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Abstract In this article, Dirac operators A, ; coupled with combinations of electrostatic and Lorentz scalar §-
shell interactions of constant strength 7 and 7, respectively, supported on compact surfaces £ C R? are studied. In
the rigorous definition of these operators, the §-potentials are modeled by coupling conditions at . In the proof
of the self-adjointness of A, ;, a Krein-type resolvent formula and a Birman-Schwinger principle are obtained.
With their help, a detailed study of the qualitative spectral properties of A, ; is possible. In particular, the essential
spectrum of A, ; is determined, it is shown that at most finitely many discrete eigenvalues can appear, and several
symmetry relations in the point spectrum are obtained. Moreover, the nonrelativistic limit of A, ; is computed and
it is discussed that for some special interaction strengths, A, ; is decoupled to two operators acting in the domains
with the common boundary X.
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1 Introduction

Working with the equations of motion, there is a particular interest to find solutions which are exact and which
correspond to specific physical systems. Such an ideal treatment was possible, for instance, in the quantum mechan-
ical explanation of the spectral properties of one-electron atoms. However, such situations are rare, and hence, the
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original model is often replaced by an idealized one which is mathematically accessible and reflects at the same
time the physical reality to a reasonable degree. In many problems, this can be achieved using singular potentials
supported on sets of measure zero. This method is used highly successfully in nonrelativistic quantum mechanics,
cf. the monograph [1].

Life becomes more complicated when the systems under consideration are relativistic, described by the Dirac
equation. Here, there are only very few solvable models and the physics becomes more complicated when other
than electromagnetic forces enter the picture. An example of such a situation is the quark dynamics within the
nucleon. An early attempt to describe it was made by Bogolioubov, Struminski, and Tavkhelidze, as cited in [12],
who proposed to model them as confined to a spherical cavity. The nature of the confinement was not consistent
there, but the idea inspired a little later the so-called MIT bag model [16-19,29].

The requirement of relativistic invariance allows to distinguish several types of potentials specified by their
behavior with respect to the Lorentz group transformations [41, Section 4.2]. The most common among them are
the scalar and electromagnetic ones, and among the latter, the electrostatic one plays an important role. In this
paper, we consider combinations of scalar and electrostatic potentials, which differ by the presence and absence,
respectively, of the Dirac matrix §; a useful feature of such potential combinations is that the mentioned matrix
gives rise to one of the possible supersymmetries of the Dirac equation [41, Section 5.1].

Let us now describe the aim of the paper in more detail. To set the stage let ¥ C R? be a closed, bounded, and
sufficiently smooth surface which splits R? into a bounded domain Q and an unbounded domain _, and let v
be the unit normal vector field at & pointing outwards €. Our goal is to study Dirac operators acting in L>(R>)*
which are formally given by

3

Ape=—icy a;jdj +mcB+ (s +1P)8x, (1.1)
j=1
where m is the mass of the particle, ¢ is the speed of light, o1, a2, a3, B € C**4 are the Dirac matrices defined

in (2.2), Iy € C*4 is the identity matrix, 7, T € R are the interaction strengths, and the §-distribution acts in a
symmetric way as

1
5zf=§(f+|2+f—|z), fe=[f1Qx%.

To introduce A, ; in a mathematically rigorous form as a self-adjoint operator in L?(R3)*, we require that functions
in the domain of A ; satisfy suitable coupling conditions on X. To find them, we note first that the distribution
Ajy.¢ f acts on a test function ¢ € C§° (R3)* as

1 __
(A< f @) = /R3 [ (=ica - Vo +mc?By)dx + /Z(f+|2 + f-1z) - 5(7714 + B8)¢lzdo,

where the notation o - x = a1x] + azx> + a3x3 for a vector x = (x1, x2, x3) was used. On the other hand, one
would expect that the operator A, ; acts for x ¢ X as

Ay f(x) = —ica -V f(x) +mc?Bf(x), (1.2)

which leads via integration by parts in €2 to the observation that

<An,rf7¢>=/ (—icoz-Vf+mc2,3f).¢dx

QLUQ_

— [+ Cica Vot mepgyar - [ ica-vifils = f-15) - Flzdo

should hold for f € dom A, ;. Comparing the two expressions for (A, ; f, ¢), we conclude that a function f €
dom A, ; should satisfy the jump condition

1
—icov(frlz = folw) = S0l + 1A (fils + f-13). (1.3)
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Therefore, the operator A, ; corresponding to the formal differential expression (1.1) should be defined for functions
satisfying the coupling condition (1.3) and should act for x ¢ X as in (1.2).

The mathematical study of Dirac operators with singular potentials started in the 1980s when Gesztesy and
Seba considered one dimensional Dirac operators with point interactions [1,26,39]; for more recent contributions
on Dirac operators with point interactions, see, e.g., [14,15,36]. Based on [26] and a decomposition to spherical
harmonics, Dittrich, Exner, and Seba investigated the operator A, ; in the case that X is the sphere in R3. In [20],
they showed for a wide class of parameters the self-adjointness of A; ; and they were able to compute its resolvent
and some of its spectral properties. While some of the interesting properties of A, ; like the decoupling of the
operator to two Dirac operators acting in Q- for interaction strengths satisfying n> — t> = —4c¢> were observed in
[20], compare also Lemma 3.1, others like, e.g., unexpected spectral effects for n> — 2> = 4¢? could not be seen
with this approach due to the decomposition to the spherical harmonics.

It took then 25 years until Dirac operators with singular interactions supported on more general surfaces in R3
were studied. In a series of papers [4—6], Arrizabalaga, Mas, and Vega showed the self-adjointness and derived
several basic properties of A ¢, in particular for the special case of purely electrostatic interactions, i.e., for 7 = 0.
Moreover, for purely electrostatic and purely scalar interactions, it was shown in [34] that A, ; can be regarded
as a limit of Dirac operators with squeezed potentials. Inspired by the approach in [4], the authors of the present
paper applied the abstract concept of quasi-boundary triples and Weyl functions from extension theory of symmetric
operators to Dirac operators with singular interactions and provided in the recent paper [7] a deeper analysis of the
spectral properties of A, o for purely electrostatic potentials. We should note that in all of the above-mentioned
papers, the case > — 72 = 4¢? was excluded and it turns out that in this crifical case, the operator A ¢ has different
properties as in the noncritical case n* — t> # 4c¢?. For purely electrostatic interactions, the self-adjointness of
Ay o for critical n = £2c¢ was studied in [8,33] and some surprising spectral effects like possible appearance of
additional essential spectrum were shown. Eventually, in [27], a detailed study of the spectral properties of Ag .
for purely scalar potentials was provided; in particular, it was shown that the discrete eigenvalues in the large mass
limit are characterized by an effective operator on the surface . Furthermore, there is a great interest recently in the
study of self-adjoint Dirac operators on domains with boundary conditions, see, e.g., [2,3,10,11,25,30,31,35,38].

Our goal in this note is to extend many of the above-mentioned results, which were shown for purely electrostatic
or purely scalar interactions, to the more general case of combinations of electrostatic and scalar interactions. For
that, we use a uniform approach which is based on the considerations in [7,8]. After presenting some preliminary
material on integral operators which are associated to the Green function of the resolvent of the free Dirac operator,
we introduce in Sect. 3 the operator A, ; in a mathematically rigorous way via the coupling condition (1.3). Then,
we show for noncritical interaction strengths > — 72 # 4c? the self-adjointness of Ay, in Theorem 3.4. In the proof
of the self-adjointness, we also verify a Birman—Schwinger principle, which translates the eigenvalue problem for
the differential operator A, ; to a nonlinear eigenvalue problem for a family of integral operators acting on X.

In Sect. 4, we provide the basic spectral properties of A, ; for noncritical interaction strengths. We compute
the essential spectrum, show that at most finitely many discrete eigenvalues appear and obtain several symmetry
relations for the spectrum of A, ;. We complement the results for noncritical interactions by a theorem from [8]
which shows that the spectral properties of A, . can be completely different in the critical case.

Finally, we compute in Sect. 5 for purely electrostatic and purely scalar potentials the nonrelativistic limit of
Ay, which shows that A, ; is the relativistic counterpart of the Schrodinger operator —ﬁA + ndy and which
gives another justification that the jump condition (1.3) models the §-potential correctly.

2 The free Dirac operator and associated integral operators
In this preliminary section, we collect some well-known facts about the free Dirac operator in R? and some associated

integral operators that are needed to investigate Dirac operators with singular §-shell interactions. For that, we have
to fix some notations first.
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2.1 Notations
Let H be a Hilbert space. Then, we write HY .= H ® C. For a closable operator A in H, its domain of definition,
its range, and its kernel are denoted by dom A, ran A, and ker T, respectively. The closure of A is A. Eventually,
if A is self-adjoint, then its resolvent set, its spectrum, the point, discrete, and essential spectrum are p(A), o (A),
0p(A), odisc(A), and oegs (A), respectively.

For a domain @ C R3 with a compact C2-smooth boundary ¥ := 92, we denote by L?(2) the standard L>-
spaces and L2(%) is endowed with the inner product based on the integral with respect to the surface measure . As

usual, H'(£2) stands for the Sobolev space of order one which consists of functions f € L*(Q) with V f € L?(Q)>,
where V f is the distributional gradient of f. Similarly, H!(R?) is introduced. Moreover, we define the trace space

H'2(E) = {fls: [ e H(Q)
equipped with the norm || ||1/2 = inf{|[ fll g1(q) : [ € HY(Q), fls = ¢}. One verifies that the trace mapping
HY(Q) > f— flz € H/*(Z) (2.1)

is a bounded, surjective linear map and one can further show that H 1/ 2(E) C L*(®), cf. [28, Section 4.2 and
Theorem 4.2.1].

Since we are not interested in the semiclassical limit, we choose units in (1.1) in such a way that 7 = 1.
However, we keep the mass of the particle m and the speed of light ¢ both as positive constants. The Dirac matrices
o = (o1, oz, @3) and B are defined for j € {1, 2, 3} by

. 0 o; (D 0
o = <0.,' Oj> and B := (O _12>, (2.2)

where I; denotes the d x d-identity matrix and o1, 02, 03 are the Pauli spin matrices:

01 0—i 10
e (0, e (0F) (20,

It is easy to see that the Dirac matrices satisfy
ajop +ogoj =281y and o+ Ba; =0, j, ke{l, 2,3} (2.3)

For x = (x1,x2,x3) € R3, we will often employ the notations:

3 3
a~x=Zakxk and a-V:Zakak.
k=1 k=1

Finally, if not stated differently, 2, C R3 is always a bounded domain with compact C2-smooth boundary
¥, Q- = R3\ ©,, and v denotes the unit normal vector field at ¥ pointing outwards 2. We will often write
fi = f | Q4 for f € L2RY).
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2.2 The free Dirac operator

We are now prepared to introduce the free Dirac operator, which acts in the Hilbert space L2(R3)* as

3
Aof i=—icy a;d;f +mc*Bf.  domAg:= H'(R)". (2.4)
j=1

Using the Foldy—Wouthuysen transformation, it is easy to see that A is self-adjoint and that
0 (Ag) = Oess(Ag) = (—00, —mc*1U [mc?, 00),

cf. [41, Section 1.4]. Next, for » € p(Ag) = C \ ((—oo, —mc?] U [mc?, 00)), the resolvent of Ay is

(Ao =2 fx) = /R G- fOdy, f e PR, xR,

where the Green function G, is given for x # 0 by

A A2 i eI A2/ =(me)?|x|
Gi(x) = | la+mp+ |1 —iy|—5 —mePx| | —5a x| ——,
c c clx| 4| x|

see [41, Section 1.E]; in the last formula the convention Im /A2 /c% — (mc)? > 0 is used.

2.3 Auxiliary integral operators
In this subsection, we introduce several families of integral operators which are related to the Green function G,

and which will play a crucial role later in the study of Dirac operators with singular §-shell interactions. For a
fixed A € p(Ag) = C\ ((—oo, —mc2U[me?, oo)), we define the potential operator @, : L2(2)* —> LERH* by

®y0(x) = / Gi(x — Voo (y)., ¢ € LS x e R, 25)
)

and the strongly singular boundary integral operator Cy : L?(£)* — L?(X)* acting as

Cro(x) := lim Gi(x —Y)p(do(y), ¢ e L*(D)* x e X, (2.6)
eNO J ¥\ B(x,e)

where B(x, ¢) is the ball of radius ¢ centered at x. Both operators @, and C, are well defined and bounded, see [7,
Proposition 3.4] or [5, Section 2], and ®;, is injective by [7, Proposition 3.4 and Definition 2.3]. In particular, Cy,_ is
uniformly bounded for A € (—mcz, mcz), i.e., there exists a constant K > 0 independent of A, such that

ICill < K forall A € (—mc?, mc?), 2.7)
cf. [7, Proposition 3.5] and also [5, Lemma 3.2]. Next, if ¢ € H1/2(2)4, then according to [8, Proposition 4.2]

d,0 € H'(Q)*® H'(Q)* and Crp € H'/2(2)* (2.8)
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hold. Moreover, if A € p(Ap), then a function f; € H' (Q+)4 ® H'(Q_)* satisfies

(—ica -V 4+me*B =) f,, =0in 4,

if and only if there exists a density ¢ € H'/2(2)*, such that

foo = Oup; (2.9)
see [8, Proposition 4.2].

Now, we describe how @, and C, are related to each other by taking traces. Let ¢ € H 1/2(2)* and A € 0(Ap).
Then, the trace of the function

D0 = (Pr9)+ ® (Prp)— € HY(Qp)* @ H' (2-)*

on X is
(@19)5)] = Cup F 5= (@ V)e:

this is shown in [5, Lemma 2.2] for A € (—mc?, mc?), the case A € C \ R can be proved in the same way. In
particular, using (« - v)> = I4, one finds that the identities

1
5((q’x¢)+|2 + (Pr9)-I5) = Cro, (2.10)
ica - v((@re)+lx — (Prp)—Ix) = @, (2.11)

hold. Finally, let us mention the mapping properties of the operators Cf — ﬁh and C, 8 + BC, which will be
important for the analysis of A, ;. Using the anti-commutation relation (2.3), it is easy to see for ¢ € L2(Z)* that

i/ [P =(meP ey

A
(BC, + Cp)p(x) =2 <—2ﬁ + mI4> : / p()do ().
c s 4wl -yl

that is, BC;, +Cj 8 is a constant matrix times the single-layer boundary integral operator associated to — A + (mc)? —
’C\—j, cf. [32, equation (9.15)]. This together with [32, Theorem 6.11], the fact that H 1/ 2(Z)4 is compactly embedded
in L2(X)%, see, e.g., [28, Theorem 4.2.2], and [8, Proposition 4.4 (iii)], see also [33, Proposition 2.8], yields the
following proposition:

Proposition 2.1 Let A € p(Ag) = C \ ((—oo, —mc?] U [mc?, 00)). Then the following holds.
(1) The operator C)% - ﬁh gives rise to a bounded operator:
1
C} — —1Is: L2(D)* - H'2 (D)%
L ) ()

In particular, Cf — ﬁh is compact in L>(X)*.
(ii) The operator BC; + C, B gives rise to a bounded operator:
BCy +Cif : L2(2)* — HV2 (D).

In particular, BCy. + Cy.B is compact in L*(X)*.
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Finally, we note that the adjoint &7 : L2(R3)* = L2(X)* of ®, acts as
D5 f = ((Ao—D7"f)|y (2.12)

or, in a more explicit way:
@ﬂ@=4}ﬂwwwww,fuﬂwﬁxez

It follows from (2.1), (2.4), and (2.12) that @} f € H'/2(2)* forany f € L?(R®)*.

3 Definition and self-adjointness of A, ;

This section is devoted to the rigorous mathematical definition of the operator A; . and the proof of its self-
adjointness. In the following, we will often make use of the orthogonal decomposition L>(R*)* = L2(Q)* @
L?(Q_)* and we write for f € L?>(R?)*, in this sense, f = f. @ f_ with fi 1= f | Q4.

As explained in the introduction, see (1.3), the §-shell interaction is modeled by a coupling condition which has
to be satisfied by functions in the operator domain. We define for 1, T € R the operator A, ; by

Ay f = (—ica -V +mc*B) fr ® (—ica -V +mc*B) f-,
domA,.:={f=fr®f eH Q) oH Q)"

ica - v(fils = f-15) + 3(nls + B (frls + f-Ix) = 0}. 3.1)

In the following lemma, we discuss some alternative representations of the coupling condition which models the

8-shell interaction:

Lemma 3.1 Let n, t € R. Then, the following hold.

G If 172 — 1?2 = —4¢2, then there exists an invertible matrix R, ¢ given explicitly in (3.3), such that a function
f=rf+®f e H(Qp*® H'(Q-)* belongs to dom A, ; if and only if

frls =Ry f-Ix.

(i) Ifn?> — 12 = —4c?, then a function f = f+ & f- € HY(Q)* ® HY(Q_)* belongs to dom Ay ¢ if and only
if

(2cly —i(a-v)s+8)) frls =0, (2cls+ia-v)(nls+1B))f-x =0.

Before we prove Lemma 3.1, let us discuss its meaning: if 772 — 72 * —4¢2, then item (i) shows that (1.3) is a
coupling condition which relates the values of f at X to those of f_ at ¥ via the matrix R, ;. On the other hand,
if n> — t2 = —4c¢?, then assertion (ii) of the above lemma shows that Ap,7 is decoupled to Dirac operators in Q4
with the above boundary conditions. This implies a confinement meaning that a particle which is initially located in
Q4 will remain in Q4 in its time evolution. In other words, this means that the §-potential makes X impenetrable
for particles. This is investigated in a more detailed way in [5, Section 5] and [20, Section V]. In particular, using
the anti-commutation relation (2.3), we see that the above boundary conditions simplify for = 0 and T = 2c to

(Ls+iB(e-v) frls =0, (l4—iB(a-v))f-|x =0,

which are the boundary conditions characterizing the MIT bag model of quarks confined in a nucleon mentioned in
the introduction [16—-19,29] (note that the normal v is pointing inside $2_). In this way, Ag 2. decomposes into the
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orthogonal sum of an MIT bag operator in €2 and a Dirac operator in the “exterior bag” €2_ with similar boundary
conditions. We remark that from the physical point of view, only the problem on a bounded domain is a model
for the quark confinement, while its direct counterpart on an exterior unbounded domain is merely a mathematical
object.

Proof of Lemma 3.1 Another way to write the coupling condition (1.3) is
. 1 , 1
ic(a-v) + 5(?714 +18) ) fals + | —ic(a-v) + 5(?114 +18) ) f-Is =0. (3.2)

If n> — v2 # —4¢?, then the matrix ic(x - v) + %(n14 + t) is invertible with

1 - 1
(ic(a -v) + 5(1714 + rﬂ)) —ic(o -v) + 5(77[4 — tﬁ)) .

:462_,_,72_12(

Hence, if we set

1 - 1
Ry =~ (ic(oz -v) + 5(1714 + 1’,3)> (—ic(oe -v) + E(n14 + rﬂ)) , 3.3)

then we deduce immediately the result of item (i). To show assertion (ii) one just has to multiply (3.2) by the matrices
tic(a-v) + %(n14 — 18). Using (2.3) and n2 — 72 = —4¢? one finds that these equations simplify to the claimed
boundary conditions. O

Using integration by parts and the coupling condition (1.3), we show first that A, ; is symmetric:
Lemma 3.2 Let n, t € R. Then, the operator A, ; defined by (3.1) is symmetric.
Proof Let f, g € dom A, ;. Employing integration by parts in 2, we get first
(A f, g)Lz(R3)4 —(f, An,tg)Lz(]R3)4

= (—iCO{ . Uf_;,_, g+)L2(E)4 — (—iCO{ . Uf_, g_)L2(E)4

1 i 1 .
= E( — e V(f+ - f—)a 8+ +g_)L2(Z)4 - E(f+ + f—a —lca - V(g-‘,— - g—))LZ(E)At'

Using the coupling condition (1.3) for f and g, we conclude that the last term is

1, . 1 ,
5( — e U(f+ - f*)’ g+ + gi)Lz(E)“ - §(f+ + f,, —lca - U(g+ - g*))L2(2)4

1 1
= <Z(ﬂ14+fﬁ)(f++f—),g++g—> - (f++f—71(7714+f,3)(8++g—)> =0.

L2(2)4 L2(2)4

Since this is true for any f, g € dom A, ;, the operator A, ; is indeed symmetric. O

Next, we prove a Birman—Schwinger principle for the operator A, ;. This relates the linear eigenvalue problem
for the differential operator A, ; to the nonlinear eigenvalue problem for a family of bounded integral operators
involving the maps C;, introduced in (2.6), which yields also a reduction of the space dimension for the eigenvalue
problem. We would like to note that this lemma can only be shown in this simple form for noncritical interaction
strengths, i.e., for 172 — 12 * 4¢?. The result stated below follows from the general consideration in [7, Theorem 2.4]
or [5, Proposition 3.1], but to keep the paper self-contained, we add the short simple proof here.
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Lemma 3.3 Let n, T € R, such that n* — 1> # 4c? and let the operator Ay ¢ be defined by (3.1).
(i) Iffor » € p(Ag) and ¢ € L*(X)* one has (Is + (nls+tB)Ch)p € H'/2(2)*, then it follows ¢ € H'/?(£)*.

(i) A € p(Ao) Nop(Ayc) if and only if —1 € op((nls + TB)C).
(iii) For A € C\ R the inverse

(I + s+ TA)C) ™ LAY > LA(D)*

exists and is bounded and everywhere defined.

Proof (1) If (14 + (nly + r,B)C;L)(p belongs to H'/2(£)*, then by (2.8) also

V= (It = C.(nls — B)) (Is + (14 + TB)C:. )¢
n? — 2

|
= (1 1 >¢+T(CA,3+,BCA)<P+(772—TQ) (Eh—Cf)w

belongs to H'/?(X)*. Making use of Proposition 2.1 this implies that also

4c?

LRV

4¢2

1
(w — (G + BCY — * — %) (—14 - C%) sv)

belongs to H1/2(2)4, which is the claim of item (i).

(ii) Assume first that A € p(Ap) is an eigenvalue of A, ; with eigenfunction f; # 0. Then, according to (2.9),
there exists a density 0 # ¢ € H'/2(£)*, such that f; = ®,¢. Since f; € dom Ay,¢ this function fulfils (1.3).
Using (2.10) and (2.11), this yields

1
0=ica-v((Prp)y — (Prp)-) + 5(7714 + 18)((®19) 1 + (Pr90)-)

= s+ (nls + H)CL9,

(3.4)

that is, —1 is an eigenvalue of (914 + 78)C;..

Conversely, assume that —1 is an eigenvalue of (nly 4+ t8)C, with eigenfunction ¢ # 0. Then it follows first
from item (i) that ¢ € H'/2(X)*, and hence, f; := ¢ # 0 belongs by (2.8) to H' Qe H (Q)* Using
again (2.10) and (2.11) and (14 + (nly + r,B)C;)(p = 0, we obtain in the same way as in (3.4) that f fulfils the
coupling condition (1.3). This shows f3 € dom A, ;. Finally, Eq. (2.9) yields

(Ayr — M= (Ay: —V)Prp =0

and hence, A € o,(Ay ).
(iii) To show the claim, it suffices to prove that 14 4 (114 + t8)C,, is bijective. By (ii), it is clear that this operator
is injective, as A € C\ R and 4, ; is symmetric by Lemma 3.2. Moreover

ran [I4 + (nls + tB)C] D ran [(Is + (nls + TB)C)Us — (nls + TB)C) ] = ran [ 1y — ((n1s + fﬂ)Cx)z]
(3.5)
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holds. Note that I — ((1714 + r,B)C,\)2 is injective, as otherwise A would be a non-real eigenvalue of one of the
symmetric operators A, ; or A_, _ by (ii). Moreover

P — 12

4¢2

L — (s +B)C)° = Lo — T(Cof + BC (L4 + TB)C, — (F — TH)CF = (1 — ) I+ K,

where K is a compact operator in L2(X)* by Proposition 2.1. Therefore, Fredholm’s alternative implies that

Iy — ((n14 + t,B)C;\)2 is also surjective. From (3.5), we deduce that the injective operator I4 + (n1s + t8)C, is also
surjective, which yields the claim of assertion (iii). O

Now, we are prepared to show the self-adjointness of A; ; in the case of noncritical interaction strengths.
Moreover, we prove an explicit Krein-type resolvent formula for A, ; which relates the resolvent of A, ; to the
resolvent of Ag and a perturbation term, which consists of the integral operators &, and C, introduced in (2.5)
and (2.6), and contains the spectral information of A, ;.

Theorem 3.4 Let n, T € R, such that n*> — t% # 4c>. Then, the operator Ay ¢ defined by (3.1) is self-adjoint in
L2(R3* and

(Apr =2 = (Ao — V7" = &a (L + (s +TBIC) ™ (s + TP}

holds for all . € C\ R.

Proof We have already shown in Lemma 3.2 that A,, ; is symmetric. Hence, it suffices to prove thatran(A, ; —1) =
L2(R3)*forr € C\R.Let» € C\Rand f € L%(R3)* be fixed. We set

g = (Ao — N7 f — u(La+ (la+TBC) " (s + THDLf.

Note that g is well defined by Lemma 3.3 (iii). We prove that ¢ € dom A, ; and (A, ; —A)g = f. This shows then
ran(A, ; — A) = L?(R*)* and the claimed resolvent formula.
First, we note that (14 + tf)®% f € H'2(£)* by (2.12), and hence, it follows from Lemma 3.3 (i) that

(Is + (s + TA)C) ™ (s + p)@Lf € H'A (2.

Thus, we conclude from (2.4) and (2.8) that g € H'(Q)* @ H!(Q_)*.
Next, since (Ag — A)_lf e H' (R3)4 the jump of its trace at ¥ vanishes and we find, using (2.10), (2.11), and
(2.12), that

1
ica - v(g+ls —g-Ix) + 5(7114 + B8+l +8-Ix) = (nls + B ((Ag — )‘-)_lf)|2

~1
— (L + s+ B)C) (Ia + (s + T)C)~ (nls + TPYPL f =0,
which shows f € dom A, .. Employing finally (2.9), we get (A, —A)g = f. Hence, the theorem is shown. O

For the self-adjointness of A, ; in the critical case of interaction strengths, i.e., for 772 — 72 = 4¢2, no result is
known so far for combinations of electrostatic and Lorentz scalar interactions. However, we would like to review
a result from [8] (see also [33]), where the self-adjointness of A, ; was shown for purely electrostatic interactions
in the critical case, i.e., when n = +2¢ and T = 0. Already in this simplest example, one sees that the properties
of A, . are completely different in the critical case than in the noncritical case. The key observation in [8] and
[33] to study the self-adjointness of A1y ¢ is the fact that functions f € Lz(Qi)4 witha - Vf € LZ(Qi)4 in
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the distributional sense have traces in H~1/2(2)* := (HY/2(£)%)’, which is a larger space than L2(2)*. The idea
below in (3.6) is to consider the jump condition (1.3) not in L2(2)4, but in H_1/2(2)4.

Theorem 3.5 Let Ao be defined by (3.1). Then A4y is essentially self-adjoint in L2(R3*. The self-adjoint
closure Ay, is defined on the set

domAco={f=fr®f e LXQ)*®L* Q) 1 Vi e L (Qu)*

. e (3.6)
i - v(fils — f-l2) = F(fls + f-Ix) in HTV2(E)Y

and acts as
Aigeof = (—ica -V +mc*B) fr & (—ica -V +mc*B) f_.

The closure Aty o is a proper extension of Axac.,0, i.e., A+2c.0 # Ax2¢.0.

4 Spectral properties

In this section, we provide the basic spectral properties of the operator A, ; defined by (3.1). In the case of noncritical
interaction strengths, i.e., when n> — t2 # 4¢?, we are able to provide a number of results about the qualitative
spectral properties. We close this section with a result from [8] on the spectrum of the self-adjoint closure of A4 o
in the case of purely electrostatic critical interactions, which shows that the spectral properties for critical interaction
strengths can be of a completely different nature.

First, we discuss the basic results in the noncritical case. In particular, using a perturbation argument based
on the Krein-type resolvent formula from Theorem 3.4, we compute the essential spectrum of A, .. Moreover,
since the singular perturbation is only supported on a compact surface and since functions in dom A, ; have H L
smoothness, we can show that A, ; has only finitely many discrete eigenvalues. Eventually, we deduce from the
Birman-Schwinger principle that A, ; has no discrete eigenvalues if the interaction strengths are sufficiently small.

Theorem 4.1 Let 1, © € R, such that n* — t> # 4c¢?, and let the self-adjoint operator Ay be defined by (3.1).
Then, the following assertions hold.

(1) Oess(Ay,z) = (—o0, _mc2] U [mcz, o0).
(ii) odisc(Ay,7) is finite.

(iii) There exists a constant K > 0, such that ogisc(Ay:) =0, ifIn+ 1| < K and |n — 7| < K.

Proof To show item (i), we note that for A € C \ R the operators

®, %, and (14 + (nls + B)C)

are bounded in the respective L2-spaces, see Lemma 3.3. Moreover, it follows from (2.12) and the trace theorem (2.1)
that CID; is bounded from LZ(R3)* to HY/2(T)*, and since H'/2(Z)* is compactly embedded in L2(Z)*, see [28,
Theorem 4.2.2], we get that QD:{ is compact. Hence, using the resolvent formula from Theorem 3.4, we conclude
that

(Apr =27 = (A0 =07 = =@ (I + s+ TCL) ™ (14 + Tp) DY

is compact in L2(R3)4. Therefore, it follows from [37, Theorem XIII.14] that oess(Ay ) = 0Oess(Ag) =
(—o0, —mcz] U [mcz, 00).
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The proof of statement (ii) follows ideas from [27, Proposition 3.6]. We note first that the number of discrete
eigenvalues of A, ; in the gap (—mc?, mc?) is equal to the number of eigenvalues of (A,,,r)2 below the threshold
of its essential spectrum (mc?)2. Let us denote the quadratic form associated to (A,M)2 by a. Then, for any
f=f+®f e€domA,; =doma

alf1=11Anc fl72qoy
. 2 . 2
= |[(—ico -V + mc’B) fi ||L2(Q+)4 + | (—ica - V + mc*B) f- ”LZ(Q,)4
= lle(a - V) frlfagq, o + lle@ - V) folifa g o+ e f 172 g0
+ (—ica -V fr.mc*Bf) g, s + (mcBfy, —ica -V f) 2,y
+ (—ica -V fo,mc*Bf-) 2yt + (mc*Bf, —ica - V)2 y
holds. Employing integration by parts and (2.3), we see that
(—ica -V fu,mc*Bfe) 2.y + (M Bfe, —ico -V fr) 2.yt = Flica - vicls, me*Bfels) 2y,

which yields then

alf1=lle@ - V) f 72,0yt + NI

—(ica v, m?Bfils) 2wy + ica - vi_|s, mBf_|5) 2z

To proceed choose R > 0, such that ¥ C B(0, R), and define the closed and semibounded sesquilinear forms bjy
and bey; by

bint[f] = ||C(Ol : V)f||iz(Q+U(Q_ﬂB(0,R)))4 + (mC2)2||f||i2(B(O,R))4

— (ica - Vf+|2,m02/3f+|2)L2(>:)4 + (ica - vf_|x, mczﬂfflz)Lz(zyt,

dom biy := {f = fr® f. e H(Q)*® H'(Q_N B, R))*:

1
icla-v)(felz = f-I2) = —5 s+ A (fr]2 + f—Iz)},

and

beul S 1:= lle@ - V) F172 3 po.ryt + ML 17 23 50.R)yt
dom bey := H'(R? \ B(0, R))*.

Then, a is minorated in the sense of closed quadratic forms by b := bjy; D bex, that means dom a C dom b and
b[f] < a[f] for all f € dom a. By the min—max principle, this implies that if the operator associated with b has
finitely many eigenvalues below (mc?)?, then (A,”)2 has only finitely many eigenvalues below (mc?)2.

Clearly, the operator Beyx; associated with bex; is bounded from below by Beyx; > (mc?)2. Thus, the number of
eigenvalues of (Aw)2 below (mc?)? is less or equal to the number of eigenvalues of the operator Bjy associated
with the semibounded and closed form bj,;, compare, for instance, [37, Section XIII.15] for a similar argument.
Moreover, as dom by, € H'(Q1)* @ H'(Q_ N B(0, R))* is compactly embedded in L?(B(0, R))*, cf. [32,
Theorem 3.27], it follows that the resolvent of Bjy is compact. Therefore, the spectrum of Bjy is purely discrete
and consists of eigenvalues that accumulate only at 0o, as Bjy is bounded from below. Thus, Bjy has only finitely
many eigenvalues below (mc?)?. Hence, also the operator associated with b has only finitely many eigenvalues
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below (mc?)?2. This shows finally that (A,,,r)2 has only finitely many eigenvalues below (mc?)? which finishes the
proof of assertion (ii).

Finally, item (iii) is just a simple consequence of the Birman—Schwinger principle in Lemma 3.3 (ii)
and (2.7). ]

Asitis often the case for Dirac operators, we also have several symmetry relations for the spectrum of A, ;. These
symmetries are consequences of commutation relations of A, ; with the charge conjugation, the time reversal and a
suitable unitary operator. We would like to note that item (i) in the proposition below can also be shown with the aid
of the Birman—Schwinger principle from Lemma 3.3, cf. the proof of [5, Theorem 3.3] for the purely electrostatic
case. The presentation below follows [27, Theorem 2.3], where the special case of purely scalar interactions is
treated.

Proposition 4.2 Let ), T € R, such that n* — t> # 4c>. Then, the following is true.

() Assume n> # t2. Then, ) € Op (A,4c,z,]/(nz,,z)’,402,/(,7245) if and only if A € op(Ay, 7).
(ii) A € op(Ay),7) has always even multiplicity.
(iii) A € 0p(Ay,¢) ifand only if — € op(A_y 7).

Proof (i) Assume that f = f, @ f_ is an eigenfunction of A, ; for the eigenvalue A. Then, the function g :=
fr® (—f-) € H'(Qp)' @ H' ()" fulfils

—ica - v(gtlz +8-Ix) = —ica - v(fi|s — f-|x)

1 1
= 5(7714 +B)(fels + f-1p) = 5(7714 +18)(g+lx — g-Ix),

as f € dom A, ;. A multiplication of the last equation with the constant matrix (/s + )~ = nzirz (nly — B)
yields

ic 1
s (1ls — th)a - (g ls +g-1x) = = (8115 — g-Ix).
nt—rt 2

Using the anti-commutation relation (2.3) and multiplying this equation then with —2icco - v, one easily sees that

2

1 c .
—zm(ﬂh + 1) g+l + 8-Ix) = —ica - v(g+lx — g-Ix),

which shows that g € dom A_4.2,, /(2 _12) _4c2¢/(2—2)- Finally, since f is an eigenfunction of A, . corresponding
to A, one deduces immediately that also

A_40277/('72—T2),—4021/(n2—r2)g =Ag,

which shows item (i).
For the proof of statement (ii), we define the (nonlinear) time reversal operator:

. — 0 I
Tf:=—iysaaf, feL*®R)* y5:= (12 02>

Note that Bys = —y58 and (« - x)y5 = y5(x - x) for any x € R3. First we show that f € dom A, ; implies
Tf € dom A, ;. Indeed, if one takes for f € dom A, ; the complex conjugate of the coupling condition (1.3) and
multiplies this equation with the matrix —iysa0 we deduce
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—iysanica - v(fils — folzp) = —lz)/saz(nh +1B)Frlz + I Ix)-

Using o = —ap (where the complex conjugate is understood component wise) and (2.3), we deduce from the last
equality that also Tf satisfies (1.3) and hence Tf € dom A, ;.
Employing again @ = —a», one finds 72 f = — f. Furthermore, using (2.3), we get

(—ica -V + mcz,B)Tf = (—ica -V + mcz,B)(—iysozz?)

_ 4.1)
= —iysop(ica - V —|—mczﬂ)f = T((—ica -V + mcz,B)f).

This shows A, Tf = TA,.f for f € domA, ;. Another calculation using again & = —ap gives

(—iysaa f, f)es = (f ivsanf)cs which implies
(Tf, ey = /R3 Tf(x)- f(x)dx =0.

Hence, if f is an eigenfunction of A, ;, then also Tf € dom A, ; is a linearly independent and non-trivial
eigenfunction of A, ; for the same eigenvalue. Therefore, also assertion (ii) is proven.
Eventually, to prove statement (iii), we introduce the (nonlinear) charge conjugation operator:

Cf =iBarf, feL*RH

A simple calculation similar as above shows C? f = f. Moreover, it is not difficult to see that f € dom Ay ¢ ifand
only if Cf € dom A_,, ;. Finally, a similar calculation as in (4.1) shows

(—ica -V +mc*B)Cf = —C(—ica -V +mc?B) f.

Hence, we deduce f € dom A, ; fulfils A, ; f = Af ifandonly if Cf € domA_, ; and A_,, ;Cf = —ACf. This
yields then the claim of item (iii). |

By combining Theorem 4.1 (iii) with Proposition 4.2, we find that A, ; does not have discrete eigenvalues
also for large interaction strengths. This is in contrast to what is known for Schrédinger operators with singular
d-potentials. For the nonrelativistic Hamiltonians with attractive § interactions in R3, there are no eigenvalues
for small interaction strengths [23], but always eigenvalues for large values of the interaction strength [21]. The
difference is obviously due to the presence of the ‘lower continuum’ for the Dirac operator.

Corollary 4.3 Let n, v € R, such that n* — t> ¢ {0, 4c*} and let K be the same constant as in Theorem 4.1 (iii).

Then, ogisc(Ay.0) =B if I+ 7| > % and |n — | > 2.

Theorem 4.1, Lemma 3.3, and Proposition 4.2 give a detailed picture of the spectral properties of A, ;. For
purely electrostatic and purely Lorentz scalar interactions, which are the most interesting ones of the potentials
considered here for applications in relativistic quantum mechanics, many of these findings simplify significantly;
hence, we summarize the spectral properties for these two important cases in the following corollaries. We start
with the purely electrostatic case:

Corollary 4.4 Let n € R\ {£2c}. Then, the following assertions hold.
(i) For A € C\ R, the resolvent of Ay ¢ is given by

— — —1
(Ago =07 = (A= 0)7 = @i (s +1Cy) " n®L.
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(i) Oess(Ap,0) = (—00, —mc?] U [mc?, 00).

(i) A € 0p(Ay0) N (=mc?, me?) if and only if —1 € op(nCy).
(iv) Ifn #0, then A € 0p(Ay)0) if and only if A € JP(A_462/,7,0).
(V) A € op(Ay,0) if and only if — € GP(A_,%O).
(Vi) odisc(Ap,0) is finite.

(vii) Eigenvalues of Ay o have always even multiplicity.

(viii) There exists a constant K > 0, such that o4isc(Ap0) =0 if In| < K or |n| > %.

Next, let us discuss Dirac operators with purely Lorentz scalar §-shell interactions, that means we assume n = 0.
Note that in this case, there is no critical interaction strength, as —72 + 4c? always in this case. On the other hand,
we have confinement for t = £2¢, compare Lemma 3.1. Note that most of the results below are also formulated
and proved in [27, Theorem 2.3].

Corollary 4.5 Let t € R. Then, the following assertions hold.
(i) For » € C\ R the resolvent of Ao ¢ is given by

(Ao — 071 = (Ag — )7 — @5 (Is + 7C) TP

(i) Oess(Ag,r) = (—00, =mc?] U [mc?, 00).
(iii) A € op(Ag,z) N (—mc?, mc?) if and only if —1 € op(TBCh).
(iv) If T # 0, then A € op(Ag,7) if and only if A € crp(A074cz/T).
(V) & € op(Ao,7) if and only if —\ € op(Ag, 7).
(vi) odisc(Ao,7) is finite.
(vil) Eigenvalues of Ao r have always even multiplicity.
4c2

(viii) There exists a constant K > 0, such that ogisc(Ao,r) =D if |T| < K or 7| > “%.

In addition to what we know about the spectrum of Ao . in the purely scalar case from Corollary 4.5, an explicit
formula for the quadratic form associated with A%’r is shown in [27, Proposition 3.1]. This formula implies also
that there are no discrete eigenvalues of Ag . for T > 0. For a further discussion of consequences of this interesting
result, we refer the reader to [27].

Corollary 4.6 Let v € R\ {£2c} and assume that ¥ is C*-smooth. Then, the following assertions hold.

(1) Ift # O, then for any f € dom Ao .

2 2
140,z £ 17 2sys = sz V£ dx + (mc2>2/ |f1?dx +c2f M| fyilz| do
R\T R3 >

2 4
—02/ M|f—|):|2dcr+—mc / ’f+|>:—f_|z|2dxcr
z T ¥

holds, where M is the mean curvature at X.
(ii) Ift > 0, then ogisc(Ao,r) = 9.

Eventually, we state that the difference of the third powers of the resolvents of A, ; and Ag is a trace class
operator. This result is of interest for mathematical scattering theory, as it ensures the existence and completeness
of the wave operators for the scattering system {A, ;, Ap} and implies that the absolutely continuous parts of
Ay ¢ and Ag are unitarily equivalent, cf. [42, Chapter 0, Theorem 8.2] and the standard definition of existence and
completeness of wave operators. The proof of this result in the purely electrostatic case, i.e., when t = 0, can be
found in [7, Theorem 4.6], in the general case, one can follow it almost word by word. Hence, we omit the proof
here. Note that we have to assume some additional smoothness of X here to ensure that the result is correct.

@ Springer



310 J. Behrndt et al.

Proposition 4.7 Assume that X is C®-smooth and let n, T € R, such that n*> — 1> # 4c>. Then, for any » € C\R,
the operator

(Apr =27 —(Ag— )73

belongs to the trace class. In particular, the wave operators for the system {A,, ¢, Ao} exist and are complete, and
the absolutely continuous parts of A, and A are unitarily equivalent

Finally, we formulate a result shown in [8, Section 5] about the spectral properties of A, ; in the case of critical
interaction strengths. Again, the result is only known for purely electrostatic interactions, i.e., for n = +2¢ and
7 = 0. Nevertheless, the theorem below shows that the spectral properties of A, ; can be of a completely different
type for the critical interaction strengths. To formulate the result, we say that a surface X contains a flat part if there
exists an open Xy C ¥, such that X is contained in a plane in R3. The complete proof of the following theorem as
well as further results on the spectrum, a variant of Krein’s resolvent formula, and the Birman—Schwinger principle
for the self-adjoint closure of A4, 0 can be found in [8].

Theorem 4.8 Let Aty o be defined by (3.1). Then (—oo, —mc2U[mc?, 00) belongs to 0ess (A+2c,0). If Z contains
a flat part, then also 0 € Gegs(A+2¢.0).

5 Nonrelativistic limit

In this section, we study the nonrelativistic limit of Dirac operators with purely electrostatic or purely Lorentz scalar
d-shell interactions, that means we study this limit of A, ; in the cases that either T = 0 or n = 0 which are of
particular physical interest. In the nonrelativistic limit, one subtracts/adds the energy of the mass of the particle m.c>
from the total energy and computes the limit of the resolvent, as ¢ — oo. The expected result is the resolvent of
a nonrelativistic Schrodinger operator which describes the same physical problem with the same parameters times
a projection onto the upper/lower components of the Dirac wave function. In our case, we will see that the Dirac
operator with an electrostatic or a scalar §-shell interaction converges in the nonrelativistic limit to a Schrodinger
operator with a §-potential of the same strength. This gives a further justification for the usage of the operator A, o
and Ap ; as a Dirac operator with a singular § interaction supported on X. The presentation in this section follows
closely [7, Section 5].

First, we introduce some notations which are necessary to formulate the main result of this section; afterwards,
we discuss shortly the idea of the proof. As usual let ¥ C R? be the boundary of a compact C?-domain. We define
for n € R the sesquilinear form

1
aylf, gl = 3 (Vf, V@) oy + (f 15, 8l2) 1), frg € domay = H'(R?).

Itis not difficult to show that a,; is symmetric, semibounded from below and closed, see, for instance, [13, Section 4]
or [9]. The associated self-adjoint operator —A,, is

1 1
—Anf = (—%Aﬁ) ® <—%Af+),
dom (—Ap) = {f = f+ @ f- € (H*(Qy) ® HX QL)) NH' R : 2mnfls = dvf-ls — & frls),

where H?(Q+) is the Sobolev space containing all functions for which the first and the second distributional
derivatives belong to L?(21), and it is the Schrodinger operator with a 8-potential of strength 7 supported on X,
i.e., formally, it holds —A, = —ﬁA + ndy; cf. [9, Section 3.2]. Next, we set

@ Springer



On Dirac operators in R? with electrostatic and Lorentz scalar §-shell interactions 311

Py = <€)2 8) and P_ := <g 102)

The following theorem treats the nonrelativistic limit of A, ¢ and Ag . In particular, it shows that these operators
are indeed the relativistic counterparts of — A, with electrostatic and Lorentz scalar interactions, respectively. Note
that the result holds for any € R, as 4c> > n? for all sufficiently large ¢, and hence, we do not have to take care
of the critical interaction strengths.

Theorem 5.1 Foranyn,t € Randall . € C\R, there exists a constant K > 0, such that for all sufficiently large
c>0:

L e L F
C
and
~ _ K
H(Ao,, —Emd)) T = (£ (A — 1) 1PjEH <—.

An interesting aspect in Theorem 5.1 is the fact that the resolvents converge in the operator norm. This means
that the spectral properties of A; o — mc? and Ao ; F mc? are asymptotically the same for large ¢ as those of —-Ay
and FA,, respectively. Since the spectral properties of Schrodinger operators with §-potentials are well-studied,
see, e.g., the review [22] or the monograph [24], one can deduce many effects for the corresponding Dirac operators
as well. As an example of this idea the following lemma is shown in [7, Proposition 5.5]; a similar statement can
also be proved for Ag ;.

Lemma 5.2 Let j € N. Then, there is an n < 0 sufficiently large, such that the number of eigenvalues of A o in
the gap (—mc?*, mc?) of 0ess (A, 0) is larger than j for all sufficiently large c.

In the rest of this section, we sketch how Theorem 5.1 can be shown; for details on the proof for the statement
on Ay o, see [7, Section 5], the claim for Ag . can be verified with the same arguments. We also only discuss the
convergence of A o here.

Sketch of the proof of Theorem 5.1 Having the Krein-type resolvent formula from Theorem 3.4 in mind, one expects

that it suffices to investigate the limiting behavior of (A9 — (A 4+ mc?))™!, @, tme2» Co ez and CD;ercz. For that,
we state first a similar resolvent formula for —A,,. We define for A € C \ R the function:

ei«/Zmel
Ky (x) :==2m————, xR\ {0},
477 )x|

and recall that
—1
(—%A - X) fx) =f Ki(x =y fdy, feLl*®), xeR’,
m R3

see, for instance, [40, Chapter 7.4]. Moreover, we introduce the bounded integral operators W : Lz(E) — LZ(R3 )
acting as
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Wio(x) := /2 Ki(x —ye(do(y), ¢ el*(T), x e R,

and Dy : L2(Z) — LA(%),

D) i= [ Kilx = y)p)do ), g€ L3(®D). x < X

Furthermore, a simple calculation shows that the adjoint W} : L2(]R3) — LZ(E) is
Wi f(x) = /w Ki(x =y f)dy.  feL*®R) xeX.

Then, it is verified, e.g., in [9, Theorem 3.5] or [13, Lemma 2.3] that for all A € C \ R the operator I} + nD;, is
boundedly invertible in L>(X) and

1 —1
(=A=' =(==A—1) =W+ 9D ¥ (5.1
2m

Now, concerning the limiting behavior of (Ag — (A + mc?)) =1, Dy 2 Crome2» and d>§+mcz, it is proven in [7,
Proposition 5.2] that there exists for any A € C \ R a constant K > 0 independent of c, such that

-1

20y~ 1 1 K

(Ao — (A + mc?)) —<——A—A) Pl <=
2m c

K K

[P ez — Wi Prll = = ICsme2 — Da Pyl < -

Combining this with the resolvent formula for A, ¢ from Theorem 3.4 and (5.1), one deduces the claim of Theo-
rem 5.1. =
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