have r > g—;rs = # +1>[(g+3)/2]+1>k+1.
Since k > 3, r > 5, hence the result follows by Theorem 5.1, using that k < [(g + 3)/2].
In case (2), the condition r > 5 implies g + r > gzﬁ +4>k+4. Soifr <k+1,
we use the estimate (2) in Theorem 5.1, and the inequality k < [(g + 3)/2] to conclude that
dimY < 2g+r +3.If r > k+ 1, we use the estimate (1) in Theorem 5.1 and we get
dimY <2g+rifgiseven,dimY <2g +r + 1if g is odd. m}

6 Thecaseb+r <4

Let us now consider the case b 4+ r < 4. We have the following.
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Theorem 6.1 Let [C, o, R] € Rg.’r, where C is a curve of genus g > 0, denote by k its
gonality. Assume that C has no involutions. Denote by Y a totally geodesic subvariety con-
tained in Pg,,(’Rg,,) and passing through Pg ([C,a, R]). If g+r > k+4+m, r <k+1,

b+r=5—m,m>1, then
3 m r
dim(Y) < = k4+2——+—-.
im(Y) < 28 +k+ 2 + >
Proof By Corollaries 3.8, 3.10, the linear system | M (— B)| is birational on its image. Let S
be the tangent space of ¥ at P, ([C, o, R]). Let V be as above, then T = S N V is a linear
subspace where all the quadrics vanish, so by Proposition 4.3 we get:

g+1—-b K(F@a™hH

dimS <3g—-3+2r—Q2g—k—2+4+r—b)+

2 2
_3 L bdr r h(F®@a™")
28T T T T 2
3 m r WEQa™hH
—lgqo- 2l TP )
P8 TET gt 2

[}

Corollary 6.2 LetY be a germ of a totally geodesic submanifold ong_H_r which is contained

in Pg,r(Rg’O), withg > 4m,r = S—m, m > 1. Assume that there exists apoint [C,«, R] € Y
such that C has no involutions.Then dimY <2g —m +5ifgiseven, dimY <2g—m+6
if g is odd.

Proof By assumption we have g+r = g+5—m > [g—f]+4+m >k+44+m,r <4 <k+1,
hence Theorem 6.1 gives the estimate: dim(Y) < %g +k— % +24+ % = %g +k—m+ %,
and we conclude using k < [%]. ]

In conclusion we have the following estimates:

Corollary 6.3 LetY be a germ of a totally geodesic submanifold 0fA8g_1+r

in Pg,r(Rg’O), with r < 4. Assume that there exists a point [C, o, R] € Y such that C has no
involutions.

() Ifr=4,ifg >4, thendimY <2g +4ifgiseven, dimY <2g 4 5ifg isodd.

2) Ifr=3,ifg>8 thendimY <2g+3ifgiseven dimY <2g+4if g isodd.

Q) Ifr=2,ifg> 12, thendimY <2g+2ifgiseven, dimY < 2g + 3 if g is odd.

@ Ifr=1ifg>16,thendimY <2g+4 1ifgiseven, dimY <2g+ 2 if g is odd.

B Ifr=0,ifg =20, thendimY <2g ifgiseven, dmY <2g+ 1if g isodd.

which is contained

7 Estimate with one quadric

In the cases in which the assumptions of Corollaries 5.3, 6.2 do not hold, we still have the
estimates obtained in [4,5] using only one quadric, which can be improved by Lemma 3.3
and Corollary 3.4 in the case r < k + 1.

In fact, assume g + r > k + 3, so that hO(M(=B)) > 2. With the above notation,
choose s € W, t € HO(M(—B)) satisfying conditions (1) and (2) in Sect. 4.1 and such that
s(pi) #0,Vi =1,...,d. By Theorem 4.1 we know that

d
Bls) = p(m*(Qs) =1 Y aix},

i=1
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where a; = s(p;) # 0, Vi, hence rank(B(s)) = rank (o (7*(Q;))) >d =2¢g—2+r—k—b.
Then

Theorem 7.1 Assume that [(C, o, R)] € ’Rg,, where C is a k-gonal curve of genus g > 0
with g +r > k + 3. Let Y be a germ of a totally geodesic submanifold of A®

e—1+r which is
contained in Pg,,(Rg,,) and passes through P(C, o, R). Then

() Ifr > k+1, thendimY <2g —2+ 3r + &.

2) Ifr <k +1, then:

o Ifr >4, thendimy <2g — 3 + 5%+ 3r.
o Ifr:3,thendimY§2g+%+§,
. Ifr§2,thendimY§2g+%+§+%r'

Proof Since rank(B(s)) = rank(p(7r*(Qs))) >d =2g¢ —2+r — k — b, we have

d 3 k b
dmY <3¢g—-3+2r— —=2¢g -2+ — -+ —.
misdgmok Ty =ittty
In the first case b = 0, so we get the same estimate as in [5]. If r < k + 1, we use Corollary
3.4 in the case r > 4, and in the case r = 3, since we have respectively b < 1, b < 2. If
r <2, by Lemma 3.3 we know that b < 5.
O

So, in the cases in which the assumptions of Corollaries 5.3, 6.2 do not hold, we have the
following

8

e—1+r which is contained

Theorem 7.2 Let Y be a germ of a totally geodesic submanifold of A
in Py (R ,).

() Ifg=1,r =4, thendimY <7.

) Ifg=2,r =4, thendimY <0O.

(3) Ifg=3r=4,thendimY < 12.

@ If2<g<7r=3dimY < %g+4, if g iseven, dimY < %g—i—%, if g is odd.

b)) If4d<g<l1l,r =2, thendimY < %g+4, if g is even, dimY < %g—l—%, if g is odd.
©6) If6 <g<15r =1, thendimY < %g—i—%, if giseven, dimY < ?Tg'*’lle’ if g is odd.
(7 If8§<g<19,r=0, thendimY < %g—i— 1, if g is even, dimY < %g-l—%, if g is odd.

Proof By assumption g + r > [gzﬁ] +3 >k + 3. Moreover if r < 3, thenr < k + 1,
so we use the estimate (2) in Theorem 7.1 (and the inequality k < [%]). For r = 4, if
g <2,r=4>k+1=3,s0 we use the estimate (1) in Theorem 7.1 (and the inequality
k < [g+3]). If r =4 and g = 3, if k = 2 we use the estimate (1) in Theorem 7.1 and we get

2
dimY < 11.If k = 3, we use the estimate (2) in Theorem 7.1 and we obtaindim Y < 12. 0

Assume now that r > 4, hence Rg’, = Rg,r, since a global Prym-Torelli theorem holds
for r > 3 [12,19]. Let [C, o, R] € R, » be a hyperelliptic curve, so k = 2. We have the
following
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Proposition 7.3 Let [C, «, R] € Rg,,, where C is a hyperelliptic curve of genus g, r > 4.
Denote by Y a totally geodesic subvariety contained in Pg ,(Rg ) and passing through
Py +([C, , R]).

(1) Ifr > 4, then dim(Y) < 3g+ 3 +r.
) Ifr = 4 and either @ ® F~ is not effective, or a ® F~! = O¢ (D) with D effective and
Oc(D) 2 F, thendim(Y) < 3g + 4.

Proof Since r > 4 > k + 1 = 3, by Proposition 3.1, we have b = 0 and hO(F ® a_l) =0.
Moreover, if r > 4 =k + 2, |M| is very ample, hence the proof of Theorem 5.1, applies, so
we have the same estimate as in Theorem 5.1, (1): dim(Y) < %g — % +r4+2= %g + % +r.
It r =4 = k + 2, by Proposition 3.1, (3), we know that if ¢ ® F~1 is not effective,
then | M| is very ample, hence we have again the estimate in Theorem 5.1, (1), so dim(Y) <
lg—t+r+2=3g+4.
Assume r = 4 and o @ F~' = O¢(D) with D effective. Then if Oc(D) % F, by

Proposition 3.1, (3), we know that | M| gives a birational map that contracts D, so once again

we have the estimate in Theorem 5.1, (1): dim(Y) < % — % +44+2= %g + % O
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