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Abstract A finite element vibration model of a multiple

wheel–rail system which consists of four wheels, one rail,

and a series of sleepers is established to address the

problem of rail corrugation in high-speed tracks. In the

model, the creep forces between the wheels and rail are

considered to be saturated and equal to the normal contact

forces times the friction coefficient. The oscillation of the

rail is coupled with that of wheels in the action of the

saturated creep forces. When the coupling is strong, self-

excited oscillation of the wheel–rail system occurs. The

self-excited vibration propensity of the model is analyzed

using the complex eigenvalue method. Results show that

there are strong propensities of unstable self-excited

vibrations whose frequencies are less than 1,200 Hz under

some conditions. Preventing wheels from slipping on rails

is an effective method for suppressing rail corrugation in

high-speed tracks.

Keywords Rail corrugation � Wear � Friction-induced
vibration � Self-excited vibration � Elastic vibration mode �
Wheel-rail system � High-speed railway

1 Introduction

The total mileage of Chinese high-speed railway has

exceeded 16,000 km since the Beijing–Tianjin high-speed

intercity railway line with an overall length of 120 km was

put into operation in 2008. With the operation speed of

high-speed trains arriving at 300–350 km/h, the operation

safety of trains has become a main concern to the railway

administrators and passengers. Rail corrugation and

polygonalization of high-speed railway wheels are two

emergent problems influencing the operation safety and

comfort of trains in the Chinese high-speed railway

industry. For instance, the Beijing–Shanghai high-speed

railway line has an overall length of 1,318 km, and was

first put into operation in 2011. After 2–3 months’ opera-

tion, rail corrugation occurred in some track sections.

Polygonalization of high-speed railway wheels was also

found to be serious after the high-speed trains were used

for 1–2 years. Rail corrugation and polygonalization of

high-speed railway wheels can not only lead to a poor

passenger ride comfort and a high environment noise level

but also decrease the service life of some key parts such as

wheelsets, bearings, and rails. Therefore, it is significant to

study the rail corrugation and polygonalization of high-

speed railway wheels in high-speed railway lines. This

paper mainly concerns the problem of rail corrugation.

Rail corrugation is an undulatory wear which occa-

sionally occurs on the rail rolling surface. The research

history of rail corrugation can be traced back to 1900s.

Since then, many researchers have made gigantic contri-

butions to the understanding of the generation mechanism

of rail corrugation. It is well known that the generation

mechanism of rail corrugation consists of both the material

damage and wavelength fixing mechanisms [1]. Several

sagacious concepts have been proposed in the literature,

which include the wear law of the frictional power causing

rail working surface wear [2], the feedback mechanism for

corrugation development [3], the contact filter [4], the

pinned–pinned resonance [5], and so on. Specifically,

Hempelmann et al. [2] studied rail corrugation, holding an
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opinion that rail working surface wear is dominated by the

wear law of the frictional power. Hempelmann and Knothe

[3] extended a linear model to study the short pitch cor-

rugation. Müller [6] studied rail corrugation from the

instability of the wheel–rail system. Igeland and Ilias [7]

studied rail corrugation from the viewpoint of non-linear

interaction between wheel and rail. Knothe and Ripke [8]

studied parameter sensitivity of rail corrugation. Andersson

and Johansson [9] studied rail corrugation using a three-

dimensional wheel–rail interaction model. Johansson and

Nielsen [10] studied the influence of powered wheelsets

with wheel tread irregularities on rail corrugation. Clark

[11] and Brockley [12] studied rail corrugation from the

viewpoint of stick–slip vibration of the wheel–rail system.

Wu and Thompson [13] attributed rail corrugation to the

micro-slip between wheel and rail. Xie and Iwnicki [14]

analyzed the railhead wear using a three-dimensional non-

Hertzian and non-steady contact model. Daniel and

Coworkers [15] discussed the effect of the wheel pass time

delay on rail corrugation. Matsumoto [16] and Suda [17] all

believed that rail corrugation was probably due to the

stick–slip vibration of the wheel–rail system. Sun and

Simson [18] studied rail corrugation using an integrated

model including rail surface roughness and stick–slip

vibration of the wheel–rail system. Jin [19] developed a

comprehensive three-dimensional train-track model to

study rail corrugation. Contributions from these researchers

constitute the theoretical groundwork of rail corrugation.

As concluded by Grassie [20], wear is a main material

damage mechanism of rail corrugation. Most of the above

investigations on rail corrugation were focused on the

wavelength fixing mechanism. Research [1, 21, 22] shows

that the wavelength fixing mechanism includes the P2

resonance of the interaction between wheel and rail, the

pinned–pinned resonance of tracks, the second torsional

resonance of driven axles, and the transient dynamic

interaction between wheel and rail due to initial rail surface

roughness. Among these proposed mechanisms, the tran-

sient dynamic interaction between wheel and rail is widely

accepted. Now, most simulation works on rail corrugation

are all based on this mechanism.

However, it should be noted that the existing rail corru-

gation knowledge cannot lead to a good solution to rail

corrugation other than rail grinding. Rail corrugation is

severer than ever before. In Chinese metro tracks, almost all

tracks whose curve radii are less than 350 m suffer from rail

corrugation. Rail corrugation in high-speed railway lines and

polygonalization of high-speed railway wheels are puzzling

the high-speed railway industry. We cannot predict where

rail corrugationwill occur in the design stage of a high-speed

railway line. We know that rail corrugation is inevitable in

tight curved tracks, but it is strange that most rail corruga-

tions usually occur on the low rail and seldom occur on the

high rail although there is no apparent difference between the

receptances of the low and the high rails. To date, it appears

that a satisfactory and objective explanation to the reason

why most rail corrugations occur on the low rail of tight

curved tracks cannot be available in the literature.

Severe and uncontrolled rail corrugation suggests that

there is still a need to study rail corrugation from a new

perspective. Recently, the authors proposed the viewpoint

that rail corrugation is caused by friction-induced vibration

of thewheel–rail system [23]. At the same time, Kurzeck and

Hecht [24] also proposed the similar viewpoint based on a

simple model with 3 degrees of freedom. In their works, the

material damage mechanism is wear and the wavelength

fixing mechanism is the friction-induced self-excited vibra-

tion of the wheel–rail system. Different from the second

torsional resonance of driven axles, the saturated creep force-

induced mode coupling between wheel and rail leads to self-

excited vibration of the wheel–rail system to create corru-

gation. From the new insight of friction-induced vibration

causing rail corrugation, one can objectively explain many

rail corrugation phenomena such as most rail corrugations

occurring on the low rail of tight curved tracks and little rail

corrugation occurring in the curved track whose radius is

larger than 600–700 m [25, 26].

In this paper, rail corrugation in high-speed tracks is

studied from the viewpoint of self-excited vibration of the

wheel–rail system causing corrugation. An elastic vibration

model of a multiple wheel–rail system is established for a

vehicle traveling on a high-speed track. It is found that

when the traction force or brake force is not well con-

trolled, the slip friction between the wheel and rail can lead

to self-excited vibration of the wheel–rail system to create

rail corrugation.

2 Self-excited vibration model of a multiple
wheel–rail system

2.1 Rail corrugation phenomena in high-speed

railway lines

Figure 1 shows a picture of rail corrugation in a high-speed

track [27]. Based on field investigations of rail corrugation

in high-speed tracks, the following corrugation phenomena

are found: (1) Rail corrugation in high-speed tracks most

probably occurs in curved tracks, and the smaller the curve

radius, the more easily rail corrugation takes place. (2)

There is an apparent difference between the rail corruga-

tion occurrence propensities in the train-up and train-down

directions. In one direction, train brake is applied and in the

other direction, no train brake is applied. Rail corrugation

most probably occurs in track sections where trains are

braked.
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2.2 Contact and friction forces acting on a wheel

The minimum radius of curved tracks in high-speed rail-

way lines is larger than 7,000 m. According to the authors’

investigation, rail corrugation seldom occurs in metro

tracks whose radii are larger than 600–700 m. As men-

tioned above, rail corrugation in high-speed tracks most

probably arises in the train brake section of tracks. Since

rails are exposed to rain, snow, and dust, the friction

coefficient between the wheel and rail is changed in a large

range. Based on these facts, the authors can reasonably

assume that the wheels slip on the rail in some brake

applications. In the present paper, the self-excited vibration

model of the wheel–rail system is based on this assump-

tion. Wheels are generally always kept in contact with the

rail when a vehicle travels on a track. According to the

vehicle system dynamics, the contact points between the

wheels and rail on a tangential track fall in the central area

of the rail top surface. The corresponding contact angles

are in the range of about 1–3�. The interaction forces

between the wheels and rail in this case is shown in Fig. 2.

The friction forces between the wheels and rail are along

the direction of rail. In Fig. 2, d is the contact angle; N is

the normal force; FL is the lateral creep force; w is the

vertical suspension force applied by the axle box; KRV and

KRL are vertical stiffness and lateral stiffness of the rail

fastener spring, respectively; CRV and CRL are vertical and

lateral damping coefficients of the rail fastener dampers,

respectively; KSV and KSL are vertical and lateral stiffness

of the sleeper support springs, respectively; and, CSV and

CSL are vertical and lateral damping coefficients of the

sleeper support dampers, respectively.

2.3 Finite element oscillation equations

of the multiple wheel–rail system

In the present work, the wheel–rail system consists of four

wheels, one rail, and a series of sleepers. The creep force

between the wheels and rail is considered to be saturated

and is approximately equal to the normal force times the

coefficient of friction. In the finite element oscillation

equations, the friction coupling between the wheel and rail

vibrations is very important for the occurrence of self-ex-

cited oscillation of the multiple wheel–rail system. The

friction force is expressed as follows:

Fwr;i ¼ �Frw;i ¼ lk uw;i � ur;i
� �

; ð1Þ

where Fwr;i and Frw;i are the friction force components

acting on the ith node of the wheel and its corresponding

ith node of the rail, respectively; l is the coefficient of

friction; k is the contact stiffness between the wheel and

Fig. 1 Rail corrugation in a high-speed track [27]
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Fig. 2 Position of the contact point between four wheels and rail
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rail; and, uw;i and ur;i are the displacements of the ith

contact points of the wheel and rail in the normal direction,

respectively. All components of the friction forces on the

contact surfaces can be written in matrix form as follows:

Fff ¼ Kffu; ð2Þ

where Fff is the friction force vector of all the contact

nodes, Kff is the contact stiffness matrix, and u is the

displacement vector of all nodes of the multiple wheel–rail

system. In the absence of friction between the sliding

surfaces, the motion equations of the wheel–rail system are

written as follows:

M €uþ C _uþ Ku ¼ 0; ð3Þ

where M, C, and K are respectively the mass, damping and

stiffness matrixes of the system; and they are all symmetric

matrices. Equation (3) is a stable system. In the presence of

friction, the friction coupling between the wheels and rail

cannot be ignored. The motion equations of the wheel–rail

system with friction coupling are rewritten as follows:

M €uþ C _uþ K � Kffð Þu ¼ 0: ð4Þ

The eigenvalue equation of Eq. (4) is

Mk2 þ kC þ K � Kffð Þ
� �

u ¼ 0; ð5Þ

where k is the eigenvalue, and u is the eigenvector.

The general solution of Eq. (4) is

uðtÞ ¼
X

ui expðkitÞ ¼
X

ui expððai þ jxiÞtÞ; ð6Þ

where t is time; ui is the ith eigenvector of Eq. (5);

ki ¼ ai þ jxi is the ith eigenvalue of Eq. (5), in which ai
and xi are the real and imaginary parts of the ith

eigenvalue, and j is the imaginary unit. From Eq. (6),

one can see that when a real part of eigenvalues is larger

than zero, the displacement will increase with time, and

the vibration displacements of the wheel–rail system will

become larger and larger. In this case, the wheel–rail

system becomes an unstable system. The self-excited

vibration governing equations of frictional systems are

composed of Eqs. (1–6). Generally, there are more than

one million displacement degrees of freedom in a mul-

tiple wheel–rail system. A simulation analysis of the

self-excited vibration of such a frictional system needs a

high-efficient computer and consumes much computa-

tional time. More recently, the self-excited vibration

theory of frictional systems has been accepted generally.

Both ABAQUS and ANSYS finite element software

packages provide a capability of analyzing the motion

stability and transient dynamics of frictional systems

[28]. The procedures of applying ABAQUS to evaluate

the self-excited vibration occurrence propensity of the

wheel–rail system are presented as follows:

(1) Contact non-linear analysis to extract contact forces

without friction.

(2) Contact non-linear analysis when the wheels are

imposed to slide on the rail to extract contact forces

with friction.

(3) Mode analysis to extract mode parameters when the

friction coupling is ignored.

(4) Complex eigenvalue analysis to extract unstable mode

parameters in the presence of friction coupling.

Figure 3 shows the finite element self-excited vibration

model of the wheel–rail system. In the model, the rail is

supported on a series of sleepers and the sleepers are

supported on a monolithic track bed. The connections

between the rail and sleepers and the connections between

the sleepers and the monolithic track bed comprise a group

of lateral springs and dampers, a group of vertical springs

and dampers, and a group of longitudinal springs and

dampers at each location of sleepers. The number of each

group of springs and dampers between the rail and sleepers

is the same as the number of the rail nodes on the contact

area between the rail and each sleeper. The number of each

group of springs and dampers between the sleepers and the

monolithic track bed is the same as the number of the

sleeper nodes on the contact area with the monolithic track

bed.

Both the self-excited vibration of the wheel–rail system

in the present paper and the traditional stick–slip vibration

of the wheel–rail system fall into the category of the fric-

tion-induced vibration, but there is also some difference

Fig. 3 Multiple wheel–rail model. a Overall layout. b Details
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between them. The generation mechanism of the former

vibration is attributed to the mode coupling induced by

friction, while the latter vibration is attributed to the neg-

ative friction-speed slope. The feedback energy of the self-

excited vibration of the wheel–rail system is provided by

the vibration displacement of the system, while the feed-

back energy of the traditional stick–slip vibration is pro-

vided by the vibration speed of the system.

2.4 Nominal parameters of the wheel–rail system

The Young’s modulus of both the wheel and rail materials is

E = 2.06 9 1011 N/m. The density of the wheel and rail

materials is q = 7,800 kg/m3. The Poisson’s ratio of both

the wheel and rail materials is m = 0.3. The contact angle is

d = 2.5�. The vertical force applied on the wheel is

w = 75,000 N. The wheel is 840 mm in nominal diameter.

The rail is the 60 kg/m type, and 46,000 mm in length. The

distance between two sleepers is 600 mm. The width of

sleepers is 160 mm. The coefficient of friction between

wheel and rail is l = 0.4. In the present work, the lateral

spring stiffness valueKRL of the rail fastener between the rail

and each sleeper is assumed to be a half of the vertical spring

stiffness valueKRV; specificallyKRV = 5.0 9 107 N/m, and

KRL = 2.5 9 107 N/m. The vertical and lateral damping

coefficients of each rail fastener are CRV = 5,000 Ns/m and

CRL = 5,200 Ns/m, respectively. The vertical and lateral

spring stiffness values between each sleeper and the mono-

lithic track bed areKSV = 8.9 9 107 N/m andKSL = 5.0 9

107 N/m, respectively. The vertical and lateral damping

values between each sleeper and themonolithic track bed are

CSV = 8.98 9 104 Ns/m and CSL = 4.0 9 104 Ns/m,

respectively.

3 Results

3.1 Unstable vibration characteristics of the wheel–

rail system

Rail corrugation is generally attributed to the vibration with

a frequency in the range from 20 to 1,200 Hz. Therefore,

the simulation results are restricted to this frequency range.

The effective damping ratio is a useful parameter for

measuring the occurrence tendency of self-excited vibra-

tion. The larger the absolute value of the effective damping

ratio, the more easily the corresponding vibration becomes

unstable. The effective damping ratio is defined as

f ¼ �2ReðkÞ= ImðkÞj j, where ReðkÞ is the positive real part
of the eigenvalue k, and ImðkÞj j is the absolute value of the
corresponding imaginary part of k. Figure 4 demonstrates

unstable vibration characteristics of the wheel–rail system

in a frequency range from 20 to 1,200 Hz. From this figure,

we can see that in the prescribed frequency range, there are

two unstable vibration modes, in which the wheel vibrates

on the rail in the lateral direction. Since the effective

damping ratio corresponding to the unstable vibration of

508.89 Hz is much larger than that corresponding to the

unstable vibration of 331.44 Hz, the unstable vibration of

508.89 Hz takes place more easily. It needs to be noted that

the unstable vibration of 508.89 Hz is very close to the

measured vibration frequency of corrugated rail, which is

about 533.26 Hz [27].

3.2 Influence of friction coefficient on rail

corrugation

Figure 5 demonstrates the change of the effective damping

ratio of unstable vibration with the friction coefficient.

From this figure, it is seen that when the friction coefficient

between the wheels and rail is less than 0.28, there is no

unstable vibration, which suggests that no rail corrugation

arises. We can also see that with the increasing of friction

coefficient, the effective damping ratio is decreased, which

suggests that rail corrugation takes place more easily in

case of larger friction coefficient.

Fig. 4 Mode shapes of unstable vibrations of the wheel–rail system.

a Unstable vibration frequency fR = 331.44 Hz and corresponding

effective damping ratio n = -0.001. b fR = 508.89 Hz and

n = -0.0094
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3.3 Influence of rail fastener stiffness on rail

corrugation

Rail fastener stiffness is the connection stiffness between

the rail and each sleeper. The rail is supported on sleepers

by a series of rail fasteners. Figure 6 demonstrates the

change of the effective damping ratio of unstable vibration

with the vertical rail fastener stiffness. From Fig. 6, it is

seen that with the decreasing of the vertical rail fastener

stiffness, the effective damping ratio is decreased. There-

fore, decreasing the vertical rail fastener stiffness will

deteriorate rail corrugation.

In some cases, the lateral rail fastener stiffness is not

equal to a half of the vertical rail fastener stiffness. Fig-

ure 7 shows the change of the effective damping ratio with

the lateral rail fastener stiffness. We can see that the

effective damping ratio increases with the lateral rail fas-

tener stiffness but the magnitude of change is small when

the lateral rail fastener stiffness is in the range of

(0.2–10)KRL.

3.4 Influence of rail fastener damping on rail

corrugation

Now we study the influence of rail fastener damping on rail

corrugation from the viewpoint of self-excited vibration of

the wheel–rail system. Figure 8 shows the change of the

effective damping ratio of the wheel–rail system with the

rail fastener damping. As can be observed, when the rail

fastener damping coefficient is six times the nominal rail

fastener damping coefficient CRV, the absolute value of the

effective damping ratio achieves its minimum value, which

suggests that the rail corrugation can be suppressed as

largely as possible in this case. When the rail fastener
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damping coefficient increase to 10–50 times the nominal

rail fastener damping coefficient CRV, the effective

damping ratio is close to each other, implying that a larger

vertical rail fastener damping coefficient can alleviate rail

corrugation.

Figure 9 shows the change of the effective damping

ratio with the lateral rail fastener damping coefficient. It is

found that when the lateral rail fastener damping coeffi-

cient is in the range of 1–100 times the nominal lateral rail

fastener damping coefficient CRL, the effective damping

ratio only has a small change, implying that the lateral rail

fastener damping coefficient has a little influence on rail

corrugation.

4 Discussion

From the above simulation results, it is found that when

wheels slip on the rail and the friction coefficient between

the wheel and rail is large enough, unstable vibration of the

wheel–rail system will occur, signifying that rail corruga-

tion will arise. Therefore, the effective method for con-

trolling and suppressing rail corrugation in high-speed

tracks is to prevent wheels slipping on rails. If the wheel

does not slip on the rail, self-excited vibration of the

wheel–rail system will not take place. Thus, rail corruga-

tion will not occur. The present result explains why rail

corrugation most probably takes place in train brake sec-

tions of tracks. This is because the wheel is easy to slip on

the rail due to a low coefficient of friction when a train is

braked at a high speed. This result can also be used to

explain why most of rails in high-speed tracks are not

subjected to corrugation, where wheel slipping on rail

rarely takes place.

5 Conclusions

In this paper, a numerical study on rail corrugation in high-

speed railway lines is performed from the viewpoint of

friction-induced self-excited vibration causing rail corru-

gation. The following conclusions can be drawn.

(1) When a wheel slip on a rail, the friction force can

induce unstable vibration of the wheel–rail system.

This unstable vibration leads to rail corrugation.

Numerical simulation reveals that unstable vibration

of frequency 508.89 Hz most probably takes place.

(2) Preventing wheels from slipping on rails is an

effective method for suppressing rail corrugation.

(3) With vertical rail fastener stiffness increasing, the

occurrence propensity of rail corrugation will

decrease.
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