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Abstract In this paper, we handle a two-level atom and a one-mode light primarily in SUSY state, and point out
that an interaction between them brings them on a path to spontaneous SUSY breaking. That is, we prove that
the Rabi model describing a qubit coupled with a one-mode light in a cavity takes the N = 2 SUSY system to
the spontaneous SUSY breaking as its coupling strength g grows larger from the case g = 0 to the case g =~ oo.
We show that the spontaneous SUSY breaking is caused by the spin-chirality of the qubit, while the Rabi model
recovers the chiral symmetry in the process of the growth of the coupling strength.
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1 Introduction

Supersymmetric quantum mechanics (SUSYQM) was initiated by Witten [1,2], and has been developed (see
Refs. [3,4] and the related papers in their references). In Refs. [5-10], several ground state structures and the
spontaneous supersymmetry (SUSY) breaking were investigated. We are interested in a ground state structure in
SUSYQM from another point of view than their preceding studies. We will handle the Rabi model that has the
interaction between a two-level atom and a one-mode light in a cavity. The Rabi model has been well studied
in quantum optics, and its some inherent properties have been beginning to be experimentally observed in cavity
quantum electrodynamics (QED) and circuit QED [11-20].

The interaction between an atom and light in nature follows QED. It is governed by the fine-structure constant
o & 0.00729735, belonging to the region over which the perturbation theory is valid. On the other hand, cavity
QED handles stronger interaction than the standard QED does [11, 12]. Such a strong interaction is experimentally
prepared with the coupling of a two-level atom and a one-mode light (i.e., single-mode laser) in a mirror cavity
(i.e., a mirror resonator). Several solid-state analogs of the strong coupling had been foreseen in superconducting
systems [13—15]. In short, we respectively replace the atom, the light, and the mirror resonator in cavity QED by an
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artificial atom, a microwave, and a microwave resonator on a superconducting circuit. The artificial atom consists of
a superconducting circuit based on some Josephson junctions then. This replaced cavity QED is circuit QED, which
has been experimentally demonstrated [16—18]. It is remarkable that circuit QED has been capable of intensifying
the coupling strength further than cavity QED has [19,20].

In this paper, we take an interest in a role of the Rabi model’s interaction between the qubit of two-level atom and
the one-mode light in the cavity from the point of the view of a SUSYQM aspect. We will show that its interaction
brings the two-level atom and the one-mode light, which are primarily in SUSY state, on a path to spontaneous
SUSY breaking. We will also show that this spontaneous SUSY breaking is caused by the spin-chirality between
the two levels of the atom, while the Rabi model recovers the chiral symmetry as the coupling strength grows larger
and larger.

2 Rabi model

We denote the annihilation (resp. creation) operator for the one-mode photon by a (resp. a'). We use the standard
1

notation for the Pauli matrices as o, = (§ }), 0y = (? o), and o, = (& ). We define spin states |1) and
11) by 11) == ({) and |{) := (). We denote by F the Fock space of the one-mode photon, and by |n) the Fock
state with the photon number n = 0, 1, 2, .. .. So, in particular, |0) denotes the Fock vacuum. Every quantum state
that we will use in this paper is represented as |n, ) := |n)|f) forn =0, 1,2, ... and § =7, |. Here, we omitted
the tensor-notation ® from the expression |n) ® |f). We will use this omitted notation throughout this paper. Also,
we denote by [, ) the state ¥ ® |fi) for the state i in the Fock space F. Let us give the subspace Heyen (resp.
Hodd) as the set of all of the states |y, 1) (resp. |, |)), where the state ¥ runs over the whole Fock space. Then,
the state space H := C2® Fis obviously decomposed as the direct sum of Heyen and Hoga: H = Heven D Hodd-
The free Hamiltonian Hy of the Rabi model is given by

hw, ¥ 1
H0:=Taz+hwc a a—l—i .

The constants w, and w, are, respectively, the atom transition frequency and the cavity resonance frequency. Then,
the Rabi Hamiltonian Hrgp; is given by

Hgavi := Ho + hg (a-l-aT) Ox, (1)

where the parameter g > 0 stands for the atom—photon coupling constant that represents the coupling strength. The
solvability of the Rabi Hamiltonian has been argued by Braak [21], using Bargmann’s representation [22]. Here,
we give a numerical computation of the energies of the Rabi model in the case w := w, = w. in Fig. 1.

Figure 1 attracts our particular attention to the two special cases, g = 0 and g & oo, in the light of SUSYQM. In
the case g = 0, the ground state is unique, but all the excited states are twofold degenerate. All the eigenenergies
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line up at an equal interval fiw. Meanwhile, in case g &~ oo, Fig. 1 makes us expect that all the states are almost
twofold degenerate and all the eigenenergies are aligned at an almost equal interval fiw as they diverge to negative
infinity making the common shape of the energy curve, —cog? with a constant ¢(. The energy with this shape must
be used for the energy renormalization. We investigate these physical situations in detail from the point of the view
of SUSYQM in this paper. So, for the condition, w := w, = @ we denote the free Hamiltonian Hy by Hss:

h 1
Hgs := Twaz + hw (aTa + 5) . 2)

We note that it is easy to tune the two frequencies, w, and w, in circuit QED so that they are equal.

3 SUSYQM (g = 0)

First, when there is no interaction between the (artificial) atom and the light (i.e., g = 0), the Rabi Hamiltonian
becomes the free Hamiltonian, Hrapi = Hss. So, it is the most popular Hamiltonian in SUSYQM:

dw
Hss = (1/2m) (p2 + W2+ haaz)

with the correspondence,

a=mw/2hx +ip/2mhw,
a" = /mw/2hx —ip/2mho,

for the position operator x and the momentum operator p, where the superpotential W is given by W(x) = mwx.
Namely, the system has N = 2 SUSY. More precisely, the supercharges Q1 and Q; defined by

01 = (1/2y/m)(Wao, — poy)

and

02 = (1/2/m)(Woy + poy)

make the relations,

{Ok, Q¢} = Sre Hravi

[Qk, Hrabil =0,

{OQk, Np} =0,
for k, £ = 1,2. The grading operator Ng = o satisfying the conditions, NpWeyen = Weven fOr any state Yeyen €
Heven, and Nrpodd = —Vodd for any state ¥oqq € Hoaq- Here, the symbol 8y, is the Kronecker delta. Then, the

system has no SUSY breaking. That is, the supersymmetric (SUSY) ground state is |0, | ) and therefore the ground
state energy is equal to zero in this case. In addition, for g = 0, the ground state of the Rabi Hamiltonian is unique,
but all its excited states are twofold degenerate. We can grasp these facts using the SUS Y-generating charges O
and QO defined by

ot :=Vhwao,

and

Q0 = %aTo_,

where o_ and o are the spin annihilation and creation operators given by o+ := (o &10y)/2. The two degenerate

excited states are interchanged with each other by the SUSY-generating charges O and Q™ then:
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Q7 In, 4y = QFIn, 1) =0,

1
A= ——0Tn+1,1),
ln, 1) hw(n+1)Q | 1)
1
n+1,])=———=0"|n, 1),
| $) hw(n+1)Q I, 1)
forn =0,1,2,.... Asis well known, of course, we have the relations,
{0*. 0%} =0,
Hravi = {07, 07}

These relations that the SUS Y-generating charges have explain the alignment of the eigenenergies of the Rabi model

as the coupling constant is equal to zero.

4 Spontaneous SUSY breaking (g &~ oo)

In this section, let us take the coupling strength g large enough. We expect that the photon part energy,

. 1
Hysym = ho (a'a + 5) + hg (a + aT) Oy,

is asymptotically much more dominant than the two-level atom energy /iwo, /2. Namely, the atom energy hwo, /2
works as a very small perturbation for the photon part energy Hsym around the coupling strength g ~ co. We

will show this in an exact way now. We define a unitary operator Uy by Uy := % (“j_

operator Vi := eig(“t“)/ @, Recall the well-known Bogoliubov transformation:

Vi ko a'ra—i—l :I:hg(a+a'l') Ve = hw a"'a—i—l —Plé
2 i 2 o’

We then reach the unitary transformation,

* * ho ~ ~ g2 ho ~
Ug HraviUg = Uy HasymUg = -V = Ho = I = = - Ve,
with the free Hamiltonian

¥ 1
ﬁoz(hw<a’a+z) 0 )

0 hw (aTa + %)

and the unitary, self-adjoint interaction

V _ 0 eZg(a%—a)/w
g e—Zg(a';'—a)/w 0 '

—Vi

) with the unitary
+

3

“)

For arbitrary wave functions i = (g;) and ¢ = (ﬁ ) in the state space H, we set their unitary transformations as

1
2
J_ . eina'ra/2w_ and a . ein’u*a/qu Using th :
= j = . g the equations,

[eina"'a/Zae—ina"’a/Z = —ia,

iral —imal .
ima a/2a'}'e ira a/2=l f

e a',
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we have

(W1 Vel) = (Y12 0/} 4 (e 2@ =D g
= ([l QO | (Gl TCBOE O g,

Since we have a™ + a = /2mw /I x, we obtain the representation:
(1 Velp) = / dxi (x) o (x)e! CeVEmRON 4 / dx3 ()1 (x)e GeV2m/On,

The Riemann—Lebesgue’s theorem, described in Theorem IX.7 of [23] for instance, tells us that the term (/| \7g )
vanishes as limg_, o0 (Y] \7g|¢) = 0. More precisely, we can explain this decay in the following: We set the para-
meter 2g./2m/ho as G, i.e., G := 2g/2m/hw. We denote the Fourier transformation of the multiplied function
1// (x)¢k(x) by f(&),ie., f(&) := f dxt// (x)d)k(x)e"sx Since we have the equation e ™% = — 10 =7/8) e
can rewrite the function f () as

[ =~ / dx i (x 4+ 7 /)i (x + 7 /E)e ™5,

where we used the integration by substitution, x — /& — x. Thus, we obtain the equation,
£G) = %/dx{l’ﬁ;-*(x)c’ﬁk(x) — Ui+ T/ G + 7/ G) e,

which implies the inequality,

7@ =5 [ @[T - T+ /GOt +71/6).

Since the multiplied function 1}}“ (y)ak (y) is integrable, the Lebesgue’s dominated convergence theorem, together

with the approximation argument for the function J;“ (y)dr () with a proper continuous function, says that the
function | f (G)| decays as the parameter G tends to the infinity.
This decay supplies us with the convergence of the operators Ug* (HRabi +1 g2 /@)Uy in the following weak sense:

Jim (0| U (Hiabi + 1* /@) Ug|9) = (/U (Hasym + hg? /@) Uglg) = (| Holg) (5)

for arbitrary wave functions ¥ and ¢ in the domain of the operator I-Io We point out that the vector U (Hrabi +

hg /a)) Ug|¢) never converges to the vector Holqb) in the sense of the norm convergence due to the equation,
(Y] V* Vel¥r) = (¥|¥), where the norm is induced by the inner product of the Hilbert space H.

From now on, we will prove that the weak convergence (5) induces spontaneous SUSY breaking, which makes
a correspondence between eigenstates @R of the Rabi Hamiltonian Hgay; and eigenstates ¢, of the asymptotic
Hamiltonian Hpsym in the following:

PR g, g, (6)

where n is the non-negative integer satisfying the condition for the eigenenergy ER®! of the eigenstate R

Actually, we can chose the eigenstate ¢, as either of one of eigenvectors Ug|n, 1) and Ug|n, | ). Equations (6) and
(7) show asymptotically twofold degenerate energy levels as in Fig. 1.
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We here recall that the Rabi Hamiltonian has the following parity symmetry: [HRabi, I1] = O for the parity
operator I := o.(—1)*“. So, adopting the representations b := oya and b’ := o,a’ satisfying the canonical
commutation relation, [b, b'] = 1, the Rabi Hamiltonian has the expression Hrabi = Hasym + hwo; /2 with

1
Hasym = ho (b*b n 5) + hg (bT + b) ®)

and F’T‘“oz = ho_ l)b%bl'[ —> 0 as g — oo in the weak sense by Eq. (5). Equation (8) tells us what is the energy
that we have to use for renormalization. Thus, based on this expression, we define the asymptotically renormalized
(AR) Rabi Hamiltonian Hﬁ‘;ﬁi by

AR g2
HRabi = Hasym =+ /"—lz

2
Then, the weak convergence Eq. (5) tells us that the energy-renormalized Rabi Hamiltonian Hrap; + 7 % converges
to the AR Rabi Hamiltonian Hﬁ‘a%i as g — oo in the weak sense:

HRapi + h% gL> HE- ©)

In mathematical terms, Eq. (5) implies that the energy-renormalized Rabi Hamiltonian Hray; + fig” /@ converges
to the AR Rabi Hamiltonian Hﬁfbi in the strong resolvent sense:

2
) g_ S.I.S. AR
HRapi + 1 o P—OO) Hyapi- (10
For the definition of the convergence of operators in strong resolvent sense, see Definition on p. 284 of Ref. [24].

2
We here prove Eq. (10) briefly. We denote the operators Hrabi + h% and Hﬁ\a%i by Ag and A, respectively. Using

the second resolvent equation, we have

(+A) " = +A " =G +Aa) " (A—- A +A)7". (11)

Thus, the above equation leads to the following equation:

(i+A)7' =G +A ' =>(+A)  (+ A +AA- A+ A" (12)
In addition, by Egs. (4) and (11), we have

i+ A9 i+ ) =+ 497 A= AP+ H + G+ AT+ )
=(+A4) (A4 +1
ho . —1 7 77%
= 7(1 +Ag)” UgVoUg + 1.
Thus, for the operator norm || ||op, We obtain

. —1,. ho ~1 Sk hw
G+ Ag) @+ A)”op = 7”(1 + Ag) ||0p||UngUg ||0p +1=< 7 + 1. (13)

Here, for the definition of the operator norm, see Example 4 in §III of Ref. [24]. We note that the operator (i + A) ™!
is compact (or completely continuous). For the exact definition of a compact operator, see Definition on p. 199 of
Ref. [24]. The reason why our operator (i + A)~! becomes compact follows from the equivalence of (ii) and (v) of
Theorem XIIL.64 of Ref. [25]. We also note that Eq. (5) implies that the term (A — Ag) (i +A)™ 'y weakly converges
to O for every state ¢, i.e.,

(WIA—A)G+4) p) =0

lim
g—)OO
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for all states ¢, v in the state space C*> ® F. Thus, Theorem VI.11 of Ref. [24] tells us the convergence,

. . —1 _ . —1 _
ggnéo||(z+A) (A— Al +A) '9llcegr =0, (14)

where the norm || - [[c2g £ is of the state space C2eF given by || - 2 r = (-]) /2. Combining Eqgs. (12)—(14),
we reach the strong resolvent convergence of operators A, to the operator A as g — o0.

Therefore, Egs. (6) and (7) can also be obtained by the method of spectral analysis in mathematics by applying
Theorem VIII.24 of Ref. [24] to our case, but we prove them in the light of SUSYQM in this paper.

We define the system’s supercharges Q1 and Q; by

Q1 := U 0\U;
and
Qs = Uy 02U},

where the operators Q) and Q; are given by

é'— hw +_i_l
1._‘/2 Ja'ta 20"

and

2 1= > ly/a'a 3 o4+ ly/a'a 2 o_1J.

Then, we have the relations,

{Qk, Q¢} = Sk HER.,
[Qk, Higgni] =0,
{Qk. Nr} =0,
for k, £ = 1, 2. The grading operator Ng = U,0, Ug = oy, which satisfies the conditions, Np¥eyen = Yeven fOr any

state Yeven € UgHeven, and Ngodd = —Yodd for any state Woaq € UgHodad. We note the equation concerning the
whole state space, H = UgH = (UgHeven) ® (UgHodd). We have the SUSY-generating supercharges O~ and Otas

Q™ :=U, 07Uy
and
ot :=U,0"U;,

where the operators O~ and Q7 are given by

~ / . 1
0 = |hw (aTa + 5) ot

and
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The SUSY-generating supercharges Q~ and Q7 satisfy the relations,
{0*. 0F} =0,
Hii = {07, 07}

Then, the following relations explain the alignment of the eigenenergies of the Rabi model in the case the coupling
constant is infinitely large:

Q Ugln, 1) = QT U,ln, ) =0,
1

_ +

Ugln, |) = PESYE) Q" Ug|n, 1),
1 _

Ugln, 1) = mQ Ugln, 1),

for n = 0,1,2,.... We note, in particular, that Q1 U0, 1) = Aw/2Ug|0, ) # 0 and Q" U0, |) =
Vhw/[2Ug|0, 1) # 0, which shows spontaneous SUSY breaking as described below.

We here remember that the Pauli matrix o, makes the spin-chiral transformation, o, |1) = || ) and o ||) = [1).
Using the equations, [0, ﬁo] = 0 and Ugo,U * = oy, we can show the chiral symmetry,

g
(o, HRR:| =0, (15)
though the Rabi Hamiltonian HRgp; does not have the chiral symmetry primarily:
[ox, HRrabi]l # 0. (16)

Define the states ¥4 and ¢_ by ¢4 := Ug(|0, T £10, ¢)) /~/2. Then, the states 1/ and y/_ are the lowest-energy
states of the AR Rabi Hamiltonian H]g%i. We then reach the fact that

oxYy =y # Yy with (Y ) =0. A7)

Although the AR Rabi Hamiltonian Hl‘gﬁi has the spin-chiral symmetry (15), the lowest-energy state is not invariant
under the spin-chirality as in the relation (17). This is exactly the spontaneous SUSY breaking that we are interested
in. Thus, the system does not have the SUSY ground state, i.e., the lowest energy of the AR Rabi Hamiltonian is
hw/2 and it is strictly positive.

5 Conclusion and discussion

From these arguments, we eventually realize that the growth of the coupling strength of the Rabi model plays a
role of taking the N = 2 SUSY to the spontaneous SUSY breaking, while the Rabi model gradually recovers
the chiral symmetry as the coupling strength grows infinitely large. We have been interested in the process of the
coupling strength’s growth that breaks the SUSY. It is well known [26-28] that we can give a basis of a non-compact
orthosymplectic superalgebra as

Ky = —aTaT,K_ = —aa,
K 1 I +1 B 1
- = ) — Oz,
0= 44Ty 4%
1
WR .= —aTo_,W_R = —aoy,
+ \/_ ﬁ +
1
WER .— ator, WR .= —ao_
+ V2 + V2
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Then, our SUSY Hamiltonian Hss is written as Hss = 2iwKo+2hw B, and the operators Wr and WcR, respectively,
called the rotating term and the counter-rotating term in quantum optics, are given by

We = V2 (W + WE),

Wer = V2 (WER + WER).

They are, respectively, given by the spin-chiral transformation of each other: Wcr = o Wro,. While the rotating
term WR acts in the standard state space C? ® F, the counter-rotating term WcRr becomes a rotating term acting
in the chiral state space 0, C? ® F which is, of course, mathematically equal to C*> ®  itself. We can rewrite the
Rabi Hamiltonian as

HRabi = Hss + ng(Wr + ox WRro).

The rotating term WR and the chiral rotating term o Wr o, are mathematically equitable in the interaction of the Rabi
Hamiltonian. That is, both of them equally appear in the mathematical description of the Rabi model’s interaction.
But, actually, their individual roles depend on the coupling strength. According to Egs. (9), (15), and (16), the
growth of the coupling strength restores the chiral symmetry. Actually, some experimental results of cavity and
circuit QEDs [11,12,18], in the weak and strong coupling regimes the contribution by the chiral rotating term (i.e.,
the counter-rotating term) is so small that it can be negligible, and thus, the rotating wave approximation (RWA)
works in spite of the loss of the original, mathematical equitableness. On the other hand, the effect of the chiral
rotating term remarkably appears and plays an important role when the coupling strength plunges into a region
beyond that strong coupling regime [19,20]. The region beyond the strong coupling regime is called the ultra-strong
coupling regime in circuit QED [19,20,29-32]. Namely, the division between the regimes of strong and ultra-strong
couplings is crucial to whether the chiral rotating term restores. The present technology of circuit QED has been
beginning to show us the division, and their experimental results say that the mathematical equitableness is lost in the
weak coupling regime, but the growth of the coupling strength tries to recover it in the ultra-strong coupling regime.
We are conjecturing that the process to the spontaneous SUSY breaking recovers the mathematical equitableness
concerning the spin-chirality in the Rabi model [33], and then, a chirality quantum phase transition [34] may be
concerned in the process.

The conflict between the effects by the rotating term and the chiral rotating term reminds us of Hund’s paradox
on the chiral molecules [35-39], though the paradox is concerned with the states of molecule. There would be
a possibility that circuit QED experimentally demonstrates a quantum simulation [40—42] for some problems on
chirality such as explained in this paper.
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