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Abstract
This work presents the development of an explicit/implicit particle finite element method (PFEM) for the 2D modeling of
metal cutting processes. The purpose is to study the efficiency of implicit and explicit time integration schemes in terms of
precision, accuracy and computing time. The formulation for implicit and explicit time marching schemes is developed, and
a detailed study on the explicit solution steps is presented. The PFEM remeshing procedures for insertion and removal of
particles have been improved to model the multiple scales of time and/or space of the solution. The detection and treatment of
the rigid tool contact are presented for both, implicit and explicit schemes. The performance of explicit/implicit integration
is studied with a set of different two-dimensional orthogonal cutting tests of AISI 4340 steel at cutting speeds ranging from
1 m/s up to 30 m/s. It was shown that if the correct selection of the time integration scheme is made, the computing time can
decrease up to 40 times. It allows us to affirm that the computing time of the PFEM simulations can be excessive due to the
used time marching scheme independently of the meshing process. As a practical result, a set of recommendations to select
the time integration schemes for a given cutting speed are given. This is intended to minimize one of the negative constraints
pointed out by the industry when using metal cutting simulators.
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1 Introduction

The description of a metal cutting process can be defined by
the interaction of two physical elements. A tool cutting edge
penetrates into the a metal workpiece which material is thus
plastically deformed and slides of along the rake face of the
cutting edge. Large plastic strains, mainly located within the
primary and the secondary shear zones, produce the detach-
ment thematerial and create metal chips.Machining analysis
focuses on the study of chip formation, which is associated
with large deformations, high strain rates and high tempera-
tures. Even if newmanufacturing techniques, such as additive
manufacturing [1], have recently been developed for metal
processing, machining continues to be the most used manu-
facturing operation in terms of volume and expenditure. This
process contributes to around 5% of the GDP of industrial-
ized countries, representing a significant part of the wealth
of these economies [2,3]. The use of cutting edge technology
such as numerical simulation can help to find the optimal cut-
ting parameters and to visualize variables that are difficult to
measure (e.g., the temperature and the strain rate field) with-
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out the need for costly experiments, thereby increasing the
financial profitability of manufacturing companies.

Most of the time, the numerical modeling of metal cut-
ting processes is based on continuummechanics (CM) [4–8],
where the linear momentum, energy equations and con-
stitutive model are expressed as a set of nonlinear partial
differential equations (PDE). This set of equations depends
on space and time; thus, it is necessary to discretize these
equations on space and time to obtain an approximate solu-
tion of a variable of interest at a time t .

The most used method for spatial discretization of the
PDE for the problem of interest is based on finite element
method (FEM) [9], including the FEM in their differ-
ent descriptions: Lagrangian [4,6], Eulerian and arbitrary
Lagrangian–Eulerian formulations [5]. Other techniques
have been developed like themulti-material Eulerianmethod
[10], the volume of solid [11], the material point method or
point in cell [12], which extend the FEM by applying other
spatial mesh-based discretizations, showing some advan-
tages in comparison with the FEM. The new methods based
on a fixed mesh (background mesh) eliminate the problem of
mesh distortion, using elements that are filled and unoccu-
piedwithmaterial as itmoves along the fixedmesh.However,
they present limited possibilities for the modeling of some
cutting conditions that needs for and accurate boundaries rep-
resentation (e.g., segmented chip formation). The modeling
is difficult if not impossible with these techniques when a
fixed mesh is used [11].

Another set of methods based on continuum mechanics
(CM) use the concept of particle methods and mesh-free
methods, including the constrained natural element method
[13], smoothed particle hydrodynamics [7,14–16], the max-
imum entropy meshfree [17], the finite point method [18],
stabilized optimal transportation meshfree method [19] and
the particle finite element method (PFEM) [9].

Techniques not based onCMhave been developed; among
them are: the discrete element method (DEM) [20,21] and
molecular dynamics (MD) [22,23] with a focus on the nano-
metric scale. In DEM, the workpiece is represented as a bulk
of identical spheres arranged at random [20] or in a face-
centered cubic lattice organization [20]. The motion of DEM
particles is modeled using Newton’s second law, and the
interparticle contact forces are modeled using springs and
a damper approach. In contrast with FEM and other mesh-
less methods, which are mainly designed to solve partial
differential equations that describe the physical phenomena,
DEM accounts for the simulations of particle interactions.
The main challenge of DEM is to find appropriate force laws
and parameters in order to synthesize the solid with correct
physical properties [24]. MD is a method for analyzing the
physical movements of atoms and molecules. In the most
common version, the trajectories of atoms and molecules are
determined by numerically solving second Newton’s law of

motion for a system of interacting atoms/molecules, where
forces between the particles and their potential energies are
often calculated using interatomic potentials or molecular
mechanics force fields [22,23]. Though molecular dynamics
is very closely related to DEM, however, DEM is generally
distinguished by considering rotational degrees of freedom
for particles as well as using complex geometries for the geo-
metrical description of particles (e.g., polyhedra) [25]. MD
has been used to model the cut of pieces at nanoscale [22,23]
while DEM models the cut of pieces with a size of the order
of a few millimeters [24]. The main disadvantage of DEM is
that the parameters of the model need to be adjusted for each
case depending on the number, arrangement and size of par-
ticles [24] and for MD is the high number of particles needed
to carried out a realistic numerical simulation [22,23].

Since particle-based methods and meshless methods do
not depend on a mesh, they do not have a mesh distortion
problem. Therefore, they have an inherent advantage when
modeling problems with large deformations such as machin-
ing [9]. However, the main disadvantage of these methods
comes from the needed spatial searches, for instance, the
search of particles neighbors and patches (updating the data
base of neighbor particles takes usually a long time in com-
parison with other calculations needed during each time step
[9]). This can be the most time-consuming computational
operation for some of these techniques when it is used with
explicit time integration schemes. It means that computa-
tional time used by the integration of the governing equations
changes the relevance of the auxiliary techniques used in par-
ticle methods. More information about the advantages and
disadvantages of the particles and meshless methods for the
numerical modeling of metal cutting processes can be found
in [9].

The time integration of the differential equations has been
carried out with implicit [5,6,8,17,18] or explicit [4,7,10,
13,14,19] integration schemes. The selection of the scheme
is usually based on its availability and recommendation of
the computer software used and not based on the criterion
of minimizing the computing time. Most commercial soft-
ware is developed and specialized in the use of one type of
time marching scheme, although some others offer different
alternatives. Some top commercial software packages used
in industry for the numerical simulation of metal cutting pro-
cesses are: Abaqus (Implicit/Explicit)[9], Comsol (Implicit)
[9], ANSYS (Implicit/Explicit) [9], AdvantEdge (Explicit)
[26], Deform (Implicit) [27] and MSC. Marc (Implicit) [9].
Most of them use FEM to discretize in space the balance
equations governing the physics of the problem. Abaqus also
includes a SPH formulation able to model machining pro-
cesses.

In the literature or in the manuals of commercial software,
the following suggestions are made regarding the use of an
implicit or explicit scheme: Explicit scheme must be used
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for applications of short duration, where high frequencies are
relevant, such impact problems and explosions [28], Implicit
schemes are appropriate for low velocity dynamics where
the phenomena is dominated by low frequencies, such as for
earthquake engineeringwith significant damping or formetal
forming processes [28].

Following this recommendations, we can identify exam-
ples of cutting mechanics (processes including high speed
cutting) where explicit schemes can be more efficient than
implicit schemes. These examples define the term of High-
SpeedMachining (HSM), which conditions are complex and
difficult fulfill by the available machine tools. It demands
high precision ranges of cutting feeds and speeds, suitable
tools and materials [29]. Furthermore, there is also no speed
that defines the limits between low- and high-speed machin-
ing, arising the following question: At what cutting speed,
are explicit schemes more efficient than implicit schemes?
In the literature, there is no comparison between explicit and
implicit time integration schemes of the numerical modeling
of cutting process using the same spatial discretization and
numerical method. Therefore, the conditions under which
one scheme is better than the other have not been identified.

The main reason to develop numerical methods to simu-
latemetal cuttingprocesses is to observe andpredict variables
that are difficult to measure, with the goal to increase knowl-
edge and understanding of the cutting process. The previous
developments of the PFEMhave shown its capacity to predict
forces, strain, stress and to predict the transition from contin-
uous to serrated chips with the increase in cutting speed [9].
The second reason to simulate cutting is to determine what
processes parameters give the best cutting conditions, i.e.,
cutting speed, cutting depth and tool material. This analysis
needs for expensive computing resources and large comput-
ing times, thus preventing the massive use of simulation by
the industry.

The main goal of this work is to contribute to the sec-
ond reason and develop criteria that allow the user of metal
cutting simulations to select the most efficient time integra-
tion scheme according to their cutting conditions based in the
spatial discretization. The modeling and the presented devel-
opments will be based on the Particle Finite ElementMethod
(PFEM). The selection of time integration algorithm should
not be based concerning only on computing time; it should
also take into account the robustness and the convergence of
the method. For example, when chip shapes or contact con-
ditions are complex, the implicit algorithms use to present
some convergence difficulties.

In order to analyze the robustness and the accuracy of
the results, we will also show how to avoid the locking phe-
nomena of linear triangle finite elements for implicit and
explicit time integration by using stabilized mixed linear
displacement–linear pressure finite elements. This work also
shows that the excessive computing time of numerical sim-

ulations of metal cutting processes is not only due to the
remeshing scheme typical of the PFEM, but it is due the
incorrect selection of the time integration scheme of the bal-
ance equations.

The article is organized in eight sections starting with
Sect. 2, where the strong and the weak form of the balance
equations is presented and the spatial and time discretization
of these equations explained. Section 3 develops the tran-
sient solution of the discretized equations used in the PFEM
for solid mechanics, which is briefly explained in Sect. 4. In
Sect. 5, a regularized Johnson–Cook constitutive model that
represents the material behavior at different temperatures,
strains and strain rates is proposed. This model allows to face
a large range of cutting speeds and conditions. In Sect. 6, we
describe the contact phenomena at the workpiece–tool inter-
face with a rigid cutting tool for both implicit and explicit
schemes. The numerical modeling of AISI 4340 steel with
implicit and explicit schemes at different cutting speeds is
presented in Sect. 7. The set of results coming from a com-
parative analysis will allow us to determine how to select the
time integration in order to minimize the computing time.
The discussion about it and some recommendations are pre-
sented in Sect. 8.

2 The irreducible andmixed formulation

2.1 Governing equations in strong form

Let us consider the bodyB that due to the applied loads under-
goes large deformations, which occupies a region � of the
two-dimensional Euclidean space E with a regular bound-
ary � of its reference configuration, with material particles
labeled X. A deformation of B is defined by a one-to-one
mapping:

ϕ : � → E (1)

that maps each particle X of the body B into a spatial point
x:

x = ϕ(X, t) (2)

which represents the location of particle X of the deformed
configuration of B. The region of E occupied by B in its
deformed configuration is denoted as ϕ(�).

The problem is governed by linear momentum and energy
balance equations

ρa =∇ · σσσ + ρb in ϕ(�) × [0, T ] (3a)

ρcp θ̇ =∇ · (k∇θ) + r in ϕ(�) × [0, T ] (3b)
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where ρ is the mass density, cp is the specific heat, a is the
acceleration (also known as the material derivative of the
velocity), θ is the temperature, θ̇ is the time derivative of the
temperature, σ is the symmetric Cauchy stress tensor, k is the
thermal conductivity, b is the body force, and r is the heat
source due to plasticity per unit of volume.

Mathematically, the heat source due to plasticity can be
expressed as

r = ηp(σy + β)ε̇ (4)

whereσy+β is the equivalent stress, ε̇ is the equivalent plastic
strain rate, and ηp is the fraction of the inelastic work. As
usual for metal cutting simulations, the value ηp is set to 0.9
[4,30].

To deal with quasi-incompressibility due to J2 plasticity,
the Cauchy stress tensor is decomposed into its deviatoric
and volumetric components as

σσσ = dev(σσσ) + pI (5)

where dev(σσσ) is the deviatoric part of the Cauchy stress ten-
sor, p is the pressure and I is the second order identity tensor.
The pressure is assumed to be positive for a tension state.

As in the present work, a Neo-Hookean material [31] with
free energy given in Appendix A is used, the continuity equa-
tion can be expressed as

p − ∂
�

U (J )

∂ J
= p − κ

ln(J )

J
= 0 in ϕ(�) × [0, T ] (6)

whereκ is the bulkmodulus, J is the determinant of the defor-
mation gradient F = dx/dX and the term κ

ln(J )
J comes from

the derivative of the volumetric component of the free energy

function
�

U (J ) of a Neo-Hookean material with respect to J .
The reason to introduce the decomposition of the Cauchy
stress in its deviatoric and hydrostatic components in Eq. (5)
and the introduction of the continuity equation, Eq. (6), is
because in this work we use a mixed formulation with linear
triangle finite elements able to handle the incompressibility
constraint due to J2 plasticity. The details about the finite
element discretization are presented in Sect. 2.3 .

The balance equations are solved numerically for a two-
dimensional region � ⊆ R

2, for the time range t ∈ [0, T ],
given the following boundary conditions on the Dirichlet
(ϕ(�u) and ϕ(�θ )) and Neumann boundaries (ϕ(�t) and
ϕ(�q)), respectively

u = û on �u (7a)

t = σσσn = t̂ on �t (7b)

θ = θ̂ on �θ (7c)

(k∇θ) � n = q̂ on �q (7d)

where û, t̂, θ̂ and q̂ are the prescribed displacements, trac-
tions, temperatures and heat fluxes, respectively, and n is the
unit outward normal to the boundaries of the solid body (the
workpiece). In Eq. (7), the boundary� = �u∪�t = �θ ∪�q

and �u ∩ �t = �θ ∩ �q = ∅.
Additionally, we assume that the following initial data is

specified for the mechanical and thermal fields

u(x, 0) = u0(x) on � (8a)

u̇(x, 0) = u̇0(x) on � (8b)

θ(x, 0) = θ0(x) on � (8c)

where u0(x), u̇0(x) and θ0(x) are the initial displacement,
velocity and temperature of the workpiece, respectively.

A constitutive equation for the evaluation of the stress–
strain relation that includes the strain hardening, the strain
rate hardening and the thermal softening is also needed to
fully define the boundary value problem (BVP).

2.2 The weak form of the governing equations

Following the standard FEM procedure, the weak form of
the momentum balance and energy equation is obtained
in the following way: the L2 inner product of Eqs. (3) is
derived using arbitrary test functions w and ζ , such that
w = {w ∈ V |w = 0 on ϕ(�u)}, where V is the space of
virtual displacements and ŵ = {ζ ∈ T |ζ = 0 on ϕ(�θ )},
where T is the space of virtual temperatures. By using the
divergence theorem, the weak forms of momentum balance
and energy equation can be obtained and expressed as

Gdyn(u,w) =
∫

ϕ(�)

σσσ : ∇Swdv −
∫

ϕ(�)

ρ(b − a) · wdv

−
∫

ϕ(�t)

t̄ · wda = 0 (9a)

G therm(θ, ζ ) =
∫

ϕ(�)

ζρcp θ̇dv +
∫

ϕ(�)

∇ζ · (κ∇θ)dv

−
∫

ϕ(�)

ζrdv +
∫

ϕ(�q)

ζ q̂da = 0 (9b)

where ∇Sw represents the symmetric part of the tensor ∇w,
dv denotes the infinitesimal volume for the current config-
uration and da denotes the infinitesimal area for the current
configuration. The weak form of the pressure constitutive
equation can be obtained and expressed as

Gpress(p, q) =
∫

ϕ(�)

q

(
p

κ
− ln(J )

J

)
dv

J
= 0 (10)
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where q is the test function, such that q = {q ∈ Q|q =
0 on (�u)}, where Q is the space of virtual pressures.

For the treatment of the incompressibility constraint,
the Polynomial Pressure Projection (PPP), introduced by
Dohrmann and Bochev [32,33] is used. The PPP modifies
the weak form of the pressure constitutive equation as

Gpress(p, q) =
∫

ϕ(�)

q

(
p

κ
− ln(J )

J

)
dv

J

+ α

G

∫

ϕ(�)

(qp − q̃ p̃)
dv

J
= 0 (11)

where α is a stabilization parameter (α is constant and equal
to 1 for all the numerical simulations carried out in thiswork),
G the shear modulus, p̃ the best approximation of p̃ in (Q0)

and q̃ ∈ Q0 an arbitrary test function, where Q0 is the space
of polynomial functions with zero degree in each coordinate
direction.

The best approximation p̃ of p of Q0 is obtained through
the following integral

∫

ϕ(�)

q̃ (p − p̃)
dv

J
= 0 (12)

The previous integral represents the L2 projection of the pres-
surewith linear shape function in a discontinuous space (zero
degree polynomial).

The main advantage of PPP compared to other sta-
bilization techniques is that the pressure stabilization is
accomplished without the use of the residual of the momen-
tumequation; thus, the calculationof higher-order derivatives
and the specification of a mesh size dependent stabilization
parameter are avoided. Furthermore, the addition of the sec-
ond term in Eq. (11) in a FEM context is performed at the
elementary level.

2.3 Spatial discretization using FEM

Following a standard Galerkin approach, the displacements,
the pressure, the temperature and the test functions are inter-
polated with linear shape functions N:

u = Nuū w = Nuw̄
θ = Nθ̄ ζ = Nζ̄

p = N p̄ q = Nq̄
(13)

where the upper symbol (·̄) denotes a vector containing the
nodal variables. The same order interpolation functions are
used for scalar and vector fields: N and Nu.

The matrix form of the Galerkin expression of Eq. (9)
is obtained introducing the previous approximations to the

weak form,

Muā = fu,ext − Pu(ū) (14a)

Mθ
¯̇θ = fθ,ext − Pθ (θ̄ ) (14b)

The explicit form of each matrix of the system above can
be written as

Pu(u) =
∫

ϕ(�)

BT
u σ̄σσdv (15)

Pθ (θ̄ ) =
∫

ϕ(�)

kBT
θ Bθ θ̄dv (16)

fu,ext =
∫

ϕ(�)

NT
u · bdv +

∫

ϕ(�t)

NT
u · t̄da (17)

fθ,ext =
∫

ϕ(�)

NT rdv +
∫

ϕ(�t)

NT q̂da (18)

Mu =
∫

ϕ(�)

ρNT
u Nudv (19)

Mθ =
∫

ϕ(�)

ρcpNTNdv (20)

where Bu is the small deformation strain displacement
matrix,Bθ is gradient temperaturematrix, respectively, and σ̄σσ

corresponds to the Voigt notation of the Cauchy stress tensor.
The discrete counterpart of the stabilized pressure consti-

tutive equation is given by

Mp p̄ − Fp,vol(ū) + Fp,stab( p̄) = 0 (21)

where

Mp =
∫

ϕ(�)

1

κ
NTN

dv

J
(22)

Fp,vol(ū) =
∫

ϕ(�)

NT
(

ln(J )

J

)
dv

J
(23)

Fp,stab( p̄) =
∫

ϕ(�)

α

G
p̄

(
NTN − ÑT Ñ

) dv

J
(24)

AsN contain the set of polynomials of order 1, Ñ contain the
set of polynomials of order 0.

The above global force vectors are obtained as the assem-
blies of element vectors as it is standard of finite elements
theory. Given a nodal point, each component of the global
force associated with a particular global node is obtained
as the sum of the corresponding contributions from the ele-
ment force vectors of all elements that share the node. In this
work, the element force vectors are evaluated using Gaussian
quadratures.
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2.4 Time-integration schemes for themechanical
problem

Wepresent subsequently themain steps for solving nonlinear
dynamics problem presented in Eq. (14) (a) by using New-
mark time integration schemes. To that end, the time interval
of interest [0, T ] is subdivided in the chosen number of time
steps, which will specify the time instants where the selected
time integration scheme should deliver the solution:

0 < t1 < t2 < · · · < tn+1 < · · · < T (25)

the solution at time tn is defined as:

ūn = ū(tn); v̄n = v̄(tn); ān = ā(tn) (26)

The time integration algorithm implemented in this work
belongs to the family of Newmark methods. The method
seeks the solution of linear momentum at time tn+1 starting
with the solution a time tn in a the step-by-step basis.

Equation (14) (a) is re-written as

Mn+1
u ān+1 = fn+1

u,ext − Pn+1
u (ūn+1) (27)

The problem consists of finding a displacement function
that satisfies Eq. (27) and the corresponding initial condi-
tions; the set of equations for the Newmark method defines
the displacement and velocity fields at tn+1 as an interpola-
tion of the displacements and velocities a tn , and acceleration
field at tn and tn+1 , which for the displacement fields reads:

ūn+1 = ūn + hv̄n + h2
[(

1

2
− β

)
ān + βān+1

]
(28)

and velocity

v̄n+1 = v̄n + h
[
(1 − γ )ān + γ ān+1

]
(29)

Hence, by choosing β = 0 and γ = 1/2 we obtain the
central difference scheme (called explicit scheme in this
work), whereas for β = 1/4 and γ = 1/2 the general
expression will reduce to the trapezoidal rule approximation
(called implicit scheme in this work). In Eqs. (28) and (29),
h represents time increment between tn and tn+1, defined as:
h = tn+1 − tn . The time increment is also know as the time
step.

2.4.1 Trapezoidal rule with displacement formulation
(Implicit)

From Eqs. (28) and (29), and using the trapezoidal rule, the
velocity v̄n+1 and acceleration ān+1 at tn+1 reads as

v̄n+1 = −v̄n + 2

h
(ūn+1 − ūn) (30)

ān+1 = −ān − 4

h
v̄n + 4

h2
(ūn+1 − ūn) (31)

The last two equations are implicit in the sense that they
depend upon the displacement value at tn+1. As Newton–
Raphson method is employed for the iterative solution of the
set of nonlinear algebraic equations with displacements as
main unknowns, the consistent linearization of momentum
equation is necessary, which can be written as:

[
4

h2
Mu + Kn+1

uu,(i)

]
�ūn+1

(i) = −Rn+1
u,(i) (32)

where the subscript (i) refers to the iteration number of the

Newton–Raphson method and Kn+1
uu = ∂Pn+1

u (ūn+1
(i) )

∂ ¯un+1
is the

tangent stiffness matrix. In Eq. (32), Rn+1
u is given by

Rn+1,(i)
u = Mn+1

u ān+1
(i) + Pn+1

u (ūn+1
(i) ) − fn+1

u,ext (33)

As is usual for nonlinear FEM, the tangent matrix is eval-
uated as the sum of the material stiffness matrix and the
geometric stiffness matrix (see [31,34]).

Equation (32) is completed with the update of displace-
ment according to

ūn+1
(i+1) = ūn+1

(i) + �ūn+1
(i) (34)

where �ūn+1
(i) is the increment of displacement during one

Newton–Raphson iteration.

2.4.2 Trapezoidal rule with mixed formulation for the
mechanical problem (Implicit)

The mixed formulation is based on linear interpolation finite
elements for both displacement and pressure. In case of a
mixed formulationwith trapezoidal ruleEqs. (14) (a) and (21)
should be solved in a coupled way. The time discretization
of the previous equations is written as

Mn+1
u ān+1 + Pn+1

u (ūn+1) − fn+1
u,ext = 0 (35a)

Mp p̄
n+1 − Fp,vol(ūn+1) + Fp,stab( p̄

n+1) = 0 (35b)

where ān+1 is given by Eq. (31).
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The consistent linearization of Eqs. (35)(a) and (35)(b) is
expressed in matrix form as

[
4
h2
Mu + mixKn+1

uu,(i) K
n+1
up,(i)

Kn+1
pu,(i) Kn+1

pp,(i)

] [
�ūn+1

(i)

�p̄n+1
(i)

]
=

[−Ru,(i)

−Rp,(i)

]

(36)

where

Kn+1
up,(i) =

∫
ϕ(�)

BTmN dv (37)

Kn+1
pu,(i) =

∫
ϕ(�)

(1 − ln(J ))

J 2
NTmTB dv (38)

Kn+1
pp,(i) = Mp + Mstab (39)

Mstab =
∫

ϕ(�)

α

G

(
NTN − ÑT Ñ

) dv

J
(40)

Rn+1
u,(i) = Mn+1

u ān+1
(i) + Pn+1

u (ūn+1
(i) , p̄n+1

(i) ) − fn+1
u,ext (41)

Rn+1
p,(i) = Mp p̄

n+1
(i) − Fp,vol(ūn+1) + Fp,stab( p̄

n+1
(i) ) (42)

where m represent the second order identity tensor in Voigt
notation. It is important to remark that mixKn+1

uu,(i) 	= Kn+1
uu,(i),

the mathematical expressions for both matrices are given for
Appendix B. Details about how to obtain the matrices are
given in nonlinear finite element books like [31,34]. Like
Kn+1

uu,(i),
mixKn+1

uu,(i) is the sum of the material stiffness matrix
and the geometric stiffnessmatrix. Furthermore, in themixed
formulation the Cauchy stress in Eq. (41) is evaluated with
Eq. (5).

Equation (36) is completed with the update of displace-
ment and pressure according to

ūn+1
(i+1) =ūn+1

(i) + �ūn+1
(i) (43a)

p̄n+1
(i+1) =p̄n+1

(i) + �p̄n+1
(i) (43b)

where �ūn+1
(i) and �p̄n+1

(i) are the increment of displacement
and pressure during one Newton–Raphson iteration, respec-
tively.

2.4.3 Central difference scheme with mixed formulation
(Explicit)

In the central difference scheme, the displacement and veloc-
ity are updated at tn+1 as

ūn+1 = ūn + hv̄n + h2

2
ān (44)

v̄n+1 = v̄n + h

2
(ān + ān+1) (45)

The last two equations are explicit in the sense that they
depend upon the displacement, velocity and acceleration at

tn . In Eq. (45), the acceleration at tn+1 is obtained from the
momentum equation evaluated in a special way as follows

Mn+1
u ān+1 + Pn+1

u (ūn+1, p̄n) − fn+1
u,ext = 0 (46)

To decrease computational cost for the central difference
scheme,Mn+1

u is approximated by its diagonal form (lumped
mass matrix).

The pressure at tn+1 is obtained with the implicit solution
of the pressure from Eq. (21) in the following way

(Mp + Mstab) p̄
n+1 = Fp,vol(ūn+1) (47)

The consecutive solution of Eqs. (44), (45), (46) and (47)
represents a typical solutionof a time step from time tn to time
tn+1 using the central difference schemewithmixed formula-
tion. Oneway to avoid the implicit calculation of the pressure
field (Eq. (47)) is the use of the displacement/irreducible
formulation but with the locking problems due to incom-
pressibility as it is shown for some examples presented in
Sect. 7.

A formulation similar to the one presented in this sec-
tion and stabilized using finite calculus has been presented
in [35]. The previous formulation has the advantage that the
pressure calculation is done explicitly, as a result a decrease
of the computing time is expected. Another fully explicit
formulation that solves the problem of locking of linear tri-
angle finite elements that does not need the calculation of a
implicit pressure have been developed; among themare F-bar
[36] and average nodal strain/stresses [37]. The exploration
of explicit formulations for both displacement and pressure
that uses linear triangles finite elements will allow to find
new finite element formulations that obtain the same results
but with a lower computing cost. The study of the previous
formulations as well as their computational efficiency will
be investigated in future works.

2.5 Time-integration schemes of the thermal
problem

To solve the thermal problem, it is necessary to approach
the time derivative of the temperature θ̇ . The forward Euler
scheme approximates the time derivative of θ at time tn as

θ̇n ≈ θn+1 − θn

h
; (48)

meanwhile, the backward Euler scheme approximates the
time derivative of θ at time tn+1 as

θ̇n+1 ≈ θn+1 − θn

h
(49)
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Solving for θn+1 in Eq. (48), we obtain

θn+1 = θn + θ̇nh; (50)

the last equation is an explicit update because it depends on
the values at time tn .

Solving for θn+1 in Eq. (49), we find

θn+1 = θn + θ̇n+1h (51)

the last equation is an implicit update because it depends on
the values at time tn+1.

The time discretization of heat equation (Eq. (14)) is given
by:

Mn+1
θ

¯̇θn+1 + Pn+1
θ (θ̄n+1) − fn+1

θ,ext = 0 (52)

For the solution of Eq. (52) using Backward Euler scheme,
the consistent linearization is necessary; the linearization is
given by:

[
1

h
Mθ + Kn+1

θθ,(i) − Kn+1
plast,(i)

]
�θ̄n+1

(i) = −Rn+1
θ,(i) (53)

where the subscript i refers to the iteration number of the
Newton–Raphson method and where

Kθθ =
∫

ϕ(�)

kBT
θ Bθdv (54)

Kplast =
∫

ϕ(�)

∂r

∂θ
NTNdv (55)

Rn+1
θ,(i) = Mn+1

θ
¯̇θn+1
(i) + Pn+1

θ (θ̄n+1
(i) ) − fn+1

θ,ext (56)

Equation (56) is completedwith the update of temperature
according to

θ̄n+1
(i+1) = θ̄n+1

(i) + �θ̄n+1
(i) (57)

For the Forward Euler time integration scheme, we evaluate
the heat equation (Eq. (14)) at time tn as

Mn
θ
¯̇θn + Pn+1

θ (θ̄n) − fnθ,ext = 0 (58)

Solving for ¯̇θn , we obtain
¯̇θn = (Mn

θ )
−1(fnθ,ext − Pn+1

θ (θ̄n)) (59)

After getting ¯̇θn , the temperature at tn+1 is calculated using
Eq. (51). It is important to remark that for computational
efficiency the lumped mass matrix approximation will be
used for the calculations.

3 Transient solution of the discretized
equations

The thermo-mechanical problem will be solved using a stag-
gered approachwith amechanical phasewith the temperature
held constant, followed by a thermal phase at a fixed config-
uration. The isothermal split solves the mechanical problem
with a predicted value of temperature equal to the tempera-
ture of the last converged time step tn and, then, solves the
thermal problem using the configuration obtained as a solu-
tion of the mechanical problem at tn+1.

In Sects. 3.1 and 3.2, the transient solution of the thermo-
mechanical problem using the trapezoidal rule with mixed
formulation (implicit) and central difference scheme with
mixed formulation (explicit) is presented, respectively.

3.1 Implicit schemes

Equations (35) and (52) are solved in time with two
implicit Newton–Raphson type iterative schemes, one for
the mechanical problem and one for the thermal prob-
lem [28,31,34]. The basic steps within a time increment
[n, n + 1] are:

Initialize variables:
(
ūn+1

(1) = 0, p̄n+1
(1) = p̄n, θ̄n+1

(1) = θ̄n, x̄n+1
(1) = x̄n,

v̄n+1
(1) = v̄n, b̄e,n+1

(1) = b̄e,n, ē p,n+1
(1) = ē p,n

)

where b̄e, is volumetric preserving part of the elastic left
Cauchy–Green tensor, ē p is the equivalent plastic strain and
x̄n(i) is the position of the particles a time tn and iteration i .

• Iteration loop for the mechanical problem: i = 1, . . . ,
Niter,mech, where Niter,mech is the maximum number of
iterations.

1. Compute the nodal displacement and pressure incre-
ments (It is important to remark that the term Ru,(i)

includes the contribution of the contact forces as it is
shown in Sect. 6)

[
4
h2
Mu + mixKn+1

uu,(i) K
n+1
up,(i)

Kn+1
pu,(i) Kn+1

pp,(i)

] [
�ūn+1

(i)

�p̄n+1
(i)

]
=

[−Ru,(i)

−Rp,(i)

]

(60)

The solution of the linear systems is carried out using
a LU factorization.

2. Update the nodal displacements and pressures

ūn+1
(i+1) =ūn+1

(i) + γ�ūn+1
(i) (61a)

p̄n+1
(i+1) =p̄n+1

(i) + γ�p̄n+1
(i) (61b)
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where γ is a parameter between 0 and 1, γ is given
by the line search strategy. The line search strategy
implemented in this work is presented in [31].

3. Update the nodal coordinates, velocities and acceler-
ations

x̄n+1 = x̄n + ūn+1
(i+1) (62a)

v̄n+1 = −v̄n + 2

h

(
ūn+1

(i+1) − ūn
)

(62b)

ān+1 = −ān − 4

h
v̄n + 4

h2

(
ūn+1

(i+1) − ūn
)

(62c)

4. Calculate the relative deformation gradient measured
between the current configuration xn and the updated
configuration xn+1:F=dxn+1/dxn , the Jacobian J =
det(F) and the area of all elements of the mesh

5. Calculate theCauchyStressσσσ , b̄e and ēp at n+1using
an implicit stress update presented in Chapter 9 of
[38]. Also, calculate the tangent constitutive matrix.

6. Calculate the residuals Ru,(i) and Rp,(i)

7. Check convergence of the mechanical problem

∥∥∥ūn+1
(i+1) − ūn+1

(i)

∥∥∥ ≤ TOLu
∥∥ūn∥∥∥∥∥p̄n+1

(i+1) − p̄n+1
(i)

∥∥∥ ≤ TOLp
∥∥p̄n∥∥ (63)

∥∥Ru,(i)
∥∥ ≤ TOLu max

(∥∥∥Mn+1
u ān+1

∥∥∥ ,

∥∥∥Pn+1
u (ūn+1)

∥∥∥ ,∥∥∥fn+1
u,ext

∥∥∥
)

∥∥Rp,(i)
∥∥ ≤ TOLp max

(∥∥∥Mp p̄
n+1

∥∥∥ ,

∥∥∥Fp,vol(ūn+1)

∥∥∥ ,∥∥∥Fp,stab( p̄
n+1)

∥∥∥
)

(64)

where TOLu and TOLp are prescribed error norms.
In the set of examples presented in the paper we have
set TOLu = TOLp = 10−4.

If conditions (63) and (64) are satisfied proceed to the
thermal problem. Otherwise, make the iteration counter
i ← i + 1 and repeat Steps 1–7.

• Iteration loop for the thermal problem: i = 1, . . . ,
Niter,therm, where Niter,therm is the maximum number of
iterations.

1. Compute the nodal temperature increments using a
LU factorization of the linear system.

[
1

h
Mθ + Kn+1

θθ,(i) − Kn+1
plast,(i)

]
�θ̄n+1

(i) = −Rn+1
θ,(i)

(65)

2. Update the nodal temperatures

θ̄n+1
(i+1) = θ̄n+1

(i) + �θ̄n+1
(i) (66)

3. Calculate b̄e, ēp, the heat source due to plasticity r
and the derivative of r with respect to temperature

4. Calculate the residual Rn+1
θ,(i)

5. Check convergence of the thermal problem

∥∥∥θ̄n+1
(i+1) − θ̄n+1

(i)

∥∥∥ ≤ TOLθ

∥∥θ̄n
∥∥ (67)∥∥∥Rn+1

θ,(i)

∥∥∥ ≤ TOLθ max
(∥∥∥Mn+1

θ
¯̇θn+1

∥∥∥ ,∥∥∥Pn+1
θ (θ̄n+1)

∥∥∥ ,

∥∥∥fn+1
θ,ext

∥∥∥
)

(68)

where TOLθ is the prescribed error norms of temper-
atures. In the set of examples presented in the paper,
we have set TOLdθ = 10−4.

If conditions (67) and (68) are satisfied, then make n ←
n+1 and proceed to the next time step. Otherwise, make the
iteration counter i ← i + 1 and repeat Steps 1–5.

3.2 Explicit schemes

Equations (35) and (52) are solved in time with two explicit
schemes, one for the mechanical problem and one for the
thermal problem [28,31,34]. The basic steps within a time
increment [n, n + 1] are:

Given:
(
ūn, θ̄n, x̄n, v̄n, b̄e,n, ē p,n

)

• Loop for the mechanical problem.

1. Calculate the time step

h = C
l√
E
ρ

(69)

where l is the minimum distance between two par-
ticles of the mesh, 0 < C ≤ 1 is a constant (0.8
used for all the numerical simulations), ρ is the den-
sity and E is the elastic modulus of the material.
As explicit scheme are only conditionally stable, the
maximum size of the time step allowed is given by
thewell knownCourant–Friedrichs–Lewy (CFL) cri-
terion (Eq. (69)).

2. Update the nodal displacements and positions

ūn+1 = ūn + hv̄n + h2

2
ān (70)

x̄n+1 = x̄n + ūn+1 (71)

3. Calculate the relative deformation gradient measured
between the current configuration xn and the updated
configuration xn+1:F=dxn+1/dxn , the Jacobian J =
det(F) and the area of all elements of the mesh
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4. Calculate the Cauchy Stress σσσ , b̄e and ēp at n + 1
using a implicit stress update presented in Chapter 9
of [38].

5. Calculate nodal accelerations

ān+1 = (Mn+1
u )−1

(
fn+1
u,ext − Pn+1

u (ūn+1, p̄n)
)

(72)

where Mn+1
u is the lumped mass matrix.

6. Update the particle/nodal velocities

v̄n+1 = v̄n + h

2
(ān + ān+1) (73)

7. Correct the nodal/particle positions, displacements,
velocities and accelerations of the nodes that are in
contact with the tool.

8. Calculate implicitly the nodal/particle pressures.

(Mp + Mstab) p̄
n+1 = Fp,vol(ūn+1) (74)

The linear system is solved using LU factorization.
• Loop for the thermal problem.

1. Calculate the heat source due to plasticity r .
2. Calculate the nodal temperatures.

θ̄n+1 = θ̄n + (Mn+1
θ )−1

(
fnθ,ext − Pn+1

θ (θ̄n)
)

(75)

where Mn+1
θ is the lumped mass matrix.

Make n ← n+ 1 and proceed to the next time step. The step
8 of the loop for the mechanical problem is not necessary for
the irreducible formulation.

4 The particle finite element method

The particle finite element method (PFEM) is a numerical
method based on the followings ingredients: (1) an updated
Lagrangian formulation, (2) the finite element method with
displacement/velocity and pressures as main variables, (3)
the Delaunay triangulation and (4) the alpha shape method
[39,40]. The combination of the four ingredients has allowed
to model with great success fully and quasi incompressible
free-surface flows using a Lagrangian framework, solving
the mesh distortion limitation of the use of Lagrangian FEM
formulations. As PFEM uses a Lagrangian formulation no
convective terms and their inherent numerical difficulties are
present in the balance equations. Since its original devel-
opment, the application of PFEM has spread to problems
in solid mechanics [41], thermo-mechanics [9,42], granular
materials [43–47], fluid–structure interaction [43,48], con-
tact of deformable bodies [49] and additive manufacturing

processes [50]. Both explicit and implicit time integration
schemes can be used for PFEM, althoughmost of the times an
implicit time integration has been preferred [51]. The PFEM
has been used with an explicit time integration schemes, for
example, in [52–54] while in [55–57] implicit schemes were
proposed.

The boundary of the set of particles for the original PFEM
is identified with the alpha shape method [58]; in this work
the boundary is preserved using a constrained Delaunay
triangulation to guarantee mass conservation and to avoid
nonphysical increase in the flexural strength of the chip (see
Fig. 1 where the purple elements represent the unphysical
mass added by the alpha shape). In this work, the internal
variables that describe the plastic phenomena are projected
fromold integration points to the new integration points using
a minimum distance criteria to minimize the diffusion of this
variables of the mapping from mesh to mesh (see Fig. 2).
This is another difference with respect to the original PFEM.
The previous ingredients improves the performance of the
PFEMwhen it is applied to the numerical modeling of metal
cutting processes as it is shown in [8].

The basics steps of the PFEM used in this work are:
Given a set of particles with a boundary that represent the

workpiece at the beginning of the simulation
Set tool incremental displacement = 0.

1. Generate a constrained Delaunay triangulation using the
particles as nodes.

2. Explicitly or implicitly solve the Lagrangian form of the
mechanical problem.

3. Explicitly or implicitly solve the thermal problem.
4. Update particle position, velocities, accelerations. pres-

sures and temperatures.
5. Set tool incremental displacement = tool incremental dis-

placement + time step tool displacement.
6. If the tool incremental displacement is greater than a crit-

ical value (0.002 mm for all the numerical simulations)
remesh theworkpiecewith the insertion of particles at the
Gauss point of the mesh whose plastic power is greater
than a given tolerance or remove particles that are closer
than a critical distance, otherwise go to step 2. Set tool
incremental displacement = 0.

The minimum distance between particles is based on the
following heuristic criteria:

hmin = max

{
d

100
,

πr

2 ∗ 20

}
(76)

where hmin is the minimum distance between particles, d
is the cutting depth, and r is the tool radius. The previous
criteria was designed to avoid the use of very small mesh
size when tool radius is close to 0 (sharp tool).
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Fig. 1 Exterior elements accepted by a non-uniform alpha-shape crite-
rion

Fig. 2 Closest point projection for variables belonging to integration
points

5 Johnson–Cook strengthmodel

The constitutive model used for the modeling of metal cut-
ting process should describe the behavior of the material at
low and high strain rates. The Johnson–Cook (JC) material
model describes the behavior of the metal in a wide ranges
of temperatures, strains and strain rates.

The JC strength model [59] is a phenomenological model
that describes the flow of the material as the product of three
mathematical terms with A being the initial yield strength of
the material at room temperature and a reference strain rate.

σy + β = A

(
1 + B

A
εn

) (
1 + C ln ε̇

′) (
1 − θ

′m)
(77)

Here, ε is the equivalent plastic strain, ε̇′ is the strain rate
non-dimensionalized by the reference strain rate, σy denotes
the flow stress, β the isotropic nonlinear hardening modulus,
and B, C , m and n are fitting constants. In Eq. (77), θ ′ is
given by

θ
′ = θ − θ0

θmelt − θ0
(78)

where θ0 is the room temperature, θmelt is the melt tem-
perature and θ is the workpiece temperature. The non-
dimensionalized plastic strain rate ε̇

′
is given by:

ε̇
′ = ˙̄ep

ε̇0
(79)

˙̄ep is the effective plastic strain rate, ε̇0 is the reference strain
rate.

The JCmodel assumes an independent effect of the strains,
strain rates and the temperatures. The expression for the first
bracket of Eq. (77) represents the nonlinear hardening law,
the expressions of the second terms model the strain rate
hardening, and third bracket represents thermal softening,
respectively.

Table 1 presents the JC parameters for the AISI 4340 steel
used for the numerical simulations.

The non-dimensionalized strain rate ε̇
′
of the JC is mod-

ified to increase the robustness of the numerical method in
the following way:

ε̇
′ = ˙̄ep + ε̇0

ε̇0
(80)

with the previous modification the problem of the conver-
gence of the Newton–Raphson algorithm due to the change
of ln ε̇

′
from positive to negative when ε̇

′
is close to 1 is

avoided with a minimum effect on the stress–strain curve.
Details about the implementation of an implicit backward

Euler time integration scheme of the JC model are presented
in [60,61] and also included as anAnnexA for completeness.
For the present study, only a minor modification to the time
integration presented in [60,61] is necessary to include the
new non-dimensionalized strain rate.

6 Contact modeling

In this work, the cutting tool moves along the horizontal
direction from right to left with a specific cutting speed
and cutting depth. The tool is rigid and represented by three
curves: one line that represents the rake face, one line that
represents the flank face and a circle that represents the tool
tip. So the tool is defined by the rake angle θr, the flank angle
θf , the tool radius R and the center of the tool tip (xc, yc) as
shown in Fig. 3.

To identify which surface a particle is in contact with,
the tool is divided in 3 regions, as it is shown in Fig. 3.
Mathematically, the three region can be represented by the
following inequalities:
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Table 1 Parameters of the
Johnson–Cook constitutive
equation for AISI 4340

A(MPa) B(MPa) n C m ε̇0(1/s) Reference

792 510 0.26 0.014 1.03 1 Johnson and Cook [59]

Fig. 3 Tool regions to identify the contact surface

Region I

y − yf − tan(θf) (x − xf) > 0 (81a)

y − yc − tan
(π

4

)
(x − xc) < 0 (81b)

y − yc + tan
(π

2
− θf

)
(x − xc) > 0 (81c)

Region II

(x − xc)
2 + (y − yc)

2 < R2 (82a)

y − yc + tan
(π

2
− θf

)
(x − xc) < 0 (82b)

y − yc + tan(θr)(x − xc) < 0 (82c)

Region III

y − yr − tan(θr) (x − xr) < 0 (83a)

y − yc − tan
(π

4
)(x − xc

)
> 0 (83b)

y − yc + tan(θr)(x − xc) > 0 (83c)

where

xf = xc + R sin(θf) (84a)

yf = yc − R cos(θf) (84b)

and

xr = xc − R cos(θr) (85a)

yr = yc + R sin(θr) (85b)

For the implicit time integration scheme, a penalty-based
approach is used. That approach allows the penetration of
workpiece particles inside the tool surface. When a pene-
tration is detected, a force perpendicular to the closest tool

surface is added to Eq. (35)(a) as an external force. Math-
ematically, the contact force using a penalty formulation is
represented as

FN = κgNn (86)

where κ is the penalty parameter, gN is the normal gap and n
is the normal to the contact surface. The penalty parameter
used here is:

κ = m

h2

where m is the mass of the node that is in contact and h is
the time interval.

In the case of the explicit time integration scheme, a
predictor–corrector strategy (PCS) is used. The PCS allows
the penetration of the workpiece particles inside the tool.
When the predicted position Eq. (70) of boundary particle
penetrates the tool, an acceleration along the normal direc-
tion of the closest tool surface is imposed to that particle such
that the particle stays over the tool surface for the beginning
of the next time step [4,62], eliminating the unwanted pen-
etration. The PCS was preferred over a penalty approach to
avoid that the contact penalty factor puts a narrower restric-
tion on the time step [63].

The normal acceleration correction can be expressed as:

acorrj = gN , j

h2
n j

where j represents one of the nodes that penetrates the tool, h
is the time interval and n j is the normal vector to the contact
surface related to node j . The previous acceleration is added
to the acceleration obtained in Eq. (72) for the Step 7 of
Sect. 3.2.

7 Examples

The PFEM with plane strain assumption is applied to the
modeling of continuous chip formation process of orthogo-
nal cutting of a rectangular block with cutting depth of 0.1
mm with both implicit and explicit time integration schemes
of the balance equations. Theworkpiece is representedwith a
rectangle of height 0.5 mm and length 2 mm (see Fig. 4). The
strain hardening, strain rate hardening and thermal softening
of the AISI-4340 steel are described with the Johnson–Cook
flow stress model. The material properties of the flow model
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Fig. 4 Linear cutting test model

Table 2 Thermo physical properties of the workpiece

Property Value Units

Density ρ 7900 kg/m3

Young’s modulus E 200.5 × 103 MPa

Thermal conductivity k 50 W/m K

Poisson’s ratio ν 0.3 –

Heat capacity ρcp 4.02 N/mm2K

and the thermo physical properties are listed in Tables 1 and
2, respectively. The cutting tool is assumed to be rigid and
isothermal with a rake angle of 0◦, a flank angle of 5◦ and
a tool radius of 0.025 mm. There is no friction for the con-
tact zone between the workpiece and the chip. The melting
temperature and the temperature at the beginning of the sim-
ulation are set to 1648 K and 293 K, respectively. The cutting
speed varies between 1 and 30 m/s.

The results obtained will be analyzed and compared in the
following sections for terms of computing time, chip shapes,
stresses, temperature and cutting forces. Also, a comparison
with the displacement/irreducible formulation as a possible
form to avoid the implicit calculation of pressures is pre-
sented at the end of this section.

7.1 Computing time

Traditionally, most of the research of numerical modeling of
metal cutting processes has been carried out with implicit or
explicit commercial FEM codes. In some works, a compar-
ison of the numerical simulations of cutting using different
commercial simulation codes with implicit and explicit time
integration schemes has been carried out in [64]. However,
the comparison of the efficiency of the time integration
schemes for the previous works is very difficult or has not

Table 3 Selection of the
optimal number of time steps for
the implicit scheme (A cutting
speed 20 m/s was used)

Number Computing time
Time steps Implicit
- (h)

2.500 0.97

5.000 1.12

10.000 2.0

15.000 2.58

been carried out, because the FEM formulation, the finite
element used, the programming language of the simulation
code and the computer where the simulations were run are
very different. For example, some simulation programs have
a flow formulation (negligible elastic strains) and others an
elastoplastic formulation. The comparison of the two pre-
vious formulations does not make much sense as the flow
formulation cannot predict residual stresses while the elasto-
plastic can predict residual stresses.

All the numerical simulations presented in this work were
run on a Dell computer with an Intel Xeon(R) CPU E5-
1660 v3 @ 3.00GHz x 16 processor and 32 GB of RAM
(Located in Luleå, Norrbotten. Sweden). The PFEMwas pro-
grammed using vectorized MATLAB programming for both
explicit and implicit schemes. The routines used for explicit
and implicit codes used for the calculation of the stresses,
mechanical internal forces, mechanical external forces, ther-
mal internal forces, thermal external forces, the inertial forces
and the remeshing are exactly the same (see Sect. 3). The
differences arise for the update of nodal position and tem-
peratures as shown in Sect. 3.

A total of 34 simulations were performed, 17 with the
implicit scheme and the other 17 with the explicit scheme
(see Tables 4 and 5 ). In all the simulations, the number of par-
ticles varies between 787 at the beginning of the simulations
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Table 4 Computing time at
different cutting speeds using a
tool displacement of 1 mm

Cutting Computing time Computing time Number of Number of
Velocity Implicit Explicit time steps time steps
(m/s) (h) (h) Implicit Explicit

1 0.96 37.47 2.500 2.199.931

3 0.88 11.80 2.500 754.218

5 0.87 6.74 2.500 441.179

7 0.88 5.40 2.500 331.578

10 0.87 3.53 2.500 230.956

13 0.88 2.73 2.500 176.825

15 0.87 2.18 2.500 145.634

17 0.89 2.11 2.500 128.194

20 0.97 1.70 2.500 110.751

Table 5 Computing time at
higher cutting speeds using a
tool displacement of 0.5 mm

Cutting Computing time Computing time Number of Number of
Velocity Implicit Explicit time steps time steps
(m/s) (h) (h) Implicit Explicit

20 0.43 0.57 1.250 49.415

23 0.42 0.51 1.250 45.725

25 0.46 0.50 1.250 43.456

26 0.43 0.43 1.250 39.278

27 0.45 0.41 1.250 38.348

28 0.43 0.40 1.250 37.967

29 0.44 0.38 1.250 36.719

30 0.43 0.33 1.250 33.430

and around 5706 at the end of the simulation, correspond-
ing to a minimum distance between particles of 0.004 mm.
The remeshing scheme ensures that the element size is never
smaller that 0.004 mm, avoiding that a very small finite ele-
ment can jeopardize the efficiency of the entire code for
explicit simulation. All the implicit simulations need 2500
time steps for a tool advance of 1 mm, such that for a time
step the tool advance a distance of 1/2500 mm. The implicit
simulations were carried out using 2500 time steps because
with that number of time steps corresponds a minimum com-
puting time as it is shown in Table 3 and also corresponds
to the minimum number of time steps with which the itera-
tive Newton–Raphson scheme converges. Each mechanical
implicit time step needs in average three Newton–Raphson
iterations to reach a convergence of forces of 1 × 10−4, and
each thermal implicit time step needs two iterations to reach
the same tolerance. The remeshing frequency of the PFEM
takes place each 5 implicit time steps where particles are
inserted and removed; the frequency of remeshing corre-
sponds to a tool displacement of 0.002 mm. The average
computing time of the implicit simulations is 0.89 h, being
more or less the same for all cutting speeds (see Table 4).
In explicit simulations, the remeshings were carried out after
the tool had advanced a distance of 0.002 mm, such that

a given simulation implies the same number of remeshings
for both implicit and explicit schemes (each of the simula-
tions presented in Table 4 required 500 calls to the remeshing
scheme). The computing time for explicit simulations varies
between 1.7 h for a cutting speed of 20 m/s up to 37.47 h
for a cutting speed of 1 m/s, requiring 110.751 time steps
for 20 m/s and 2.199.931 time steps for 1 m/s (see Table 4).
Table 5 shows that for velocities greater than around 27 m/s
the explicit scheme outperforms the implicit scheme. The
results in Tables 4 and 5 show that the correct selection of
the implicit or explicit time integration scheme can generate
savings of computing of up to 40 times. One way to make the
explicit scheme competitive at low speeds is the use of mass
scaling, although it should be used with care because it can
change the results completely due to the significant increase
in the chip inertia. For that reason, mass scaling was not used
in this work.

Table 5 presents a comparison at higher cuttings speeds
but using a tool displacement of 0.5 mm keeping the other
parameters equal to the ones used for the simulations pre-
sented in Table 4. The results presented in Table 5 verify
that for velocities greater than 27 m/s the explicit schemes
outperform the implicit schemes. The reason why higher cut-
tings speeds were run with a tool displacement of 0.5 mm is
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to avoid the contact of the chip with the top surface of the
piece (self-contact) that take place if the simulations at higher
cuttings speeds are run using a tool displacement of 1 mm.

In the following section, we present a comparison of the
predicted chip shapes at different cuttings speeds with both
implicit and explicit schemes.

7.2 Predicted chip shapes

Figure 5 shows the predicted chip shapes at different cutting
speeds using the explicit and implicit scheme, respectively.
The curvature of the chip is larger at a higher speed, result-
ing in the chip coming into contact with the workpiece at a
smaller tool displacement. This is due to the fact that at higher
cutting speeds the effect of heat diffusion is lower, generating
locally higher temperatures and a significant thermal soften-
ing of the workpiece material.

The comparison in Fig. 5 shows that the tendency of pre-
dicted chip shape of both schemes seems to be the same. A
detailed comparison of the chip shapes is presented in Fig. 6
for cutting speeds of 1 m/s and 10 m/s, respectively. Figure
6a shows that at 1 m/s there is a small difference between
the predicted deformed chip thickness for close proximity to
the primary shear zone. The other difference occurs at the
highest point reached by the chip (see Fig. 6a). A compari-
son of the chip shape made with a smaller mesh size shows
that these small differences become smaller. When compar-
ing the shape of the chip predicted at 10 m/s (see Fig. 6b),
differences are observed in the neighborhood of the highest
point of both internal and external surfaces of the chip. In
the same way as for the 1 m/s case, that small difference of
the shape of the chip disappears with a small decrease in the
size of the mesh (distance between particles). The distance
between the particles (mesh size) for all the numerical sim-
ulations was the same as the distance used in Fig. 6 because,
with that mesh size, the convergence of the cutting and feed
forces is obtained as it is shown in Sect. 7.4.

7.3 Predicted fields

Figures 7 and 10 show the predicted von Mises contour field
at 1 m/s and 10 m/s using both implicit and explicit schemes.
The maximum value of von Mises stress at 1 m/s is around
1377MPa (see Fig. 7) and at 10 m/s is around 1344MPa (see
Fig. 10). The difference of the maximum von Misses stress
between the numerical schemes is 4 MPa at 1 m/s and 2MPa
at 10 m/s (the same scales and ranges are used in Figs. 7
and 10 to simplify the comparison). These results show the
similarities of the prediction between numerical schemes and
the thermal softening arises at higher cutting speeds (smaller
value of maximum von Mises stress at high cutting speeds).

In Figs. 8 and 11, the predicted contour field of tempera-
ture at 1 m/s and 10 m/s using implicit and explicit schemes

is shown. At 1 m/s, the maximum value of the temperature
is around 686 K and at 10 m/s is around 920 K. As expected,
the highest temperature occurs at 10 m/s, due to the shorter
time allowed for heat conduction take place, during the gen-
erated local heating. The difference between the maximum
temperature predicted with implicit and explicit schemes at
1 m/s is 3 K and the difference at 10 m/s is around 30 K. The
last measurement is not an indication that the two integration
schemes give different results because with a small decrease
in the mesh size the temperature differences between the
schemes disappear. In addition, the similarity between the
results obtained by both schemes can be verified by compar-
ing global variables such as the force as it is presented in
Sect. 7.4.

The strain rate field is shown in Figs. 9 and 12 for 1 m/s
and 10 m/s, respectively. The strain rate reaches a value of
around 5×104 and 7×105 1/s for cutting speeds of 1m/s and
10 m/s, showing higher strain rates at higher cutting speeds.
According to Figs. 9 and 12, the predictions of the strain rate
field for the implicit and explicit schemes are very similar,
only showing a small difference near the tool tip.

7.4 Predicted forces

In Figs. 13, 16, 14 and 17, the predicted cutting and feed
forces are shown for cutting speeds of 1 and 10 m/s for both
implicit and explicit schemes. In Figs. 13, 16, 14 and 17,
both the implicit and explicit schemes tend to the same value
for both cuttings speeds; the only difference between the
schemes is the noise which is typical of explicit integration
schemes (No dampingwas used to attenuate noise for explicit
simulations). In Fig. 15, a comparison of the prediction of the
cutting force at 10m/s with both explicit and implicit scheme
is presented; a low-pass filter was used for the explicit signal
to remove the nonphysical noise as it is suggested in [65].
The previous figure shows clearly that both schemes predict
exactly the same cutting force.

Table 6 shows the predicted cutting and feed forces for the
cutting speeds shown in Table 4 using implicit and explicit
schemes. The value presented in Table 6 corresponds to the
average value at the steady state. Table 6 shows that the cut-
ting force decreases slightly with increasing speed and then
remains constant. Meanwhile, the same table shows that the
feed force increases with increasing cutting speed up to a
speed of 13 m/s and then remains almost constant. The dif-
ference between the predictions with implicit and explicit
simulations is always less than 3.5 N and in terms of per-
centage is less than 3% as it is shown in Table 6 . This
comparison shows that the two schemes yields equivalent
results. However, the advantage of implicit scheme over the
explicit is clearly seen in terms of computational time at
velocities smaller than 27 m/s as is shown in Sect. 7.1. At
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Fig. 5 Chip shapes at different cutting speeds using the explicit (a) and the implicit (b) schemes

Fig. 6 Comparison of the chip shapes at 1 m/s (a) and 10 m/s (b) using implicit and explicit schemes

velocities higher that 27 m/s the explicit schemes is a better
option in terms of computing time.

7.5 Locking with the irreducible formulation

In the following section, results with the irreducible/
displacement based formulation are presented. The goal of
an irreducible formulation is to avoid the implicit calcula-
tion of the pressure field of the explicit scheme developed in
Sect. 2.4.3. and as a result decrease the computing time of
the explicit scheme.

In Figs. 18 and 19, a comparison of the predicted
cutting and feed forces using the mixed and the irre-
ducible/displacement formulation is shown with an explicit

time integration scheme. The irreducible formulation over-
predicts the cutting force with around 10 N (6% higher);
meanwhile, the feed forces are correctly predicted. The previ-
ous effect is the well-known volumetric locking problem due
to plasticity of a finite element formulation with linear trian-
gle finite elements. The previous results show the importance
of the correct selection of the finite element when modeling
metal cutting, since a wrong selection of the element can
generate large prediction errors of important variables for
cutting such as forces. If an implicit formulationwith the irre-
ducible formulation is used, an over-prediction in the cutting
of around 6% similar to the ones obtained with the explicit
one is obtained.
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Fig. 7 von Mises stress at 1 m/s: a implicit b explicit

Fig. 8 Temperature field at 1 m/s: a implicit b explicit

Figures 20 and 21 show pressure contours for a cutting
speed of 10m/s after a cutting length of 1mm, where the seri-
ous deficiencies of the standard formulations and the huge
improvement achievedwith the stabilizedmixed formulation
are evident [66]. Numerical examples in Fig. 21 show that
the mixed formulation is free of pressure oscillations; mean-
while, in Fig. 20 the irreducible formulation shows the typical
nonphysical spurious oscillations of the pressure field.

The motivation of this section is to quantity the error of
the prediction of variables like cutting forces, pressure among
others made when an irreducible formulation is used as some
researchers [67–70] continue to use linear triangle finite ele-
ments to model metal cutting processes knowing that this

finite element is prone to locking phenomena due to plastic-
ity.

8 Discussion and conclusions

Metal cutting or machining is a process in which a thin layer
of metal, the chip, is removed by a wedge-shaped tool from a
large body. Cutting is a complex physical phenomena where
adiabatic shear bands, excessive heating, large strains and
high strain rates are present. Cutting speed plays an important
role for chipmorphology, cutting forces, energy consumption
and toolwear.Due to the complex physical process of cutting,
machining processes is one of the most challenging indus-
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Fig. 9 Strain rate field at 1 m/s: a implicit b explicit

Fig. 10 von Mises stress at 10 m/s: a implicit b explicit

trial problems to be analyzed from the numerical simulation
point of view. To optimize and predict industrial machin-
ing an accurate, robust and efficient numerical simulation
tool is needed. Here implicit and explicit numerical inte-
gration schemes for machining simulations are investigated
with the goal to give insight of the best choices for accuracy
and efficiency. Two time integration schemes of the balance
equations were implemented within the PFEM framework
and applied to the numerical modeling of metal cutting pro-
cesses. Each of the schemes was tested at 17 cutting speeds,
such that a total of 34 numerical simulations were carried
out. The results presented here show that both schemes pre-
dicted the same value of stresses, temperature, strain rates
and forces. The difference between the numerical schemes is

evident when a comparison of the computing times is carried
out. The results show that a selection of the implicit time inte-
gration scheme saves 40 times regarding computing time at
a cutting speed of 1 m/s (low speed machining). Meanwhile,
at 30 m/s the computing time with the explicit scheme is
75% of the time needed for the implicit scheme. As such, the
excessive computing time attributed to the numerical simu-
lation of cutting is not only attributed to the remeshing, but
also to an incorrect selection of the time integration scheme.
This results can be used as a guide that allows people who
simulate cutting to select the time integration scheme that
results in a minimum computing time. For example, for cut-
ting under similar conditions to the ones presented in this
work, the implicit scheme is recommend for cutting speeds
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Fig. 11 Temperature field at 10 m/s: a implicit b explicit

Fig. 12 Strain rate field at 10 m/s: a implicit b explicit

lower than 27 m/s and the explicit one is recommend for
velocities higher than 27 m/s.

At the same time, the results show how harmful it is to
use a displacement/irreducible formulation with linear trian-
gular finite elements for the numerical simulations of metal
cutting in terms of the over-prediction of cutting forces and
the nonphysical spurious oscillations of the pressure field.
For example, the spurious oscillations of the pressure field
of the irreducible formulation would not allow the use of a
failure criteria that depends on the pressure-deviatoric stress
ratio. The previous results allow to quantify the error that
some researchers [67–70] are committing when they use
linear triangle finite elements to model metal cutting pro-

cesses knowing that this finite element is prone to locking
phenomena due to plasticity. The problem is that for some
regions of the chip the irreducible formulation will predict
compression pressures while in reality they are in tension
thus predicting no damage where damage should develop.
The previous situation will invalidate the application of the
irreducible formulation with linear triangle finite elements to
the numerical modeling of segmented chip, where fracture
criteria are of paramount importance. The stabilized mixed
formulation with linear displacement and linear pressure for
both the explicit and implicit time integration solves the prob-
lems of the irreducible formulation mentioned above. The
previous results show the relevance of the selection of the
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Fig. 13 Predicted cutting forces at 10 m/s

Fig. 14 Predicted feed forces at 10 m/s

Fig. 15 Predicted cutting forces at 10 m/s. The explicit force was fil-
tered to remove the noise

Fig. 16 Predicted cutting forces at 1 m/s

Fig. 17 Predicted feed forces at 1 m/s

finite element formulation used for the numerical modeling
of metal cutting process.

The results presented here show that the PFEM solves the
problems of mesh distortion and diffusion, typical of stan-
dard FEA, placing the PFEM in a competitive position with
the FEM. A literature overview allows us to conclude that,
among the new numerical methods developed for orthogo-
nal cutting simulations, the only one that has been tested
to model cutting with implicit and explicit time integration
schemes is the PFEM. The other numerical methods have
only implement one of the time integration schemes [30,71].
The development of a code with both implicit and explicit
integration schemes will allow the activation of an explicit
scheme when an implicit scheme is not able to converge,
increasing in this way the robustness of the numerical code.

In summary, the research carried out in this work allows to
conclude that the implicit scheme is recommend to be used
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Table 6 Predicted cutting and
feed forces using implicit and
explicit formulations. Average
difference for cutting forces:
0.52% and feed forces 2.45%

Cutting Cutting Cutting Difference Feed Feed Difference
Velocity Force Force Cutting Force Force Feed
V Implicit Explicit Force Implicit Explicit Force
(m/s) (N) (N) % (N) (N) %

1 195.5 192.0 1.79 45.4 45.2 0.44

3 181.9 180.4 0.82 55.1 53.9 2.18

5 180.0 179.2 0.44 58.7 57.1 2.73

7 179.8 179.2 0.33 60.2 58.5 2.82

10 180.2 179.7 0.28 61.3 59.6 2.77

13 180.6 180.2 0.33 61.7 60.1 2.59

15 180.7 180.4 0.17 62.0 60.2 2.90

17 180.1 180.7 0.33 62.3 60.4 3.05

20 181.2 180.9 0.17 62.3 60.7 2.57

Fig. 18 Comparison of cutting forces at 10 m/s using a mixed and a
irreducible formulations

Fig. 19 Comparison of feed forces at 10 m/s using a mixed and a
irreducible formulations

Fig. 20 Pressure field at a cutting speed of 10 m/s using the irreducible
formulation

Fig. 21 Pressure field at a cutting speed of 10 m/s using the mixed
formulation

at velocities lower than 27 m/s for metal cutting problems
with similar mesh size, number of finite elements, contact
parameters and material model to the ones used in this work
because its computational efficiency is better compared to
the explicit scheme; meanwhile, the explicit is the option to
choose for velocities higher than 27 m/s.
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A Thermo-elastoplasticity model at finite
strains

A.1 Constitutive thermo-hyperelastoplastic model

In Box 1, we present the main equations of the thermo-
mechanical J2 flow model for rate-dependent plasticity that
will be used in this work.

Box1Coupled thermo-mechanical J2 flow theory.Rate-dependent plas-
ticity

COUPLED THERMO-MECHANICAL J2 FLOW THEORY
RATE DEPENDENT PLASTICITY
1. Free energy function.

ψ̂ = Û (J e) + Ŵ (b̄e) + K̂ (ē p, θ)

2. Kirchhoff stress.
τττ = J e p 1 + s
p := κ ln(J e)
s := μ dev(b̄e)

3. Von Mises yield criterion.

�(τ, ē p, θ) = ‖dev(τ )‖ −
√
2

3

(
σy + β

)
(1 + g(

.

ē
p
) ≤ 0

4. Evolution equations λ > 0, � ≤ 0, λ � = 0

Lvbe = −2 λ J− 2
3
1

3
tr(b̄e)n

˙̄e p = −λ ∂β�(τ, ē p, θ)

The definition of the variables that appear in this box
are explained in references [38,72,73].

In Box 1, the free energy is uncoupled into volumetric,
deviatoric and isotropic hardening potential described by the
functions Û (J ), Ŵ (be) and K (ē p, θ), respectively.

Û (J ) = 1

2
κ ln2(J )

Ŵ (be) = 1

2
μ

[
tr(b̄e) − 3

] = 1

2
μ

[
tr(C̄e) − 3

]

K (ē p, θ) = B(ē p)n+1

n + 1

[
1 −

(
θ − θ0

θmelt − θ0

)m]
(87)

where μ > 0 and κ > 0 can be interpreted as the shear
modulus and the bulk modulus. The function K (ē p, θ) is
a nonlinear function of the equivalent plastic strain ē p and
temperature θ which describes the isotropic strain hardening
via the relation β = −∂ē p K (ē p, θ). The K presented in
Eq. (87) corresponds to the isotropic hardening potential of
the Johnson–Cook material model presented in Sect. 5.

The g function presented in Box 1 represents the rate
dependency of the Johnsoon–Cook material model. The g
function is given by

g(
.

ē
p
) = 1 + C ln(

˙̄ep + ė0
ė0

)

A.2 Implicit backward Euler integration scheme

In Box 2, the integration flowchart for the backward Euler
method is presented.

Box 2 Implicit backward Euler integration flowchart for
thermo-elastoplastic models

B Stiffness matrix

In this section, the formulas for the stiffness matrix for the
standard and mixed formulations are presented.

B.1 Stiffness matrix irreducible formulation

The element stiffness matrix related to node I and J is given
by (omitting the n + 1 subscript and the iteration superscript
(i))

K(e)
I J i j = Kgeo,(e)

uu,I J i j + Kmat,(e)
uu,I J i j i, j = 1, 2 (88)

where the first term is the geometric stiffness matrix,
Kgeo,(e)

uu,I J i j , and the second,K
mat,(e)
uu,I J i j , the material tangent stiff-

ness matrix.
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BACKWARD EULER INTEGRATION FLOWCHART
1. Thermoelastic trial state:
Initial data: b̄en, ē

p
n

Current values of Fn,n+1, θn+1, where F̄n,n+1 = J− 1
3 Fn,n+1

Let f trialn+1 = ∥∥str ialn+1

∥∥ −
√
2

3

(
σy,n+1 + βn+1(ē

p
n )

)
IF f trialn+1 ≤ 0 : Set (b̄en+1, ē

p
n+1, ) = (b̄e,tr ialn , ē p

n ) and EXIT
ELSE:
2. Consistency parameter:

Set μ̄ = μ

3
tr(b̄e,tr ialn+1 )

Compute �λn+1 by solving:

g(�λn+1) = f trialn+1 − 2�λn+1 μ
1

3
tr(b̄e,tr ialn+1 )

+
√
2

3

(
σy,n + βn(ē

p
n )

) ∗ gn( ˙̄epn )

−
√
2

3

(
σy,n+1 + βn+1(ē

p
n+1)

)
gn+1( ˙̄epn+1) = 0

Return mapping:

Set nn+1 = str ialn+1

‖str ialn+1 ‖ and update

sn+1 = str ialn+1 − 2�λn+1 μ
1

3
tr(b̄e,tr ialn+1 )nn+1

ē p
n+1 = ē p

n − λn+1�t

√
2

3
3. Update the intermediate configuration by the closed form formula:

b̄en+1 = b̄e,tr ialn+1 − 2�λn+1
1

3
tr(b̄e,tr ialn+1 )nn+1

END
The definition of the variables that appear in this box are
explained in references [38,72,73].

The material tangent stiffness term is given by

Kmat,(e)
uu,abi j =

∫

v(e)

2∑
k,l=1

(
∂Na

∂x j
ci jkl

∂Nb

∂xl

)
dv i, j = 1, 2 (89)

and the geometric part of the tangent matrix is given by

Kgeo,(e)
uu,abi j =

∫

v(e)

2∑
k,l=1

(
∂Na

∂xk
σkl

∂Nb

∂xl

)
δi jdv i, j = 1, 2

(90)

In Eqs. (89) and (90), Na is the shape function in node a,
Nb is the shape function in node b, ci jkl is the consistent
(algorithmic)moduli,σkl is theCauchy stress tensor obtained
with the irreducible formulation and δi j is theKroneker delta.
The consistent moduli for an elastic element are

c = cela = κ
ln(J )

J
[I ⊗ I − 2i] + κ

(1 − ln(J ))

J
I ⊗ I + C̄

where I is the second-order identity tensor, i is the fourth-
order identity tensor and C̄ is the deviatoric component of
the spatial elasticity tensor (see [38]).

For a plastic element, the consistent moduli are

c = cpl = cela − β1cela − 2μ̄β3n ⊗ n − 2μ̄β4n ⊗ dev(n2)

where β1, β3, β4, μ̄ and n has the same meaning as in [38].

B.2 Stiffness matrix mixed formulation

For a mixed finite element, the material and geometric stiff-
ness matrix are given by:

mixKmat,(e)
uu,I J i j =

∫

v(e)

2∑
k,l=1

(
∂NI

∂x j
cmix
i jkl

∂NJ

∂xl

)
dv i, j = 1, 2

(91)

and

mixKgeo,(e)
uu,I J i j =

∫

v(e)

2∑
k,l=1

(
∂NI

∂xk
σkl

∂NJ

∂xl

)
δi jdv i, j = 1, 2

(92)

where cmix for an elastic is given by

cmix = cela,mix = p [I ⊗ I − 2i] + C̄

where p is the pressure obtained from themixed formulation,
and for a plastic element cmix is

cmix = cpl,mix = cela,mix − β1cela − 2μ̄β3n ⊗ n

−2μ̄β4n ⊗ dev(n2)

In Eq. (92), the Cauchy stress σkl is calculated with the
pressure obtained from the mixed formulation.
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