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Abstract
Compliant contact force models were developed and mainly used to investigate simple impacts of two bodies. It is therefore
unclear how they will perform in more complex cases, where simultaneous, multi-zone impact may occur. The aim of this
study is to investigate phenomena that occur in such impacts and to study the effectiveness of preselected contact force models
in their modelling. For this purpose, the study addressed collisions that occur in a collinear system of 3 to 6 particles made of
steel, aluminium, and bronze. The results obtained for each force model were referenced to the FEM analysis. To compare the
performance of the models, the Benchmark Velocity Indicator (BVI) is proposed. The study showed that during simultaneous,
multi-zone impact direct switch from the restitution to compression phases may occur and subsequent collision along the
same normal may take place. Such phenomena are not incorporated in current compliant contact force models; therefore, the
study showed the need for their further improvement. The best models proposed by Kogut and Etsion (KE) and Jackson and
Green (JG) achieved average errors equal to 3.89% and 4.15%, respectively. However, the same models in their worst cases
reached error values of 38.66% and 33.77%. The article concludes with proposals for future improvements.

Keywords Simultaneous impact · Multi-zone collision · Contact force model · Multibody system · Particle chain

List of symbols

Fn Normal contact force
Fnm Normal contact force at the compression end time

instant
Fny Normal contact force at the start of a material yield
δ, δ̇, δ̈ Relative displacement of contacting particles and its

time derivatives
δy Relative displacement of contacting particles where

yielding occurs
δm Maximum relative displacement of contacting par-

ticles (maximum deformation)
δr Permanent (residual) deformation
K Contact stiffness
χ Damping factor
cr Coefficient of restitution
δ̇0, δ̇ f Initial and final particle relative velocity
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Sy Material yield strength
E∗ Effective contact modulus
R Particle radius
R∗ Effective radius
R∗
r Effective, deformed radius of curvature

m∗ Effective particle mass
HG Hardness geometric limit
H Hardness
ν Material Poisson ratio
ρ Material density
a Radius of contact area

1 Introduction

Impact is a phenomenon commonly occurring during the
work of various mechanical systems. Its sources can often be
rooted in clearances present in mechanical joints due to man-
ufacturing tolerances or wear [1–3]. In some cases, impact is
bound with the main function of machines, as is the case in
inertial grids and hammer crushers etc. [4] or in linear par-
ticle chain impact dampers [5–7]. Impact-contact problems
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are also crucial in predicting behaviour of granular media
[8–17], aircraft wing behaviour after bird strikes [18], human
safety [19] or wheel-rail interaction [20, 21]. Regardless of
the impact source, its modelling poses a challenging prob-
lem.

There are several approaches described in the literature
used for modelling impacts in a multi-body system. They
can be divided into twomain groups: non-smooth approaches
and smooth approaches. In the former case, the coefficient
of restitution (COR) is used to calculate the energy amount
dissipated during the impact and determine the body veloci-
ties after its termination. In the latter case, an assumption is
made that colliding bodies are compliant in the vicinity of
the impact points. This allows determination of the impact
duration, and evaluation of impact force in time.

The application of non-smooth approaches in a multibody
system requires an additional assumption. The impacts must
be considered one by one (sequentially) or all of them must
take place exactly at the same time (simultaneously). Both
assumptions were applied in various studies [22–25], but it
has been shown that each of them gives reasonable results
only when certain conditions are satisfied [26, 27].

The smooth approaches require the continuous contact
forcemodel to represent the impact force.Many suchmodels
have been proposed [28–48]. Several works applied smooth
approaches for analysis of multi-zone impact. Stronge [49]
used bi-linear and non-linear Hertz spring elements to repre-
sent local deformation in the model of impact in a collinear
system consisting of up to six touching particles. It showed
that non-smooth (momentum-based) approaches give rea-
sonable results in such systems only when certain conditions
are satisfied. Analysis of the temporal variation in velocity
for each element indicated dispersion and negative residual
velocity decreasing exponentially with the distance from the
initiating impact. Carreto-Gonzalez et al. [50] measured the
propagation of solitary waves in a chain of small particles
impacted by a striker. They reported results for chains con-
taining 70 particles made of stainless steel, Teflon, and brass.
Those results were used to obtain damping parameters in
a contact force model used to simulate system behaviour.
The proposed model was based on a Hertz non-linear spring
element augmented with a non-linear damping force. A con-
tact force model expressing energy dissipation by plastic
deformation was used in [8] for numerical simulation of 1D
chains of particles. The empirical parameters of this model,
described in [51], were obtained by finite element method
(FEM). The simulation results were validated by measure-
ments of system behaviour impacted by the Hopkinson bar.
An elastic–plastic contact model was also used in analogous
simulations by Feng et al. [52]. The authors stated in the con-
clusions that such a model has sufficient accuracy to model
wave propagation in granular systems, however, parameters
fitting the experimental data were used to obtain the model.

Although contact force models have been used for simu-
latingmulti-zone impacts, it is not clear if they are suitable for
this purpose, because they were usually validated by com-
parison of experimental data obtained from the impact of
two bodies (usually particles) with numerical results cal-
culated by their implementation in simulations. Because
the impact event is highly non-linear, it can be expected
that superposition will have limited applicability. Therefore,
comprehensive analysis is needed to systematically study the
behaviour of the available models in multi-zone impacts. As
such a study is currently non-existent, this article aims to fill
that gap.

The present work compares the available contact force
models in application to multi-zone impact. The goal of
the work is to outline the models that are most suitable
in the description of such events and identify phenomena
influencing their accuracy. Moreover, the article proposes
methodology that can be used in future validation of the new
and improved contact force models. The analysis focuses on
compact bodies and impact velocities significantly smaller
than the velocity of elastic waves propagating through the
impacting bodies, as the validity of analysed models was
investigated for such cases in two-body impacts. The inves-
tigated system consisted of up to 6 particles (beads).

This study is organized as follows: in the next section the
selection process of the contact force models is described,
all the selected contact force models are outlined, and their
parameters are examined, Sect. 3 introduces FEM analysis
for two particles to check how well the results obtained by
numerical simulation implementing the analysed model and
FEM analysis results correlate to each other. Section 4 com-
pares the results obtained from the simulation of impact in
1D particle chains consisting of up to 6 particles for various
contact force models with those obtained by FEM analysis.
Section 5 discusses the obtained results and is followed by
Conclusions.

2 Selection of contact force models
for analysis

A contact force model plays an important role in the
numerical simulation of impact. Its importance has been
acknowledged by many works proposing improved constitu-
tive relations [43]. Most of them are based on Hertz contact
law, which is commonly agreed to correctly model purely
elastic cases. As such cases are rare in practical systems, a
contact force model must be augmented by a term allowing
energy dissipation. There have been two main approaches
to achieve this goal: inclusion of a damping force or plastic
deformation. Both have been used in numerous contact force
models.
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The contact force model proposed by Hunt and Crosley
[29] became a ground for the development of models
expressing energy dissipation using a damping force. The
constitutive law of this model was given in Eq. (1). To ensure
that contact force is equal 0 at the beginning of impact, the
relative velocity of impacting bodies was multiplied by non-
linear relative displacement. The damping factorχwas given
by Eq. (2). It expressed the amount of dissipated energy by
the coefficient of restitution (COR) and its refinement turned
out to be the main model development area. Other relations
expressing the damping factor χ were proposed by: Her-
bert and McWhannell [53], Lee and Wang [54], Lankarani
and Nikravesh [55], Gonthier [56], Zhiying and Qishao [57],
Flores et al. [30], Hu and Guo [31], Shen et al. [58], Carvalho
andMartins [32], Safaeifar and Farshidianfar [59] and Zhang
et al. [60].

Fn = K δ
3
2 + χδ

3
2 δ̇ (1)

χ = 3

2

K

δ̇0
(1 − cr ) (2)

Several review papers compared contact force models
expressing energy dissipation by the introduction of damp-
ing force [37, 40, 41, 44–46, 61, 62]. Most of those studies
were based on the comparison of results obtained for various
models in the impact of two bodies (usually particles) for a
range of initial impact velocities and COR. Based on those
reviews, the models proposed by Gonthier et al. [56], Zhiy-
ing and Qishao [57] and Flores et al. [30] were selected for
further analysis. During this analysis, it was noted that all the
mentionedmodels, except themodel proposed by Jankowski,
use the initial impact velocity δ̇0 to determine the damping
factorχ.Whereas such velocity is known apriori in two-body
impact, in multi-zone impact between many bodies it is the
case only for the initiating impact. For the other impacts, it
cannot be stated a priori and is often equal 0 for contacting
bodies. Therefore, the mentioned models are not suitable for
use in modelling multi-zone impact in multi-body systems.
The model proposed by Jankowski [42] requires iterative
calculations for determination of the damping factor. Such a
procedure is possible only for the initiating collision; there-
fore, this model was also excluded from analysis. A further
literature review identified 3 additional contact force mod-
els proposed by: Michalczyk [63], Carvalo andMartins [32],
and Zhang [60]. The first introduces energy dissipation in a
different manner. It modifies the value of the Hertz stiffness
coefficient between the compression and restitution phases.
The models put forward by Carvalo and Zhang require the
initial impact velocity δ̇0 to determine the damping factor χ,
although the model proposed by Zhang can be used in an
approximated form without knowledge of this velocity.

Contact force models expressing energy dissipation by
material plastic deformation usually divide the process into
loading andunloading phases. The loading phase can be addi-
tionally subdivided into elastic, elastic–plastic, and plastic.
Mathematical relations for each of those phases are usually
based on results obtained from quasistatic FEM analysis ver-
ified by experimental tests [33–35, 64–69], although models
based on analytical reasoning are also present in the literature
[70, 71]. The investigated system is typically built from a flat
part and a sphere. The materials for each of those elements
are normally chosen in such a manner, that the contact can be
assigned to one of two cases: indentation or flattening [72].
The contact case is called indentation if the material used for
the sphere is much stiffer than the material used for the flat
part. Theflattening is related to the opposite situation, namely
when the material used for the flat part is much stiffer than
the material used for the sphere. The contact models based
on flattening and indentation cases can significantly differ
in the obtained results [73], especially as it is common to
assume that the stiffer element is rigid [69]. Recently, Wang
et al. [74] compared eighteen elastic–plastic contact models
in modelling the impact of a spherical particle on a half-
space. The outcomes were compared with results obtained
from FEM analysis. Based on this comparison, models giv-
ing the smallest errors for maximum impact force, impact
duration,maximum indentation, and coefficient of restitution
(COR)were obtained.At this point, itmust be stated that only
one of the models predicted COR with an error smaller than
5% and there were no common models between flattening
and indentation in this case. Additionally, the study showed
that for the conducted simulation there was little difference
between the indentation and flattening cases. The best mod-
els identified by Wang et al. for two-body impact were taken
for analysis in this paper. It seems reasonable to assume that
if a contact model shows a high level of error in the two-body
(single zone) impact, it will show errors at least as big for
more complex multi-zone impact.

3 Behaviour of selected contact forcemodels
in two-body impact

The preselection of contact models conducted in the previous
section resulted in 6 models, listed in Table 1. Two of those
models, MK and ZG, use COR for the expression of energy
dissipation. The values of COR were obtained from FEM
analysis of two impacting particles. It was shown in [75] that
such an approach allows good prediction of COR, although
it requires the strain rate dependent material constitutive law.
Because the DW, JG, KE, and GA models were based on an
ideally plastic, strain rate independent material constitutive
law, it was decided to also use the same law in the FEM
analysis. Focus on errors resulting from multi-zone impact
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Table 1 Contact force models selected for modelling multi-zone impact. Selection based on the literature review

[DW] Du and Wang [66] Loading phase:

Fn = 4
3 E

∗(R∗)
1
2 δ

3
2 f orδ < δy ; Fn = πR∗ ppδ − p3pπ

3(R∗)2

12(E∗)2
f orδy < δ ≤ δm

Unloading phase:

Fn = 4
3 E

∗(R∗)
1
2 δ

3
2 i f δm ≤ δy ; Fn = 4

3 E
∗(R∗)

1
2 (δ − δr )

3
2 i f δm > δy

Parameters:

δy = ( π pp
2E∗

)2
R∗; pp = (

1 + π
2

)
Sy ;

δr = δm −
[

3

4E∗(R∗)
1
2

(
πR∗ ppδm − p3pπ

3(R∗)2

12(E∗)2

)] 2
3

δm =
√[

p2pπ
2R∗

6(E∗)2

]2
+ m∗ δ̇2y

ppπR∗ + p2pπ
2R∗

12(E∗)2
; δ̇y =

√

δ̇20 − 16E∗(R∗)
1
2

15m∗ δ
5
2
y

[GA] Ghaednia et al. [68] Loading phase:

Fn = 4
3 E

∗(R∗)
1
2 δ

3
2 f orδ∗ < 1.9

Fn = Fny

[

e−0.17δ∗ 5
12

δ∗ 3
2 + 4HG

CSy

(

1 − e− 1
78 δ∗

5
9

)

δ∗1.1
]

f orδ∗ ≥ 1.9

Unloading phase:

Fn = 4
3 E

∗(R∗
r

) 1
2 (δ − δr )

3
2

Parameters:

δ∗ = δ
δy
; δy =

(
πCSy
2E∗

)2
R∗; C = 1.295e0.736ν ;

HG
Sy

= 2.84 − 0.92
[
1 − cos

(
π a

R∗
)]

a =
√
R∗δ(δ∗/1.9)B ; B = 0.14e23ey ; ey = Sy

E∗ ; R∗
r = 1

(δm−δr )
3

(
3Fnm
4E∗

)2

δr
δm

= 0.8

[
1 −

(
δm/δy+5.5

6.5

)−2
]

[JG] Jackson and Green [35] and Jackson et al. [67] Loading phase:

Fn = 4
3 E

∗(R∗)
1
2 δ

3
2 f orδ∗ < 1.9

Fn = Fny

[

e−0.25δ∗ 5
12

δ∗ 3
2 + 4HG

CSy

(

1 − e− 1
25 δ∗

5
9

)

δ∗
]

f orδ∗ ≥ 1.9

Unloading phase:

Fn = 4
3 E

∗(R∗
r

) 1
2 (δ − δr )

3
2

Parameters:

δ∗ = δ
δy
; δy =

(
πCSy
2E∗

)2
R∗; C = 1.295e0.736ν ;

HG
Sy

= 2.84
[
1 − e−0.82(a/R∗)−0.7

]

a
R∗ = πCey

2

√
δ∗( δ∗

1.9

)B
; B = 0.14e23ey ; ey = Sy

E∗ ; Rr = 1
(δm−δr )

3

(
3Fnm
4E∗

)2

δr
δm

= 1.02

[
1 −

(
δm/δy+5.9

6.9

)−0.54
]
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Table 1 (continued)

[KE] Kogut and Etison [33] and Etsion et al. [65] Loading phase:

Fn = Fny(δ∗)
3
2 f orδ∗ < 1; Fn = 1.03Fny(δ

∗)1.425 f or1 ≤ δ∗ ≤ 6

Fn = 1.40Fny(δ
∗)1.263 f or6 < δ∗ ≤ 110

Unloading phase:

Fn = Fnm
(

δ∗−δ∗
r

δ∗
m−δ∗

r

)n p

Parameters:

Fny = 4
3 E

∗(R∗)
1
2
(
δy

) 3
2 ; δy =

(
2.8πKν Sy

2E∗
)2

R∗; Kν = 0.454 + 0.41ν

δ∗ = δ
δy
; δ∗

r = δ∗
m

(

1 − 1(
δm
δy

)0.28

)(

1 − 1(
δm
δy

)0.69

)

; n p = 1.5
(
δ∗
m

)−0.0331

[MK] Michalczyk [63] Fn = K δn − χδn

χ = K
(
1−c2r

)

2

(
1 − sgn

(
δ̇
))

[ZG] Zhang et al. approximate [60] Fn = K δn
(
1+αcr−cr

αcr

)
f or δ̇ > 0

Fn = K δn
(

α+cr−1
α

)
f or δ̇ ≤ 0

α = 0.6181e−3.52cr + 0.899e0.09025cr

Fig. 1 The system of two impacting particles used for the determination
of COR

justified such simplification as otherwise the difference in
constitutive laws would manifest itself as an additional error.

This section describes the used FEM model, gives the
calculatedCORvalues, and compares impact forces resulting
fromFEManalysiswith those obtained from implementation
of contact models for the given system.

3.1 FEMmodel

The system used for the determination of COR consisted
of two particles shown schematically in Fig. 1. Both of
them had the radius R = 10 mm and were made of one
of three materials: stainless steel 440C, aluminium 2014-T6
and bronze C95400. This yielded 6 different combina-
tions, namely: steel-steel, aluminium-aluminium, bronze-
bronze, aluminium-steel, steel-bronze, bronze-aluminium.
The materials were chosen to achieve a wide range of con-
tact stiffness. Their properties are given in Table 2. One of

Table 2 Properties of the materials selected for the particles

Stainless steel
440C

Aluminium
2014-T6

Bronze
C95400

Young modulus
[GPa]

209 73.1 110

Poisson ratio [-] 0.283 0.33 0.316

Yield strength
[MPa]

1175 365 205

Density
[g/cm3]

7.8 2.8 7.45

Brinell
hardness
[kgf/mm2]

290 135 170

the particles was at rest, while the second impacted it with
three selected velocities: 0.1 m/s, 1 m/s and 3 m/s.

The particle mesh was generated in Gmsh [76]. As the
simulated system was axisymmetric, the particle was mod-
elled as half of a circle. The generated mesh, shown in Fig. 2,
consisted of 18,193 quadrilateral and 856 triangular, second-
order elements. The element size varied and depended on
the distance from the initial contact points A and B. The
smallest elements were generated in the vicinity of the initial
contact points. The initial size of those elements was deter-
mined based on the smallest contact area radius at yield. The
following equations were used for this purpose:

δy =
(
ßCSy
2E∗

)2

R∗ (3)
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Fig. 2 Particle mesh generated in Gmsh

ay = √
δy R∗ (4)

Starting from the initial element size, a convergence study
was conducted to ensure proper refinement of the mesh. The
convergence study goal was set to less than 1% and included
the main impact quantities, such as: the maximum impact
force, impact duration and rebound velocity [35]. Based on
this study, the element size was set as 0.0166 mm and was
obtained for the steel-steel material pair. Such a size was
set for all finite elements where the distance from initial
contact points A or B was smaller than 1.673 mm. This dis-
tance was obtained by multiplication of the largest contact
area radius by the factor 3. This guaranteed that the contact
area and the surrounding elements, where high stresses were
expected, had fine discretization. Starting from the distance
1.673 mm from points A and B, the element size was gradu-
ally increased up to 1 mm. The same mesh was used for both
particles.

The FEM model was built in Code_Aster version 14.6
[77]. It used solver DYNA_NON_LINE for the solution, for
which the initial time step was set to 3.25μs but was adapted
automatically when the convergence criterion was not met.
Discrete formulation was used to model contact. Automatic
detection of the contact zone is currently not supported by
Code_Aster, therefore all elements in the fine mesh area
were specified for the potential contact occurrence. When
the particles were made of different materials, the elements
belonging to the stiffer particle were defined as ‘master’.
The materials were modelled as elastic – ideally plastic,
according to parameters given in Table 2, and assigned to
axisymmetric elements, named ‘AXIS’ in Code_Aster. The

usage of axisymmetric elements allowed analysis of three-
dimensional systems with the two-dimensional mesh shown
in Fig. 2.

The FEM model was validated based on the work of
Minamoto and Kawamura [75]. For this purpose, it was
adjusted to themodel investigated in the reference article; the
mesh was scaled, and newmaterial (steel SUJ2) was defined.
Then, the impact in the adjusted system was simulated for
the same impact velocities as in the reference article. The
calculated values of COR are given in Fig. 3 and, as evident
from this figure, they compare well with the reference. The
maximum difference between them equalled 4%. Moreover,
the calculated values were closer to the experimental data
reported in [75], suggesting that they were more exact. This
could be explained by the usage of a finer mesh (Fig. 2).

The procedure used for the calculation of COR is detailed
in the next section.

3.2 Calculation of COR

Asmentioned earlier, theMK and ZG contact models require
a priori knowledge of COR to express the energy dissipation
during impact. To obtain the necessary values, the validated
FEM model described in the previous section was used to
analyse impacts of two particles for all combinations of parti-
clematerials and impact velocities. The results of the analysis
were then used to calculate COR for each case.

There are three definitions of COR available in the lit-
erature: kinematic, kinetic, and energetic. It can be shown
that those definitions are equivalent for the central impact
of smooth bodies [27]. Therefore, because of the calculation
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Fig. 3 Comparison of the
calculated and reference COR;
the reference values obtained
from Fig. 7 in [75] for the
elasto-plastic material model

Fig. 4 Impact force as a function
of time; all particle material
combinations for impact velocity
1 m/s

simplicity, the kinematic definition of COR was chosen to
obtain its values in the scope of this article.

The kinematic COR is defined as the ratio of the final to
the initial relative, normal velocities of the impacting bodies
(Eq. (5)).

cr = − δ̇ f

δ̇0
(5)

To calculate thefinal relative velocity from theFEManaly-
sis, the velocities of all nodes for both particleswere averaged
for a minimum of 10 time steps after impact termination.
Those 10 values were then used to calculate the final veloc-
ity of each particle by another average. Figure 5 shows as

an example the velocities of two impacting bronze particles.
The velocities given in each time step were obtained by aver-
aging velocities of all particle nodes. Referring to this figure,
final particle velocity was calculated as the average of its last
10 points.

The calculation of COR was performed for each of the
selected particle materials and initial velocities. All the
obtained results are given in Table 3. As evident from those
results, the materials and velocities were chosen in a man-
ner allowing a wide range of the COR values. The numerical
simulations using the MK and ZG contact force models used
values listed in Table 3.
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Fig. 5 Velocities of two
impacting bronze particles

Table 3 Calculated values of COR for investigated particle materials
and impact velocities

0.1 m/s 1 m/s 3 m/s

Steel—steel 0.999 0.836 0.715

Aluminium – aluminium 0.998 0.803 0.680

Bronze—bronze 0.757 0.518 0.422

Aluminium – steel 0.946 0.714 0.592

Steel – bronze 0.722 0.481 0.365

Bronze—aluminium 0.874 0.629 0.499

3.3 Numerical simulations for two particles

Dissipative contact force models have been compared in
many published studies. Those studies used the case of two-
particle impact andwere usually limited tomodels belonging
to one group, either expressing energy dissipation by the
damping factor [37, 40, 41, 44–46, 61] or plastic deformation
[43, 74]. As the contact force models investigated in this arti-
cle cannot be assigned to one group, it seemed reasonable to
also include numerical simulation for two particles. Results
obtained in such cases can also deepen the understanding of
multi-zone impact cases studied further.

The simulated system consisted of two particles of masses
m1 and m2 and radius R, as shown in Fig. 1. Assuming that
the only forces acting on the particles are the impact forces,
the equations describing the system can be given as follows:

m1 ẍ1 = −F1 (6)

m2 ẍ2 = F1 (7)

δ = x1 − x2 − 2R (8)

δ̇ = ẋ1 − ẋ2 (9)

where F1 is the impact force described by one of the models
given in Table 1 and x1 and x2 are coordinates giving the
position of the particles. The given equations were imple-
mented in the Python programming language using the SciPy
and NumPy libraries. The integration was performed by the
explicit Runge–Kutta method of order (4)5 with a time step
equal 10–8 s.

The published review studies used various quantities, such
as maximal impact force, impact duration, and indentation
etc., to assess the validity of the compared contact force
models. Nevertheless, this article mainly uses COR for the
comparison of the selected contact force models. Such a
choice was justified by several factors: COR expresses var-
ious sources of energy dissipation, it is well established
by experimental settings, widely used in the literature,
and allows determination of velocities of impacting bodies,
which, when performed correctly, may be sufficient for the
accurate simulation of a multi-body system. COR gives a
number value which can be easily used for comparison pur-
poses, but it hides various aspects of the investigated contact
force model. Such aspects can be better identified when rep-
resented graphically. For this purpose, plots representing the
time history of the impact forces for the compared contact
forcemodels were created. Examples of such plots are shown
in Figs. 6 and 7.

4 Simultaneousmulti-zone impacts –
investigationmethodology

Modelling simultaneous, multi-zone impacts poses several
challenges. The interactions between the colliding parti-
cles often mean it is impossible to make a clear distinction
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Fig. 6 Time history of the impact
forces for the collision of two
steel particles, initial impact
velocity equal 1 m/s

Fig. 7 Time history of the impact
forces for the collision of two
bronze particles, initial impact
velocity equal 1 m/s

between the compression and restitution phases, i.e., the col-
lision between two particles can switch to the compression
phase before the end of the restitution phase. Moreover, the
initial impact velocity can usually be determined a priori only
for the initiating impact and the compliant contact forcemod-
els available in the literature were developed and validated
only for two-body impacts, therefore, their performance in
more complex cases demands clarification.

Collinear systems of up to 6 particles were used for the
purpose of the investigation. All particles except the first two
were in contact before the initial impact, as schematically
shown for 6 particles in Fig. 8. The maximum quantity of
the particles was set based on the width of the solitary wave
pulse, which was reported to approximately equal 5 particle

diameters [27]. Such a choice offered a reasonably robust bal-
ance between computation cost, crucial especially for FEM
analysis, and the phenomena occurring in the analysed sys-
tem. The next sections will give more detailed information
on the definition of numerical experiments performed in the
scope of this article.

4.1 Analysed cases

The phenomena occurring during multi-zone impact depend
not only on the length of the chain but also on the particle
material properties. To also include this behaviour, 3 different
materials were selected: steel, aluminium, and bronze. Their
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Fig. 8 Example of a collinear system consisting of 6 particles

Fig. 9 Analysed particle
sequences (a – aluminium, b –
bronze, s – steel, material
properties are given in Table 2)
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Fig. 10 Algorithm for
determining residual deformation

properties were given in Table 2. They differ in Young mod-
ulus and yield strength. Particle chains not only consisted of
particles made from the same material, but additional cases
were also added. For clarity, all of them are presented graph-
ically in Fig. 9. Each of the analysed cases had an assigned
number identifying it. The first number gives the quantity of
particles, while the second identifies the sequence of materi-
als. For example, number 5.2 identifies a casewith 5 particles,
all of which were made from aluminium. Those numbers
will be used further for referencing each case. Additionally,
3 different velocities were analysed to cover a wide range
of plastic deformation, which corresponds to different val-
ues of COR or energy dissipation. Those velocities equalled
0.1 m/s, 1 m/s and 3 m/s.

4.2 Numerical model

The equations governing the system were dependent on the
number of particles. With an increasing number of particles,
the number of degrees of freedom increased, requiring more
equations for system description. To avoid repetition of very
similar equation systems, the used equations were given in a
generalised form, in which equations for a particular system
can be achieved by setting the index “n” equal to the number
of particles in the system.

m1 ẍ1 = −F1 (10)

mi ẍi = −Fi−1 + Fi (11)

mnẍn = Fn (12)

δ1 = x1 − x2 − δr1 (13)

δi = xi − xi+1 − δri (14)

δ̇1 = ẋ1 − ẋ2 (15)

δ̇i = ẋi − ẋi+1 (16)

where: m – mass of the particle, x – coordinate describing
the position of the particle, R – particle radius, F – impact
force described by one of the contact models given in Table
1, δ – local particle deformation, δ̇ – relative velocity of two
particles, δr – residual deformation from the previous colli-
sion between particles i and i + 1, n – number of particles, n
ε [3, 6], i = 2.. n-1.

The residual deformation introduced in Eqs. (13) and (14)
stored information about the permanent deformation of two
adjacent particles. Its value was equal 0 for the duration of
the first collision between two particular particles, because
for such a case the residual deformation was handled by the
contact force model. Exceptions to that were the MK and
ZG models, for which δr was always equal 0. An algorithm
presented in Fig. 10 gives more details about the handling of
δr in the numerical simulations.

The introduction of the residual deformation δr was based
on the results obtained from FEM analysis, which showed

123



12 Computational Particle Mechanics (2024) 11:1–27

Table 4 Benchmark velocity indicator (BVI) for the chain of 5 particles and 3 investigated impact velocities given with the reference value obtained

by the FEM analysis. The cell colour represents error level >25%, 20-25%, 15-20%, 10-15%, 5-10%, 1-5%, <1%

DW GA JG KE MK ZG FEM

5.1.1 0.9888 0.9888 0.9888 0.9888 0.987 0.9889 0.9892

5.1.3 0.8501 0.5415 0.7568 0.7689 0.7316 0.7332 0.7577

5.1.7 0.6695 0.3871 0.5949 0.6138 0.5883 0.5934 0.605

5.2.1 0.9888 0.9613 0.9793 0.9994 0.9852 0.9871 0.9872

5.2.3 0.7845 0.4927 0.7145 0.7274 0.688 0.6903 0.7146

5.2.7 0.6175 0.3607 0.5524 0.5806 0.5516 0.5646 0.5705

5.3.1 0.7147 0.4281 0.6487 0.6596 0.6317 0.6361 0.6578

5.3.3 0.3273 0.2938 0.3522 0.4306 0.4069 0.4591 0.4039

5.3.7 0.3545 0.2862 0.2616 0.3592 0.3932 0.4149 0.3162

5.4.1 0.5119 0.4659 0.496 0.4969 0.4973 0.4988 0.4996

5.4.3 0.4351 0.3015 0.3923 0.399 0.3482 0.3512 0.4013

5.4.7 0.3522 0.2265 0.3144 0.3332 0.2735 0.279 0.3266

5.5.1 1.5381 1.3781 1.4706 1.484 1.5056 1.507 1.481

5.5.3 1.1988 0.6469 1.1427 1.1563 1.057 1.0639 1.0156

5.5.7 1.0427 0.754 0.9869 1.018 0.9093 0.9215 0.8076

5.6.1 0.5288 0.4804 0.5127 0.5153 0.5143 0.5165 0.517

5.6.3 0.4255 0.2804 0.3906 0.3913 0.3619 0.3665 0.3932

5.6.7 0.3357 0.2135 0.3019 0.3229 0.288 0.2959 0.3143

5.7.1 1.51 1.387 1.4618 1.4722 1.4746 1.4769 1.4744

5.7.3 1.1685 0.8334 1.097 1.1164 1.0297 1.0385 1.0536

5.7.7 0.9545 0.6758 0.9072 0.9461 0.8676 0.8859 0.8349

in some cases the occurrence of a second collision between
adjacent particles. Moreover, the particles were permanently
deformed during FEM analysis. If similar behaviour had
not been implemented in the numerical model it could have
resulted in collisions, which should not take place. Such a sit-
uation would increase the differences between the reference
FEM analysis and investigated contact force models.

It should be noted that the analysed contact force models
were developed for single loading and unloading. Although
in the investigated systems that was not always the case, there
were no alterations of the models, except the introduction of
residual deformation in Eqs. (13) and (14). This problemwas
outside the scope of this article andwill be addressed in future
studies.

Equations (10)–(16) were numerically solved with the
help of scripts written in Python 3. Those scripts utilized the
libraries: SciPy, NumPy, and Matplotlib. For the solution of

second-order ordinary equations, the explicit Runge–Kutta
method of order (4)5 with a time step equal 10–8 s was used.
The duration of each simulation corresponded to the time of
the FEM analysis as given in Table 11.

4.3 FEM analysis

The FEM model was built in Code_Aster version 14.6
[77]. Its definition was analogous to the model described in
Sect. 3.1, with the difference in the quantity of particles hav-
ing an initial velocity equal to 0. Each of the particles used
in the simulation had the same mesh. This was achieved by
assembling the particle chain from the same mesh and then
translating particles by the distance equal to the particle diam-
eter. At the start of the simulation, the impacting particle was
not in contact with the next particles, while all the other par-
ticles were in contact.
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Table 5 Benchmark velocity indicator (BVI) for the chain of 4 particles and 3 investigated impact velocities given with the reference value obtained

by the FEM analysis. The cell colour represents error level >25%, 20-25%, 15-20%, 10-15%, 5-10%, 1-5%, <1%

DW GA JG KE MK ZG FEM

4.1.1 0.991 0.991 0.991 0.991 0.9896 0.9911 0.9914

4.1.3 0.8745 0.6117 0.8013 0.8125 0.7737 0.7863 0.8052

4.1.7 0.7229 0.4728 0.6614 0.6794 0.658 0.6629 0.6707

4.2.1 0.991 0.9673 0.983 0.9982 0.9982 0.9897 0.9897

4.2.3 0.8115 0.5679 0.7654 0.777 0.7302 0.75 0.77

4.2.7 0.6777 0.4493 0.6235 0.6507 0.6241 0.6329 0.6371

4.3.1 0.7618 0.5097 0.7088 0.7184 0.6992 0.7026 0.7192

4.3.3 0.5182 0.3918 0.437 0.5172 0.516 0.5322 0.4887

4.3.7 0.4394 0.3849 0.3463 0.4506 0.4616 0.4835 0.4022

4.4.1 0.5134 0.4673 0.4974 0.4983 0.4989 0.5002 0.5011

4.4.3 0.4366 0.3244 0.4046 0.4113 0.3742 0.3774 0.4145

4.4.7 0.3668 0.2622 0.3369 0.3556 0.3074 0.3139 0.3489

4.5.1 1.5338 1.3855 1.4737 1.4843 1.4996 1.5012 1.4845

4.5.3 1.2264 0.7665 1.1745 1.1886 1.1281 1.1372 1.108

4.5.7 1.0643 0.8693 1.0352 1.0769 0.9918 1.0044 0.9106

4.6.1 0.5309 0.4825 0.5149 0.5174 0.5165 0.5185 0.5192

4.6.3 0.4268 0.3018 0.4036 0.4039 0.3889 0.394 0.4064

4.6.7 0.349 0.2463 0.3238 0.3445 0.3226 0.3318 0.3379

4.7.1 1.4953 1.3769 1.4519 1.4588 1.4556 1.4577 1.4646

4.7.3 1.2006 0.8674 1.1238 1.1445 1.0942 1.1034 1.1247

4.7.7 1.0035 0.7301 0.9343 0.9785 0.9411 0.9596 0.927

The initial simulation time step was equal to 3.25 μs. It
was automatically adjusted by the solver when the conver-
gence criteria were not met, which was mainly influenced
by the initial impact velocity and the level of plastic defor-
mation occurring in the contact area. The simulation time
was varied depending on the particle quantity, initial impact
velocity, computational cost, and a requirement that each par-
ticle must take part in the collision. As the main purpose of
the conducted numerical experiment was to investigate the
performance of selected contact force models in modelling
simultaneous, multi-point impact, the absolute value of sim-
ulation time was of secondary importance if the duration of
the numerical simulation and FEM analysis was the same.
The simulation time for each of the particle sequences and
velocities is listed in Table 11.

5 Results and discussion

Most studies focus on predicting the post impact velocities of
colliding particles. An accurate prediction of body velocity is
crucial in multi-body and Discrete Element Method (DEM)
simulations. Therefore, for this study, velocity was selected
as the main benchmark quantity for the comparison of the
chosen contact force models. As the investigated systems
consisted of 3 to 6 particles, they have been treated as a
“black box” with input defined as an initial velocity of the
particle initiating impact and the output being the post impact
velocity of the last particle in the chain. Those two values
were used to define the benchmark velocity indicator (BVI)
given by the following equation:

BV I = ẋ f
n

ẋ i1
(17)
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Table 6 Benchmark velocity indicator (BVI) for the chain of 3 particles and 3 investigated impact velocities given with the reference value obtained

by the FEM analysis. The cell colour represents error level >25%, 20-25%, 15-20%, 10-15%, 5-10%, 1-5%, <1%

DW GA JG KE MK ZG FEM

3.1.1 0.9945 0.9945 0.9945 0.9945 0.9936 0.9946 0.9951

3.1.3 0.9075 0.7016 0.8532 0.863 0.8462 0.8472 0.8555

3.1.7 0.789 0.5893 0.7433 0.759 0.7461 0.7502 0.7562

3.2.1 0.9945 0.9755 0.9882 0.9984 0.9926 0.9937 0.9923

3.2.3 0.8655 0.6662 0.8255 0.8334 0.8181 0.8196 0.828

3.2.7 0.7531 0.5706 0.7125 0.7366 0.7188 0.7245 0.7233

3.3.1 0.8196 0.619 0.7813 0.7891 0.7799 0.7826 0.7892

3.3.3 0.623 0.5261 0.5541 0.6292 0.6071 0.6234 0.6067

3.3.7 0.4925 0.5197 0.4706 0.573 0.5305 0.58 0.5232

3.4.1 1.424 1.3082 1.3848 1.3874 1.3873 1.3859 1.3941

3.4.3 1.1904 0.9129 1.1307 1.1528 1.127 1.043 1.1532

3.4.7 1.034 0.8038 0.9696 1.0216 0.9818 0.9865 1.0157

3.5.1 0.547 0.4949 0.5293 0.5323 0.5333 0.5343 0.5338

3.5.3 0.4463 0.3337 0.4269 0.4285 0.4413 0.443 0.4282

3.5.7 0.386 0.296 0.3582 0.381 0.3983 0.4022 0.3745

3.6.1 0.886 0.7757 0.8458 0.8483 0.8741 0.8743 0.8449

3.6.3 0.762 0.6449 0.7129 0.731 0.7785 0.7839 0.6775

3.6.7 0.7121 0.6372 0.665 0.6884 0.7342 0.7411 0.6578

3.7.1 0.7518 0.6699 0.7226 0.726 0.7118 0.7123 0.7304

3.7.3 0.5904 0.4599 0.5721 0.582 0.5481 0.5534 0.5881

3.7.7 0.5135 0.4129 0.4866 0.5191 0.474 0.4831 0.5178

where: ẋ i1 is the initial velocity of the particle initiating impact

and ẋ f
n is the velocity of the particle last in the sequence at

the simulation end.
The BVI defined in such a way describes the ability of

the given contact force model to predict the collision force
impulse, which is an integral of contact force over time. Con-
sequently, a contact force model that accurately predicts the
collision force and duration may have the same BVI as the
model, which underestimates the contact force and overesti-
mates the collision duration. To minimize this drawback, the
simulation time was varied (as given in Table 11). This, com-
bined with a high number of simulations, should guarantee
that the conclusions were reasonable.

Tables 4, 5, 6 and 7 summarize the BVI calculated in each
simulation experiment. The numbers given in the first column
identify the particle sequence and the initial velocity of the
particle initiating impact. The first two numbers relate to the

sequences shown in Fig. 9 and the last number can take three
values: 1, 3 or 7 corresponding to the velocities 0.1m/s, 1m/s
and 3 m/s, respectively. To allow a better visual comparison
between the analysed contact force models, each BVI value
was coloured. This errorwas calculated taking theBVIvalues
obtained by FEM simulations as the reference (given in the
last columns of Tables 4, 5, 6 and 7).

The analysis of the results presented in Tables 4, 5, 6
and 7 lead to the conclusion that the KE and JG models
allow the lowest levels of error. Considering their simplicity,
the MK and ZG models showed unexpectedly good results.
However, it should be remarked that, for those models, the
pre-restitution coefficient was defined based on the results
given in Tables 8, 9 and 10 and they showed good agree-
ment of pre- and post-restitution coefficients. Nevertheless,
the applied CORwas chosen based on the velocity of the ini-
tiating impact and was the same for all impacts in the given
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Table 7 Benchmark velocity indicator (BVI) for the chain of 6 particles and 3 investigated impact velocities given with the reference value obtained

by the FEM analysis. The cell colour represents error level >25%, 20-25%, 15-20%, 10-15%, 5-10%, 1-5%, <1%

DW GA JG KE MK ZG FEM

6.1.1 0.9875 0.9875 0.9875 0.9875 0.9853 0.9877 0.9876

6.1.3 0.8278 0.4853 0.7178 0.7302 0.6844 0.6862 0.7232

6.1.7 0.625 0.3229 0.5395 0.5585 0.5357 0.5403 0.5496

6.2.1 0.9875 0.9566 0.9767 1.0014 0.9831 0.9855 0.9857

6.2.3 0.7532 0.4337 0.6703 0.6856 0.6358 0.6384 0.6742

6.2.7 0.5541 0.2951 0.4941 0.522 0.479 0.5117 0.5087

6.3.1 0.6718 0.3658 0.5967 0.6095 0.5591 0.5805 0.6066

6.3.3 0.3772 0.222 0.289 0.3623 0.3903 0.4055 0.3353

6.3.7 0.2371 0.2134 0.2021 0.2897 0.3225 0.362 0.2476

6.4.1 0.5111 0.4651 0.4952 0.496 0.4963 0.498 0.4988

6.4.3 0.4342 0.282 0.3815 0.3882 0.3253 0.3281 0.3915

6.4.7 0.3396 0.1987 0.295 0.3126 0.245 0.2515 0.3046

6.5.1 1.5406 1.3666 1.4651 1.4812 1.5089 1.5104 1.4776

6.5.3 1.1764 0.555 1.1139 1.1279 0.9946 0.9993 0.9476

6.5.7 0.9859 0.6826 0.961 0.9961 0.843 0.852 0.7184

6.6.1 0.5275 0.4792 0.5114 0.514 0.5129 0.5154 0.5158

6.6.3 0.4247 0.2627 0.3796 0.3805 0.3381 0.3423 0.3843

6.6.7 0.3246 0.1881 0.2835 0.3031 0.2621 0.2683 0.2939

6.7.1 1.5194 1.385 1.4644 1.4777 1.4859 1.4883 1.4759

6.7.3 1.1475 0.7967 1.0695 1.0889 0.9721 0.9799 0.9834

6.7.7 0.9335 0.6408 0.8675 0.8997 0.7981 0.8156 0.7384

Table 8 COR obtained for contact models from numerical simulation for impact velocity 1 m/s

[DW] [GA] [JG] [KE] [MK] [ZG] FEM

Steel—steel 0.895 0.644 0.834 0.849 0.836 0.837 0.836

Aluminium – aluminium 0.845 0.600 0.800 0.809 0.803 0.805 0.803

Bronze—bronze 0.538 0.429 0.447 0.559 0.518 0.543 0.518

Aluminium – steel 0.722 0.492 0.679 0.706 0.714 0.719 0.714

Steel – bronze 0.492 0.423 0.387 0.522 0.481 0.512 0.481

Bronze—aluminium 0.609 0.442 0.540 0.615 0.629 0.640 0.629

experiment. This was a necessary simplification as only the
velocity of the particle initiating impact was known a pri-
ori. The worst results were obtained for the GE model. This
model seems to have a tendency to shorten the intensity and
the duration of the collision restitution phase, which ampli-
fies through the next impacts and causes quick accumulation

of the error, not seen in two-particle impacts. Therefore,
although this model has a similar definition in the compres-
sion phase to the JG model, it produced the highest levels of
error. The DW model, on the contrary, extends the duration
of the impact. Its error was therefore sensible for the chosen
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Table 9 COR obtained for contact models from numerical simulation for impact velocity 3 m/s

[DW] [GA] [JG] [KE] [MK] [ZG] FEM

Steel—steel 0.751 0.505 0.698 0.721 0.715 0.720 0.715

Aluminium–aluminium 0.706 0.482 0.659 0.693 0.680 0.687 0.680

Bronze—bronze 0.448 0.418 0.325 0.485 0.422 0.464 0.422

Aluminium – steel 0.602 0.441 0.531 0.611 0.592 0.607 0.592

Steel – bronze 0.410 0.416 0.276 0.454 0.365 0.420 0.365

Bronze—aluminium 0.507 0.424 0.404 0.534 0.499 0.527 0.499

Table 10 COR obtained for contact models from numerical simulation for impact velocity 0.1 m/s

[DW] [GA] [JG] [KE] [MK] [ZG] FEM

Steel—steel 1.000 1.000 1.000 1.000 0.999 1.000 0.999

Aluminium–aluminium 1.000 0.974 0.991 1.000 0.998 0.999 0.998

Bronze—bronze 0.789 0.541 0.746 0.757 0.757 0.760 0.757

Aluminium – steel 0.998 0.812 0.937 0.937 0.946 0.947 0.946

Steel – bronze 0.722 0.491 0.676 0.704 0.722 0.727 0.722

Bronze—aluminium 0.887 0.644 0.834 0.849 0.874 0.875 0.874

Table 11 FEM simulation time given in μs for all particle combination variants

0.1 m/s 1 m/s 3 m/s 0.1 m/s 1 m/s 3 m/s

6.1 300 300 300 4.1 225 125 150

6.2 350 300 175 4.2 225 125 120

6.3 400 600 300 4.3 350 300 300

6.4 350 300 200 4.4 225 180 130

6.5 350 300 300 4.5 300 180 250

6.6 350 300 300 4.6 300 160 180

6.7 350 300 300 4.7 300 180 150

5.1 300 200 175 3.1 200 130 125

5.2 300 200 150 3.2 200 130 125

5.3 350 250 400 3.3 250 175 140

5.4 350 200 190 3.4 220 160 110

5.5 350 200 190 3.5 220 160 130

5.6 350 200 185 3.6 250 130 140

5.7 350 180 250 3.7 250 110 130

simulation time (it showed better results if the chosen sim-
ulation time was much longer than the duration of impact
resulting from FEM analysis) and showed error levels some-
what worse than the MK and ZG models.

The error levels obtained for each model in all simula-
tions are illustrated in Fig. 11. It can be easily seen that the
error drops with smaller values of the initiating velocity and
increases with the number of particles included in the simu-
lation experiment. Those results seem to be reasonable and
confirm the overall correctness of the conducted simulations.

The ability to predict the BVI by the analysed models
depended on the particle configuration (various materials as
shown in Fig. 9) and the initial velocity of the particle initiat-
ing impact. Thementioned factors determined the level of the
particle plastic deformation during collision. Higher velocity
increased impact intensity causing bigger local deformations,
which included plastic deformation. The yield strength for
each material determined the moment at which plastic defor-
mation started, causing significant differences for steel and
bronze, for example. Consequently, it may seem that the
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Fig. 11 Error levels for all
investigated contact force models

obtained errors could be attributed to the ability to predict the
plastic deformation. Although such a statement was essen-
tially justified, the errors calculated for two-particle impacts,
reported in Sect. 3, indicated that this should not have been
the only source of the error.

To further investigate this problem, impact force plots
were analysed. Examples of such plots are shown in Figs. 12,
13, 14 and 15. Analysis of those plots showed that, during
the simultaneous, multi-zone collisions, the restitution phase
can change directly into a compression phase, but the investi-
gated contact forcemodels were developed for simple impact
cases, where the restitution phase is followed by the impact
end. As a consequence of that, when the change from the
restitution phase to compression phase occurs, the models
switch the mathematical equation describing contact force,
which in turn causes discontinuities visible in the impact
force plots. This was especially visible for the MK and ZG
models because the equations of those models have signif-
icant discontinuity between the compression and restitution
phases. In extreme cases, shown in Figs. 12 and 13 for cases
6.3.3 and 6.3.7, the changes between phases were very fre-
quent, causing many changes in impact force and making the
plot difficult to comprehend. It may be reasonable to suppose
that the calculated errors can be reduced by improvement of
the contact force models through adding the ability to keep
continuity of the impact force when the change from the
restitution to compression phases occurs.

Figures 16 and 17 demonstrate changes in the velocities of
particles 1 and 6 induced by impacts in the same numerical
experiments for which impact forces were shown in Figs. 12,
13, 14 and 15. The presented time history of the particles’
velocities provides detailed insight into the development of
differences between the reference FEM data and the investi-
gated contact force models. As evident from both figures, the
curves representing the models with lowest errors (KE and
JG) follow the reference FEM points closely, whereas the

worst model (GA) protrudes from them quickly. The value
of BVI captures the velocity state from the end of the cal-
culated time history (e.g., the last points in Fig. 16 for each
contact force model), which should guarantee a reasonable
comparison as the differences between the reference FEM
data and compared contact force models show no significant
changes.

The contact force discontinuity problem can also be
observed in force–displacement relations. Figure 18 con-
tains such relations for the experiment (5.7.3), selected as
an example. Four impacts occur during this experiment. The
first (between particles 1 and 2, made of steel) and the last
(between particles 4 and 5, made of aluminium) follow the
scheme of simple, two-body impact. In this case, the com-
pression phase is directly followed by the restitution phase,
at the end of which the impact ends leaving permanent (resid-
ual) deformation. As illustrated by Fig. 18, all the analysed
contact forcemodels essentially follow this scheme, although
they differentiate noticeably from the FEM results. On the
contrary, the impacts between particles 2 and 3 (made of steel
and aluminium, respectively) and between particles 3 and 4
(made of aluminium) demonstrate more complex behaviour.
The FEMplots for these impacts reveal the switch to the com-
pression phase occurring during the restitution phase. In the
course of the switch, the FEMmodelmaintains the force con-
tinuity and shows that the newly started compression phase
does not follow the unloading curve. Moreover, the con-
tact stiffness during the first and second compression phases
clearly differs and, at least in the analysed cases, the second
compression does not cause additional plastic deformation,
although this should be contributed to the lower intensity of
the second compression phase. None of the analysed con-
tact force models was able to demonstrate this behaviour.
Inspection of the relevant plots in Fig. 18 indicates that the
analysed models switch back to the first compression curve,
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Fig. 12 Impact forces for
numerical experiments in a 6
particle system part 1; for
transparency the DW, GA, JG,
KE, MK, and ZG models were
separated

causing discontinuity in the contact force. This accounts for
significant errors reported in Tables 4, 5, 6 and 7.

The conducted numerical experiments revealed phenom-
ena occurring during simultaneous, multi-zone impacts,
which are not present in simple, two-particle systems. The
inner mechanism of this phenomenon can be related to the
interplay of impacting particles. The impact force impulse

initiated by the first particle travels through the particle chain
and can be interpreted as a wave that bounces back from
the last particle and interferes with itself. This may cause a
sudden change in the impact state, i.e., direct switch from
the restitution to compression phases, or cause subsequent
impacts along the same impact normal. The present study
showed that both phenomena are insufficiently represented
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Fig. 13 Impact forces for
numerical experiments in a 6
particle system part 2; for
transparency the DW, GA, JG,
KE, MK and ZG models were
separated

by the published contact force models. This is evident from
Fig. 11, which illustrates error levels for each experiment.
The revealed phenomena have a negligible influence when
the impact is predominantly elastic, as the impact force in
this case approximately follows the same curve (there is no
energy dissipation) The low error levels obtained for impacts
with initiating velocity of 0.1 m/s confirm this. The error

level increases significantly with increasing initiating veloc-
ity because a higher impact intensity causes larger plastic
deformations, and effects of the direct switch from the resti-
tution phase to the compression phase become significant.

Except for the initiating impact velocity, the described
phenomena may also be influenced by the composition of
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Fig. 14 Impact forces for
numerical experiments in a 6
particle system part 3; for
transparency the DW, GA, JG,
KE, MK and ZG models were
separated

the particle chain. If the particles are made of different mate-
rials, the contact stiffness varies, and with it the impact time
is shortened or elongated (increase in the contact stiffness
shortens impact duration). Furthermore, the particles made
of different materials have differing masses (assuming the
same size) which results in distinct dynamic behaviour due
to other inertia. The lower mass particles react more rapidly

on the acting forces, transferring the impact impulse faster
to subsequent particles. Therefore, both factors influence the
speed with which the impact wave travels through the parti-
cle chain and, consequently, affect the phenomena occurring
during the multi-zone, simultaneous impact. Similar effects
should also be seen in particle chains composed of particles
made of the same material but with varying sizes, although
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Fig. 15 Impact forces for
numerical experiments in a 6
particle system part 4; for
transparency the DW, GA, JG,
KE MK and ZG models were
separated

this was not investigated in this study. An exemplification of
those effects can be observed in the impact force plots for
experiments 6.4.7 and 6.5.3, which can be found in Figs. 14
and 15, respectively. In both cases, the initiating impact
occurred between particles made of aluminium and steel,
but in experiment 6.4.7 the other impacts involved only steel
particles, whereas in experiment 6.5.3 subsequent impacts
occurred only between aluminium particles. A comparative

analysis of both plots shows significant differences in the evo-
lution of impacts. In experiment 6.4.7 the higher inertia of the
steel particles causes slower propagation of the impact wave.
Because of this, the initiating impact ends before the sec-
ond impact starts its restitution phase. As a result, although
in this experiment the initiating velocity was higher than in
experiment 6.5.3, all the impacts exhibit a scheme similar to
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Fig. 16 Velocities for numerical
experiments in a 6 particle
system; data given for particles 1
and 6, part 1

simple, two-body impact, where there is only one compres-
sion and restitution phase. In contrast, in experiment 6.5.3
the aluminium particles are affected more rapidly by the ini-
tiating impact, which is why the second impact switches to
the restitution phase during the restitution phase of the initi-
ating impact, causing it to switch to the compression phase.
This repeats for the subsequent impacts, causing substantially

more complex behaviour than in experiment 6.4.7. Multi-
ple switches between the restitution and compression phases
take place, which generates many impact force discontinu-
ities visible in the plot.

One possible solution of the impact force discontinuity
problem may include an additional model feature used to
identify the state fromwhich the compression phase starts. If
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Fig. 17 Velocities for numerical
experiments in a 6 particle
system; data given for particles 1
and 6, part 2

the compression phase starts from the state at which no con-
tact between the colliding bodies was detected, the contact
force model should use its standard relation(s) for the com-
pression phase. On the other hand, if the compression phase
starts before the restitution phase has come to an end, the
contact force model should use another mathematical rela-
tion to describe the force. It seems logical that this relation

should be either the same as the one used for the restitution
phase but limited to the maximal local deformation, which
occurred during the previous compression phase, and fol-
lowed in reverse direction, or ensures that for a given value of
deformation the resulting force will be continuous. Although
it seems a promising direction, further work is needed to
confirm if it is worthwhile. Additionally, such an extension
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Fig. 18 Force–displacement
relations for all impacts
occurring during experiment
5.7.3

can cause challenges during software implementation of the
improved models, as there will be a need to store and analyse
previous system states. This will require another approach
and algorithms for the solution of the differential equations
describing the system. The mentioned challenges seem to be
an interesting research opportunity and will be addressed by
future works.

6 Conclusions

The contact force model plays a central role in impact mod-
elling and is especially crucial in more complex cases of
simultaneous, multi-zone collisions. The importance of this
problem has been addressed by many researchers, who pro-
posed various contact models, both new ones and some
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offering incremental improvement. Those models, from a
broad perspective, can be divided into twomain groups when
considering their approach to energy dissipation occurring
during impact: using damping or plastic deformation. The
present work analysed the contact force models belonging to
both groups. In the preselection process, for which already
published model comparisons were used, best candidates
were selected. At this stage many Hunt and Crosley based
models were excluded, as they require a priori knowledge
about the initial impact velocity, which in the investigated
cases was known only for the initiating impact. Because
two of the preselected models (MK and ZG) required pre-
restitution coefficients, theywere calculated using a prepared
FEM simulation. Furthermore, to check the correctness of
each model implementation, numerical experiments for two-
particle systems were carried out. It also allowed comparison
of the COR values calculated by FEM simulation and those
obtained by the investigatedmodels (in theMK and ZGmod-
els, those were post- restitution coefficients). In the main part
of this article, the ability to predict results of multi-zone,
simultaneous impacts by the selected models were investi-
gated using particle chains consisting of 3 to 6 particles made
of three different materials: steel, aluminium, and bronze. To
cover various levels of energy dissipation, three initial impact
velocities were selected: 0.1 m/s, 1 m/s and 3 m/s.

The obtained results revealed substantial levels of error
for all models, although some of them performed better than
others. Considering the lowest average error of the predicted
BVI, the KE and JG models achieved the best results with
errors equal 3.89% and 4.15%, respectively. Nevertheless,
the error increased with the growing number of particles and
the increasing level of plasticity. The same models in their
worst cases (numerical experiment 6.5.7) reached the error
value of 38.66% and 33.77%, respectively. Such differences
(or, in otherwords, high error variance) imply that care should
be taken during the modelling of systems analogous to those
investigated in this study and potential high levels of errors
should be considered. The presented findings also suggest
the necessity for improvement of the contact force models
available in the literature.

Most of the published research uses simple systems con-
sisting of two particles or a particle and a flat part for
development and validation of the contact force model. This
study is significantly different from those approaches, as it
used a higher quantity of particles. It provided insight into
the performance and behaviour of the selected contact force
models inmore complex systems. Considering the outcomes,
it may be beneficial to include such cases in validation of the
contact models proposed in future.

Further investigations are needed for better understand-
ing of the phenomena occurring in multi-zone, simultaneous
impacts and systems exhibiting such behaviour offer a
promising direction in further research. Such systems also

offer the opportunity for further improvement and refine-
ment of existing contact force models or proposals of new
ones. Those improvementsmay include better handling of the
reversal to the compression phase during restitution, which
may occur several times, an approach allowing calculation
of the damping factor without a priori knowledge of the ini-
tial impact velocity, and replacement of constant CORwith a
function expressing it in the dependence on the impact veloc-
ity. The proposed changes will also require the development
of new algorithms, as they may be more difficult to imple-
ment in software.
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