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Abstract
Recently, the discrete element method is increasingly being used for describing the behaviour of isotropic linear elastic
materials. However, the common bond models employed to describe the interaction between particles restrict the range of
Poisson’s ratio that can be represented. In this paper, to overcome the restriction, a modified bond model that includes the
coupling of shear strain energy of neighbouring bonds is proposed. The coupling is described by a multi-bond term that
enables the model to distinguish between shear deformations and rigid-body rotations. The positive definiteness of the strain
energy function of the modified bond model is verified. To validate the model, uniaxial tension, pure shear and pure bending
tests are performed. Comparison of the particle displacements with continuummechanics solution demonstrates the ability of
the model to describe the behaviour of isotropic linear elastic material for values of Poisson’s ratio in the range 0 ≤ ν < 0.5.

Keywords DEM · Strain energy · Multi-bond · Shear · Rigid-body rotation · Poisson’s ratio

1 Introduction

The discrete element method (DEM) was initially developed
by Cundall [5] for modelling the motion of granular media.
However, beginning with the twenty-first century, several
works [1,9,10,13,15,19,21,24] that employ DEM not only to
model the linear elastic behaviour of materials, but also for
their subsequent crack initiation and propagation have been
carried out. Recently, DEMhas also been employed tomodel
chemical–thermal–mechanical coupled problem for concrete
by Flack [7]. In this regard, as pointed out in the work by
Celigueta [4], DEM is to be understood as a discretisation
scheme for the continuum, where the immediate neighbour-
ing particles exchange forces through a bond model. The
particles remain bonded to each other as long as a critical
bond extension is reached, after which a bond cannot transfer
forces and is therefore considered broken. In this way, DEM
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allows for an inherent descriptionof evolutionof spontaneous
discontinuity without the need for remeshing.

Although theDEMprovides a goodqualitative description
of the crack initiation and subsequent propagation as shown
in the works [13,15,19,24], the range of Poisson’s ratio of
materials that can be represented are usually restricted to
0 ≤ ν ≤ 0.25. This restriction has also been discussed in
the following works [4,7,10,14,15]. Apart from the restricted
range of Poisson’s ratio, the response of materials observed
within this range are also stiffer in comparison with the solu-
tion obtained by continuum mechanics. This behaviour is
especially pronounced in bending dominated problems. Such
restrictions have also been observed in other bond-based
methods such as the Latticemethods as discussed in the work
of Ostoja-Starzewski [17]. In order to overcome this restric-
tion and with the argument that an accurate description of
material behaviour in the elastic region is a prerequisite for
a subsequent qualitative and quantitative description of frac-
ture, two different approaches have been proposed within
the framework of DEM [4,14,18]. Both of these approaches
conclude that a simple bond model, such as a Born model
[2], that is commonly employed in DEM and other bond-
based methods to describe the interaction of force between
particles cannot accurately capture the elastic behaviour of
continuum.
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Celigueta [4] proposed a nonlocal contact law for the
DEM, where apart from the overlap of two interacting parti-
cles in contact also the influence of forces in the surrounding
of this contact is included. By means of this term a better
description of continuum elasticity was obtained in com-
parison to the classical bond model of DEM. However, in
order to calculate this term, information regarding the contact
area between two particles in contact and their surround-
ing is required. Additionally, the nonlocal stress tensor of
each particle and its neighbours is required which results in
a computationally expensive method. An alternate approach
that also includes the deformation of particles, called the
deformable discrete element method (DDEM) was proposed
in [14,18]. Unlike the classical approaches in DEM and also
that proposed by Celigueta [4], where the particles are con-
sidered to be rigid, this new formulation also incorporates the
elastic deformation of particles and its subsequent implica-
tion on the change of contact overlap to widen the range
of Poisson’s ratio that can be represented. Although this
approach allows for the representation of a broader range of
Poisson’s ratio than the commonly employed bondmodels in
DEM, the exact limit of this approach regardingmacroscopic
Poisson’s ratio is not explicitly stated.

In contrast to the approaches mentioned, in this work an
approach is proposed that shows that Poisson’s ratio in the
range 0 ≤ ν < 0.5 and a sufficiently accurate description
of the elastic behaviour of continuum, also under bending,
is possible by employing simple bond models as well. In
this work, a modification of the Born model is proposed by
introducing a multi-bond strain energy term that is capable
of distinguishing between shear deformation and rigid-body
rotation for the case of two-dimensional elasticity. Two new
multi-bonds called L-bond and X-bond employing the pro-
posed coupling of shear strain energy are introduced. Based
on the positive definiteness of the strain energy function, we
also interpret that the restriction of the Born model up to a
certain Poisson’s ratio results from incapability to distinguish
between shear deformation and rigid-body rotation. With the
modified model it is shown that the strain energy function
remains positive definite for values of Poisson’s ratio in the
range 0 ≤ ν < 0.5. To validate the modified model, the
results of a thin plate under uniaxial tension, pure shear and
pure bending are compared with the respective plane stress
continuum mechanics solution.

2 Unit-cells with Bornmodel

An arbitrary rectangular domain discretised with rigid circu-
lar particles of radius r is shown in Fig. 1a. Each particle is
bonded with its immediate neighbours (separated by length
l = 2r ) and also with its second neighbours (separated by
length l = 2

√
2r ). Similar to the works [10,16], the funda-

mental building block called as a unit-cell is extracted from
the discretised domain and is shown in Fig. 1b. This square
unit-cell is the combination of two unit-cells: one which
contains only the bonds with the immediate neighbours and
another that contains only the bonds between second neigh-
bours. They are called first-neighbour and second-neighbour
unit-cells as shown in Fig. 1c, d, respectively. Although the
fundamental idea behind the modification proposed in this
paper is general, as a first approach we restrict ourselves to
regular configuration such as a square, or an equilateral tri-
angle or a hexagon where the length of bonds are equal. In
particular, the square configuration is used here due to its
simplicity. The extension of this modification to configura-
tions with unequal bond lengths (as in the case of a random
discretisation) is to be carried out as future work. The Born
modelwhich is applied here employs springs in normal direc-
tion and tangential direction with stiffness parameters kn and
ks as shown in Fig. 2a. A generic bond oriented at angle θ to
the global coordinate system along with its local and global
displacement components is shown in Fig. 2b.

Regarding Fig. 2a, the strain energy stored in the bond
Πb is given in terms of quantities with respect to the bond
coordinate system as

Πb = 1

2
kn

(
unB − unA

)2 + 1

2
ks

(
vsB − vsA

)2 (1)

= l2

2

(
kn (εnn)

2 + ks (εsn)
2
)

, (2)

where εnn = unB−unA
l and εsn = vsB−vsA

l are the local longitu-
dinal and shear strain, respectively, and l is the length of the
undeformed bond.

After substituting the local strain quantities in terms of the
components of the global strain tensor by the transformation
relations provided by Griffiths [10] the strain energy in a
bond is obtained as

Πb = l2

2

(
kn

(
c2εxx + sc

(
εxy + εyx

) + s2εyy
)2

+ ks
(
c2εyx + sc

(
εyy − εxx

) − s2εxy
)2)

(3)

where c = cos θ and s = sin θ . By substituting the orien-
tation θ of the individual constituent bonds in Eq. (3), the
strain energy in the first and second neighbour unit-cells are
obtained as

Πuc1 = Πnormal
uc1 + Π shear

uc1

= kbn1 l
2

4

[
(εxx )

2 + (
εyy

)2

+ (εxx )
2 + (

εyy
)2]
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Fig. 1 a Domain discretised
with the chosen unit-cell, b
square unit-cell obtained from
the combination of c first
neighbour unit-cell and d
second neighbour unit-cell

(a)

(b) (c) (d)

Fig. 2 a Springs used in a bond,
b coordinate system of a generic
bond

(a) (b)

+ kbs1 l
2

4

[(
εyx

)2 + (−εxy
)2
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)2 + (−εxy
)2]

, (4)

Πuc2 = Πnormal
uc2 + Π shear

uc2

= kbn2 l
2
[(εxx

2
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2
+ εyx

2
+ εyy

2

)2

+
(εxx

2
− εxy
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2
+ εyy

2

)2]

+ kbs2 (
√
2l)2

2

[(εyx

2
− εxy

2
− εxx

2
+ εyy

2

)2

+
(εxx

2
− εxy

2
+ εyx

2
− εyy

2

)2]
, (5)

where kbn1 , k
b
s1 are the normal and shear stiffness of first neigh-

bour bonds and similarly kbn2 , k
b
s2 are the stiffness parameters

of second neighbour bonds. For a unique calibration of stiff-
ness parameters to model linear elastic isotropic material
behaviour for all values of ν, Ockelmann [15,16] shows that
three independent stiffness parameters are required to satisfy
the three unique tensor components of the planar elasticity
matrix as explained later in Sect. 4.1. Therefore, in order to
reduce the number of unknown stiffness parameters to three,
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we suppose that the shear stiffness parameters of the first and
second neighbour bond must be the same, that is, kbs2 = kbs1 .
This assumption is purely made from the point of view of
having a deterministic calibration of the stiffness parameters
similar to the works [15,16]. A study on the other possibili-
ties to reduce the number of independent stiffness parameters
to three and their possible effects is regarded as an opportu-
nity for further investigation in this direction and not pursued
here. However, in “Appendix A” we show by means of the
eigenvalues of the unit-cell that the fundamental character-
istics of the system as discussed in Sect. 4.3 must hold true
for other reduction possibilities as well.

Every bond in the first neighbour unit-cell contributes
only 1/2 to the strain energy of the unit-cell due to periodic-
ity (every first neighbour bond is shared by two unit-cells).
However the bonds in the second neighbour unit-cell belong
completely to a single unit-cell. The strain energy density of
the square unit-cell is given by

Πuc = Πuc1 + Πuc2

euc = Πuc

l2t
, (6)

where t is the thickness of the domain.
As described before, the Born model cannot distinguish

between rigid-body rotation and shear [3,11,12,23]. In Fig.
3a an exploded view of each constituent bond of the unit-cell
with first neighbour bonds is shown along with its local and
global shear strains. The bonds are assembled back together
in Fig. 3b and one observes that although the final geometry
describes pure rotation, the strain energy is not zero. Thus
strain energy is stored in the unit-cell due to shear of individ-
ual bonds although all angles subtended between neighbour
bonds are 90◦. This can also be observed in Eq. (4) where the
contribution of shear strain energy Π shear

uc1 remains non-zero
for any combination of εxy and εyx except for the trivial case
where εxy = εyx = 0. This interpretation holds also for the
unit-cell with the second neighbour bonds as shown in Fig.
3c, d.

3 Modified bondmodel

To overcome the limitations explained in Sect. 2, a modified
model is proposed where the shear strains of two neighbour
bonds (multi-bond) are coupled. With this coupling, strain
energy is stored only in the case of shear and not in the case
of rotation. Here again, the unit-cell made up of only the first
neighbour bonds is looked at first and the unit-cell made up
of the second neighbour bonds afterwards.

3.1 L-bond

For a generic L-bond ABC made up of two first neighbour
bonds AB and BC as shown in Fig. 4a, the strain energy due
to normal strain remains unchanged as before. However the
shear strains are combined in such a way that strain energy
is stored only for shear deformation and not for rigid-body
rotation. The strain energy stored in a generic L-bond with
length lAB = lBC = l is given by

ΠABC = 1

2
kmn1

[(
εAB
nn l

)2 +
(
εBCnn l

)2]

+ 1

2
kms1

[
− εAB

sn l + εBCsn l

]2
, (7)

where kmn1 and k
m
s1 are the normal stiffness and shear stiffness

parameters employing the modified model respectively.
The first neighbour unit-cell is now made up of four L-

bonds as shown in Fig. 4b. As explained in Sect. 2, a first
neighbour bond has a contribution factor of 1/2. Every bond
in the unit-cell is obtained by the combination of two L-
bonds. For example, the Bond AB is obtained from DAB
and ABC . Therefore, in an L-bond the normal stiffness kmn1
and the shear stiffness kms1 have a contribution factor of 1/4.
With the transformation relations provided by Griffiths [10],
the local strain components are written in terms of the global
strain components and the strain energy of a generic L-bond
now yields

ΠABC = kmn1 l
2

8

[ (
εxx c

2
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+ (
εxy + εyx

)
cAB sAB + εyy s

2
AB

)2

+ (
εxx c

2
BC + (

εxy + εyx
)
cBC sBC

+εyy s
2
BC

)2 ]

+ kms1 l
2

8

[− (
εyx c

2
AB + (

εyy − εxx
)
cAB sAB − εxy s

2
AB

)

+ (
εyx c

2
BC + (

εyy − εxx
)
cBC sBC − εxy s

2
BC

)]2
,

(8)

where cAB = cos θAB , sAB = sin θAB , cBC = cos θBC and
sBC = sin θBC . Employing the modified bond model, the
strain energy stored in the first neighbour unit-cell is obtained
from the sum of strain energy stored in individual L-bonds

Πmod
uc1 = ΠABC + ΠBCD + ΠCDA + ΠDAB . (9)

The strain energy stored in the first neighbour unit-cell
employing the modified bond model can be evaluated with
respect to the global coordinate system to
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Fig. 3 a Split up of first
neighbour unit-cell bonds, b
assembly of first neighbour
bonds, c split up of second
neighbour unit-cell bonds, d
assembly of second neighbour
bonds

(a) (b)

(c) (d)

Fig. 4 a Generic L-bond, b first
neighbour unit-cell made up
with L-bonds

(a) (b)

Πmod
uc1 = kmn1 l

2

2

(
ε2xx + ε2yy

)
+ kms1 l

2

2

(
εxy + εyx

)2

= kmn1 l
2

2

(
ε2xx + ε2yy

)

+ kms1 l
2

2

(
ε2xy + ε2yx

)
+ kms1 l

2 εxy εyx

= Πnormal
uc1 + Π shear

uc1 + kms1 l
2 εxy εyx .

(10)

Comparing the formulation to that of the first neighbour unit-
cell employing the Born model, see Eq. (4), an extra term is
added due to the coupling of the shear strain energies of the
neighbours. With this term, the modified model is able to
distinguish between shear (change in the angle subtended)
and rigid-body rotation (no change in the angle subtended),
which can be interpreted as amodification to theBornmodel.
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3.2 X-bond

Similar toL-bonds, the unit-cellmade up of the second neigh-
bour bonds is to be modified such that strain energy is stored
only in the case of shear deformations and not for pure rota-
tion. This is achieved with the X-bonds. Again the shear
strains of two neighbouring bonds are coupled and the nor-
mal strains of the bonds remain unchanged. The modified
strain energy of the unit-cell made up of one X-bond is
Πmod

uc2 = ΠAC + ΠBD

=
kmn2

(√
2 l

)2

2

[(
εAC
nn

)2 +
(
εBCnn

)2]

+
kms2

(√
2 l

)2

2

[
εAC
sn − εBDsn

]2
, (11)

where kmn2 and kms2 are the normal and shear stiffness param-
eters employing the modified model respectively. Similar to
the assumption made in Sect. 2 in order to reduce the number
of independent stiffness parameters to three, the shear stiff-
ness parameters of the first and second neighbour bonds are
assumed to be same, that is, kms2 = kms1 . In the “Appendix A”
it is shown that the modified bond model presented in this
work is also valid for other possibilities to reduce the num-
ber of stiffness parameters to three. The strain energy stored
in the second neighbour unit-cell with respect to the global
coordinate system is

Πmod
uc2 =
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(√
2l

)2

2

[(εxx

2
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2
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2
+ εyy

2
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2
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2
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2
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+
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2
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2
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2
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−
(εxx

2
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2
− εyy

2

) ]2
.

(12)

Upon expansion ofEq. (12) and comparisonwith the strain
energy of the second neighbour unit-cell, see Eq. (5), one
observes that similar to the first neighbour unit-cell with L-
bonds, the coupling of shear strain energies results in an extra
multi-bond term to distinguish between shear and rotation.

3.3 Unit-cell with themodifiedmodel

The strain energy stored in a square unit-cell is obtained by
summing up the strain energy of an unit-cell made with L-
bonds, Eq. (10), and of an unit-cell with X-bonds, Eq. (12)

Πmod
uc = Πmod

uc1 + Πmod
uc2 . (13)

The strain energy density emod
uc is obtained similar to that of

the unit-cell with the Born model given in Eq. (6).

4 Comparison of themodifiedmodel and the
Bornmodel

In this section, the stiffness parameters of a square unit-cell
employing the modified model and the Born model are cal-
ibrated to the macroscopic elastic material parameters. The
calibrated parameters are verified if they satisfy the condi-
tion of isotropy. The strain energy function of the unit-cell
employing these bond models is verified for its positive def-
initeness.

4.1 Calibration of stiffness parameters

In order to model the behaviour of an isotropic elastic mate-
rial, the stiffness parameters of the unit-cell employing the
modifiedmodel must be calibrated with respect to themacro-
scopic elasticmaterial parameters. In the literature there exist
broadly two approaches:

1. A numerical calibration where the stiffness parameters
are iteratively calibrated by solving an inverse problem to
match the slope of the stress-strain curve of a material in
the linear region under uniaxial loading. For more details
refer [7,22].

2. An analytical calibration based on the equivalence of
strain energy density of the unit-cell euc with that of an
equivalent elastic continuum eco = 1

2σ : ε. In particular,
the components of the elastic tensorCuc are derived from
the strain energy density of the unit-cell and are compared
to the continuum description.

In thiswork, the analytical calibration approach is used due to
its independence of the fineness of discretisation. The com-
ponents of the tensor of elasticity of the unit-cell are obtained
by differentiating the strain energy density twice with respect
to the corresponding strain components. The individual com-
ponents are summarised in the tensor of elasticity

C
mod
uc =

⎡

⎢
⎣
Ĉ1 Ĉ2 0
Ĉ2 Ĉ1 0
0 0 Ĉ3

⎤

⎥
⎦ , (14)

where Ĉ1 = (kmn1 + 2kms1 + kmn2)/t , Ĉ2 = (kmn2 − 2kms1)/t

and Ĉ3 = (kmn2 + kms1)/t are defined for the modified model

and Ĉ1 = (kbn1 + kbs1 + kbn2)/t , Ĉ2 = (kbn2 − kbs1)/t and

Ĉ3 = (kbn2 + 1
2 k

b
s1)/t for the Born model. The elasticity ten-

sor of the unit-cell has three components similar to that of a
planar continuum. By comparing the three components Ĉ1,
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Table 1 Calibrated stiffness
parameters of square unit-cell

Bond model Type Stiffness parameters

Born kbn1 kbs1 kbn2
Plane stress E t (1+3ν)

3 (1+ν) (1−ν)
E t (1−3ν)

3 (1+ν) (1−ν)
E t

3 (1+ν) (1−ν)

Plane strain E t (1+2ν)
3 (1+ν) (1−2ν)

E t (1−4ν)
3 (1+ν) (1−2ν)

E t (1−ν)
3 (1+ν) (1−2ν)

Modified kmn1 kms1 kmn2
Plane stress E t (1+3ν)

3 (1+ν) (1−ν)
E t (1−3ν)

6 (1+ν) (1−ν)
E t

3 (1+ν) (1−ν)

Plane strain E t (1+2ν)
3 (1+ν) (1−2ν)

E t (1−4ν)
6 (1+ν) (1−2ν)

E t (1−ν)
3 (1+ν) (1−2ν)

Ĉ2 and Ĉ3 with those of the planar continuum elasticity ten-
sor, the stiffness parameters are calibrated to themacroscopic
Young’s modulus E and the Poisson’s ratio ν. The calibrated
stiffness parameters for the case of plane stress and plane
strain are summarised in Table 1.

As expected for a Born model there exists a restriction on
the Poisson’s ratio at ν = 1/4 for plane strain and ν = 1/3
for plane stress. For higher values negative shear stiffness
is obtained. This holds true for the modified model as well.
The normal stiffness parameters of the unit-cell employing
the Born model and the modified model are identical since
only the shear strain energy components were coupled in
the modified bond model. The stiffness parameters and the
elasticity constants of the unit-cell are plotted as a function
of the Poisson’s ratio ν for both bond models in Fig. 5 for the
case of plane stress. The stiffness parameters are normalised
with respect to the Young’s modulus E and the thickness of
the specimen t to obtain a qualitative behaviour.

From the Fig. 5b we observe that the components of the
elasticity tensor of the unit-cell agree exactly with the equiv-
alent continuum components in the range 0 ≤ ν ≤ 0.5. In
order to ensure the equality of the elasticity constants, the
stiffness parameters of the unit-cell must take on the values
as shown inFig. 5a. Therefore,we interpret the negative value
of shear stiffnesses (kbs1 , k

m
s1 ) for ν > 1/3 as a necessity to

ensure this equality. Although a negative stiffness parameter
of an individual spring seems unintuitive, in the case of a
response of the unit-cell the elasticity tensor components are
crucial.

4.2 Check for isotropy

Apart from calibrating the stiffness parameters to the macro-
scopic isotropic elastic material parameters it must also be
checked whether and in which case they satisfy the condition
for macroscopic isotropy. A material is considered to exhibit
isotropy if the anisotropy factor Λ = 1. The anisotropic fac-
tor for the chosen unit-cell is calculated with the components
of the elasticity tensor for both bond models as

Born model: Λ = 2 Ĉ3

Ĉ1 − Ĉ2

= 2kbn2 + kbs1
kbn1 + 2kbs1

{
= 1, 2kbn2 = kbn1 + kbs1
�= 1, otherwise

(15)

Modified model: Λ = 2 Ĉ3

Ĉ1 − Ĉ2

= 2kmn2 + 2kms1
kmn1 + 4kms1

{
= 1, 2kmn2 = kmn1 + 2kms1
�= 1, otherwise.

(16)

This shows that for isotropic elasticity (Λ = 1) the unit-cell
has only two independent stiffness parameters and a con-
dition that ensures isotropy for all values of E and ν. By
substituting the stiffness parameters from Table 1 in the con-
dition for isotropy it can be shown that this condition holds
for both plane stress and plane strain.

4.3 Positive definiteness of strain energy

The square unit-cell shown in Fig. 1b is made up of
four particles with two degrees of freedom per particle.
The vector of displacements for one unit-cell is u =
[uA, vA, uB , vB, uC , vC , uD, vD]T . With the displacement
vector u and the stiffness matrix Kmod

uc given in “Appendix
C”, the strain energy of the unit-cell in Eq. (13) can alterna-
tively be written as

Πmod
uc = 1

2
uTKmod

uc u. (17)

Equation (17) shows that the strain energy of the unit-
cell is a quadratic function of displacements. In order to be
thermodynamically stable, it must be positive definite. The
necessary and sufficient condition for the positive definite-
ness of Eq. (17) is that all eigenvalues of the eigenvalue
problem Kmod

uc u = λu are real and positive [8]. The relat-
ing stiffness matrices are given in Appendices B and C
respectively. The resulting eigenvalues and corresponding
eigenforms are summarised in Table 2. After substituting the
stiffness parameters of the unit cell from Table 1, the non-
zero eigenvalues are plotted as a function of Poisson’s ratio ν

for both plane stress and plane strain in Fig. 6. The stiffness
parameters are normalised with respect to Young’s modulus
E and the thickness t to obtain a qualitative behaviour.
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(a) (b)

Fig. 5 Variation of the stiffness parameters (a) and two-dimensional elasticity tensor components (b) as a function of ν for plane stress

Table 2 Eigenvalues and eigenforms of unit-cell with the Born model
and modified model

From Fig. 6 the following observations are made for both
plane stress and plane strain:

1. Regarding the Born model, the eigenvalue λ3 of the rigid-
body rotation eigenform is non-zero everywhere expect
at ν = 1/3 and ν = 1/4 for plane stress and plane strain
respectively. This implies that the Born model deforms
under rigid-body rotation and therefore it is proven that

thismodel cannot distinguish between rigid-body rotation
and shear deformations. Also, the eigenvalue becomes
negative for ν > 1/3 and ν > 1/4 for plane stress
and plane strain respectively. This implies that the strain
energy function derived from the Born model is not pos-
itive definite after this lower limit of the Poisson’s ratio.
Thereforewe expect the response to be unstable for values
of Poisson’s ratio above this limit. However, regarding the
modified bond model, the eigenvalue of the rigid-body
rotation eigenform remains zero for all values of ν and
all eigenvalues remain positive. Hence, the strain energy
derived from the modified bond model is positive definite
and therefore is stable for all values of ν although the shear
stiffness kms1 of the unit-cell takes on a negative value after
a critical value of ν as shown in Fig. 5b. This implies that
a negative stiffness does not necessarily lead to unstable
results, rather it is due to negative eigenvalues. Similarly,
in the work of Esin [6] it was concluded that materials and
structures with negative stiffness elements can exist when
the negative element energy is compensated by the energy
of the rest of the system or an encompassing system that
provides stabilisation.

2. The eigenvalues (λ4, λ5) related to bending eigenforms
result as expected for an isotropic material.

3. Similarly, the eigenvalues of shear (λ6, λ7) eigenforms
result as expected.

4. As expected, the volumetric formλ8 has the highest eigen-
value.

Remark At ν = 1/3 and ν = 1/4 for plane stress and plane
strain, the shear stiffness becomes zero and themodel reduces
to one where it has only normal springs. At this value, the
Born model is rotationally invariant and hence we have λ3 =
0 at this particular value of ν.
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(a) (b)

(c) (d)

Fig. 6 Variation of normalised eigenvalues of unconstrained unit-cell stiffness matrix as a function of ν

5 Quasi-incompressible behaviour

In this section we verify whether the calibrated stiffness
parameters of the unit-cell employing the modified model
satisfy the condition of incompressibility as ν → 0.5. A
material is said to be incompressible if it resists volume
change. The volume change of the unit-cell can be described
similar to continuum mechanics with the volumetric strain
εvol = εxx + εyy + εzz , where εxx , εyy and εzz are compo-
nents of the infinitesimal strain tensor. For the case of plane
stress, εzz = − ν

1−ν
(εxx + εyy) and for plane strain εzz = 0.

Based on the planar elasticity tensorCmod
uc given in Sect. 4.1,

the inverse stress-strain relations for the unit-cell is given by

⎡

⎣
εxx
εyy
γxy

⎤

⎦ =

⎡

⎢⎢⎢
⎣

Ĉ1

Ĉ2
1−Ĉ2

2
− Ĉ2

Ĉ2
1−Ĉ2

2
0

− Ĉ1

Ĉ2
2−Ĉ2

2

Ĉ1

Ĉ2
1−Ĉ2

2
0

0 0 1
Ĉ3

⎤

⎥⎥⎥
⎦

·
⎡

⎣
σxx
σyy

τxy

⎤

⎦ (18)

where the components of the elasticity tensor of the unit-cell
employing the modified bond model as derived in Sect. 4.1
are Ĉ1 = (kmn1 + 2kms1 + kmn2)/t , Ĉ2 = (kmn2 − 2kms1)/t and

Ĉ3 = (kmn2 + kms1)/t . The volumetric strain εucvol of the unit-
cell employing the bond model for plane stress is now given
by substituting the strain components from Eq. (18) as

εucvol = εxx + εyy − ν

1 − ν

(
εxx + εyy

)

= σxx + σyy

Ĉ1 + Ĉ2
· 1 − 2ν

1 − ν

=
(
σxx + σyy

)
t

kmn1 + 2kmn2
· 1 − 2ν

1 − ν
.

(19)

By substituting the calibrated stiffness parameters of the
modified bond model for plane stress given in Table 1 in Eq.
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(a) (b)

Fig. 7 Variation of normalised volumetric strain of unit-cell employing modified model as a function of ν

(19), the volumetric strain is now given by

εucvol = σxx + σyy

E
· (1 − 2ν). (20)

Normalising Eq. (20) with respect to (σxx + σyy)/E , the
variation of the volumetric strain as a function of ν for the
unit-cell employing the modified bond model is given in Fig.
7a. Similarly, the volumetric strain for the unit-cell employ-
ing modified bond model for the case of plane strain is
εucvol = ((σxx + σyy)/E) · (1 + ν)(1 − 2ν) and the variation
of normalised volumetric strain with respect to ν is given in
Fig. 7b. From Fig. 7 we observe that the volumetric strain
reduces to zero as ν → 0.5 for both plane stress and plane
strain. This behaviour is similar to what one would expect
from an equivalent continuum mechanics isotropic elastic
material. Therefore we conclude that the range of ν that can
be represented by a unit-cell employingmodified bondmodel
is similar to that of an isotropic elastic material.

6 Validation examples

In order to validate the capability of the modified model
and compare it to the Born model, four different examples
are chosen for which closed-form continuum solutions exist.
With the help of these examples and based on the positive
definiteness of the strain energy function, the stability of the
bond model will also be investigated. The discrete element
method results are obtained by solving the linear system of
equationsKu = f for the unknown particle displacements u.
The system stiffness matrixK is obtained by assembling the
individual unit-cell stiffness matrices derived in the Appen-
dices B and C. External surface forces are reformulated as
line loads by integrating over the thickness and are linearly

Fig. 8 Thin plate under uniaxial tension

Table 3 Comparison of uniaxial tension test results (Displacements in
[×10−3 m])
ν Analytical solution Born model Modified model

u v u v u v

0 0.1 0 0.1 0 0.1 0

0.3 0.1 −0.03 0.1 −0.03 0.1 −0.03

0.49 0.1 −0.049 0.1 −0.049 0.1 −0.049

interpolated between the particles along the edges of the unit-
cell. The line load is then integrated along the edge of the
unit-cell to obtain particle forces. An example of this proce-
dure is given in “Appendix D”. The particle forces are then
added to the corresponding position in the global force vector
f . Point loads can be directly incorporated in the global force
vector f .
Remark regarding the situation at the boundary: Every bond
along the edges of the unit-cell were said to contribute only
one half to the strain energy of the unit-cell due to periodicity
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(a) (b)

Fig. 9 Variation of eigenvalues of constrained unit-cell stiffness matrix as a function of ν for uniaxial test

Fig. 10 Thin plate under pure shear

in Sect. 2. As a consequence, when the system of equations
are assembled, the strain energy of the bonds that are on the
boundaries of the specimen continue to contribute only one
half.

6.1 Uniaxial

A thin square plate of length l = 0.2 [m] and thickness
t = 0.01 [m] is modelled with the chosen square unit-cell
under plane stress conditions with E = 2e11[N/m2]. All
particles along the bottom edge and along the left edge of
the plate are constrained along y− and x− direction, respec-
tively. A stress σxx is applied on the right edge to model a
uniaxial state of deformation as shown in Fig. 8. The ana-
lytical solution for the displacement fields is u = (σxx/E)x
and v = −((ν σxx )/E)y. The resulting displacements along
u(x = l, y) and v(x, y = l) for three different values of

Poisson’s ratio ν are summarised in the Table 3 for both the
bond models.

We observe that both unit-cells employing theBornmodel
and the modified bondmodel produce the exact results for all
values of thePoisson’s ratio independent of the discretisation,
because the analytical solution is a linear function of the posi-
tion and both bond models use linear springs. Although both
models employ negative shear stiffness for ν > 1/3, they
still produce the expected result. In Sect. 4.3, based on the
eigenvalues of the stiffness matrix Kuc of an unconstrained
unit-cell employing the Born model it was observed that the
strain energy was not positive definite (due to the rigid-body
rotation eigenform) for ν > 1/3 in the case of plane stress.
Therefore we may expect unstable results. However due to
the constraints used in the example, all rigid-body eigenforms
vanish and only positive eigenvalues exists for all values of
ν. This is shown in Fig. 9, where the normalised eigenvalues
of the constrained unit-cell employing the Born model and
the modified model are plotted as a function of ν.

6.2 Pure shear

As a second test, a thin square plate with edge length
l = 0.2 [m] and thickness t = 0.01 [m] as shown in Fig.
10 is modelled under plane stress condition with E =
2e11 [N/m2] applying pure shear stress σxy = σyx = τ0 =
1e8 [N/m2].The plate is constrained in both directions along
the bottom edge to prevent rigid-body motion similar to that
used by Ockelmann [16]. The analytical solution for the dis-
placement fields is obtained as u = (τ0/G)y and v = 0,
where G = E/2(1 + ν) is the shear modulus. Here again,
the test is conducted for three different values of ν and also
for four different discretisations similar to that of the uniax-
ial test. The u and v displacements of the domain discretised
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(a)

(b)

(c)

(d)

Fig. 11 Displacements u (left) and v (right) employing the Born model and the modified model
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Fig. 12 Variation of eigenvalues of constrained unit-cell stiffness
matrix as a function of ν for pure shear test

Fig. 13 Eigenform corresponding to λ5

with 8 × 8 unit-cells employing the Born model under pure
shear are summarised in Fig. 11a–c. In Fig. 11d, the results
of 8×8 unit-cells employing the modified model under pure
shear for ν = 0.49 are given. In Fig. 11 the bonds connecting
the particles are not visualised for clarity.

We observe that the results for the unit-cell employing the
modified model agrees exactly with the analytical solution,
because similar to the case of uniaxial tension, the analyti-
cal displacement field is a linear function of the position of
particles. With the modified bond model, the exact solution
was also observed for all the discretisations. However, for
the unit-cell employing the Born model the response of the

Fig. 14 Thin plate under pure bending

plate is stiffer in comparison with the analytical solution in
the range 0 < ν ≤ 1/3 and unstable for ν > 1/3. In order to
understand the reason for this behaviour, the plate is discre-
tised with one unit-cell employing the Born model and the
modified model respectively. The normalised eigenvalues of
the constrained stiffness matrix are plotted as function of ν

as shown in Fig. 12. For the stiffness matrix of an unit-cell
employing the Born model, we observe from Fig. 12 that the
eigenvalue λb5 decreases with increasing values of ν and also
becomes negative for ν > 0.4. The eigenform corresponding
to this eigenvalue is plotted as given as a quiver plot in Fig. 13.
However, as the plate is further discretised, the eigenvalues
of the unit-cells that are not located at the bottom edge of the
plate take on the form as previously shown in Fig. 6a for the
case of an unconstrained unit-cell stiffness matrix employ-
ing the Born model. This unconstrained stiffness matrix also
includes the contribution of rigid-body rotation and is unsta-
ble for values of ν > 1/3 for the case of plane stress.
Therefore, the upper limit on the Poisson’s ratio for the plate
constrained as shown in Fig. 10 is ν = 1/3 employing the
Born model. However, for the unit-cell employing the mod-
ified model, due to the coupling of shear strain energy of
neighbouring bonds, the eigenvalues remains positive for all
values of ν as shown in Fig. 12 for the constrained stiffness-
matrix and in Fig. 6b for the unconstrained stiffness matrix
respectively.

6.3 Pure bending

Next, a thin rectangular plate of length l = a = 0.5 [m],
height h = 2b = 0.125 [m] and thickness t = 0.01 [m]
under pure bending is considered. The plate is constrained
at two points in the y−direction and at one location in the
middle along x−direction as shown in Fig. 14. The applied
bending moment M = 2604.17 [Nm] at the sides is mod-
elled as a linearly varying load σ0 with opposite magnitude at
both corners. Following Timoshenko [20], the analytical dis-
placement fields are derived to be ue = (My/E I )(−x + lx

2 )

and ve = (M/2E I )(νy2 + x2 − xlx ), where I = th3/12
under plane stress conditions using the Airy’s stress function
assuming no body forces. For the derivation of the analytical
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Fig. 15 Deformed configuration
for ν = 0.49

solution, symmetry boundary conditions about the y−axis at
x = l/2 were applied and additionally the point at position
(x = 0, y = 0) was constrained along y-axis.

The test was performedwith four different discretisations:
8×2, 16×4, 32×8 and 64×16. Also, the effect of ν on the
accuracy has been checked by performing the test for three
different values of ν. The deformed configuration employing
theBorn model and themodifiedmodel for ν = 0.49 is given
in Fig. 15.

The displacement u at the left edge of the plate and the dis-
placement v of the axis of the plate employing theBornmodel
and the modified model are compared with the analytical
solution for the finest discretisation and for different Pois-
son’s ratio and are summarised in Fig. 16. From the results
we observe that regarding the Born model for ν = 0 and
ν = 0.3, the displacements u and v are much smaller in
comparison with that of the analytical solution. In the case
of pure bending, elements which are located faraway from
the boundary undergo rigid body rotations as well. Since
the Born model cannot distinguish between rigid-body rota-
tions and shear deformations, strain energy is also stored
for the rigid body rotation. As the rigid-body rotation eigen-
value takes on a maximum value at ν = 0 and approaches
zero at ν = 1/3 for the chosen unit-cell employing the
Born model, the response of the plate is much stiffer for
ν = 0 than for ν = 1/3. And for ν > 1/3 the results
are unstable since the eigenvalue takes a negative value and
hence the strain energy function is no longer positive def-
inite. We also observe from Fig. 17 regarding the unit-cell
employing the Born model, that the v displacement do not
converge to the analytical solution. This is due to the non-
zero eigenvalue of the rigid-body rotation eigenform. For
the unit-cell employing the modified bond model, the cou-
pling of the shear strain energy of the neighbouring bonds
allows the model to distinguish between rigid-body rota-
tions and shear deformations. Therefore, satisfactory results
are obtained employing this modified bond model and also
convergence to the analytical solution upon refinement is
observed.

7 Conclusion

Modelling of continuum isotropic elasticity with theDiscrete
Element Method is traditionally limited to a certain value of
Poisson’s ratio due to the bond model used. The modified
bond model presented in this paper for planar continuum
overcomes this limitation by introducing a multi-bond term
that couples the shear strain energy of neighbour bonds.
This term enables the modified bond model to distinguish
between rigid-body rotation and shear deformation. Two
bonds, namely the L-bond and X-bond that employ this pro-
posed coupling were introduced. The positive definiteness of
the strain energy function of the unit-cell employing themod-
ified bond model was ensured for values of Poisson’s ratio in
the range 0 ≤ ν < 0.5. The results obtained under uniaxial
tension, pure shear and pure bending were validated with the
continuum mechanics solution. Moreover, the agreement of
the numerical results with the continuum mechanics solu-
tion demonstrates the ability of the modified bond model to
describe the behaviour of an isotropic elastic material. The
concept of shear strain energy coupling of neighbour bonds
provides an approach that is based on simple bond models
to overcome the limitation of Poisson’s ratio within DEM.
The generalisation of this modified bond model for random
discretisation and for three-dimensions are under progress.
The implementation of this modified bond model within the
framework of the DEM for subsequent fracture analysis is
also to be carried out.
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(a) (b)

(c) (d)

(e) (f)

Fig. 16 Displacements u at the left edge of the plate (left) and v of the axis of the plate (right) employing the Born model and the modified model
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Fig. 17 Convergence of displacement v at position (x = l/2, y = 0) and v employing the Born model and the modified model for different
discretisations and ν
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Appendix A: Another possibility to reduce
the number of stiffness
parameters

In Sects. 2 and 3 it was supposed that the shear stiffness
parameters of the first and second neighbour bonds were
equal, that is, ks2 = ks1 , to reduce the number of independent
stiffness parameters to three. Now we show that the funda-
mental characteristics of the unit-cell employing the Born
model and the modified bond model remain true also when
we suppose that the normal stiffness of the first and second
neighbour unit-cell are equal, that is, kn2 = kn1 instead of
ks2 = ks1 , based on the positive definiteness of the strain

energy. As a consequence, the three independent stiffness
parameters of the unit-cell are now kn1, ks1and ks2 . Following
the procedure introduced in Sect. 4.1, the calibrated stiffness
parameters of the unit-cell employing theBornmodel and the
modified bond model for the case of plane stress and plane
strain are summarised in Table 4.

Similar to Sect. 4.3, the eigenvalues of this alternate unit-
cell stiffness matrix are calculated. The positive definiteness
of the strain energy is verified by plotting the eigenvalues
of stiffness matrix as a function of ν in Fig. 18 for plane
stress. All observations made in Sect. 4.3 hold true also for
this alternate unit-cell. Therefore, based on Fig. 18b we con-
clude that the modified bond model introduced in this work
alsoworks for other combinations of stiffness parameters and
overcomes the limitation of the Born model.

Appendix B: Stiffness matrix of the unit-cell
with Bornmodel

In the work of Griffiths [10], the stiffnessmatrix of a unit-cell
was obtained by assembling the stiffnessmatrix of individual
constituent bonds in a procedure that is similar to that of the
Finite Element Method (FEM). Here an alternative approach
of deriving the stiffness matrix from the strain energy of the
unit-cell is taken. The strain energy stored in a generic bond
in terms of the local displacement components was given
in Eq. (1). The local displacements of particles in a generic
bond oriented at an angle θ to the global coordinate system
can be written in terms of the global displacement with the
transformation matrix Q as ulo = Qugl ,

[
unA
vsA

]
=

[
cos θ sin θ

− sin θ cos θ

] [
uA

vA

]
and

[
unB
vsB

]
=

[
cos θ sin θ

− sin θ cos θ

] [
uB

vB

]
. (21)
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Table 4 Calibrated stiffness
parameters of square unit-cell
with kn2 = kn1

Bond model Type Stiffness parameters

Born kbn1 kbs1 kbs2
Plane stress E t

3 (1−ν)
E t (1−5ν)

3 (1+ν) (1−ν)
E t (1−2ν)

3 (1+ν) (1−ν)

Plane strain E t
3 (1+ν) (1−2ν)

E t (1−6ν)
3 (1+ν) (1−2ν)

E t (1−3ν)
3 (1+ν) (1−2ν)

Modified kmn1 kms1 kms2
Plane stress E t

3 (1−ν)
E t (1−5ν)

6 (1+ν) (1−ν)
E t (1−2ν)

6 (1+ν) (1−ν)

Plane strain E t
3 (1+ν) (1−2ν)

E t (1−6ν)
6 (1+ν) (1−2ν)

E t (1−3ν)
6 (1+ν) (1−2ν)

(a) (b)

Fig. 18 Variation of normalised eigenvalues of unconstrained unit-cell stiffness matrix with kn2 = kn1 as a function of ν for plane stress

With this transformation, the strain energy in a bond in terms
of the global particle displacements is given by

Πb = 1

2
kn (cos θ (uB − uA) + sin θ (vB − vA))2

+ 1

2
ks (cos θ (vB − vA) + sin θ (uA − uB))2 .

(22)

The strain energy of the unit-cell in terms of displacements
are obtained by summing up the strain energy of individ-
ual constituent bonds given in equation (22) by taking in to
account their orientation as

Πuc = Πb
(
θ = 0◦) + Πb

(
θ = 90◦)

+ Πb
(
θ = 180◦) + Πb(θ = 270◦)

+ Πb
(
θ = 45◦)

+ Πb
(
θ = 135◦) .

(23)

While summing up, the stiffness factor of individual bonds
have to be considered as well. The stiffness factor for bonds
with first neighbours is 1/2, since they are shared by two unit-
cells (periodicity). However, the stiffness factor for bonds
with second neighbours is 1 as they belong exclusively to
each unit-cell. By using the appropriate stiffness factors and

by substituting the orientation of individual bonds, the stiff-
ness matrix of the unit-cell is obtained by differentiating Eq.
(23) twice with respect to the appropriate global displace-
ment as

Kuc =

⎡

⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎣

K̂1

K̂2 K̂1

K̂3 0 K̂1

0 K̂5 −K̂2 K̂1

K̂4 −K̂2 K̂5 0 K̂1

−K̂2 K̂4 0 K̂3 K̂2 K̂1

K̂5 0 K̂4 K̂2 K̂3 0 K̂1

0 K̂3 K̂2 K̂4 0 K̂5 −K̂2 K̂1

⎤

⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎦

,

K̂1 = 1

2
kbn1 + 1

2
kbn2 + kbs1

K̂2 = 1

2
kbn2 − 1

2
kbs1

K̂3 = −1

2
kbn1
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K̂4 = −1

2
kbn2 − 1

2
kbs1

K̂5 = −1

2
kbs1 . (24)

Appendix C: Stiffness matrix of the unit-cell
with themodified bondmodel

For a generic L-bond as shown in Fig. 4a, the strain energy
stored in terms of the local displacements of the particles can
be written as

ΠABC = 1

2
kmn1

[(
unB − unA

)2 + (
unC − unB

)2]

+ 1

2
kms1

[
− (

vsB − vsA
) + (

vsC − vsB
) ]2

. (25)

With the transformation matrix Q and Eq. (22), the strain
energy is now given in terms of the global particle displace-
ments as
ΠABC = 1

2
kmn1

[
((cAB uB + sAB vB) − (cAB uA + sAB vA))2

+ ((cBC uC + sBC vC ) − (cBC uB + sBC vB))2
]

+ 1

2
kms1

[
− sBC (uC − uB)

+ cBC (vC−vB)+sAB (uB−uA) − cAB (vB − vA)
]2

(26)

where cAB = cos θAB , sAB = sin θAB , cBC = cos θBC and
sBC = sin θBC . The strain energy stored in the unit-cell made
up of L-bonds Πmod

uc1 is obtained by summing up the strain
energy of individual constituent L-bond as shown in Fig.
4b and in Eq. (10). Similarly the strain energy stored in the
unit-cell made up of X-bond is given in terms of the local
displacements as

Πmod
uc2 = 1

2
kmn2

[(
unC − unA

)2 + (
unD − unB

)2]

+ 1

2
kms1

[ (
vsC − vsA

) − (
vsD − vsB

) ]2
. (27)

Similar to L-bond, the local displacements are expressed in
terms of the global displacements with the transformation
matrix Q. After this, the strain energy stored in the unit-cell
with the modified bond model is given by

Πmod
uc = Πmod

uc1 + Πmod
uc2 . (28)

By differentiating the strain energy twice with respect to
the appropriate global displacements, the stiffness matrix is
given by

Fig. 19 Thin plate under uniform line load

Kmod
uc =

⎡

⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢
⎣

K̂1

K̂2 K̂1

K̂3 −K̂4 K̂1

K̂4 0 −K̂2 K̂1

K̂5 −K̂2 0 −K̂4 K̂1

−K̂2 K̂5 K̂4 K̂3 K̂2 K̂1

0 K̂4 K̂5 K̂2 K̂3 −K̂4 K̂1

−K̂4 K̂3 K̂2 K̂5 K̂4 0 −K̂2 K̂1

⎤

⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥
⎦

K̂1 = 1

2
kmn1 + 1

2
kmn2 + kms1

K̂2 = 1

2
kmn2 − 1

4
kms1

K̂3 = −1

2
kmn1 − 1

2
kms1

K̂4 = −3

4
kms1

K̂5 = −1

2
kmn2 − 1

2
kms1 . (29)

Appendix D: Incorporation of surface forces

Consider a thin plate under plane stress condition discretised
with one unit-cell loaded by a surface force σ yy as shown
in Fig. 19. The surface force is reduced to a line load FL by
integrating the surface load along the thickness t by

FL =
t/2∫

−t/2

σyy dz = σyy · t . (30)

The line load FL is then linearly interpolated between
the particles along the edge of the unit-cell using a linear
approach and is then integrated along the length of the unit-
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cell to obtain the vector of particle forces as

[
fCy

fDy

]
=

l∫

0

[
1 − x

l
x
l

]
[
1 − x

l
x
l

]
dx

[
FLC

FLD

]
. (31)

For the case of constantly distributed line load, that is, FLC =
FLC = FL , the particle forces reduces to

[
fCy

fDy

]
= FL · l

2

[
1
1

]
. (32)

Similarly, when the plate is discretised with more unit-cells,
the particle forces as calculated above are incorporated into
their corresponding position in the global force vector f dur-
ing assembly.
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