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Abstract Predicting and estimating the response of sub-

way tunnel to adjacent excavation of foundation pit is a

research focus in the field of underground engineering.

Based on the principle of two-stage method and incre-

mental method, an analytic approach is suggested in this

paper to solve this problem in an accurate and rapid way,

and the upheavals of tunnel due to adjacent excavation are

solved by analytic method. Besides, the presented method

is used in the practical engineering case of Shenzhen Metro

Line 11 and verified by numerical simulation and in situ

measurement. Finally, a parametric analysis is performed

to investigate the influence of different factors on tunnel’s

deflection. Some useful conclusions have been drawn from

the research as below: The deflection results of tunnel

obtained from analytic method are nearly consistent with

the results getting from numerical analysis and measured

data, which verified the accuracy and rationality of pre-

sented method. The excavation size has a significant

impact on both the displacement values and influenced

range of tunnel. However, the relative distance only

impacts the displacement values of tunnel, but not the

influenced range of tunnel. It may provide certain reference

to analyze the deflection of subway tunnel influenced by

adjacent excavation.

Keywords Subway tunnel � Upheaval deflection �
Excavation of foundation pit � Two-Stage Method �
Parametric analysis

1 Introduction

With the rapid development of urban underground space,

more and more excavations adjacent to underground space

are constructed, in which the soil unloading due to adjacent

excavations will lead to an uplift of underlying tunnels. As

a life line of the city transport, the criterion of allowable

deflection of subway tunnels is very strict. According to the

design code of building foundation in China, the uplift of

existing subway tunnels cannot be bigger than 10.0 mm,

while the deflection radius cannot be less than 15,000.0 m.

A typical case to damage a tunnel in the Pachiao line due to

nearby excavations in Taipei caused a big loss [1].

Therefore, effectively predicting the tunnel deflection in

such cases is very important in order to reduce the risk and

has recently become a big concern in underground

constructions.

Many cases of interaction behavior between excavations

and existing tunnels have been studied using numerical

modeling and analytical studies. For example, Dolezalova

[2] used a 2D numerical model to analyze the deformation

of a tunnel underlying a deep-open excavation. Gao et al.

[3] investigated the influence of excavations on a nearby

road tunnel using 3D FEM. Hu et al. [4] used FEM to

investigate the deformation of subway tunnels due to

adjacent pit excavations. The numerical modeling is pow-

erful to deal with the pit excavation steps and can consider

nonlinear interactions between tunnels and surrounding

soil. However, the reliability of the modeling result

depends greatly on the constitutive model and hypothetic

material parameters.

In general, the analytical method allows a convenient and

rapid approach to estimate the tunnel deflection for engi-

neers. Ji et al. [5] presented a simple analytical method,

which is called residual stress method (RSM), to analyze the
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tunnel displacement induced by adjacent excavations, but it

cannot consider the effect of tunnel stiffness. Zhang et al. [6]

proposed a two-stage method based on elasticity theory to

examine the influence of adjacent pit excavations on existing

tunnels. First, the elasticity solution is used to compute the

soil stress due to adjacent excavations. By simplifying the

existing tunnel as a continuous foundation beam, an ana-

lytical formula can be derived to solve the tunnel deflection.

The two-stage method has been verified in actual projects

and recently attracts a growing research attention, particu-

larly in the deformation prediction for tunnels and pipelines

due to adjacent pit excavations [7, 8]. However, the two-

stage method has some problems which deserve further

studies. First, most studies focused on the vertical load

released from the bottom of pits and no horizontal released

load from the sidewalls of the pits is considered. The influ-

ence of support structures of pits such as retaining walls and

lateral braces is often neglected. Second, in simulating the

interaction between tunnels and surrounding soil, the tradi-

tional Winkler’ foundation model using a series of separate

spring elements to reflect the soil is usually adopted in most

studies. Although theWinkler’ foundationmodel has its own

advantages, it is unable to consider the soil continuity so that

the tunnel deflection cannot be obtained accurately.

Based on the principle of two-stage method, this study

aims to predict the tunnel deflection due to adjacent pit

excavations more accurately and rapidly. First, the

unloading soil stress due to adjacent excavations is com-

puted based on the Mindlin’ elastic theory. By taking

account of support structures, the incremental method is

adopted to analyze the interaction between the support

structure and soil. Second, the governing differential

equation for the tunnel is established by assuming the

tunnel being a continuous beam on Pasternak’ foundation.

Then the differential equation is derived to obtain the

analytical solution. Moreover, the proposed method is

applied to a project case to study the deflection pattern of

adjacent double-hole tunnels. The analytical result is

compared with numerical modeling and monitoring results

to examine the reliability of the proposed method. Finally,

a parametric study was also performed to examine major

influential factors on the tunnel deflection including the pit

excavation size and relative distance between the tunnels

and the excavation.

2 Derivation of the analytical solution

A deep pit excavation above a tunnel breaks the mechan-

ical balance and generates a released load from the pit. The

released load then causes a stress redistribution and

deformation surrounding the tunnel.

2.1 Establishment of the analytical model

The analytical model for deriving the deflection of an

existing tunnel due to an adjacent pit excavation is shown

in Fig. 1. A 3D-Cartesian coordinate system is established

at the center of foundation pit. The pit excavation is B, L,

and H, in width, length, and height, respectively.

As shown in Fig. 1, there are five stress unloading faces

after the pit excavation, i.e., one bottom face numbered as

ff and four sidewall faces numbered as �, `, ´, and ˆ,

respectively. The coordinate scope of those unloading

faces, which are denoted by C0, C1, C2, C3 and C4,

respectively, are listed as

C0 : x 2 ð�B=2�B=2Þ; y 2 ð�L=2� L=2Þ; z ¼ H;

C1 : x ¼ �B=2; y 2 ð�L=2� L=2Þ; z 2 ð0�HÞ;
C2 : x ¼ B=2; y 2 ð�L=2� L=2Þ; z 2 ð0�HÞ;
C3 : x 2 ð�B=2�B=2Þ; y ¼ �L=2; z 2 ð0�HÞ;
C4 : x 2 ð�B=2�B=2Þ; y ¼ L=2; z 2 ð0�HÞ:

9
>>>>>>=

>>>>>>;

ð1Þ

Assumptions are made for the analysis as follows: (1)

the soil is assumed to be a homogenous and elastic solid

medium; (2) the underlying tunnel is assumed to be an

Euler–Bernoulli beam, and the deflection between the
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Fig. 1 Sketch of analytical model. a Front view. b Plan view
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tunnel and surrounding soil is compatible; and (3) the

tunnel is much longer comparing to the tunnel diameter,

the influence of tunnel cross section is ignored.

2.2 Equivalent released load on the tunnel due

to the excavation

The tunnel deflection is caused by the released load in

vertical direction as being discussed in Sect. 3. As men-

tioned previously, the release load comes not only from the

vertical unloading at the pit bottom, but also from the

horizontal unloading and contribution of support structures

on the pit sidewalls.

2.2.1 Equivalent released load caused by the vertical

unloading at the pit bottom

Before excavation, there is a vertical stress distributing at

the pit bottom, which can be calculated as cH, where c is

the unit weight of soil. Obviously, the excavation load

acting on the pit bottom P in the opposite direction is equal

to cH.

By employing Mindlin’ solution [9], the vertical stress

at the tunnel (i.e., the equivalent released load on the

tunnel) should be

rð0Þz ðx0; y; z0Þ

¼
ZZ

C0

P

8p
t1 �

z0 � H

R3
1

� z0 � H

R3
2

� �

þ t2 �
3z0ðz0 þ HÞ2

R5
2

(

þ t3
3ðz0 � HÞ3

R5
1

� 3Hðz0 þ HÞð5z0 � HÞ
R5
2

"

þ 30Hz0ðz0 þ HÞ3

R7
2

# )

de dg; ð2Þ

where rð0Þz ðx0; y; z0Þ is the vertical stress at the tunnel with

coordinates of (x0, y, z0); t is the Poisson’s ratio of soil; t1,
t2, and t3 are constants given by t1 = (1-2t)/(1-t),
t2 = (3-4t)/(1-t), and t3 = 1/(1-t), respectively;

variables R1 and R2 are

R1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx� eÞ2 þ ðy� gÞ2 þ ðz� HÞ2
q

;

R2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx� eÞ2 þ ðy� gÞ2 þ ðzþ HÞ2
q

;

9
>=

>;
ð3Þ

where ðe; g;HÞ is the coordinates of points at the bottom of

the pit.

2.2.2 Equivalent released load caused by horizontal

unloading and supports on the pit sidewalls

The horizontal unloading on the sidewalls of the pit

depends on the interaction of the soil with the retaining

walls and lateral braces. The incremental method can be

adopted to analyze the support effect on the sidewalls of

the pit, using the computational model as shown in Fig. 2.

Before excavation as shown in Fig. 2a, the soil pressure

at the retaining wall can be computed as K0cH, where K0 is

the lateral pressure coefficient.

The excavation of the pit is usually from top to bottom

in several steps and the depth of each step is hi. According

to the theory of incremental method [10, 11], there will be

three parts of incremental loads acting on the retaining wall

at each step including the incremental soil load, the

incremental spring load, and the support prestressing load.

(1) The incremental soil load DqðnÞ which is induced by

the previous step excavation, can be expressed as

DqðnÞ ¼ cðz� hðn�1ÞÞK0 ðhðn�1Þ � z� hðnÞÞ
cðhðnÞ � hðn�1ÞÞK0 ðz� hðnÞÞ ;

�

ð4Þ

where the superscript n denotes the step n, h(n-1), and

h(n) are the excavation depths at the previous step and

current step, respectively. The load DqðnÞ can be

converted to a load vector DqðnÞ using one-dimen-

sional finite element modeling.

(2) The incremental spring load f(n), which is induced by

the current step excavation (equivalent to elimination

of the springs), can be expressed as,

f ðnÞ ¼ K
ðnÞ
s1 � Ddðn�1Þ; ð5Þ

where K
ðnÞ
s1 is the stiffness matrix of eliminated

springs at the current step, and Ddðn�1Þ is the dis-

placement of retaining wall at the previous step.

(3) The support prestressing load TðnÞ is induced by the

prestressing force being applied to the lateral braces.

The three parts of the incremental load above are applied

to the retaining wall, lateral braces, and remaining springs.

Therefore, the finite element equation can be expressed as

ðKðnÞ
s2 þ KðnÞ

r þ K
ðn�1Þ
b Þ � DdðnÞ ¼ DqðnÞ0 þ f ðnÞ þ TðnÞ; ð6Þ

where K
ðnÞ
s2 , K

ðnÞ
r , and K

ðn�1Þ
b are the stiffness matrix of

remaining springs at current step, the stiffness matrix of

retaining wall at current step, and the stiffness matrix of

lateral braces at previous step, respectively.

Since Eq. (6) is so complicated to solve theoretically, a

computing program has been developed based on the finite
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element theory in order to solve Eq. (6). Once the pit is

excavated up to the pit bottom, the final displacement of

the retaining wall can be calculated as

d ¼
XNs

n¼1

DdðnÞ; ð7Þ

where Ns is number of excavation steps.

The horizontal released load of soil mass on the sidewall

of the pit, Qs, can be calculated as

Qs ¼
XNs

n¼1

DqðnÞ: ð8Þ

Due to the interaction of the retaining wall and soil, the

horizontal support force provided by the retaining wall, Qr,

can be calculated as

Qr ¼ KðNsÞ
r � d: ð9Þ

Similarly, the horizontal support force provided by the

ith lateral brace, Qbi, can be calculated as

Qbi ¼ EiAidi ; ð10Þ

where EiAi is stiffness of the ith lateral brace, and di is
horizontal displacement of the ith lateral brace.

The vectors Qs and Qr can be fitted as a continuous

function of Qs and Qr using the spline function fitting

method. Based on the above, the horizontal released load

and horizontal support force of retaining wall, Qrs, can be

expressed as

Qrs ¼ Qs þ Qr: ð11Þ

Based on the Mindlin’ solution, the vertical stress at the

tunnel level induced by both horizontal released load and

horizontal support force of retaining wall on sidewall � of

the pit, rð1Þzsr , can be integrated as

rð1Þzsr ðx0; y; z0Þ ¼
ZZ

C1

Qrsðx0 � eÞ
8p

� t1 �
�1

R3
1

þ 1

R3
2

� 6nðz0 þ HÞ
R5
2

� �

þ 3t2 �
ðz0 þ HÞ2

R5
2

(

þ t3
3ðz0 � HÞ2

R5
1

� 6n2

R5
2

� 30nz0ðz0 þ HÞ2

R7
2

" #)

dg dn;

ð12Þ

where n is the Z-coordinates of points on the pit sidewalls.

Similarly, the vertical stress at the tunnel level induced

by horizontal force of lateral braces on the sidewall � of

the pit, rð1Þzb , can be expressed as

Zone of earth 
pressure at rest 

Zone of earth 
pressure at rest 

K0γ z K0γ z

(a)

(b)
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(2)
s2K
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Δq (1)
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Fig. 2 Computational model. a Before excavation. b Excavation of

the first bench. c Excavation of the second bench
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rð1Þzb ðx0; y; z0Þ ¼
XNb

i¼1

Qbiðx0 � eiÞ
8p

� t1 �
�1

R3
1i

þ 1

R3
2i

� 6nðz0 þ HÞ
R5
2i

� ��

þ 3t2 �
ðz0 þ HÞ2

R5
2i

þ t3 �
3ðz0 � HÞ2

R5
1i

"

� 6n2

R5
2i

� 30nz0ðz0 þ HÞ2

R7
2i

#)

; ð13Þ

where Nb is number of lateral braces located at sidewall �;

Variables R1i and R2i are

R1i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx� eiÞ2 þ ðy� giÞ2 þ ðz� niÞ2
q

;

R2i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx� eiÞ2 þ ðy� giÞ2 þ ðzþ niÞ2
q

;

9
>=

>;
ð14Þ

where ðei; gi; niÞ is the coordinates of lateral braces on the

sidewall of the pit.

Therefore, the equivalent released load on the tunnel

axis induced by the horizontal released load and horizontal

support force (including retaining walls and lateral braces)

on the sidewall �, rð1Þz ðx0; y; z0Þ, can be superimposed as

rð1Þz ðx0; y; z0Þ ¼ rð1Þzsr ðx0; y; z0Þ þ rð1Þzb ðx0; y; z0Þ: ð15Þ

Similarly, the equivalent released load on the tunnel axis

induced by the horizontal released load and horizontal

support force on the sidewalls `, ´, and ˆ can be derived

as rð2Þz ðx0; y; z0Þ, rð3Þz ðx0; y; z0Þ, and rð4Þz ðx0; y; z0Þ;
respectively.

Based on the superposition principle, the equivalent

released load at the tunnel level, rzðx0; y; z0Þ, can be

obtained from

rzðx0; y; z0Þ ¼
X4

i¼0

rðiÞz ðx0; y; z0Þ: ð16Þ

2.3 Tunnel uplift due to the pit excavation

The unloading due to the pit excavation causes uplift

w(y) in the longitudinal direction of the existing tunnel

below the pit, as shown in Fig. 3a.

In order to estimate the response of the existing tunnel to

the equivalent released load, the tunnel is assumed to be a

continuous and slender beam on an elastic foundation. To

obtain a more accurate and rational result, an elastic

Pasternak foundation model is adopted to simulate the

interaction between the tunnel and surrounding soil as

shown in Fig. 3b. The Pasternak foundation is improved

from the traditional Winkler foundation by adding a layer

of shear units on the foundation [12]. It can not only reflect

the elastic deflection of the tunnel, but also embody the

continuity of the soil.

2.3.1 Differential equations of equilibrium

As shown in Fig. 4, the external loads acting on the tunnel

include two parts: one is the load q(y) coming from the

equivalent released load, which can be expressed as

qðyÞ ¼ D � rzðx0; y; z0Þ; ð17Þ

where D is the tunnel diameter.

The other is the interaction load p(y) coming from the

shear units and spring units in the Pasternak model, which

can be expressed as

pðyÞ ¼ G
d2wðyÞ
dy2

� KwðyÞ; ð18Þ

where G is the foundation shear modulus, K is the bulk

modulus, and w(y) is the uplift along the tunnel axis.

To obtain the equilibrium differential equation subjected

to the external loads on the Pasternak’ foundation, the

balance mechanism of a beam unit can be described as

shown in Fig. 5.

The force balance condition of RY = 0 for the beam unit

can be written as

Q� ðQþ dQÞ þ qðyÞdy� pðyÞdy ¼ 0; ð19Þ

where Q is the shearing force of Z-axis direction.

Equation (19) can be simplified as

dQ

dy
¼ qðyÞ � pðyÞ: ð20Þ

o x
Points on the exiting 

tunnel' longitudinal axis

Upheaval deflection 
of exiting tunnel w(y)

(a)

q(y)
Existing tunnel

Layer of 
shear unitsLayer of 

spring units

(b)

Fig. 3 Uplift of the existing tunnel in longitudinal axis (a) and

Pasternak’s foundation model (b)
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The force balance condition of RM = 0 for the beam

unit can be written as

M � ðM þ dMÞ þ ðQþ dQÞdyþ qðyÞ ðdyÞ
2

2
� pðyÞ ðdyÞ

2

2
¼ 0;

ð21Þ

where M is the bending moments of Y-axis direction.

Given that the second trace can be omitted, Eq. (21) is

simplified as

Q ¼ dM

dy
: ð22Þ

Taking the derivative of Eq. (22) to get an expression as

dQ

dy
¼ d2M

dy2
; ð23Þ

according to Eqs. (20) and (23), a relationship can be

obtained as

d2M

dy2
¼ qðyÞ � pðyÞ: ð24Þ

By substituting Eqs. (17) and (18) into Eq. (24), we

obtain the displacement balance equation as follows:

d2M

dy2
� G

d2wðyÞ
dy2

þ KwðyÞ ¼ Drzðx0; y; z0Þ: ð25Þ

Based on the material mechanics theory, the relationship

between bending moment and displacement of the

continuous beam can be expressed as

d2M

dy2
¼ EI

d4wðyÞ
dy4

; ð26Þ

where EI is the longitudinal bending stiffness of the tunnel.

By substituting Eq. (26) into Eq. (25), the differential

equations of equilibrium for the uplift of the tunnel can be

obtained as

d4wðyÞ
dy4

� GD

EI

d2wðyÞ
dy2

þ DK

EI
wðyÞ ¼ qðyÞ

EI
: ð27Þ

2.3.2 The solution of the differential equation

From Eq. (27), a fourth-order homogeneous differential

equation corresponding to Eq. (27) can be written as

d4wðyÞ
dy4

� GD

EI

d2wðyÞ
dy2

þ DK

EI
wðyÞ ¼ 0: ð28Þ

The characteristic equation of Eq. (28) is

r4 � GD

EI
r2 þ KD

EI
¼ 0: ð29Þ

The general solutions of Eq. (29) depend on D which

can be expressed as

D ¼ GD

EI

� �2

� 4KD

EI
: ð30Þ

(1) When D[ 0, the solutions of Eq. (29) are

r1;2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GDþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðGDÞ2 � 4kDEI

q

2EI

v
u
u
t

¼ �a; ð31Þ

r3;4 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GD�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðGDÞ2 � 4kDEI

q

2EI

v
u
u
t

¼ �b: ð32Þ

The general solution of Eq. (28) can be written as

wðyÞ ¼ A1e
ay þ A2e

�ay þ B1e
by � B1e

by: ð33Þ

(2) When D = 0, the solutions of Eq. (29) are

r1;2 ¼
ffiffiffiffiffiffiffiffi
GD

2EI

r

¼ a; r3;4 ¼ �
ffiffiffiffiffiffiffiffi
GD

2EI

r

¼ �a: ð34Þ

The general solution of Eq. (28) can be written as

wðyÞ ¼ ðA1 þ A2Þeay þ ðB1 þ B2Þeby: ð35Þ

(3) When D\ 0, the solutions of Eq. (29) are

r1;2;3;4 ¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KD

4EI

r

þGD

4EI

s

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KD

4EI

r

�GD

4EI

s

� i

¼�a�b: ð36Þ

The general solution of Eq. (28) can be written as

z

y

o

q(y)

p(y)dy
y

l

Fig. 4 External loads acting on the tunnel

M+dM

Q

M

Q+dQ

q(y)dy

p(y)dy

Fig. 5 The balance mechanism of a beam unit
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wðyÞ ¼ ½A1 cosðbyÞ þ A2 sinðbyÞ	 � eay

þ ½B1 cosðbyÞ þ B2 sinðbyÞ	 � e�ay: ð37Þ

Assuming that there is a concentrated load acting on the

tunnel, when y tends to be infinity, the value of w(y) will

tend to be zero, so, the expression of w(y) can be simplified

as,

wðyÞ ¼
A1e

�ay þ A2e
�by D[ 0;

ðA1 þ A2yÞe�ay D ¼ 0;
½A1 cosðbyÞ þ A2 sinðbyÞ	e�ay D\0:

8
<

:
ð38Þ

The continuously distributed load q(y) is divided into

many concentrate loads q(y)dy on segments of the tunnel.

Then the boundary condition of the segment can be

expressed as

dwðyÞ
dy

¼ 0;

EI
d2wðyÞ
dy2

¼ qðyÞdy
2

:

9
>>=

>>;

ð39Þ

According to the general solution Eq. (38) and boundary

condition Eq. (39), the uplift of the tunnel induced by a

concentrated load of qðgÞdg can be derived as

Using the integration method, the uplift of the tunnel

induced by the pit excavation can be obtained from

Eq. (40) as

wðyÞ ¼
Z1

�1

dwðyÞdg: ð41Þ

3 A case study for validation

The approach described above is applied to an actual

project case, and the analytical result is compared with the

results obtained from numerical modeling and monitoring

for validating the approach.

3.1 Background of the project

The net horizontal distance between the double-hole sub-

way tunnels is 12.0 m. The outside diameter of the subway

tunnel is 6.2 m and the thickness of tunnel lining is 0.35 m.

The net vertical distance from the bottom of open-cut pit to

the crown of the tunnels is 11.5 m. The net horizontal

distance between the pit center and the right subway tunnel

is 6.9 m.

The soil encountered in the project consists of saturated

cohesive sandy and gravelly clay. The geotechnical prop-

erties are listed in Table 1, where c is the cohesive force of

soil, u the friction angle of soil, and Es the compression

modulus of soil layer.

The open-cut pit is supported by retaining walls and

lateral braces where the retaining walls are constructed

from bored piles and the lateral braces use steel pipes.

3.2 Analytical calculation

A theoretical analysis is carried out to calculate the uplift

of the tunnel using the analytical solution presented above.

The calculation parameters employed in the analytical

calculation is determined as follows.

3.2.1 Soil parameters

The layered soils are combined as a homogenous soil layer.

The soil density c and Poisson’s ratio t are from the

Table 1 Geotechnical properties

Soil name H (m) c (kN/m3) c (kPa) u(�) Es (MPa) t

Backfill 2.1 19.0 12 18.0 17.0 0.4

Sandy clay 5.2 18.5 18 0.0 24 0.3

Gravelly clay 16.8 19.5 22 20.0 22 0.3

Weathered

red granite

15.0 22.0 30 35.0 41.38 0.3

dwðyÞ ¼

qðgÞD
2EIabðb2 � a2Þ

ðbe�a y�gj j � ae�b y�gj jÞdg D[ 0;

qðgÞD
4EIa3

ð1þ a y� gj jÞe�a y�gj jdg D ¼ 0;

qðgÞD
4EIabða2 þ b2Þ

e�a y�gj j½b cosðb y� gj jÞ þ a sinða y� gj jÞ	dg D\0:

8
>>>>>>>>>>><

>>>>>>>>>>>:

ð40Þ
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weighted average of ci and ti of layered soils. The elastic

modulus of E is determined according to the compress-

ibility modulus from the following formula [13] as

E ¼ E

s ð1þ tÞð1� 2tÞ

ð1� tÞ ; ð42Þ

where Es
* is the weighted average of compressibility

modulus of layered soils.

(2) Foundation parameters.

The Simply Elastic Space Method proposed by Kerr

[14] is employed to determine the foundation parameters of

K and G from the following formula

K ¼ E=H0; G ¼ GH0

3
¼ E

2ð1þ tÞ �
H0

3
; ð43Þ

where H0 is the thickness of the foundation soil, and can be

calculated by H0 = 6D according to Zhang [7].

(3) Longitudinal bending stiffness of the tunnels.

The subway tunnel constructed by the shield-driven

method is assembled by segment rings which are connected

with high-strength bolts. Thus, the longitudinal bending

stiffness of the subway tunnel can be considered as a

stiffness reduced from a tubular structure and expressed as

EI ¼ gEcIc; ð44Þ

where g (between 1/5 and 1/7) is the equivalent reduction

coefficient of tunnel’ bending stiffness [15], Ec is the

modulus of reinforced concrete, and Ic is the inertia

moment of the tunnel. Based on the above, an analytical

result is obtained as shown in Fig. 7.

3.3 Numerical modeling

A 3D numerical modeling for the soil-structure interaction

is conducted. Figure 6 is the computational model. The

model consists of 34,410 nodes and 31,350 elements.

To be comparable with the analytical solution, the

elastic constitutive model is used to simulate the soil. The

shell element is used to simulate the tunnel concrete lining

that is classified as grade C55, and the beam element is

used to simulate the support structure including bored piles

of retaining wall and steel pipes of lateral braces.

The material properties are summarized in Table 2,

where Ks is the bulk modulus of the soil, u is the lateral

pressure coefficient of the soil, Ip is the sectional moment

of inertia, and As is the cross-sectional area of the support

structures.

3.4 Results comparison

During the pit construction, the uplift of the existing sub-

way tunnels is monitored. Figure 7 shows the comparison

of the analytical solution with the numerical modeling and

monitoring results.

From Fig. 7, it can be seen that the analytical solution

agrees well with the numerical modeling and monitoring

result, which in turn validated the analytical solution pro-

posed in this study. The maximum uplift occurs at the pit

center, and the uplift of the right-line tunnel is bigger than

that of the left-line tunnel. It is demonstrated that the closer

the tunnel is to the pit, the greater the disturbance of

excavation on the adjacent tunnel.

By adopting the common uplift criterion of 0.50 mm, it

can be seen from Fig. 7 that the influence of the pit

Table 2 Material parameters

Soil c (kg�m-3) Ks (GPa) t u

1,930.0 0.7 0.3 2.1

Tunnel lining Q (kg�m-3) E (GPa) t EI (KN�m2) g

2,500.0 34.5 0.2 2.8 9 107 1.7 9 10-1

Bored piles supporting c (kg�m-3) E (GPa) t Ip (m
3) As (m

2)

2,400.0 30.0 0.2 4.9 9 10-2 0.8

Steel pipe supporting c (kg�m-3) E (GPa) t Ip (m
3) As (m

2)

2,400.0 210.0 0.2 3.6 9 10-4 1.5 9 10-2

Fig. 6 The computational model
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excavation on the existing tunnel is about 240.00 m, which

is equivalent to 6 times the pit excavation length. The

maximum uplifting of the double-hole subway tunnel is

7.20 mm at the right line and 2.34 mm at the left line, both

are within the allowable deflection of 10.00 mm, which

indicates that the subway tunnel would be safe.

4 A parametric study

In order to investigate the influence of various factors on

the tunnel deflection, a parametric study is carried out. A

hypothetical pit excavation is adopted in this study with an

excavation depth of 8.0 m. The length and width of the

excavation are L and B, respectively, as shown in Fig. 8.

The single existing tunnel with a diameter of 6.0 m is

parallel to the pit. The vertical distance between the

excavation bottom and the tunnel axis is denoted as d1, and

the horizontal distance from the excavation center to the

tunnel axis is d2. The soil is assumed to be continuous and

homogeneous. The tunnel length is 240.0 m. The density, elastic

modulus, and Poisson’s ratio of the soil are 18.5 kN/m3,

260.0 MPa and 0.3, respectively. The longitudinal bending

stiffness of the tunnel is 122,650.0 MN�m2.

4.1 Influence of the excavation size

4.1.1 Effect of excavation length

Five cases of excavation length L (20.0, 30.0, 40.0, 50.0,

and 60.0 m) are used to examine the effect of the exca-

vation length on the tunnel. Other factors of B, d1, and d2
are assumed as 10.0, 8.0, and 0.0 m, respectively. Fig-

ure 9a shows the uplift of the tunnel along the longitudinal

axis for various L. It can be seen that the maximum uplift

increases with the increasing L in a nonlinear manner.

4.1.2 Effect of excavation width

Five cases of excavation width B (10.0, 20.0, 30.0, 40.0, and

50.0 m) are used to examine the effect of the excavation

width on the tunnel. Other factors ofL,d1, and d2 are assumed

as 20.0, 8.0, and 0.0 m, respectively. Figure 9b shows the

uplift of the tunnel along the longitudinal axis for various B.

As shown in Fig. 9b, the uplift and influential range of tun-

nel’s deflection increases with the excavation width.

It can be seen from Fig. 9 that the excavation size has a

significant influence on the tunnel. Furthermore, the effect

of the excavation width on the tunnel is bigger than that of

the length.

4.2 Influence of the relative distances

The relative distance from the pit excavation to the tunnel

includes the vertical distance d1 and horizontal distance d2
as shown in Fig. 10.

4.2.1 Effect of the vertical distance

Five cases of vertical distance d1 (6.0, 8.0, 10.0, 12.0, and

14.0 m) are used to examine the effect of vertical distance.

Other factors of L, B, and d2 are assumed to be 20.0, 10.0, and

0.0 m, respectively. Figure 11a shows the uplift of the tunnel

along the longitudinal axis for various d1. It can be seen that

the maximum uplift decreases from 2.68 mm to 2.04 mm

when the vertical distance increases from 6.0 m to 14.0 m,
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which indicates that the effect of vertical distance reduces

along with the excavation moving away from the tunnel.

4.2.2 Effect of horizontal distance

Five cases of horizontal distance d2 (0.0, 2.0, 4.0, 6.0, and

8.0 m) are used to examine the effect of horizontal

distance. Other factors of L, B, and d1 are assumed to be

20.0, 10.0, and 8.0 m, respectively. Figure 11b shows the

uplift of the tunnel along with longitudinal axis for dif-

ferent d2. It can be seen that the maximum uplift of the

tunnel is 2.49 mm when the horizontal distance is

d2 = 0.0 m, while it is 2.11 mm when the horizontal dis-

tance is d2 = 8.0 m. This indicates that the vertical dis-

tance has a bigger influence on the tunnel than that of the

horizontal distance.

From Fig. 11, it can be seen that the influential range is

almost the same at various relative distances, which indi-

cates that the relative distance affects only the uplift, but

not the influenced range.

5 Conclusion

From this study, some useful conclusions may be dawn as

follows:

(1) An analytical approach based on the principle of two-

stage method and incremental method is proposed to
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estimate the deflection of subway tunnels induced by

adjacent excavations. By comparing with numerical

modeling and monitoring results, it can be concluded

that the proposed approach is effective and reliable.

(2) In the proposed approach, an elastic Pasternak model

is adopted to describe the response of the existing

tunnel to the excavation-induced released loads. As

the Pasternak model can take account of shearing, it

can provide a more accurate and rational result than

the traditional model of Winkler foundation.

(3) It is found that the influential range on the tunnel is

about 6 times the length of the pit excavation.

(4) From the parametric study, it is found that the uplift

of the tunnel due to adjacent excavations increases

with the excavation size and decreases with the

relative distance. The excavation size has a significant

effect on both uplift and influential range, while the

relative distance impacts only the uplift of the tunnel,

but not the influential range.
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