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Abstract
We survey some recents developments in the Minimal Model Program. After an elemen-
tary introduction to the program, we focus on its generalisations to the category of foliated
varieties and the category of varieties defined over any algebraically closed field of positive
characteristic.
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1 Introduction

The Minimal Model Program (in short MMP), also known as Mori’s program, originated in
the 80’s as an attempt to generalise some of the main results of the Italian school of algebraic
geometry, led by Castelnuovo at the beginning of the last century. Its aim is to construct a
minimal model, i.e. a good birational representative, for any complex projective variety. Over
the last two decades, the Minimal Model Program, and more in general birational geometry,
has witnessed an exceptional amount of work, with three main objectives: prove some of the
main outstanding conjectures of Mori’s program, apply techniques from birational geometry
to solve some open problems in other fields ofmathematics and, finally, extend themain ideas
of the program to different contexts, such as to the category of varieties defined over fields of
positive characteristic, the category of Kähler vaireities or the category of foliated varieties.
The goal of this note is to survey some of these achievements. It is by far not exhaustive and
it does not cover many interesting aspects of the program, as it mainly focus on the author’s
expertise (e.g. see [33,58] for other important recent directions).
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180 P. Cascini

We begin by a general overview of the Minimal Model Program. Although we refer to
[37] for an introduction to its main techniques, we provide here a gentle introduction to some
of its main goals. To this end, as in [13], we use some basic notions of graph theory, aiming
to explain some of the tools and objectives in birational geometry. In particular, recall that a
directed graph is a set of vertices connected by oriented edges, i.e. ordered pairs of vertices,
denoted by X → Y . A chain X1 → X2 → · · · is a sequence of distinct vertices connected
by consecutive edges and a cycle X1 → X2 → · · · → Xn = X1 is a finite chain starting and
ending at the same vertex. A tree is a directed graph which does not contain any non-trivial
cycle. Given two vertices X and Y of a directed graph, we say that Y is below X (or X is
above Y ) if we can find a chain starting from X and ending in Y . An end-point for a directed
graph is a vertex which does not admit any other vertex below it.

We begin by considering the category of smooth projective surfaces. To this end, we
construct a directed graph whose vertices are isomorphism classes of smooth projective
surfaces defined over the field of complex numbers. By abuse of notation, given any smooth
projective surface X , we also denote by X the vertex representing its isomorphism class.
We define the graph so that two vertices X and Y admit an oriented edge X → Y if and
only if the surface X is the blow-up of Y at a closed point y ∈ Y . It turns out that the
connected component containing a projective surface X coincides with its birational class.
Recall that two varieties are birational if they contain isomorphism dense open Zariski
subsets. In particular, the connected component containing the projective plane P2 coincides
with the set of complex rational surfaces. It is easy to check that this graph is a tree. Indeed,
if X , Y are non-isomorphic projective surfaces such that X is above Y , i.e. there exists a
non-trivial proper birational morphism f : X → Y , then the second Betti number of X is
greater than the one of Y . Thus, the claim follows easily.

Note that there are always infinitelymany vertices above a vertex associated to a projective
surface X , as it is always possible to blow-up a sequence of points to obtain an arbitrary long
chain above X . On the other hand, using the same inequality on the second Betti number
as above, it is easy to check that, starting from a vertex X , we can find an end-point below
X , as there does not exist any infinite chain starting from X . We can think of the end-point
Y to be a good representative of the connected class of X . We will see that also in higher
dimension, one the main goals of the MMP is to find the end-point (or end-points) of a
connected component associated to a projective variety X .

Projective surfaces can be divided into two large classes and the same dichotomy is
expected to hold also in higher dimension. First, we assume that X is a smooth projective
surface which admits a global pluri-canonical form, i.e. such that

h0(X ,OX (mKX )) > 0

for some positive integer m, where KX denotes the canonical divisor of X . Then the sub-
graph obtained by considering the vertices below X and the corresponding edges is finite.
In addition, there exists a unique vertex which is an end-point for the connected component
containing X . Such a vertex Y is called the minimal model of X and, by Castelnuovo’s the-
orem, it is characterised by the fact that it does not admit any smooth rational curve E of
self-intersection −1. Alternatively, Y is the only surface in the connected component of X
such that KY is nef, i.e. KY · C ≥ 0 for any curve C in Y .

We now assume that X is a smooth projective surface which does not admit any global
pluri-canonical form, i.e. such that h0(X ,OX (mKX )) = 0 for all positive integer m. In
this case, X is uniruled, i.e. it is covered by rational curves. It is possible to show that
although the graph below X might be finite, there are always infinitely many end-points for
the connected component of X . For example, if we consider again the connected component
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of rational surfaces then P2 is an end-point of such a graph, but also each Hirzebruch surface
Fn = P(OP1 ⊕ OP1(−n)), with n ∈ N and n �= 1, is such.

2 Classical Minimal Model Program

The idea of Mori’s Program is to extend the directed graph we constructed in the previous
section to the set of higher dimensional varieties. It turns out that, in order to obtain results
similar to the case of surfaces, it is not sufficient to consider only smooth projective varieties,
nor blow-ups of closed subvarieties. We therefore now briefly describe the category of vari-
eties which will be the vertices of our directed graph. First, we assume that these varieties
areQ-factorial, i.e. we assume that a vertex X is a normal variety and any Weil divisor S on
X is such that mS is Cartier for some positive integer m. This allows us to take the pull-back
of S with respect to any morphismW → X and, in particular, define the intersection number
S · C for any curve C in X . Moreover, we assume that X admits terminal singularities (in
short X is terminal), which means that for any proper birational morphism f : Y → X we
have that the relative canonical divisor KY − f ∗KX can be written as

∑
aE E where the sum

runs over all the exceptional prime divisors E of f , i.e. the union ∪E coincides with the
locus where f is not an isomorphism, and, for each such E , aE is a positive rational number.

Let’s assume now that X is aQ-factorial terminal complex projective variety of dimension
n which is not minimal. This means that there exists a curve C of negative canonical degree,
i.e. KX ·C < 0. The cone theorem (cf. [37, Teorem 3.7]) and the base point free theorem (cf.
[37, Teorem 3.3]) imply that, after possibly replacing C by a suitable rational curve which is
also of negative canonical degree, there exists a morphism φ : X → Y with connected fibres
and such that a curve C ′ is contracted to a point if and only if some positive rational multiple
of C ′ is numerically equivalent to C , i.e. there exists α ∈ Q>0 such that D ·C ′ = αD ·C for
any divisor D in X . Let E ⊂ X be the exceptional locus of X , i.e. the locus spanned by all
such curves. We distinguish three cases:

1. If E = X then Y has dimension lower than X , and the morphism φ is called aMori fibre
space. It has the property that the relative Picard number ρ(X/Y ) := ρ(X) − ρ(Y ) is
equal to one and there exists aZariski open subsetU ⊂ Y such that thefibre F := φ−1(y)
is a terminal Fano variety for any y ∈ U , i.e. the anti-canonical divisor −KF of F is
ample.

2. If E ⊂ X is a divisor, i.e. a proper sub-variety of dimension n − 1, then φ is called a
divisorial contraction. In this case,Y is also aQ-factorial projective varietywith terminal
singularities.Moreover, as in 1, we have that the relative Picard number ρ(X/Y ) is equal
to one.

3. Finally, if E ⊂ X has codimension greater than one, then φ is called a flipping contrac-
tion. In this case, Y is never Q-factorial, but there exists a terminal Q-factorial variety
X+ with a morphism φ+ : X+ → Y such that the exceptional locus of φ+ has also
codimension greater than one, there exists a curve C+ ⊂ X+ such that KX+ · C+ > 0
and any curveC ′ in X+ is contracted by φ+ if and only if some positive rational multiple
of C ′ is numerically equivalent to C+. The induced birational map X ��� X+ is called
a flip of C . The existence of a flip was proven by Mori [47] in dimension three and in
full generality in [6,26].

We are now ready to define our directed graph. Fix a positive integer n. We define the
vertices of our graph to be isomorphism classes of n-dimensional complex projective Q-
factorial varieties with terminal singularities and given two such varieties X and X ′, an edge
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from X to X ′ corresponds to either a divisorial contraction X → X ′ or a flip X ��� X ′.
As in the case of projective surfaces, it turns out that the graph is a tree and the connected
component of a vertex X coincides with the birational class of X . Note that, by Hironaka’s
theorem, any connected component contains smooth projective varieties. Moreover, since for
any divisorial contraction X → X ′ we have the inequality of Picard number ρ(X) > ρ(X ′),
it follows that there does not exist an infinite sequence of divisorial contractions. In dimension
three, Shokurov proved termination of flips, which, as in the case of surfaces, implies that
there does not existence an infinite chain starting from a projective variety X (e.g. see [37]). In
particular, for threefolds, any connected component admits at least one end-point. Up to now,
it is unknown if the same property holds in higher dimension. But, existence of endpoints is
know to hold true in any dimension for two large families of varieties [6]:

• A terminal projective variety X is said to be of general type, if KX is big. Recall
that a divisor D on X is said to be big if there exists a positive constant C such that
dim H0(X ,OX (mD)) > Cmdim X for any sufficiently divisible positive integer m.

• A terminal projective variety X is said to be uniruled if it is covered by rational curves, i.e.
for any point x ∈ X there exists a non trivial morphism f : P1 → X such that f (P1) � x .
It is possible to check that in this case, H0(X ,OX (mKX )) = 0 for any positive integer
m. The Abundance conjecture predicts that the converse is also true.

Both these properties are birationally invariant, i.e. if X is of general type (resp. uniruled)
then any variety in the same connected component of X is of general type (resp. uniruled).
For varieties of general type, an end-point is a minimal model of general type, i.e. a projective
variety with canonical divisor big and nef. For uniruled varieties, an end-point admits a Mori
fibre space, as in (1). It is expected that any variety, which is not uniruled, is birational to
a minimal model. Moreover, the Abundance conjecture also predicts that if X is a minimal
model, then there exists a morphism η : X → Z such that mKX = η∗H for some positive
integer m and some ample divisor H on Z . In particular, it follows that there exists a dense
Zariski open subset U ⊂ Z such that, for any z ∈ U , the fibre F := η−1(z) is a terminal
variety with numerically trivial canonical divisor, i.e. mKF ∼ 0, for some positive integer
m. Finally, note that varieties of general type only admit finitely many minimal models [6],
i.e. their connected components only admit finitely many endpoints. On the other hand, there
are varieties which are not uniruled and which admit infinitely many minimal models (e.g.
see [12]).

2.1 K-stable varieties

Thus, at least conjecturally, the Minimal Model Program implies that, up to birational equiv-
alence, any complex projective variety X can be decomposed into varieties which belong to
one of the three following families:

• Fano varieties, i.e. varieties with ample anti-canonical divisor;
• Calabi-Yau varieties, i.e. varieties with numerically trivial canonical divisor; and
• Canonically polarised varieties, i.e. varieties with ample canonical divisor.

These are usually referred to as the three building blocks in birational geometry. Note that,
any complex projective manifold X which belongs to one of these families admits a metric
with definite Ricci curvature [3,60]. More precisely, the curvature is positive if X is Fano,
zero if X is Calabi-Yau and negative if X is canonically polarised. Furthermore, in the second
and third case, we may assume that the curvature is constant, i.e. X admits a Kähler-Einstein
metric (in short KE metric) [60]. The existence of a KE metric on a Fano manifold is instead
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a much more difficult problem. Even in the case of surfaces, it is a well-known fact that its
existence is not always guaranteed [53]. For example, the blow-up of P2 at 1 or 2 distinct
points is a two-dimensional Fano manifold which does not admit a KE metric. On the other
hand, the Yau-Tian-Donaldson Conjecture [23,54], which is now known to hold true (e.g.
see [21]), gives a characterisation of Fano manifolds which admit a KE metric in terms of
algebraic geometry. For this reason, nowadays K-stable Fano varieties play an important role
both in Kähler geometry and in birational geometry (e.g. see [59] and the references therein
for the definitions and a recent survey). In particular, even though a Fano variety does not
admit a KEmetric in general and, therefore, it is not K-stable, we expect that it is birational to
a variety which admits a Mori fibre space whose general fibre is K-stable. More, in generally,
we expect:

Conjecture 2.1 Let X be a smooth uniruled variety. Then X is birational to a variety Y which
admits a morphism η : Y → Z such that

1. dim Z < dim Y ;
2. the relative Picard number ρ(Y/Z) of η is one; and
3. the general fibre is a K-stable Fano variety.

Let us consider first the case of a rational variety X . Then X is birational to P
n which

admits a KE metric, that is the Fubini-Study metric. Thus, X is birational to a K -stable Fano
variety. On the opposite side, assume that X is a birationally rigid variety. This, roughly
speaking, means that X is not birational to any other variety which admits a Mori fibre space
and, in particular, it implies that the birational automorphism group

Bir(X) := {φ : X ��� X | φis a birational map}.
is finite and coincideswith the automorphismgroupAut(X) (e.g. see [36] for a recent survey).
It is reasonable to expect that if X is a birationally rigid Fano variety with Picard number one
then X is K-stable. Consider, for example the case of a smooth hypersurface Xd ⊂ P

n+1 of
degree d . Note that Xd is Fano if and only if d ≤ n+1. If d = 1 or 2 then Xd is rational, and
therefore it is not birationally rigid. On the other hand, Xn+1 is both K -stable and birationally
rigid [61]. Note that Conjecture 2.1 toghether with the abundance conjecture and theMinimal
Model Program, would imply that, up to birational equivalence, we can decompose a variety
X into three building blocks given by (possibly singular) varieties that admit a KE metric.
Note that the existence of a KE-metric on a singular K-stable Fano variety is still an open
problem.

2.2 Boundedness andmoduli spaces

One of the main goals of birational geometry is the construction of a moduli space, whose
points parametrise varieties with similar properties. This can be thought of as an approach to
the problem of classifying projective varieties. For example, the module spaceMg of smooth
curves of genus g ≥ 2 is one of the most intensively studied varieties in mathematics. Its
construction relies on geometric invariant theory (e.g. see [32]), but it turns out that it does
not extend directly to higher dimensions [57]. Instead the construction of moduli spaces of
varieties of general type follows the path laid out in [38], where birational geometry plays a
prominent role (see [29] and [35]). As in the case of the moduli space of curves, in order to
construct a moduli space for varieties of general type, it is necessary to fix some invariants. To
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this end, given an n-dimensional complex projective variety X of general type with terminal
singularities, we define the volume of X as the limit

vol(X) := lim sup
m→∞

dim H0(X ,OX (mKX ))

mn/n! .

The volume of a variety of general type with terminal singularities is a birational invariant
and, by the asymptotic Riemann-Roch formula (e.g. see [39]), it coincides with the top self
intersection of the canonical divisor of Y , where Y is a minimal model of X , i.e.

vol(X) = Kn
Y .

Note that this is a positive rational number, which is not necessarily an integer, as KY might
not be Cartier, and, in particular, it does not depend on the choice of the minimal model.

The study of the volume of a projective variety plays a very important role in birational
geometry. For example, we have the following boundedness result:

Theorem 2.2 [25,52,56] For any positive integer n, there exists positive numbers mn and εn
such that, if X is a n-dimensional manifold of general type then

• vol(X) ≥ εn; and
• for any positive integer m ≥ mn, the linear system |mKX | defines a birational map

X ��� Y .

It follows that the set of terminal varieties of general type of fixed dimension and bounded
volume is birationally bounded, i.e. given a positive integer n and a constant c > 0, if

An,c := {X = n − dimensional smooth variety of general type such that vol(X) ≤ c}
then there exists a family f : X → B proper over a variety B such that for any X ∈ An,c

there exists b ∈ B such that X is birational to the fibre f −1(b). In particular it follows that
the set

{vol(X) | X = smooth projective variety of general type of dimension n}
is discrete.

Many results of the Minimal Model Program are obtained by induction on the dimension,
thanks to the Kawamata-Viehweg vanishing theorem (e.g. see [37]). For this reason, in order
to apply adjunction, it is useful to replace the variety X by the data of the variety X together
with some hypersurfaces S1, . . . , Sk of X . Because of the singularities that appear in the
MMP, we associate to each such hypersurface a rational coefficient. More precisely, we
consider pairs (X ,�) where X is a Q-factorial projective variety and � = ∑

ai Si is a
Q-divisor with coefficients a1, . . . , ak ∈ (0, 1] ∩ Q. We say that the pair is Kawamata log
terminal, in short klt, (resp. terminal, canonical, log canonical) if for any proper birational
morphism f : Y → X , we may write

KY + �Y − f ∗(KX + �) =
∑

aE E

where �Y is the strict transform of � in Y , the sum runs over all the prime exceptional
divisors E of f , ai < 1 (resp. ai ≤ 1) for all i = 1, . . . , k and aE > −1 (resp. > 0, ≥ 0,
≥ −1) for all E .

In the case of complex surfaces, if � = 0 then klt singularities coincide with singularities
which, locally analytically, can be written as a quotient C2/G where G is a finite group,
whilst terminal surfaces are always smooth.
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We say that the pair (X ,�) is of log general type, if the divisor KX +� is big. By [6], we
know that klt pairs of log general type admit a minimal model, i.e. a birational map X ��� Y ,
such that if �Y is the strict transform of � on Y , then (Y ,�Y ) is also klt and KY + �Y is
big and nef. By [1,2,27,28], it follows that Theorem 2.2 can be generalised to klt log pairs of
general type. Moreover, the set

{vol(X) | X = klt projective variety of general type of dimension n}
satisfies the Descending Chain Condition, i.e. it does not admit any infinite sequence of
decreasing numbers. An important consequence of this is the existence of a constant cn
depending only on a given positive integer n, such that for any n-dimensional manifold of
general type, the group Bir(X) has at most c · vol(X) elements [27].

3 Minimal Model Program for foliations

Over the last few decades, foliation theory played a very important role in birational geometry.
Miyaoka introduced the use of foliations in the Minimal Model Program to solve some of the
crucial cases of the Abundance Conjecture for three-dimensional complex projective vari-
eties [44–46]. More recently, Bogomolov and McQuillan [8] used foliations to characterise
projective varieties which admit a non-trivial fibration with rationally connected fibres.

Recall that a foliation F of rank r on a normal variety X is defined by a rank r coherent
subsheaf TF ⊂ TX such that

(i) TF is saturated, i.e. TX/TF is torsion free, and
(ii) TF is closed under Lie bracket.

The singular locus SingF of F is the set of closed points x ∈ X such that the sheaf NF :=
TX/TF is not locally free at x . Note that (i) implies that the codimension of SingF in X is
greater than one. The canonical divisor ofF is a divisor KF such thatOX (−KF ) ∼= det(TF ).

By the Frobenius theorem, for any closed point x ∈ X \ (Sing X ∪ SingF), there exists
an analytic open neighborhood x ∈ U ⊂ X such that, on U , the foliation F is induced
by a morphism φ : U → C

q where q = dim X − r , i.e. TF |U = Ker(TU → φ∗TCq ).
Viceversa, any morphism φ : X → Y with connected fibres defines a foliation Fφ , by taking
the saturation of Ker(TX → φ∗TY ) in TX . For example, if Y is a curve, then it is easy to
check that the canonical divisor of Fφ is given by

KFφ = KX/Y −
∑

(�D − 1)D

where KX/Y := KX − φ∗KY is the relative canonical divisor, the sum runs over all the
vertical divisors D and �D denotes the multiplicity of a fibre at D, i.e. for any point p ∈ Y ,
we have φ∗ p = ∑

�DD.
For any birational mapψ : X ��� Z , there exists an induced foliationFZ on Z , defined by

extending the sheaf ψ∗TF |U defined on the open setU ⊂ X , on which ψ is an isomorphism,
to the variety Z . A foliation F on a normal variety X is said to be algebraically integrable
if there exists a birational map φ : X ��� Z such that the induced foliation FZ is induced by
a morphism with connected fibres Z → Y . It is a very important, and difficult, problem to
find criteria for which a given foliation is algebraically integrable.

In many aspects, the canonical divisor of a foliation plays a similar role as the canonical
divisor of a variety. It is therefore natural to ask if it is possible to divide foliations in families
in a similar way as we study birational classes in the classical Minimal Model Program. To
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this end, as in the previous section, we define a directed graph associated to the category of
foliated varieties.

We begin by defining the singularities which are involved in this program. To begin, we
assume that the underlying complex variety X isQ-factorial. A subvariety W ⊂ X is said to
be invariant if TF factors through the tangent space of W , i.e. TF |W → TX |W factors as

TF |W → TW → TX |W .

We denote ε(W ) = 0 if W is invariant and ε(W ) = 1 otherwise. Following [41], we say
that F is terminal (resp. canonical, klt, log canonical) if, for any proper birational morphism
f : Y → X , we may write

KFY = f ∗KF +
∑

aE E

where the sum is over all the prime exceptional divisor E and aE is a rational number such
that

aE > 0 (resp. ≥ 0, > −ε(E), ≥ ε(E)).

Note that foliations do not admit a smooth resolution, as in Hironaka’s theorem. For example,
if φ : X → Y is a morphism with connected fibres then the induced foliation Fφ is singular
on every singular point of any fibre of φ and it is easy to see that there does not exist a blow-up
of X for which the induced fibration is smooth. On the other hand, it is conjectured that if F
is a foliation on a complex normal variety X then there exists a proper birational morphism
ψ : Z → X such that the induced foliation FZ admits only canonical singularities. The
existence of such a resolution is known to hold in dimension two by Seidenberg’s theorem
(e.g. see [10]) and in dimension three by [11,42].

Exactly as in the classical Minimal Model Program, we can define divisorial contractions
and flips (cf. (2) and (3) in Sect. 2 ) for foliations, by replacing the canonical divisor of a
variety by the canonical divisor of a foliation. Note that running a Minimal Model Program
in the category of foliated varieties preserves the fact that the foliation admits canonical
singularities, Thus, for any positive integers n and r , it makes sense to define the vertices
of our directed graph to be canonical foliated varieties, i.e. pairs (X ,F) where X is a n-
dimensional complex Q-factorial projective variety and F is a rank r foliation on X with
canonical singularities. We can now define the edges of our graph induced by flips and
divisorial contractions, similarly as in the case of the classical MMP. In dimension two, the
Minimal Model Program for foliations was carried out successfully by the work of Brunella,
McQuillan andMendes (e.g. see [10,41,43]). Note that, in contrast with the classicalMMP for
surfaces, the underlying output varietymight admit klt singularities.Moreover, the abundance
conjecture is known to be false in this set-up [41].

In higher dimension, the cone theorem for foliations is known to hold true in two important
cases: for rank one foliations in any dimension [8] and for rank two foliations in dimension
three [50]. Furthermore, a version of the base point free theorem holds in dimension three
by [14,15]. Furthermore, we have:

Theorem 3.1 [14,15] Let X be aQ-factorial projective threefold and let F be a co-rank one
foliation on X. Let φ : X → Z be a KF -flipping contraction.

Then the flip X ��� X+, with induced morphism φ+ : X+ → Z, exists.

The idea of the proof is to construct a Q-divisor � in a formal neighbourhood of the
curve C contracted by φ, such that the pair (X ,�) is klt and (KX + �) · C < 0. By Artin’s
approximation theorem, we may run aMMP for the pair (X ,�)which ends with the flip X+.
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New directions in the Minimal Model Program 187

Note that the divisor � is obtained by constructing suitable invariant surfaces containing C .
Thus, although indirectly, also in the case of foliations defined over a complex variety, many
of the methods rely on the Kawamata-Viehweg vanishing theorem.

As in the case of the classical Minimal Model Program, we can define the edges of our
graph by flips and divisorial contractions. It is now natural to ask if, for any connected com-
ponent of this graph, we may find an endpoint. Over varieties of any dimension, McQuillan
[40, Main Theorem] proves the existence of a minimal model for any foliation of rank one
which is not uniruled, i.e. any such (X ,F) admits a birational morphism X ��� Y such that
KFY is nef. Recall that a foliation is said to be uniruled if the underlying variety X is covered
by rational curves which are tangent to the foliation. In dimension three, termination of flips
for foliations of rank two holds by [51, Theorem 0.6] and therefore the existence of minimal
models is guaranteed also in this case.

Motivated by the boundedness results in the classical Minimal Model Program, it is now
natural to ask if it is possible to define a moduli space for foliations using methods from
birational geometry. We define a a foliated pair (X ,F) to be of general type if its canonical
divisor KF is big. Similarly to the case of varieties of general type, we define its volume
bysps

vol(X ,F) := lim sup
m→∞

dim H0(X ,OX (mKF ))

mn/n! .

If (X ,F) admits a minimal model X ��� Z then, again by the asymptotic Riemann-Roch
formula, it follows that

vol(X ,F) := (KFZ )dim X .

Thus, as in Theorem 2.2, wemay ask if, for any positive integers n and r , wemay find positive
numbers mn,r and εn,r such that, for any canonical foliated variety (X ,F) of general type of
rank r and dimension n, we have

• vol(X ,F) ≥ εn,r ; and
• for any positive integer m ≥ mn,r the linear system |mKF | defines a birational map

X ��� Y .

In dimension two, a partial positive answer abovewas provided by [22,24,48], but the question
is still open in general, even after assuming that the underlying variety is a surface and the
foliation is induced by a fibration. More in general, we may ask if the set of numbers defined
by the volume of canonical foliated variety (X ,F) of general type of rank r and dimension
n, satisfies the Descending Chain Condition.

4 Minimal Model Program in positive characteristic

The study of projective varieties defined over an algebraically closed field of positive charac-
teristic is another area on which the Minimal Model Program has experienced many exciting
developments over the last few decades. Indeed, many of the results in the classical MMP
generalise to this setting. In the case of surfaces, the program was carried out successfully
by Bombieri and Mumford [9]. In dimension three, after the work of Keel [34] and Hacon
and Xu [31], it is known that the MMP holds in characteristic p ≥ 5 (e.g. see [5,7,20,30]).

One of the main differences with respect to the MMP for complex varieties is the lack of
vanishing theorems (e.g. see [16] and the references therein). These are often replaced by
the fact that any variety X defined over a field of characteristic p > 0, admits a Frobenius
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morphism F : X → X , such that, for any Cartier divisor D on X , we have F∗D = pD. In
order to take advantage of this tool, it is crucial to choose the right category of singularities
which are allowed in this program. In other words, we need to carefully choose the vertices of
our directed graph.While birational morphisms are used to define singularities such as termi-
nal, klt, etc... , the Frobenius morphism can be used to define F-singularities. For example,
by Kunz’ theorem, a variety X is regular if and only if F∗OX is locally free. Resolution of
singularities is known for varieties of dimension n ≤ 3 defined over an algebraically closed
field of positivie characteristic but, as in the classicalMMP, we cannot work only with regular
varieties. To this end, strongly F-regular singularities play a similar role as Kawamata log
terminal singularities. We now recall their definition (e.g. see [49] for more details). Let X
be a Q-factorial variety defined over an algebraically closed field k of characteristic p > 0,
let D be an effective divisor on X and let e be a positive integer. Then we can define an
OX -module homomorphism

TreX (D) : Fe∗ (OX (−(pe − 1)KX − D)) → OX

which sits in the following commutative diagram of OX -modules

Fe∗ (OX (−(pe − 1)KX − D))
TreX (D)−−−−→ OX

⏐
⏐
��

⏐
⏐
��

HomOX (Fe∗ (OX (D)),OX )
(Fe(D))∗−−−−−→ HomOX (OX ,OX ).

If� is an effectiveQ-divisor on X , then the pair (X ,�) is said to be strongly F-regular if,
for every effective divisor E , there exists a positive integer e such that TreX (�(pe − 1)��+E)

is surjective. Note that for any Q-divisor D = ∑
ai Di , we denote by �D� = ∑

�ai�Di the
round-up of D. It is known that if (X ,�) is strongly F-regular, then it is also klt and,
as mentioned above, strongly F-regular singularities define a suitable category to extend
many of the results of complex geometry, which holds thanks to vanishing theorems, to the
category of varieties defined over k (e.g. see [20]). On the other hand, klt singularities are
not necessarily strongly F-regular (e.g. see [18,19]) and, therefore, we cannot consider the
category of strongly F-regular pairs as a good candidate of the vertices for our directed
graph. Indeed, it is easy to construct examples of strongly F-regular pairs such that their
minimal model is not strongly F-regular. For this reason, many of the results of the Minimal
Model Program in positive characteristic, such as the existence of flips for threefolds in
characteristc p > 5 [31], rely on comparing F-singularities with singularities coming from
birational geometry. In small characteristic, this is still an open problem, as many pathologies
are known to exist (e.g. see [4,17,55]).
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