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Abstract We denote by M" the set of n by n complex matrices. Given a fixed density matrix g : C" — C" and a
fixed unitary operator U : C" @ C" — C" ® C", the transformation ® : M" — M"

0 — @(Q) =Trn(U(Q®PU")

describes the interaction of Q with the external source . The result of this operation is ®(Q). If Q is a density
operator then ®(Q) is also a density operator. The main interest is to know what happens when we repeat several
times the action of ® in an initial fixed density operator Q. This procedure is known as random repeated quantum
iterations and is of course related to the existence of one or more fixed points for ®. In Nechita and Pellegrini
(Probab Theory Relat Fields 52:299-320, 2012), among other things, the authors show that for a fixed 8, there
exists a set of full probability for the Haar measure such that the unitary operator U satisfies the property that for the
associated @ there is a unique fixed point Q ¢. Moreover, there exists convergence of the iterates ®"(Q¢p) — Qo,
when n — oo, for any given initial Qg. We show here that there is an open and dense set of unitary operators
U:C'"®C" - C" @ C" such that the associated ® has a unique fixed point. We will also consider a detailed
analysis of the case when n = 2. We will be able to show explicit results. We consider the C° topology on the
coefficients of U. In this case, we will exhibit the explicit expression on the coefficients of U which assures the
existence of a unique fixed point for ®. Moreover, we present the explicit expression of the fixed point Q.

Keywords Random repeated quantum iterations - Density matrices - Unitary operators - External source - Fixed
point - Generic property - Kraus decomposition - Stinespring dilation
1 Introduction

We denote by M" the set of n by n complex matrices. Given a fixed density matrix g : C" — C”" and a fixed unitary
operator U : C" @ C" — C" @ C", the transformation ® : M" — M"
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0 — @(Q) =T (U ®AHU")

describes the interaction of Q with the external source f.

We assume that all eigenvalues of 8 are strictly positive.

In [4], the model is precisely explained: Q is in the small system and § describes the environment. Then & (Q)
gives the output of the action of B in Q given the action of the unitary operator U.

Other related papers are [2,3]. Our proof is of quite different nature than these other papers.

The main question is about the convergence of the iterates " (Q¢), when n — oo, for any given Qy. It is natural
to expect that any limit (if exists) is a fixed point for ®.

Our purpose is to show the following theorem:

Theorem 1 Given a fixed density matrix B : C" — C", for an open and dense set of unitary operators U :
C"® C" - C" ® C" the transformation ® : M" — M"

0 — ®(Q)=Tr(U(Q®PU™)

has a unique fixed point Q. In the case n = 2, we present explicitly the analytic characterization of such family
of U and also the explicit formula for Q ¢.

This result implies one of the main results in [4] that we mentioned before.

2 The general dimensional case

Suppose V is a complex Hilbert space of dimension n > 2 and .Z’ (V) denotes the space of linear transformations
of V in itself.

Then, Try : (V@ V) - Z(V), given by Tra(A ® B) = Tr(B)A.

There is a canonical way to extend the inner producton Vto V® V.

We fix a density matrix 8 € £ (V). For each unitary operator U € Z(V ® V), we denote by &y : L (V) —
Z(V) the linear transformation

Py (A) =Tra(U(A® BUY).

We denote by I' C Z (V) the set of density operators. It will be shown that @y preserves I'. As I is a convex
compact space, it has a fixed point.

The set of unitary operators is denoted by %/ .

If A is such that ®;;(A) = A, then it follows that the range of &y — I is smaller or equal to n?—1.

We will show that there exists a proper real analytic subset X C % such that if U is not in X, then range of
®y — I =n? — 1. In this case, the fixed point is unique. More precisely

X:{Ue?/:range(CDU—I)<n2—1}.

This X C 7% is an analytic set because it is described by equations given by the determinant of minors equal to
zero. It is known that the complement of an analytic set, also known as a Zariski open set, is empty or is open and
dense on the analytic manifold (see [1]). Therefore, to prove our main result, we have to present an explicit U such
that range of (&y — 1) is n?—1.

This will be the purpose of our reasoning described below.

The bilinear transformation (A, B) — Tr(B)A from .Z (V) x £ (V) to £ (V) induces the linear transformation

Ty : Z(VRV)=[ZL(V)®Z(V)] > Z(V).
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Generic properties for random repeated quantum iterations 391

Denote by ey, e, ..., e, an orthonormal basis for V. We also denote L;; € Z (V) the transformation such that
L,-j(ej) = ¢€; and L,-j(ek) =0ifk ;é ]

The L;; provides a basis for £ (V).

If A e Z(V), wecan write A = z ca;jjL;j and we call [a;;]1<;, j<» the matrix of A.

Note thate; ® ej, 1 <1, j <nisan orthonormal basis of V ® V. Moreover,

Lix @ Lji(ex @ e) =e; Qej,
and
Lik ®le(ep ®eq) = O lf(pv Q) 75 (kvl)

It is also true that:

(@ LijLpq =0if j # p,
(b) LijLp; = Lig,
(¢) Tr(L;j) =0ifi # jand Tr (L;;) = 1.

Onecanseethat Liyx @ Lj;, 1 <i,k, j,I <nisabasisfor Z(V® V).
GivenT € Z(V ® V) denote T = > 1; j . Lik ® Lj;. Then,

Tro(T) = zli,j,k,jlik = Z (Zfi,j,k,j)Ltk
ik N j

In the appendix, we give a direct proof that: if A € ', then ®y(A) e I', forall U € % .
Now we will express @y in coordinates. We choose an orthonormal base ey, ez, . .., e, € V which diagonalize
B. That is

=ZAquq, Ag >0, 1<qg=<n, Z)»qz
q q

Givenr,s, 1 <r,s <n, we will calculate @y (L,).
Suppose U = > u; jkiLix ® Lji, then U* = > u; jxLix ® Lj; and

(Lrs @ U = (Z)\qus by qu)U* = Z)&juk,l,s,erk ®Lj.
q J

Now, we write U = > ugp,y.sLay ® Lgs. Then, we get

U(Lys ® IB)U* = z)\jua,ﬁ,r,juk,l,s,jldak ® Lﬁl'

Finally,

q)U(LrS)_Z)"qulli‘jule] ak = Z(Z)\ M(Xlrjulej)" )Lak~

o,k

As T is convex and compact and ¢ is continuous as we said before there exists a fixed point A € I'. In particular,
the range of ¢y is smaller or equal to n> — 1.

We will present an explicit U such that range of (dy — 1) is n> — 1.

This will be described by a certain kind of circulant unitary operator
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Suppose uy, uz, ..., u,> are complex numbers of modulus 1. We define U in the following way

Ule1 ®@e1) =uj(e1 ®e), U(e1 @ez) =uz(e1 ®e3), ..., U(e1 ®ey) =uylex @ ey),
Ulex®e1) =uppi(e2®e2), U(ea ®e2) =upi2(e2®e3), ..., U(ea @ ey) = uzu(e3 @ eq),

U(en ® el) = unz—n-l,-] (en ® 62)5 U(en ® 82) = un2—n+2(en ® 63)7 R U(en ® en) = unz(el ® el)7

We will show that for some convenient choice of uy, us, ..., u,» we will get that the range of &y — I is n?—1.
Suppose

U= Z ui jkiLik ® Lji,
in this case
Ulex ®er) = D uijriei ®e;.
i.j
By definition of U, we get
(a) ifl < n,thenu; jr; #0,ifandonlyif,i =k, j =1+ 1;
(b) ifk < n,thenu; jr, #0,ifandonlyif,i =k+1, j = 1;
(©) i jnn#0,iffandonlyif,i = j = 1.
For fixed r, s such that 1 <, r, s < n we get from (a)—(c):
1 <r<n,1<s <n,implies
n—1
Dy (Lys) = Zur,j+1,r,jus,j+1,s,j?»j Lys + tr41,1,rnls+1,LsnAn L+ 1) (s+1) »
Jj=1
1 <s < n, implies
n—1
Py (Lys) = Z Mn,j—i—l,n,j”s,j—&-l,s,j)bj L,s + Ml,l,n,nus—H,l,s,nAnLl(s-i-l)s
Jj=1
1 <r < n, implies
n—1
Sy (Lrn) = Z Ur j+1,r,jUn, j+1n.j2j | Lrn + Ur+1,1nn¥1 L0 nAn Lr+1)1-
j=1
In particular for 1 <r < n,wehave ®y (L) = (1 =A,)Lyr +AnL(+1)(-+1)- To show that the range of &y — 1

is n2 — 1 ,we will show that the ¢u(L,s) — L, are linearly independent for (r, s) # (n, n)
Suppose that

D ers(@uLes) = Lrg) =0.
(r,5)#(n,n)

The coefficient of L1 is —A,c11, then c11 = 0. The coefficient of L)y is A,c11 — A, 22, then cpp = 0.

The coefficient of L, iS A,c(n—1)(—1), then c¢—1)(—1) = 0.
Then, we get that

Zcrs(¢U (Lys) — Lys) =0. 1)
r#s
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Generic properties for random repeated quantum iterations 393

We will divide the proof in several different cases.
(a) Case n = 2.

D ers(@u(Lry) = Lys) = cia(du(L12) — L12) + e21($u (La1) — La).
r#s

By definition of U, we have that U211 = Ui, U21,1,2 = U2, U2221 = U3, U1,1,2,2 = U4.
Therefore,

¢u(L12) — L1z = (uuziy — 1)Liz + usugdo Loy

and

¢u(La1) — Lo = (uaurhy — 1) Loy + uquzdp L.
From (1), it follows that

(u1uzhy — 1)cip + uguzroco; =0
upuighrc12 + (u3urA; — ez = 0.

Taking U such that u; = i, up = u3z = uq = 1, it is easy to see that the determinant of the above system is not
equal to zero. Then we get that cjp = ¢p1 = 0.

Then, we get a U with maximal range.
(b) Case n > 2.
We choose uy, ua, ..., u,2 according to Lemma 1 below.
The equations we consider before can be written as
I1<r<n,1<s<n,r#s,then, ®y(Lys) — Lys = (ars — DLys + brsL(r-l-l)(s—ﬁ—l)v
1 <s <n,then, ®y(Lys) — Lus = (ans — DLps + bnsLl(s—H)y
1 <r <n,then, ®y(Lyy) — Lry = (@rpn — D Lpy + brnL(r+1)l-
For instance
n—1
Aars = Z Ur, j+1,rjUs, j+ 1,5, M
j=1
and

brs = ur+1’1yr,nus+1,1,s,n)¥n~

Note that u, j1,r, jUs, j+1,5,; has modulus one and also u, 41,1 rnls11,1,5.n-

Moreover, |bys| = A, > 0 and |a,s] < A1 + - -+ + A,—1. Indeed, note first that the products u;. j11,,, jUs, j+1,s,/
are different by the choice of the u; j x; (see Lemma 1). Furthermore, by Lemma 2, we get that |a,¢| can not be
equal to A1 + -+ + A,y—1.

Therefore, |a,s — 1| > 1 — |ay5] > 1 — Zg;{ Ag = Anp = |bij| > 0, forallr,s,i, jand r #s,i # j.
Suppose 2 < k < n.

Remember that the L;; define a linear independent set.

The coefficient of L in (1) is

cik(atk — 1) + cne—1)bnk—1) = 0.
The coefficient of L, —_1) in (1) is

Cntk—1) @ne—1) — 1) + c—1yk=2)b(n—1)k—1) = 0.
The coefficient of L, k421 in (1) is

Co—k+2)1@n—k42)1 — 1) + cak=1)nbi—k+1)n = 0.
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394 A. O. Lopes, M. Sebastiani

The coefficient of L, _1), in (1) is
Co—k+Dn@u—tk+1n — 1) + car—iy=1)bm—-ryn-1) = 0.
The coefficient of L, —x)(n—1) in (1) is

Co—kyn—1) @u—tyn-1) — 1) + Ca—k=1)(n=2)b(1—k—1)(n—2) = 0.

The coefficient of Ly41) in (1) is

c20+1) (@k+1) — D) + ciebie = 0.
If c1x # O, then, from above, we get |cix| < [chk—1)| < -+ < |2+ < |cikl-
Then, we get a contradiction. It follows that cjx = 0.
Therefore,
Cn(k—1) = Cn—D)(k—-2) = *** = Cn—k+2)1 = Cn—k+Dn = Cn—k)(n—1) = * -+ = C2(k+1) = 0.

From this, it follows that ¢,y = O for all r, s, when r # s. This shows that for such U, we have maximal range
equal to n? — 1.
Now we will prove two Lemmas that we used before.

Lemma 1 Given m > 2, there exist complex numbers uy, ..., uy, of modulus 1, such that, if 1 <i # j < m,
1l <k#|l<mandujuj = uiuj, theni =k, j =1.

Proof The proof is by induction on m
For m = 2, just take uju> not in R.
Suppose the claim is true for m > 2 and u, ..., u,, the corresponding ones.
Consider

S ={uuj|l <i,j<m}
and

T ={upuy|l < p,q <m}.
2

Then, take u,,41 such that u,, 11, isnotin S forall 1 < p < m, and Ui isnotin 7.
Then, uy, ..., un, uyy satisfy the claim.
O
Lemma 2 Consider L1, ..., Ay, real positive numbers and z1, . . ., Zm, complex numbers of modulus 1.
Suppose | 371 hjzjl = 21 hj thenzi =22 = -+ =z,

Proof The proof is by induction on m.
It is obviously true for m = 1.
Suppose the claim is true for m — 1 and we will show is true for m.

Note that
m m m—1 m
D0 = | ki S | 2 k| e = D
j=1 j=1 j=1 j=1

m—1 m—1

Z)\ij = ij.
j=1
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Generic properties for random repeated quantum iterations 395

Then,z1=20="-=zu—1 = 2.
Therefore,
m m—1 m—1 m
Z)Lj = |Z Z)\j + ZmAm| = |2 Z)Lj + zZmAm| = Z)UV
Jj=1 Jj=l j=l1 Jj=l
Given v, v complex numbers such that [v; + v2| = |v1| + |vz], then they have the same argument.

Then, there exists an s > O such that z ZT:_II Aj=SZmhm.
Now, taking modulus on both sides of the expression above, we get

m—1 m—1
S = |3 0| = rzuil =
j=1 j=1

From this follows that z,,, = z

3 The two-dimensional case: explicit results

Our main interest in this section is to present the explicit expression of the unique fixed point U. We restrict ourselves
to the two-dimensional case.

We will consider a two-by-two density matrix 8 such that is diagonal in the basis f; € C?, f» € C2. Without
lost of generality, we can consider that

_(p1 O
i=( )

p1, p2 > 0. We will describe initially in coordinates some of the definitions which were used before in the paper.
If

Ry R12>
R= ,
(RZI Ro»

and
St 512)
S = ,
(521 820
then
RiiSi1 RuiSi2 RSt Riadiz
R®S — Ri1821 Ri1S22 Ria$21 Riadx
R21811 R21S12 Ro2S11 RoSi2
Ry1821 R21822 RS2t RS
and
Ri1(S11 + $22) Ri2(S11 + Szz))
Trn(R® S) = .
2( ) (R21(511+522) R (811 + $22)
Given

Ty Ty Tiz T
Ty Ty Tz T
T31 T T33 Tag
Ty Tan Taz Ty
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then, in a consistent way, we have

T +T» T3+ T24)
T3 + Ty T33 + Tas

The action of an operator U on M> ® M5 in the basis e ® f1, e2 ® f1, e1 ® f2, e2 ® f> is given by a 4 by 4
matrix U denoted by

11 12 11 12
U]l U]l U]2 U]2

21 22 21 22
Ull Ull U12 U12

Tro(T) = (

U =
11 12 11 12
Uy Uyi Uy Uy
21 2 gr21 22
Ui Ujp Uy Uy
and
11 21 11 21
Uy Uil Uy Uy
12 7722 12 7722
Ut = Uit Ui Uyi Uj

If U is unitary then UU™* = I. This relation implies the following set of equations:
M vltulf+ultulz+ulull +ulful =1,
@ UUH +UluR + Ul + uluE =o,
3) UNUL +URUR + U UL + U Uz =o.
@ UNUH +UUR + U UR + UBUE =0,
© UHUN +URUR + UHON + UBUE =0
6) URUH +URUR + URUY +UBUE = 1,
() URU +URUR + URUS + UBUR =0,
®) URU + URUR + URUZ + UBUZ =0,
©) UUIT+ USROS + U U + U0 =0,
(10) U U + USRUR + URU +UUE =0,
(1) UHTY + U + uiu + uUE = 1.
(12) U3 U3} + USFUR} + UR U3 + U303 = 0,
(13) U3{US] + U U3} + U3U3] + UBUR =0,
(14) US{UI} + U UR + U UL + URU S = 0.
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Generic properties for random repeated quantum iterations 397

(15 U U +URUZ + URUL + UBUE =0.

(16) UUZ +URUZ + UBUE + UBUZ = 1.

Equation (2) is equivalent to (5), equation (12) is equivalent to (13), equation (8) is equivalent to (15), equation
(3) is equivalent to (9), equation (7) is equivalent to (10) and equation (4) is equivalent to (14). Then, we have six
free parameters for the coefficients of U.

Using the entries Urlé we considered above, we define

2 [y7il il il il
- Uy Uy Uy Up,
L=, | |2 vil Uil

i=1 \Upp Upy

2 2 772 i2 772
ey (VU (it U
p2 T2 712 Ui2 Ui2

i=1 \ U5 Uy 21 Y22

We can consider an auxiliary L;; and express

2 2
L) =D (VrW"hHoWpmU™ + D (/UM 0(/mU?)

i=1 i=1

= ZL”QL” +ZL12QL12 = z L QL!/

i.j=1
From the fact that UU™* = I, it follows (after a long computation) that
L) =1.

Note that L preserve the cone of positive matrices.
Using the entries U, described above, we denote

ll il il yril
U Ui U
11 Y12 11 ¥21
L = E
(Q) . (Ull Ull)Q U_lliu_éé

3 (Yo (LE) - 3 Lo

i2 rri2 -
Uy Uy i.j=1

One can also show that i(Q) =T [U(Q ® BYU*] (see [4]).

The first expression is the Kraus decomposition and the second the Stinespring dilation.

Moreover L preserves density matrices. This is proved in the appendix but we can present here another way to
get that. If Q is a density matrix, then

2 2 2
Tr(L(Q) =Tr | D LiQL} | = > Tr(Li; QL)) = > Tr(QL};Lij)

ij=1 ij=1 ij=1

2 2
Z QL;Lij | =Tr | Z LiLij | =Tr(Q) =1
ij=1 ij=1

We denote
_(0On Qn2
Q= (Qzl sz) ’
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Then,
ij prij T
vii o iy = [ Un v (Qn le) Uy1 Uy
uy vz, )\ 92\ yir i

U U011 + U 001) + UK WU Q1 + Uth 02) Ui (UY] Q11 + U 0a1) + U (UY] Q12 + U 022)
Uy (U3, Q11 + U3h 021) + U (U, Q1 + Ush 02) Usj (U3} Q11 + Uzh Qa1) + U (U3} Q12 + Uz 022)
We have to compute
L(Q) = pU" Q'™y* + U QU] + palU QU™ + U QU )*].
The coordinate aj; of E(Q) is
pl[Ullll(Ullll 011 + U}y 021) + U1121(U1111 Q0n+U} 0»)]
+p1 [U1211(U1211Q11 + U} 021) + UL (UH Q12+ UD 02)]
+p U U 01 + U3 021) + UZ U 012 + U5 02)]
+p2[ U U Q11 + U 021) + UBWUE Q12 + UF 02)]. )
The coordinate aj, is
pilUN WU Q1+ U3 021) + U (Ul Q12 + UL 02)]
+p1[UF (U Q11 + U Q21) + UR (U Q12 + Uy 02)]
+p2[URUT Q11 + U3 021) + U3 (U} Q12 + U3 0n)]
+p2 U U Qi1 + U5 021) + UR U Q12 + Uiy Q) ). 3)
We will consider a parametrization of the density matrices taking Q11 =1 — Q22 and Q2 = 071.
The variable Qg is positive in the real line and smaller than one. Indeed, by positivity of Q, we have 0 <
0102 =Qu(l - Qi) =0 — 0. _
Q1pisin C = R2 but satisfying Q11(1 — Q11) — 01201, > 0 because we are interested in density matrices

which are positive operators.
The numbers p; and p; are fixed. Consider the function G such that

G(Q11. 012) = (MU W @i + U0 + U U1} 012 + U (1 = Q1))
+pi U U 01+ UHOR) + U (WUH 0 + UH (1L — 01))]
U 01 +UB00) + UR W00+ U - 011)]
+plURUE QN +UE0R) + UZWUHE O+ UB1 - 01,

pilUS U 01 + U 00 + UL W 01+ UL (1= Qi)
+pi[UZN U 011 + UH O + UB UL 0 + U (1 = 011))]
+paAULU 01 + UB 00 + UR W00+ USA - 011)]
+plURWUR Q1+ UB0R) + UBUEQn +UBA - Qi)

When there is a unique fixed point for G?
Example Suppose U = P — cos(B)(I @ I) + i sin(B)(oy ® o). In this case

’

cosf 0 0 isinf
U= 0 cosfp isinfB 0

0 ising cosp O

ising 0 0 cos B
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Generic properties for random repeated quantum iterations 399

Therefore,

G(Q11, 012) = ((p1 — p10Q11 + p2 — p2011),

p1(cos B)> Q12 + pi(sin f)* Q12 + pa(sin f)* 012 + pa(cos f)>Q12)
= (1= Qi1, p1(cos B)* Q12 + pi(sin B)* Q12 + pa(sin B)? Q12 + pa(cos B)*Q12)

One can easily see that given any a € R we have that Q11 = 1/2, and Q12 = a determine a fixed point for G.
In order the fixed point matrix to be positive we need that —1/2 < a < 1/2.

In this case, the fixed point is not unique.

It is more convenient to express G in terms of the variables Q11 € [0, 1], and (a, b) € R2, where Qi =a+bi.
As these parameters describe density matrices, there are some restrictions: 1/4 > Q11(1 — Q11) > (a® + b*) and
1>01 >0

We denote by Re(z), the real part of the complex number z and by Im(z) its imaginary part.

In this case, we get

G(Qi1,a,b) = (Qnair + p1 + (a11 + arz)a + i(an — az)b,
Re(Qi1a2 + B2 + (a21 + axn)a +i(ax1 — axn)b),
Im(Q a2 + B2 + (a21 + ax)a + i(az1 — ax)b)).
where
= pOfUl! - TR + 10} - TRV
+plURUl - UBUE + RV - BV
B = pilURUY + UBUB+ palUBU + UBUR,
2 = pOJUl} - TR + TR0} - AU
+palUF U - URUE + URUE - UBUR)
B = pIlUHUY + U UB + palUBU 3 + UBUR),
ap = pl[@Ullll +U_1221U1211] + Pz[U_llzzUlllz +U_1222U1212],
ai = pilU UL + U UB + pplURUE + URUE),
an = pllURUN + URUR T + palUR U + UBUR,
an = pilU U + U UB1 + plU U + UR U,
o1 is a real number. As @ takes density matrices to density matrices, we have that 8 is also real.
Note that || < 1 and 1 > B; > 0.
It is easy to see from the above equations that (a11 + a12) and i(aj; — aj2) are both real numbers.

We are not able to say the same for (az + az2)a or i(az; — az)b.
To find the fixed point, we have to solve

Ouiar + B+ (a1 +a)a +ian —a)b = 0n

Qriar + Bo + (a1 + axn)a +i(ax — axn)b = a + bi,

which means in matrix form

((011 —1) ai +an i(a) —ap) ) Qa“ _ (—,31)
a a1 +axn —1 i(ay —axn—1) b B )

We are interested in real solutions Q11, a, b.
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400 A. O. Lopes, M. Sebastiani

In the case of the example mentioned above, one can show that &y = 1 and ¢p = 0 which means that in the
expressions above, we get a set of two equation in two variables a, b,

Remember that we are interested in matrices such that 1 /4 > Q11(1—Q11) > (a®4b?%). Notice that0 < Q1; < 1.
As @ takes density matrices to density matrices, there is a fixed point for G by the Brower fixed point theorem. The
main question is the conditions on U and B such that the fixed point is unique.

If there is a solution (Qn, a, l;) #(0,0,0) in R3 to the equations

O11(ay — 1) + (a1 + an)a + i(ay —a)b =0
Qner + (a21 +axn — Da+i(ax —axn —1)b =0, “4)

then, the fixed point is not unique. The condition is necessary and sufficient.

A necessary condition for the fixed point to be unique is to be nonzero the determinant of the operator
Kz(an-i-alz l:(all—al2) )

a1 +axn —1 i(a —axn—1)

Notice that if (z1, z2) satisfies K (z1, z2) = (0, 0), then i—; is real (because a1 + a2 and i(aj; — aj2) are real).
From this follows that there exists a solution (a, b) € R? in the kernel of K. In this case, (0, a, b) is a nontrivial
solution of (4).

The condition det K # 0 is an open and dense property on the unitary matrices U. Indeed, there are six free
parameters on the coefficients U,J. Consider an initial unitary operator U. One can fix 5 of them and move a little
bit the last one. This will change U and will move the determinant of Ky in such way that can avoid the value 0
for some small perturbation of the initial U.

Suppose U satisfies such property Det U # 0. For each real value Q11, we get a different (ag,,, bg,,) which is
a solution of K(a,b) = (—Q11(a; — 1), —Q11a2).

In this way, we get an infinite number of solutions (Q11, ag,,, bg,,) € R x C? to (4).

a7 is not real.

But, we need solutions on R3. Denote by S = Sy the linear subspace of vectors in C? of the form p (] — 1, a2),
where p is complex.

Lemma 3 For an open and dense set of unitary U, we get that K~'(S) N R? = {(0, 0)}. For such U, suppose
(Q11, a, b) satisfies Eq. (4), then the non-trivial solutions (a, b) of
K@, b) = (=Q1i(a — 1), —Q1122)
are not in R2.
Proof Suppose % =a+pi=7"= z?]. Note that for a generic U, we have that oy # 0.
We denote C{; = ay + ar, C12 = i(a1) — arn), Ca1 = a2 + azp — 1 and finally Coy = i(az; —azx — 1).
Suppose (Q11,a,b) € R3 satisfies Eq. (4). We know that generically on U the value Q1 is not zero.
For each C;;, we denote C;; = Cilj + Cizji, where i, j =1, 2.

If K (@,b) = (= Qi1(a1 — 1), —Q112), then
C11a 4 Cyb = 2°(Ca1a + Cab) = (a + Bi)(Ca1d + Caob).
In this case
Cria + Cath = (@Clia — BC3a — BClb — aCHb)
+i(BCha +aC3a+aClhb — BChb).
If G and b are real, then, as C11 and Cp) are real , then
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Moreover,
(@Cly — BC3, — C11)a — (BChy, —aC3 — Cr)b =0 (6)
If
BCy) +aCs, aCy, — BC, )
Det 0,
(O‘C%I — BC3, — C11 BCYy — aC3, — Cay *

then just the trivial solution (0, 0) satisfies (5) and (6).
The above determinant is nonzero in an open and dense set of U.
Then, the solution (Q11, a, b) € R3 of (4) has to be trivial. O

Under these two assumptions on U (which are open and dense), the fixed point for G is unique. Then, it follows
that the density matrix Q = Q¢ which is invariant for ® is unique. Given an initial Q, any convergent subsequence
D" (Qp), k — oo will converge to the fixed point (because is unique).

As

G(Qi1,a,b) = (Quia1 + B1 + (a1 + aix)a + i(ar; — arn)b,
Re(Qr1az + B2 + (a21 + axn)a +i(az — axn)b),
Im(Q1a2 + B2 + (a21 + ax)a +i(ax1 — axn)b)),
one can find the explicit solution
_f Qu  a+bi
QQ_(a—m 1— 0

by solving the linear problem G(Q11, a, b) = (Q11, a, b).

Appendix

Lemma 4 Given A, B € £(V), then Tr(A ® B) = Tr(Tr2(A ® B)). Moreover, Tr(Tro(T)) = Tr(T), for all
TeZVRV).

Proof Indeed,

Tr(A® B) = Tr(A)Tr(B) = Tr(Tr(A)B) = Tr(Try(A ® B)).

Lemmas GivenT € Z(V®YV),

(a) if T is selfadjoint, then, Try is also selfadjoint,
(b) moreover, if T is also positive semidefinite then Tro(T) is semidefinite.

Proof (a) If T is selfadjoint, then, #;jx; = fx;;;. This implies that > jlijkj = > i txjij- Therefore, Tr» is selfadjoint.
(b) If T is postive semidefinite, then (T (x ®x"), x®x’) > 0, forallx, x" € V.In particular, (T (x ®ey), x®ey) > 0,
forallx =cje1 +---+chep, € Vand 1 <g <n.
AsT(x @ eq) = > tijkiLik(x) @ Lji(eq) = 2 tijrgck(e; ® ej), then

(T (x ®eq)7x ®eq) = Ztiqchkc_h q=12,...,n.
i,k

From this follows that Zi,k,q ligkqCkCi = Z,-,k(Zq tigkq)ckCi = 0.
Then, (Try(T)(x), x) > 0. |
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Note that the analogous property for positive definite T is also true.
Lemma 6 IfA €T, then ®y(A) €T, forallU € % .

Proof As A and B are selfadjoint and positive semidefinite the same is true for A ® 8. Then, the same is true for
U(A® B)U*. From Lemma 5 we get that @y (A) = Tra(U(A ® B)U™) is selfadjoint.
By Lemma 4 Tr(®y (A)) = Tr(U(A ® B)U*) = Tr(A @ b) = Tr(A)Tr(B) = 1. O
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