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Abstract we develop an operator theory on a nuclear algebra of white noise operators in terms of the quantum
white noise (QWN) derivatives and their dual adjoints. Using an adequate definition of a QWN-symbol transformation,
we discuss QWN-integral-sum kernel operators which give the Fock expansion of the QWN-operators (i.e. the linear
operators acting on nuclear algebra of white noise operators). As application, we characterize all rotation invariant
QWN-operators by means of the QWN-conservation operator, the QWN-Gross Laplacians. These topics are expected
to open a new area in QWN infinite-dimensional analysis.
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1 Introduction

The white noise analysis has been developed to an infinite-dimensional distribution theory on Gaussian space
(E ′, μ) as an infinite-dimensional analogue of Schwartz distribution theory on Euclidean space R with Lebesgue
measure:

E := S (R) ⊂ H := L2(R, dx) ⊂ S ′(R) =: E ′. (1)
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222 A. Barhoumi et al.

The mathematical framework of white noise analysis is the Gel’fand triple of test function space Fθ (N ′) and
generalized function space F ∗

θ (N ′):
Fθ (N

′) ⊂ L2(E ′, μ) ⊂ F ∗
θ (N ′). (2)

There has been observed formal analogy between white noise calculus and the calculus on Euclidean space based
on this Gel’fand triple, e.g., rotation groups [14], Laplacians [8,13]. The main tools of investigation in the above-
mentioned papers are the symbol (or Wick symbol) transform of an operator, the Fock expansion and integral
kernels operators.

In white noise analysis, the set {x(t); t ∈ R} is taken as a coordinate system of (E ′, μ) and {at , a∗
t ; t ∈ R}

(annihilation and creation) is the coordinate system for white noise differential operators as homologue of the

Euclidean differential basis
{

∂
∂xk

; 1 ≤ k ≤ d
}
. It is a fundamental fact that every white noise operator � ∈

L (Fθ (N ′),F ∗
θ (N ′)) admits a Fock expansion as an infinite series:

� =
∞∑

l,m=0

�l,m(κl,m), (3)

where the integral kernel operator �l,m(κl,m) is expressed in a formal integral

�l,m(κl,m) =
∫

Rl+m
κl,m(s1, · · · , sl , t1, · · · , tm)a∗

s1 · · · a∗
sl at1 · · · atmds1 · · · dsldt1 · · · dtm . (4)

Accordingly, the white noise operator � can be regarded as a “function” of the variables {as, a∗
t ; s, t ∈ R}. This

intuitive idea motivated Ji–Obata (see Ref. [16]) to introduce the so-called quantum white noise derivatives

D+
t � = ∂�

∂at
≡ [at , �], D−

t � = ∂�

∂a∗
t

≡ −[a∗
t , �]

acting on a suitable subset of the nuclear algebra L (Fθ (N ′),F ∗
θ (N ′)). The set

{
D+
s , D−

t , (D+
u )∗, (D−

v )∗; s, t, u, v ∈ R

}

will be taken as a quantum white noise coordinate system.
The main purpose of this paper is to develop operator theory on a nuclear algebra of white noise operators; we

give the Fock expansion of the QWN-operators in terms of a QWN-integral kernel operators which are defined by the
QWN-symbol map and expressed in terms of the quantum white noise coordinate system. The above Fock expansion
will play a key role in our discussion, in particular using the quantum white noise analogues of the Gross Laplacian
and the number operator, we characterize the rotation-invariant QWN operators.

The paper is organized as follows. In Sect. 2, we summarize the common notations, concepts and basic topological
isomorphisms used throughout the paper. In Sect. 3,we introduce theQWN-integral kernel operator using the quantum
white noise coordinate system. In Sect. 4, we define the QWN-symbol map and study its properties. In Sect. 5, the
chaotic expansion of the QWN-operators is given in terms of the QWN coordinate system. In Sect. 6, we characterize
all rotation-invariant QWN-operators.

2 Preliminaries

In this section, we summarize the common notations and concepts used throughout the paper which can be found
in Refs. [5–7,10,19,21,23,24,28,29].

2.1 Basic Gel’fand triples

Let H be the real Hilbert space of square integrable functions on R with norm | · |0. The Gel’fand triple (1) can
be reconstructed in a standard way (see Ref. [21]) by the harmonic oscillator A = 1 + t2 − d2/dt2 and H . The
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Operator theory: quantum white noise approach 223

eigenvalues of A are 2n+2, n = 0, 1, 2, · · · and the corresponding eigenfunctions {en; n ≥ 0} form an orthonormal
basis for L2(R). In fact, (en) are the Hermite functions and therefore each en is an element of E . The space E is a
nuclear space equipped with the Hilbertian norms

|ξ |p = |Apξ |0 , ξ ∈ E, p ∈ R

and we have

E = proj lim
p→∞ Ep , E ′ = ind lim

p→∞ E−p,

where for p ≥ 0, Ep is the completion of E with respect to the norm | · |p and E−p is the topological dual space
of Ep. We denote by N = E + i E and Np = Ep + i E p, p ∈ Z, the complexifications of E and Ep, respectively.

Throughout the paper, we fix a Young function θ that satisfies the following condition

lim sup
x→∞

θ(x)

x2
< ∞. (5)

The polar function θ∗ of θ , defined by θ∗(x) = supt≥0(t x−θ(t)), x ≥ 0, is also a Young function. For more details,
see Refs. [10,23]. For a complex Banach space (B, ‖ · ‖), letH (B) denotes the space of all entire functions on B.
For each m > 0 we denote by Exp(B, θ,m) to be

Exp(B, θ,m) =
{
f ∈ H (B); ‖ f ‖θ,m := sup

z∈B
| f (z)|e−θ(m‖z‖) < ∞

}
.

The two spaces Fθ (N ′) and Gθ (N ) are defined by

Fθ (N
′) = projlim

p→∞;m↓0
Exp(N−p, θ,m) , Gθ (N ) = ind lim

p→∞;m↓0
Exp(Np, θ,m). (6)

In the remainder of this paper, we simply useFθ forFθ (N ′). It is noteworthy that, for each ξ ∈ N , the exponential
function eξ (z) := e〈z,ξ〉, z ∈ N ′, belongs to Fθ and the set of such test functions spans a dense subspace of Fθ .
The space of linear continuous operators from Fθ into its topological dual space F ∗

θ is denoted by L (Fθ ,F
∗
θ )

and assumed to carry the bounded convergence topology. Let μ be the standard Gaussian measure on E ′ uniquely
specified by its characteristic function

e− 1
2 |ξ |20 =

∫

E ′
ei〈x,ξ〉μ(dx), ξ ∈ E .

Under condition (5), we have the nuclear Gel’fand triple (2), see Ref. [10].

2.2 QWN-derivatives

For z ∈ N ′ and ϕ(x) with Taylor expansion
∑∞

n=0〈x⊗n, fn〉 in Fθ , the holomorphic derivative of ϕ at x ∈ N ′
in the direction z is defined by (a(z)ϕ)(x) := limλ→0

ϕ(x+λz)−ϕ(x)
λ

. We can check that the limit always exists,
a(z) ∈ L (Fθ ,Fθ ) and a∗(z) ∈ L (F ∗

θ ,F ∗
θ ), where a∗(z) is the adjoint of a(z). For ζ ∈ N , a(ζ ) extends to

a continuous linear operator from F ∗
θ into itself (denoted by the same symbol) and a∗(ζ ) (restricted to Fθ ) is a

continuous linear operator from Fθ into itself. If z = δt ∈ E ′ we simply write at instead of a(δt ). In QWN-field
theory at and a∗

t are called the annihilation and creation operators at the point t ∈ R.
The symbol and the Wick symbol, denoted by σ and ω respectively, of � ∈ L (Fθ ,F

∗
θ ) are by definition ([21])

the C-valued function on N × N obtained as

σ(�)(ξ, η) = 〈〈�eξ , eη〉〉, ω(�)(ξ, η) = 〈〈�eξ , eη〉〉e−〈ξ,η〉, ξ, η ∈ N , (7)

respectively, where 〈〈·, ·〉〉 denotes the duality between the two spaces F ∗
θ and Fθ .

It is a fundamental fact in quantum white noise theory [21] (see also Ref. [17]) that every white noise operator
� ∈ L (Fθ ,F

∗
θ ) admits a unique Fock expansion (3) where, for each pairing l,m ≥ 0, κl,m ∈ (N⊗(l+m))′sym(l,m)

and �l,m(κl,m) is the integral kernel operator characterized via the Wick symbol transform by

ω(�l,m(κl,m))(ξ, η) = 〈
κl,m, η⊗l ⊗ ξ⊗m 〉

, ξ, η ∈ N . (8)
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224 A. Barhoumi et al.

This can be formally rewritten as (4). For ζ ∈ N , the quantum white noise derivatives are defined by

D+
ζ � = [a(ζ ),�] , D−

ζ � = −[a∗(ζ ),�]. (9)

These are called the creation derivative and annihilation derivative of �, respectively. In Ref. [1], for z ∈ N ′,
it is shown that D+

z is a continuous operator from L (Fθ ,Fθ ) into itself and D−
z is a continuous operator from

L (F ∗
θ ,F ∗

θ ) into itself. The pointwisely quantum white noise derivatives D±
t ≡ D±

δt
are discussed in Ref. [16].

2.3 Basic topological isomorphisms

Let Gθ∗(N ⊕ N ) denotes the nuclear space obtained as in (6) by replacing Np with Np ⊕ Np.

Theorem 1 (See Ref. [17]) The symbol and the Wick symbol maps realize two topological isomorphisms between
L (Fθ ,F

∗
θ ) and Gθ∗(N ⊕ N ).

For p ∈ N and γ1, γ2 > 0, we define the Hilbert spaces

Fθ,γ1,γ2(Np ⊕ Np) =
{−→ϕ = (ϕl,m)∞l,m=0 ; ϕl,m ∈ (N⊗l

p ⊗ N⊗m
p )sym(l,m), ‖−→ϕ ‖2θ,p,(γ1,γ2) < ∞

}
,

where ‖−→ϕ ‖2θ,p,(γ1,γ2)
:= ∑∞

l,m=0(θlθm)−2γ −l
1 γ −m

2 |ϕl,m |2p and θn = infr>0 eθ(r)/rn, n ∈ N. Put Fθ (N ⊕ N ) =⋂
p∈N,γ1,γ2>0 Fθ,γ1,γ2(Np ⊕ Np). Let Hθ (N ⊕ N ) = ⋂

p≥0,γ1,γ2>0 Exp(Np ⊕ Np, θ, γ1, γ2), where Exp(Np ⊕
Np, θ, γ1, γ2) denotes the space of all entire functions on Np × Np such that

sup
(x1,x2)∈(Np×Np)

|g(x1, x2)|e−θ(γ1|x1|p)−θ(γ2|x2|p) < ∞.

In other words, from the topological isomorphism betweenHθ (N ⊕N ) and Fθ (N ⊕N )which can be easily shown
(see [10,17]), all holomorphic functions g inHθ (N ⊕ N ) admit a Taylor expansion g(x1, x2) = ∑

l,m〈gl,m, x⊗l
2 ⊗

x⊗m
1 〉 for x1, x2 ∈ N , where gl,m ∈ (N⊗(l+m))sym(l,m) is such that ‖−→g ‖2θ,p,(γ1,γ2)

< ∞ for all p ∈ N and γ1,
γ2 > 0.

Theorem 2 ([5]) The symbol map realizes a topological isomorphism between the space L (F ∗
θ ,Fθ ) and the

space Hθ (N ⊕ N ).

For any S1, S2 ∈ L (Fθ ,F
∗
θ ), the the Wick product of S1 and S2 is defined by

ω(S1 � S2) = ω(S1)ω(S2). (10)

Theorem 3 ([5]) An operator � ∈ L (F ∗
θ ,Fθ ) iff there exists a unique (κl,m)l,m ∈ Fθ (N ⊕ N ) such that

� = �−τ �
∞∑

l,m=0

�l,m(κl,m), (11)

where �−τ is given by �−τ = ∑∞
k=0

(−1)k

k! �k,k(τ
⊗k).

Let Uθ = ω−1(Hθ (N ⊕ N )). By a simple computation one can show that � ∈ Uθ iff there exists a unique
(κl,m)∞l,m=0 ∈ Fθ (N ⊕ N ) such that � = ∑∞

l,m=0 �l,m(κl,m), i.e.,

Uθ =
⎧⎨
⎩� =

∞∑
l,m=0

�l,m(κl,m), (κl,m)∞l,m=0 ∈ Fθ (N ⊕ N )

⎫⎬
⎭ .

Theorem 4 ([5]) The Wick symbol map realizes a topological isomorphism between the space Uθ and the space
Hθ (N ⊕ N ).
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Operator theory: quantum white noise approach 225

From Theorems 1 and 2, we have the topological isomorphism:

L (Fθ ,F
∗
θ ) � Gθ∗(N ⊕ N ) =

⋃
p≥0,γ1,γ2>0

Exp(Np ⊕ Np, θ
∗, (γ1, γ2))

L (F ∗
θ ,Fθ ) � Hθ (N ⊕ N ) =

⋂
p≥0,γ1,γ2>0

Exp(Np ⊕ Np, θ, (γ1, γ2)).

For p ≥ 0 and γ1, γ2 > 0, let Lθ,−p,(γ1,γ2)(Fθ ,F
∗
θ ) denotes the subspace of all � ∈ L (Fθ ,F

∗
θ ) which

correspond to elements in Exp(Np ⊕ Np, θ
∗, (γ1, γ2)). Similarly, let Lθ,p,(γ1,γ2)(F

∗
θ ,Fθ ) denotes the sub-

space of all � ∈ L (F ∗
θ ,Fθ ) which correspond to elements in Exp(Np ⊕ Np, θ, (γ1, γ2)). The topology of

Lθ,−p,(γ1,γ2)(Fθ ,F
∗
θ ) is naturally induced from the norm of the Banach space Exp(Np ⊕ Np, θ

∗, (γ1, γ2)) which
will be denoted by ||| · |||θ,−p,(γ1,γ2), i.e., for � ∈ Lθ,−p,(γ1,γ2)(Fθ ,F

∗
θ ),

|||�|||θ,−p,(γ1,γ2) = ‖ω(�)‖θ∗,−p,(γ1,γ2) = sup
ξ,η∈Np

|ω(�)(ξ, η)| e−θ∗(γ1|ξ |p)−θ∗(γ2|η|p).

Similarly, the topology ofLθ,p,(γ1,γ2)(F
∗
θ ,Fθ ) is naturally induced from the norm of the Banach space Exp(Np ⊕

Np, θ, (γ1, γ2)) which will be denoted by ||| · |||θ,p,(γ1,γ2), i.e., for � ∈ Lθ,p,(γ1,γ2)(F
∗
θ ,Fθ ) and for all p ≥ 0 and

γ1, γ2 > 0

|||�|||θ,p,(γ1,γ2) = ‖σ(�)‖θ,p,(γ1,γ2) = sup
ξ,η∈Np

|σ(�)(ξ, η)| e−θ(γ1|ξ |p)−θ(γ2|η|p).

Via Theorem 4, the topology of Uθ is governed by the family of seminorms

|||�|||θ,p,(γ1,γ2) = ‖ω(�)‖θ,p,(γ1,γ2) = sup
ξ,η∈Np

|ω(�)(ξ, η)| e−θ(γ1|ξ |p)−θ(γ2|η|p).

Theorem 5 ([5]) The map fτ defined by fτ : L (F ∗
θ ,Fθ ) −→ Uθ , � �−→ �τ � �, is an isometry topological

isomorphism.

Recall that, for p ∈ N and γ1, γ2 > 0, we define the Hilbert space

Gθ,γ1,γ2(N−p ⊕ N−p) =
{−→

� = (�l,m)∞l,m=0 ; �l,m ∈ N ⊗̂(l+m)
−p , ‖−→� ‖2θ,−p,(γ1,γ2) < ∞

}

where

‖−→� ‖2θ,−p,(γ1,γ2) =
∞∑

l,m=0

(l!m!θlθm)2γ l
1γ

m
2 |�l,m |2−p·

Put Gθ (N ′ ⊕ N ′) = ⋃
p∈N,γ1,γ2>0 Gθ,γ1,γ2(N−p ⊕ N−p). The space Gθ (N ′ ⊕ N ′) carries the dual topology

of Fθ (N ⊕ N ) with respect to the C-bilinear pairing given by 〈〈−→�,−→ϕ 〉〉 = ∑∞
l,m=0 l!m!〈�l,m, ϕl,m〉, where−→

� = (�l,m)∞l,m=0 ∈ Gθ (N ′ ⊕ N ′) and −→ϕ = (ϕl,m)∞l,m=0 ∈ Fθ (N ⊕ N ). One can easily see that U ∗
θ is given by

U ∗
θ =

⎧⎨
⎩� =

∞∑
l,m=0

�l,m(κl,m), (κl,m)∞l,m=0 ∈ Gθ (N
′ ⊕ N ′)

⎫⎬
⎭

and we have the following isomorphism

Theorem 6 The map fτ defined by fτ : L (Fθ ,F
∗
θ ) −→ U ∗

θ , � �−→ �τ � �, is an isometry topological
isomorphism.

Theorem 7 TheWick symbolmap realizes a topological isomorphismbetween the spaceU ∗
θ and the spaceGθ∗(N⊕

N ).
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226 A. Barhoumi et al.

3 QWN-integral kernel operator

For x1, x2, z ∈ N and g(x1, x2) inHθ (N ⊕ N ), let

(∂1,zg)(x1, x2) := lim
λ→0

g(x1 + λz, x2) − g(x1, x2)

λ
, (12)

(∂2,zg)(x1, x2) := lim
λ→0

g(x1, x2 + λz) − g(x1, x2)

λ
. (13)

Then, in view of Theorem 2, we give in the next theorem and proposition an analytic characterization of the
QWN-derivatives and their adjoints, see also [6] and [24].

Theorem 8 Let be given z ∈ N. For all � ∈ Uθ , there exist a unique �̃1,z and a unique �̃2,z in Uθ given by
�̃1,z = ω−1∂1,zω(�) and �̃2,z = ω−1∂2,zω(�). Moreover, we have D−

z � = �̃1,z and D+
z � = �̃2,z .

Proposition 1 For all � ∈ U ∗
θ and all z ∈ N, there exist a unique �̃∗

1,z ∈ U ∗
θ and a unique �̃∗

2,z ∈ U ∗
θ given by

�̃∗
1,z = ω−1∂∗

1,zω(�) and �̃∗
2,z = ω−1∂∗

2,zω(�) where ∂∗
1,z and ∂∗

2,z are given by

〈〈∂∗
1,z f, g〉〉 = 〈〈 f, ∂1,zg〉〉, 〈〈∂∗

2,z f, g〉〉 = 〈〈 f, ∂2,zg〉〉, (14)

for all g ∈ Hθ (N⊕N )and f ∈ Gθ∗(N⊕N ).Moreover, the operators �̃∗
1,z and �̃∗

2,z are denoted by (D−
z )∗� := �̃∗

1,z

and (D+
z )∗� := �̃∗

2,z .

From Theorems 2, 8 and Proposition 1, D±
z is a continuous linear operator from Uθ into itself, (D±

z )∗ is a
continuous linear operator from U ∗

θ into itself and in particular, the restriction of (D±
z )∗ is a continuous linear

operator from Uθ into itself.

Definition 1 Let S = ∑
l,m �l,m(sl,m) in Uθ and T = ∑

l,m �l,m(tl,m) in U ∗
θ , where tl,m ∈ (N ′)⊗̂l+m and

sl,m ∈ N ⊗̂l+m . Then, the duality between the two spaces Uθ and U ∗
θ , denoted by 〈〈〈., .〉〉〉, is defined as follows

〈〈〈T, S〉〉〉 :=
∞∑

l,m=0

l!m!〈tl,m, sl,m〉. (15)

Lemma 1 For S, T ∈ Uθ , we put

ηS,T (s1, · · · , s j , t1, · · · , tk; u1, · · · , ul , v1, · · · , vm)

:= 〈〈〈(
D+
s1

)∗ · · · (D+
s j

)∗(
D−
t1

)∗ · · · (D−
tk

)∗
D+
u1 · · · D+

ul D
−
v1

· · · D−
vm
S, T

〉〉〉
.

Then, there exist M( j, k, l,m) > 0 such that for any α ≥ 0, γ1, γ2, γ3, γ4 > 0, we have

|ηS,T |α ≤ M( j, k, l,m) ‖S‖θ,α,(γ1,γ2)
‖T ‖θ,α,(γ3,γ4) .

In particular, ηS,T ∈ N⊗( j+k+l+m).

Proof Let be given l,m ≥ 0 and κl,m in
(
(N⊗l) ⊗ (N⊗m)

)
sym(l,m)

. For z ∈ N , by direct computation, the partial
derivatives of the identity (8) in the direction z are given by

∂1,zω(�l,m(κl,m))(ξ, η) = ω(m�l,m−1(κl,m ⊗1 z))(ξ, η) (16)

and

∂2,zω(�l,m(κl,m))(ξ, η) = ω(l�l−1,m(z ⊗1 κl,m))(ξ, η), (17)

where for z p ∈ (N⊗p)′, and ξl+m−p ∈ N⊗(l+m−p), p ≤ l + m, the contractions z p ⊗p κl,m and κl,m ⊗p z p are
given by

〈z p ⊗p κl,m, ξl−p+m〉 = 〈κl,m, z p ⊗ ξl−p+m〉, 〈κl,m ⊗p z p, ξl+m−p〉 = 〈κl,m, ξl+m−p ⊗ z p〉.
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Operator theory: quantum white noise approach 227

Similarly, using Proposition 1 we get

∂∗
1,zω(�l,m(κl,m))(ξ, η) = ω(�l,m+1(κl,m ⊗ z))(ξ, η) (18)

∂∗
2,zω(�l,m(κl,m))(ξ, η) = ω(�l+1,m(z ⊗ κl,m))(ξ, η). (19)

Now, let S = ∑
l,m �l,m(sl,m) and T = ∑

l,m �l,m(tl,m) inUθ where sl,m, tl,m ∈ N ⊗̂l+m . It then follows from (16)
and (17) that

∂2,δu1 · · · ∂2,δul ∂1,δv1
· · · ∂1,δvm

ω(S)(ξ, η) =
∞∑

p,q=0

(p + l)!
p!

(q + m)!
q!

〈(
δu1⊗̂ · · · ⊗̂δul

) ⊗l sp+l,q+m ⊗m
(
δv1⊗̂ · · · ⊗̂δvm

)
, η⊗p ⊗ ξ⊗q 〉

and

∂2,δs1 · · · ∂2,δs j ∂1,δt1 · · · ∂1,δtk ω(T )(ξ, η)

=
∞∑

p,q=0

(p + j)!
p!

(q + k)!
q!

〈(
δs1⊗̂ · · · ⊗̂δs j

) ⊗ j tp+ j,q+k ⊗k
(
δt1⊗̂ · · · ⊗̂δtk

)
, η⊗p ⊗ ξ⊗q 〉.

Hence,

ηS,T (s1, · · · , s j , t1, · · · , tk ; u1, · · · , ul , v1, · · · , vm)

= 〈〈
∂2,δu1 · · · ∂2,δul ∂1,δv1

∂1,δvm
ω(S), ∂2,δs1 · · · ∂2,δs j ∂1,δt1 ···∂1,tk ω(T )

〉〉

=
∞∑

p,q=0

(p + l)!(q + m)!(p + j)!(q + k)!
p!q!

〈(
δu1⊗̂ · · · ⊗̂δul

) ⊗l sp+l,q+m ⊗m
(
δv1⊗̂ · · · ⊗̂δvm

)
,
(
δs1⊗̂ · · · ⊗̂δs j

) ⊗ j tp+ j,q+k ⊗k
(
δt1⊗̂ · · · ⊗̂δtk

)〉

=
∞∑

p,q=0

(p + l)!(q + m)!(p + j)!(q + k)!
p!q!

〈(
δs1⊗̂ · · · ⊗̂δs j

) ⊗ (
δt1⊗̂ · · · ⊗̂δtk

) ⊗ (
δu1⊗̂ · · · ⊗̂δul

) ⊗ (
δv1⊗̂ · · · ⊗̂δvm

)
, tp+ j,q+k ⊗p

q sp+l,q+m
〉
.

Therefore,

ηS,T =
∞∑

p,q=0

(p + l)!(q + m)!(p + j)!(q + k)!
p!q! tp+ j,q+k ⊗p

q sp+l,q+m .

Since, for α ≥ 0 and γ1, γ2 > 0

|tp+ j,q+k ⊗p
q sp+l,q+m |α ≤ |tp+ j,q+k |α|sp+l,q+m |α

we get

|ηS,T |α ≤
∞∑

p,q=0

γ
( l
2 )

1 γ
(m2 )

2 γ
( k2 )

4 γ
(
j
2 )

3

(
(p + l)!(p + j)!

p! (γ1γ3)
p
2 θp+lθp+ j

)

×
(

(q + m)!(q + k)!
q! (γ2γ4)

q
2 θq+mθq+k

)(
θ−1
p+lθ

−1
q+mγ

−
(
p+l
2

)
1 γ

−
(
q+m
2

)
2 |sp+l,q+m |α

)

×
(

θ−1
p+ jθ

−1
q+kγ

−
(
p+ j
2

)
3 γ

−
(
q+k
2

)
4 |tp+ j,q+k |α

)

≤ M( j, k, l,m)

∥∥∥−→
f
∥∥∥

θ,α,(γ1,γ2)

∥∥−→g ∥∥
θ,α,(γ3,γ4)

≤ M( j, k, l,m)K ‖ω(S)‖θ,α,(γ1,γ2)
‖ω(T )‖θ,α,(γ3,γ4) (20)
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where
−→
f = (sl,m)l,m ,

−→g = (t j,k) j,k ,

M( j, k, l,m) = M1(4
√

γ3)
j (4

√
γ4)

k(4
√

γ1)
l(4

√
γ2)

m j !k!l!m!θ jθkθlθm

and

M1 = sup
p≥0

{
(16

√
γ1γ3)

p p!θ2p
}
sup
q≥0

{
(16

√
γ2γ4)

qq!θ2q
}

,

M1 < ∞, see [23], which completes the proof. ��
Theorem 9 For any κ ∈ (N⊗( j+k+l+m))′ there exists a continuous linear operator � j,k,l,m(κ) ∈ L (Uθ ,U

∗
θ )

such that

〈〈〈� j,k,l,m(κ)S, T 〉〉〉 = 〈κ, ηS,T 〉, S, T ∈ Uθ ,

where

ηS,T (s1, · · · , s j , t1, · · · , tk; u1, · · · , ul , v1, · · · , vm)

= 〈〈〈(
D+
s1

)∗ · · · (D+
s j

)∗(
D−
t1

)∗ · · · (D−
tk

)∗
D+
u1 · · · D+

ul D
−
v1

· · · D−
vm
S, T

〉〉〉
.

Moreover, for any α ≥ 0, γ1, γ2 > 0 with |κ|−α < ∞ it holds that
∥∥� j,k,l,m(κ)S

∥∥
θ,−α,(γ1,γ2)

≤ M( j, k, l,m)|κ|−α ‖S‖θ,α,(γ1,γ2) .

Proof First note that for any κ ∈ (
N⊗( j+k+l+m)

)′,
(S, T ) �→ 〈κ, ηS,T 〉, S, T ∈ Uθ ,

is a continuous bilinear form on Uθ . In fact, by Lemma 1 we have

|〈κ, ηS,T 〉| ≤ |κ|−α|ηS,T |α
≤ M( j, k, l,m)|κ|−α‖S‖θ,α,(γ1,γ2)‖T ‖θ,α,(γ3,γ4), (21)

whereM( j, k, l,m) is given in Lemma 1. Therefore, there is a continuous linear operator� j,k,l,m(κ) inL (Uθ ,U
∗

θ )

such that

〈〈〈� j,k,l,m(κ)S, T 〉〉〉 = 〈κ, ηS,T 〉.
It then follows from (21) that

‖� j,k,l,m(κ)S‖θ,−α,(γ1,γ2) ≤ sup{|〈κ, ηS,T 〉|; ‖T ‖θ,α,(γ3,γ4) < 1}
≤ M( j, k, l,m)|κ|−α‖S‖θ,α,(γ1,γ2)

which completes the proof. ��
The operator � j,k,l,m(κ) is thus defined through two canonical bilinear forms:

〈〈〈� j,k,l,m(κ)S, T 〉〉〉

= 〈
κ,

〈〈〈(
D+
s1

)∗ · · · (D+
s j

)∗(
D−
t1

)∗ · · · (D−
tk

)∗
D+
u1 · · · D+

ul D
−
v1

· · · D−
vm
S, T

〉〉〉〉
, (22)

where S, T ∈ Uθ . This suggests us to employ a formal integral expression:

� j,k,l,m(κ) =
∫

R j+k+l+m
κ(s1, · · · , s j , t1, · · · , tk; u1, · · · , ul , v1, · · · , vm)

(
D+
s1

)∗ · · · (D+
s j

)∗(
D−
t1

)∗ · · · (D−
tk

)∗
D+
u1 · · · D+

ul D
−
v1

· · · D−
vm

ds1 · · · ds jdt1 · · · dtkdu1 · · · duldv1 · · · dvm .
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We call � j,k,l,m an QWN-integral operator with kernel distribution κ . It is possible to write down the action of
� j,k,l,m(κ) explicitly using the contraction of tensor product.

For a later use we need to define an the operator Sa,b as follows. For any a, b ∈ N ′

Sa,b ≡
∞∑

l,m=0

�l,m(κl,m(a, b)) ∈ U ∗
θ ,

where κl,m(a, b) = 1

l!m!a
⊗l ⊗ b⊗m . It is noteworthy that {Sa,b; a, b ∈ N ′} spans a dense subspace of U ∗

θ and

{Sa,b; a, b ∈ N } spans a dense subspace of Uθ .

Proposition 2 Let S ∈ Uθ given by S = ∑∞
p,q=0 �p,q(sp,q). Then, for κ ∈ (

N⊗( j+k+l+m)
)′
we have

� j,k,l,m(κ)S =
∞∑

p,q=0

(p + l)!(q + m)!
p!q! Sp+ j,q+k

(
κ ⊗l

m sp+l,q+m
)
. (23)

In particular, for a, b ∈ N we have

� j,k,l,m(κ)Sa,b =
∞∑

p,q=0

1

p!q! Sp+k,q+ j
((

κ ⊗l
m

(
a⊗l ⊗ b⊗m)) ⊗ (

a⊗p ⊗ b⊗q)). (24)

Proof Let T ∈ Uθ be given as T = ∑∞
p,q=0 �p,q(tp,q). Then, by definition,

〈〈〈� j,k,l,m(κ)S, T 〉〉〉 =
∞∑

p,q=0

(p + l)!(q + m)!(p + j)!(q + k)!
p!q!

〈
κ, tp+ j,q+k ⊗p

q sp+l,q+m
〉

=
∞∑

p,q=0

(p + l)!(q + m)!(p + j)!(q + k)!
p!q!

〈
κ ⊗l

m sp+l,q+m, tp+ j,q+k
〉
,

from which (23) follows. The proof of (24) is then immediate. ��
During the above discussion we have obtained a linear map
(
N⊗( j+k+l+m)

)′ � κ �−→ � j,k,l,m(κ) ∈ L (Uθ ,U
∗

θ ).

But this not injective, namely, the kernel distribution is not uniquely determined.
For the uniqueness, we need a “partially symmetrized” kernel. We put

κ̂ = 1

j !k!l!m!
∑

π∈G j×Gk×Gl×Gm

κπ , κ ∈ (
N⊗( j+k+l+m)

)′
,

where .π is defined by (see[21]), for F ∈ (N⊗n)′ and π ∈ Gn

〈Fπ , ξ1 ⊗ · · · ⊗ ξn〉 = 〈F, ξπ−1(1) ⊗ · · · ⊗ ξπ−1(n)〉, ξ1, · · · , ξn ∈ N .

We first note the following

Proposition 3 For all κ ∈ (
N⊗( j+k+l+m)

)′
we have

� j,k,l,m(κ) = � j,k,l,m (̂κ).

Proof Since � j,k,l,m(κ) is defined uniquely by (22), the assertion follows immediately from the fact that
[
D±
s , D±

t

] = 0 and
[
(D±

s )∗, (D±
t )∗

] = 0, s, t ∈ R,

which can be shown by a straight forward calculus. ��
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Proposition 4 Let κ ∈ (
N⊗( j+k+l+m)

)′
. Then � j,k,l,m(κ) = 0 if and only if κ̂ = 0. In other words, for κ ∈(

N⊗( j+k+l+m)
)′
sym( j,k,l,m)

, the map

κ �−→ � j,k,l,m(κ) ∈ L (Uθ ,U
∗

θ )

is injective.

Proof Suppose that κ̂ = 0. Then, we see from Proposition 3 that � j,k,l,m(κ) = � j,k,l,m (̂κ) = 0. Conversely, we
suppose that � j,k,l,m(κ) = 0. Consider a particular operator:

Sa,b
l,m = �l,m(a⊗l ⊗ b⊗m), T c,d

j,k = � j,k(c
⊗ j ⊗ d⊗k), a, b, c, d ∈ N .

Then, it follows from the definition that
〈〈〈
� j,k,l,m(κ)Sa,b

l,m , T c,d
j,k

〉〉〉 = j !k!l!m!〈κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉
.

Since � j,k,l,m(κ) = 0 by assumption,

0 = 〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉 = 〈̂

κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

This being true for all, a, b, c, d ∈ N , we conclude that κ̂ = 0. ��

Proposition 5 Let κ ∈ (
N⊗( j+k+l+m)

)′
and κ ′ ∈ (

N⊗( j ′+k′+l ′+m′))′. If � j,k,l,m(κ) = � j ′,k′,l ′,m′(κ ′) �= 0, then
j = j ′, k = k′, l = l ′, m = m′ and κ̂ = κ̂ ′.

Proof Suppose that � j,k,l,m(κ) = � j ′,k′,l ′,m′(κ ′) �= 0. In particular, since � j,k,l,m(κ) �= 0, it follows from
Proposition 4 that κ̂ �= 0 and therefore, there exist a, b, c, d ∈ N such that
〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉 �= 0.

Then, we have
〈〈〈
� j,k,l,m(κ)Sa,b

l,m , T c,d
j,k

〉〉〉 �= 0. (25)

On the other hand, unless j ′ ≤ j , k′ ≤ k, l ′ ≤ l and m′ ≤ m,
〈〈〈
� j ′,k′,l ′,m′(κ ′)Sa,b

l,m , T c,d
j,k

〉〉〉 = 〈
κ ′,

〈〈〈
D+
u1 · · · D+

ul′ D
−
v1

· · · D−
vm′ S

a,b
l,m , D+

s1 · · · D+
s j ′ D

−
t1 · · · D−

tk′ T
c,d
j,k

〉〉〉〉 = 0.

Therefore, to have (25) it is necessary that j ′ ≤ j , k′ ≤ k, l ′ ≤ l and m ≤ m′. A similar argument with
� j ′,k′,l ′,m′(κ ′) �= 0 implies that j ≤ j ′, k ≤ k′, l ≤ l ′ and m ≤ m′. Hence j ′ = j , k′ = k, l ′ = l and m = m′. We
then see from Proposition 4 that κ̂ = κ̂ ′. ��

With each (κ j,k,l,m)∞j,k,l,m=0 ∈ ⊕∞
j,k,l,m=0

(
N⊗( j+k+l+m)

)′
sym( j,k,l,m)

(algebraic direct sum) we may associated
an operator

∞∑
j,k,l,m=0

� j,k,l,m(κ j,k,l,m) ∈ L (Uθ ,U
∗

θ ).

It then follows from Propositions 4 and 5 that we have a linear injection:

∞⊕
j,k,l,m=0

(
N⊗( j+k+l+m)

)′
sym( j,k,l,m)

−→ L (Uθ ,U
∗

θ ).
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Operator theory: quantum white noise approach 231

4 QWN-symbol map

Definition 2 For P ∈ L (Uθ ,U
∗

θ ), we define σ Q(P) to be the four-variable function given by

σ Q(P)(a, b, c, d) := 〈〈〈PSa,b, Sc,d〉〉〉; a, b, c, d ∈ N .

σ Q is referred to us a QWN-version of the usual symbol map σ .

Note that σ Q(I ) is given by

σ Q(I )(a, b, c, d) = 〈〈
Sa,b, Sc,d

〉〉

=
∞∑

l,m=0

l!m!
〈
a⊗l

l! ⊗ b⊗m

m! ,
c⊗l

l! ⊗ d⊗m

m!
〉

= exp{〈a, c〉 + 〈b, d〉}.
As in [10] and [17], we can define

Gθ (N
4) =

⋃
p1,p2,p3,p4≥0,m1,m2,m3,m4>0

Exp(Np1 ⊕ Np2 ⊕ Np3 ⊕ Np4 , θ,m1,m2,m3,m4).

Theorem 10 The map σ Q is a topological isomorphism from L (Uθ ,U
∗

θ ) into Gθ∗(N 4).

Proof By the kernel theorem, we have

L (Uθ ,U
∗

θ ) ∼= L (L (F ∗
θ ,Fθ ),L (Fθ ,F

∗
θ ))

∼= L (Fθ ⊗ Fθ ,F
∗
θ ⊗ F ∗

θ )

∼= F ∗
θ (N ′ ⊕ N ′) ⊗ F ∗

θ (N ′ ⊕ N ′)
∼= Gθ∗(N ⊕ N ) ⊗ Gθ∗(N ⊕ N )

so that the QWN-symbol map can be seen as a composition of topological isomorphisms. ��

The QWN-symbol of a QWN-integral kernel QWN-operator is given in the following.

Proposition 6 Let κ ∈ (
N⊗( j+k+l+m)

)′
. Then, for a, b, c, d ∈ N

σ Q(� j,k,l,m(κ))(a, b, c, d) = 〈〈〈
� j,k,l,m(κ)Sa,b, Sc,d

〉〉〉

= 〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

e〈a,c〉e〈b,d〉.

Proof By Proposition 2 we have

� j,k,l,m(κ)Sa,b =
∞∑

p,q=0

1

p!q! Sp+ j,q+k
((

κ ⊗l
m

(
a⊗l ⊗ b⊗m)) ⊗ (

a⊗p ⊗ b⊗q))

=
∞∑

p= j,q=k

1

(p − j)!(q − k)!�p,q
((

κ ⊗l
m (a⊗l ⊗ b⊗m)) ⊗ (

a⊗(p− j) ⊗ b⊗(q−k))).

On the other hand,

Sc,d =
∞∑

p,q=0

Sp,q

(
c⊗p

p! ⊗ d⊗q

q!

)
.
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Hence

〈〈〈� j,k,l,m(κ)Sa,b, Sc,d〉〉〉 =
∞∑

p= j,q=k

p!q! 1

(p − j)!
1

(q − k)!
〈((

κ ⊗l
m

(
a⊗l ⊗ b⊗m

))
⊗

(
a⊗(p− j) ⊗ b⊗(q−k)

))
,
c⊗p

p! ⊗ d⊗q

q!
〉

=
∞∑

p= j,q=k

1

(p − j)!
1

(q − k)!
〈(

κ ⊗l
m

(
a⊗l ⊗ b⊗m

))
, c⊗ j ⊗ d⊗k

〉
〈a, c〉p− j 〈b, d〉q−k

=
〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m

〉
e〈a,c〉e〈b,d〉.

This completes the proof. ��

5 Chaotic expansion of QWN-operators:

Given �Q ∈ L (Uθ ,U
∗

θ ), we consider the Taylor expansion of σ Q(�Q) in Gθ∗(N 4):

σ Q(�Q)(a, b, c, d) =
∑
j,k,l,m

〈
λ j,k,l,m, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

, λ j,k,l,m ∈ (
N⊗( j+k+l+m)

)′
.

It is obvious by Theorem 10 that there exists � j,k,l,m ∈ L (Uθ ,U
∗

θ ) such that

σ Q(� j,k,l,m(λ j,k,l,m))(a, b, c, d) = 〈
λ j,k,l,m, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

.

Thus, we come to

�Q =
∑
j,k,l,m

� j,k,l,m(λ j,k,l,m)

which is called the chaotic expansion of �Q ∈ L (Uθ ,U
∗

θ ).

Lemma 2 For each κ ∈ (
N⊗( j+k+l+m)

)′
there exists a QWN-operator � j,k,l,m(κ) inL (Uθ ,U

∗
θ ) whose symbol is

given by

σ Q(� j,k,l,m(κ))(a, b, c, d) = 〈〈〈
� j,k,l,m(κ)Sa,b, Sc,d

〉〉〉

= 〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

e〈a,c〉e〈b,d〉, a, b, c, d ∈ N . (26)

Proof We write �(a, b, c, d) for the righthand side of (26). It is sufficient to show that � ∈ Gθ∗(N 4) by Theorem
10. Since

〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m

〉
is of polynomial growth, it belongs to Gθ∗(N 4). From the fact Uθ ⊂ U ∗

θ

we see that the identity operator I on Uθ is a member of L (Uθ ,U
∗

θ ), and hence σ Q(I ) ∈ Gθ∗(N 4). Note that

σ Q(I )(a, b, c, d) = 〈〈〈Sa,b, Sc,d〉〉〉 = e〈a,c〉e〈b,d〉.

Since Gθ∗(N 4) is closed under pointwise multiplication, we conclude that � ∈ Gθ∗(N 4). ��
Theorem 11 Let � : N 4 → C belongs to Gθ∗(N 4). Then, there exists a unique family of kernel distributions
{κ j,k,l,m}∞j,k,l,m=0, where κ j,k,l,m ∈ (

N⊗( j+k+l+m)
)′
sym( j,k,l,m)

, such that

|κ j,k,l,m |−(α+1) ≤ K (2eδ) j+k+l+m(γ1 + 1) j (γ2 + 1)k(γ3 + 1)l(γ4 + 1)mθ∗
j θ

∗
k θ∗

l θ∗
m (27)

for some K , γ1, γ2, γ3, γ4 > 0 and

�(a, b, c, d) =
∞∑

j,k,l,m=0

〈〈〈
� j,k,l,m(κ j,k,l,m)Sa,b, Sc,d

〉〉〉
, a, b, c, d ∈ N . (28)
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Moreover, the series

�QS =
∞∑

j,k,l,m=0

� j,k,l,m(κ j,k,l,m)S, S ∈ Uθ , (29)

converges in Uθ , �Q ∈ L (Uθ ,U
∗

θ ) and σ Q(�Q) = �.

For the proof we need some technical results.

Lemma 3 Let f be an entire holomorphic function on C
4 with the Taylor expansion f (z, y, x, w) =∑∞

j,k,l,m=0 a jklmz j yk xlwm. Assume that

| f (z, y, x, w)| ≤ K exp{θ∗(K1|z|) + θ∗(K2|y|) + θ∗(K3|x |) + θ∗(K4|w|)}, z, y, x, w ∈ C,

for some K ≥ 0, K1 ≥ 0, K2 ≥ 0, K3 ≥ 0 and K4 ≥ 0. Then

|a jklm | ≤ KK j
1 θ∗

j K
k
2 θ∗

k K
l
3θ

∗
l K

m
4 θ∗

m .

Proof Similar to the classical case (see[10,21]). Since for R1 > 0, R2 > 0, R3 > 0 and R4 > 0

a jklm = ( 1

2�i

)4 ∫

|z|=R1

∫

|y|=R2

∫

|x |=R3

∫

|w|=R4

f (z, y, x, w)

z j+1yk+1xl+1wm+1 dzdydxdw

we have

|a jklm | ≤ sup{| f (z, y, s, w)|R− j
1 R−k

2 R−l
3 R−m

4 ; |z| = R1, |y| = R2, |x | = R3, |w| = R4}
≤ K R− j

1 eθ∗(K1R1)R−k
2 eθ∗(K2R2)R−l

3 eθ∗(K3R3)R−m
4 eθ∗(K4R4)

= KK j
1 θ∗

j K
k
2 θ∗

k K
l
3θ

∗
l K

m
4 θ∗

m .

Hence, we obtain the desired estimate. ��
Lemma 4 Let � be a C−valued function on N 4 and assume that � ∈ Gθ∗(N 4). Put

ψ(a, b, c, d) = e−〈a,c〉e−〈b,d〉�(a, b, c, d), a, b, c, d ∈ N ,

and

κ j,k,l,m(a1, · · · , a j , b1, · · · , bk, c1, · · · , cl , d1, · · · , dm) =
1

j !k!l!m!D
(1)
a1 · · · D(1)

a j
D(2)
b1

· · · D(2)
bk

D(3)
c1 · · · D(3)

cl D(4)
d1

· · · D(4)
dm

ψ(0, 0, 0, 0), (30)

where

D(1)
a1 ψ(a, b, c, d) = d

dz
|z=0ψ(za1 + a, b, c, d), D(2)

b1
ψ(a, b, c, d) = d

dy
|y=0ψ(a, yb1 + b, c, d),

D(3)
c1 ψ(a, b, c, d) = d

dx
|x=0ψ(a, b, xc1 + c, d), D(4)

d1
ψ(a, b, c, d) = d

dw
|w=0ψ(a, b, c, wd1 + d).

Then, κ j,k,l,m is a continuous ( j + k + l + m)-linear form on N with κ̂ j,k,l,m = κ j,k,l,m. Moreover, there exist
K , γ1, γ2, γ3, γ4 > 0 such that

|κ j,k,l,m |−(α+1) ≤ K (2eδ) j+k+l+m(γ1 + 1) j (γ2 + 1)k(γ3 + 1)l(γ4 + 1)mθ∗
j θ

∗
k θ∗

l θ∗
m . (31)

Proof It is obvious that κ j,k,l,m is a C−valued ( j + k + l + m)−form on N. We now put

A j,k,l,m(a, b, c, d) = κ j,k,l,m(a, · · · , a︸ ︷︷ ︸
j times

, b, · · · , b︸ ︷︷ ︸
k times

, c, · · · , c︸ ︷︷ ︸
l times

, d, · · · ., d︸ ︷︷ ︸
m times

).
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Then, we have the Taylor expansion:

ψ(za, yb, xc, wd) =
∞∑

j,k,l,m=0

∂ j+k+l+m

∂z j∂yk∂xl∂wm
ψ(za, yb, xc, wd)|z=y=x=w=0

z j yk xlwm

j !k!l!m!

=
∞∑

j,k,l,m=0

A j,k,l,m(a, b, c, d)z j yk xlwm . (32)

For ρ1, ρ2 > 0 we have

|〈za, xc〉| ≤ ρ2
1

2
|z|2|a|2α + 1

2ρ2
1

|x |2|c|2α,

|〈yb, wd〉| ≤ ρ2
2

2
|y|2|b|2α + 1

2ρ2
2

|w|2|d|2α.

Then from the facts that θ ∈ Gθ∗(N 4) and θ∗(s) + θ∗(t) ≤ θ∗(2s + 2t), there exist K ≥ 0, γ1, γ2, γ3, γ4 > 0 such
that

|ψ(za, yb, xc, wd)| = |e−〈za,xc〉e−〈yb,wd〉||�(za, yb, xc, wd)|
≤ K exp{ρ

2
1

2
|z|2|a|2α + 1

2ρ2
1

|x |2|c|2α + ρ2
2

2
|y|2|b|2α + 1

2ρ2
2

|w|2|d|2α}
× exp{θ∗(γ1|z||a|α) + θ∗(γ2|y||b|α) + θ∗(γ3|x ||c|α) + θ∗(γ4|w||d|α)}

≤ K exp{θ∗(2(γ1 + 1)|z||a|α) + θ∗(2(γ2 + 1)|y||b|α)

+θ∗(2(γ3 + 1)|x ||c|α) + θ∗(2(γ4 + 1)|w||d|α)}.
It then follows from Lemma 3 that

|A j,k,l,m | ≤ K {(2γ1 + 2) j (2γ2 + 2)k(2γ3 + 2)l(2γ4 + 2)mθ∗
j θ

∗
k θ∗

l θ∗
m}|a| jα|b|kα|c|lα|d|mα .

By virtue of the polarization formula (see[21], [19]) we obtain

sup
{|κ j,k,l,m(a1, · · · , a j , b1, · · · , bk, c1, · · · , cl , d1, · · · , dm)|; |a1|α ≤ 1, · · · , |a j |α ≤ 1,

|b1| ≤ 1, · · · , |bk | ≤ 1, |c1|α ≤ 1, · · · , |cl |α ≤ 1, |d1|α ≤ 1, · · · , |dm |α ≤ 1
}

≤ K (2eγ1 + 2e) j (2eγ2 + 2e)k(2eγ3 + 2e)l(2eγ4 + 2e)mθ∗
j θ

∗
k θ∗

l θ∗
m .

Then, we have∣∣〈κ j,k,l,m, e
(
i (1)

) ⊗ e
(
i (2)

) ⊗ e
(
i (3)

) ⊗ e
(
i (4)

)〉∣∣2

≤ K 2{(2eγ1 + 2e) j (2eγ2 + 2e)k(2eγ3 + 2e)l(2eγ4 + 2e)mθ∗
j θ

∗
k θ∗

l θ∗
m

}2

×|e(i (1))|α|e(i (2))|α|e(i (3))|α|e(i (4))|α
where e

(
i (1)

) = e
i (1)1

⊗· · ·⊗e
i (1)j

, e
(
i (2)

) = e
i (2)1

⊗· · ·⊗e
i (2)k

, e
(
i (3)

) = e
i (3)1

⊗· · ·⊗e
i (3)l

and e
(
i (4)

) = e
i (4)1

⊗· · ·⊗e
i (4)m

.

Then we get

|κ j,k,l,m |2−(α+1) =
∑

i (1),i (2),i (3),i (4)

|〈κ j,k,l,m, e(i (1)) ⊗ e(i (2)) ⊗ e(i (3)) ⊗ e(i (4))〉|2

|e(i (1))|2−(α+1)|e(i (2))|2−(α+1)|e(i (3))|2−(α+1)|e(i (4))|2−(α+1)

≤ K 2{(2eγ1 + 2e) j (2eγ2 + 2e)k(2eγ3 + 2e)l(2eγ4 + 2e)mθ∗
j θ

∗
k θ∗

l θ∗
m}2

∑

i (1),i (2),i (3),i (4)

|e(i (1))|2−1|e(i (2))|2−1|e(i (3))|2−1|e(i (4))|2−1

≤ {
K (2eδγ1 + 2eδ) j (2eδγ2 + 2eδ)k(2eδγ3 + 2eδ)l(2eδγ4 + 2eδ)mθ∗

j θ
∗
k θ∗

l θ∗
m

}2
.
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This completes the proof of (31). In particular, κ j,k,l,m ∈ (
N⊗( j+k+l+m)

)′. It is obvious that κ̂ j,k,l,m = κ j,k,l,m ,

namely κ j,k,l,m ∈ (
N⊗( j+k+l+m)

)′
sym( j,k,l,m)

. ��
Proof (of Theorem 11) The equality (27) is obvious from Lemma 4. We next prove identity (29). It follows from
Proposition 6 that〈〈〈
� j,k,l,m(κ j,k,l,m)Sa,b, Sc,d

〉〉〉 = 〈
κ j,k,l,m, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

e〈a,c〉e〈b,d〉

= A j,k,l,m(a, b, c, d)e〈a,c〉e〈b,d〉.
Hence, in view of (32),

e−〈a,c〉e−〈b,d〉
∞∑

j,k,l,m=0

〈〈〈� j,k,l,m(κ j,k,l,m)Sa,b, Sc,d〉〉〉 =
∞∑

j,k,l,m=0

A j,k,l,m(a, b, c, d)

= ψ(a, b, c, d),

and therefore,
∞∑

j,k,l,m=0

〈〈〈� j,k,l,m(κ j,k,l,m)Sa,b, Sc,d〉〉〉 = e〈a,c〉e〈b,d〉ψ(a, b, c, d)

= �(a, b, c, d).

It follows from the uniqueness of the Taylor coefficients that {A j,k,l,m}∞j,k,l,m=0 is unique, and therefore so is
{κ j,k,l,m}∞j,k,l,m=0 under the condition that κ̂ j,k,l,m = κ j,k,l,m . We then prove that

∑∞
j,k,l,m=0 � j,k,l,m(κ j,k,l,m)S

converges in U ∗
θ for any S ∈ Uθ . It follows from Theorem 9 that

‖� j,k,l,m(κ j,k,l,m)S‖θ,−α−1,(γ1,γ2) ≤ M( j, k, l,m)|κ j,k,l,m |−(α+1)‖S‖θ,α+1,(γ1,γ2).

In view of (31) we obtain

‖� j,k,l,m(κ j,k,l,m)S‖θ,−α−1,(γ1,γ2)

≤ M( j, k, l,m)K (2eδ) j+k+l+m(γ1 + 1) j (γ2 + 1)k(γ3 + 1)l(γ4 + 1)m

×θ∗
j θ

∗
k θ∗

l θ∗
m‖S‖θ,α+1,(γ1,γ2)

≤ M1K
{(
8eδ

√
γ4(γ1 + 1)

) j
j !θ jθ

∗
j

}{(
8eδ

√
γ3(γ2 + 1)

)k
k!θkθ∗

k

}

×{(
8eδ

√
γ1(γ3 + 1)

)l
l!θlθ∗

l

}{(
8eδ

√
γ2(γ4 + 1)

)m
m!θmθ∗

m

}‖S‖θ,−α−1,(γ1,γ2).

Since θnθ
∗
n = ( en )n for every n ≥ 0, see [23], then the series

∞∑
j,k,l,m=0

‖� j,k,l,m(κ j,k,l,m)S‖θ,−α−1,(γ1,γ2)

converges for any S ∈ Uθ if we chose γ1, γ2 > 0 such that

L(γ1, γ4) := 8eδ
√

γ4(γ1 + 1) < 1, L(γ2, γ3) < 1, L(γ3, γ1) < 1 and L(γ4, γ2) < 1.

Then, ∃C ≥ 0 such that
∞∑

j,k,l,m=0

‖� j,k,l,m(κ j,k,l,m)S‖θ,−α−1,(γ1,γ2) ≤ C‖S‖θ,α+1,(γ1,γ2).

This means that the series (29) converges in U ∗
θ and �Q ∈ L (Uθ ,U

∗
θ ). Finally we see that

σ Q(�Q)(a, b, c, d) = 〈〈〈
�Sa,b, Sc,d

〉〉〉

=
∞∑

j,k,l,m=0

〈〈〈
� j,k,l,m(κ j,k,l,m)Sa,b, Sc,d

〉〉〉

= �(a, b, c, d).

For all a, b, c, d ∈ N as desired. ��
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Theorem 12 For any �Q ∈ L (Uθ ,U
∗

θ ) there exists a unique family of distributions κ j,k,l,m

∈ (
N⊗( j+k+l+m)

)′
sym( j,k,l,m)

, such that

�QS =
∞∑

j,k,l,m=0

� j,k,l,m(κ j,k,l,m)S, S ∈ Uθ ,

where the righthand side converges in U ∗
θ .

Proof For a given �Q ∈ L (Uθ ,U
∗

θ ) we put

�(a, b, c, d) = σ Q(
�Q)

(a, b, c, d) = 〈〈〈
�QSa,b, Sc,d

〉〉〉
, a, b, c, d ∈ N . (33)

Then, by Theorem 10 we see that � ∈ Gθ∗(N 4). Therefore, by Theorem 11 there exists a unique family of kernels
{κ j,k,l,m}∞j,k,l,m=0, κ j,k,l,m ∈ (N⊗( j+k+l+m))′sym( j,k,l,m) such that

�(a, b, c, d) =
∞∑

j,k,l,m=0

〈〈〈
� j,k,l,m(κ j,k,l,m)Sa,b, Sc,d

〉〉〉
, a, b, c, d ∈ N .

Furthermore, as is stated in Theorem 11,

�′QS =
∞∑

j,k,l,m=0

� j,k,l,m(κ j,k,l,m)S, S ∈ Uθ ,

converges in U ∗
θ , �′Q ∈ L (Uθ ,U

∗
θ ) and σ Q(�′Q)(a, b, c, d) = �(a, b, c, d) for all a, b, c, d ∈ N . The last

identity and (33) yield
〈〈〈
�′QSa,b, Sc,d

〉〉〉 = 〈〈〈
�QSa,b, Sc,d

〉〉〉
, a, b, c, d ∈ N .

Since {Sa,b, a, b ∈ N } span a dense subspace of Uθ and both �Q and �′Q are continuous, we conclude that
�Q = �′Q . ��

Example 1 For z ∈ N ′, the QWN-derivatives and their adjoints studied in [16] and [6] coincide respectively with

�0,0,1,0(z) = D+
z , �0,0,0,1(z) = D−

z

�1,0,0,0(z) = (D+
z )∗, �0,1,0,0(z) = (D−

z )∗·

Example 2 For K1, K2 ∈ L (N ′, N ′), the QWN-Laplacians studied in [6] (see also [15]) and their adjoints are given
by

�
Q
G (K1, K2) =

∫

R2
τK1(s, t)D

+
s D+

t dsdt +
∫

R2
τK2(s, t)D

−
s D−

t dsdt

= �0,0,2,0(τK1) + �0,0,0,2(τK2)

NQ
K1,K2

=
∫

R2
τK1(s, t)(D

+
s )∗D+

s dsdt +
∫

R2
τK2(s, t)(D

−
s )∗D−

t dsdt

= �1,0,1,0(τK1) + �0,1,0,1(τK2)

(�
Q
G )∗(K1, K2) =

∫

R2
τK1(s, t)(D

+
s )∗(D+

t )∗dsdt +
∫

R2
τK2(s, t)(D

−
s )∗(D−

t )∗dsdt

= �2,0,0,0(τK1) + �0,2,0,0(τK2)·
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Example 3 For K1, K2, B1, B2 ∈ L (N ′, N ′), the QWN-Fourier Gauss transform studied in [15] and [6] is given by

GQ
K1,K2;B1,B2 =

∞∑
j,k,l,m=0

1

j !k!l!m!
∫

R2( j+k+l+m)

κ(s1, · · · , s j , t1, · · · , tk, u1, · · · , u2l+ j , v1, · · · , v2m+k)

(
D+
s1

)∗ · · · (D+
s j

)∗(
D−
t1

)∗ · · · (D−
tk

)∗
D+
u1 · · · D+

u j+2l
D−

v1
· · · D−

vk+2m

ds1 · · · ds jdt1 · · · dtkdu1 · · · du j+2ldv1 · · · dvk+2m

=
∞∑

j,k,l,m=0

1

j !k!l!m!� j,k,2l+ j,2m+k(κ), (34)

where κ is given by

κ(s1, · · · , s j , t1, · · · , tk, u1, · · · , u2l+ j , v1, · · · , v2m+k)

= τK1
(u1, u2) · · · τK1

(u2l−1, u2l)τK2
(v1, v2) · · · τK2

(v2m−1, v2m)

×τ
(B1−I ) (s1, u2l+1) · · · τ

(B1−I ) (s j , u2l+ j )τ(B2−I ) (t1, v2m+1) · · · τ
(B2−I ) (tk, v2m+k)·

Example 4 For c, d ∈ N , the QWN-translation operator admits the following representation (see [5])

T Q
−c,−d

=
∞∑

l,m=0

1

l!m!
∫

Rl+m
d(s1) · · · d(sl)c(t1) · · · c(tm)D+

s1 · · · D+
sl D

−
t1 · · · D−

tmds1 · · · dsldt1 · · · dtm

=
∞∑

l,m=0

1

l!m!�0,0,l,m(d⊗l ⊗ c⊗m)·

Example 5 Let S = ∑∞
i, j=0 �i, j (si, j ) ∈ U ∗

θ . Then, the QWN-convolution operator CQ
S , defined in [5], coincides

with

CQ
S =

∞∑
i, j=0

∫

Ri+ j
si, j (u1, · · · , ui , v1, · · · , v j )D

+
u1 · · · D+

ui D
−
v1

· · · D−
v j
du1 · · · duidv1 · · · dv j

=
∞∑

i, j=0

�0,0,i, j (si, j )·

6 QWN-rotation group

Let O(X, H) given by (see [21])

O(X, H) = {B ∈ GL(X); |Bξ |0 = |ξ |0 ∀ξ ∈ X},
which is called infinite-dimensional rotation group. We say that a continuous operator fromUθ intoU ∗

θ is rotation-
invariant if

(�Q(B))∗�Q�Q(B) = �Q, ∀B ∈ O(X, H), (35)

where �Q(B) is given by

�Q(B)� =
∑
l,m

�l,m
(
B⊗(l+m)κl,m

)
,

for � = ∑
l,m �l,m(κl,m) in Uθ . By definition, if �Q is rotation invariant, so is (�Q)∗.
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The main purpose of this section is to characterize all rotation-invariant operators �Q in terms of the QWN-Gross
Laplacian and the QWN-conservation operator given by

�
Q
G =

∫

R2
τ(s, t)D+

s D+
t dsdt +

∫

R2
τ(s, t)D−

s D−
t dsdt

N Q =
∫

R2
τ(s, t)(D+

s )∗D+
s dsdt +

∫

R2
τ(s, t)(D−

s )∗D−
t dsdt.

We recall that (see [21]) F ∈ (N⊗n)′ is rotation-invariant if (B⊗n)∗F = F for all B ∈ O(X, H).

Theorem 13 Let �Q ∈ L (Uθ ,U
∗

θ ) and �Q = ∑∞
j,k,l,m=0 � j,k,l,m(κ), where κ ∈ (

N⊗( j+k+l+m)
)′
sym( j,k,l,m)

.

Then �Q is rotation invariant if and only if κ is rotation invariant.

Proof Let �Q ∈ L (Uθ ,U
∗

θ ) given by �Q = ∑∞
j,k,l,m=0 � j,k,l,m(κ), where κ ∈ (

N⊗( j+b+l+m)
)′
sym( j,k,l,m)

.

Recall that �Q(B)�a,b = �Ba,Bb, a, b ∈ N . Then, for any a, b ∈ N we have

σ Q((�Q(B))∗�Q�Q(B))(a, b, c, d) = 〈〈〈
(�Q(B))∗�Q�Q(B)�a,b, �c,d 〉〉〉

= 〈〈〈
�Q�Q(B)�a,b, �Q(B)�c,d 〉〉〉

= 〈〈〈
�Q�Ba,Bb, �Bc,Bd 〉〉〉

= σ Q(
�Q)

(Ba, Bb, Bc, Bd).

From Proposition 6, we obtain

σ
((

�Q(B)
)∗

�Q�Q))
(a, b, c, d)

= e〈Ba,Bc〉+〈Bb,Bd〉
∞∑

j,k,l,m=0

〈
κ, (Bc)⊗ j ⊗ (Bd)⊗k ⊗ (Ba)⊗l ⊗ (Bb)⊗m 〉

.

Then, using the obvious equality, for �Q = ∑
j,k,l,m � j,k,l,m(κ)

e−〈a,c〉−〈b,d〉σ Q(�Q)(a, b, c, d) =
∞∑

j,k,l,m

〈
κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

.

We get

σ
((

�Q(B)
)∗

�Q�Q(B)
)
(a, b, c, d)

= e〈a,c〉+〈b,d〉
∞∑

j,k,l,m=0

〈(
B⊗( j+k+l+m))∗κ, c⊗ j ⊗ d⊗k ⊗ a⊗l ⊗ b⊗m 〉

= σ Q

⎛
⎝

∞∑
j,k,l,m=0

� j,k,l,m
((
B⊗( j+k+l+m)

)∗
κ
)
⎞
⎠ (a, b, c, d).

In particular, (�Q(B))∗� j,k,l,m(x)PQ(B) = � j,k,l,m
((
B⊗( j+k+l+m)

)∗
κ
)
. Therefore, by the uniqueness of the

Fock expansion, �Q is rotation invariant if and only if � j,k,l,m(κ) is rotation invariant if and only if κ is rotation
invariant. ��

Let �Q+
G and �

Q−
G given by

�
Q+
G =

∫

R2
τ(s, t)D+

s D+
t dsdt, �

Q−
G =

∫

R2
τ(s, t)D−

s D−
t dsdt ·
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Lemma 5 Let α′, α′′
, β ′, β ′′

, λ′, λ′′
be non-negative integers and put j = 2α′ + β ′, k = 2α

′′ + β
′′
, l = 2λ′ + β ′

and m = 2λ
′′ + β

′′
. Then,

� j,k,l,m
(
τ⊗α′ ⊗ τβ ′ ⊗ τ⊗λ′ ⊗ τ⊗α

′′ ⊗ τ
β

′′ ⊗ τ⊗λ
′′ )

= ((
�

Q+
G

)∗)α′′ ((
�

Q−
G

)∗)α′
�

β ′,β ′′
,β ′,β ′′

(
τβ ′ ⊗ τβ ′′

)(
�

Q+
G

)λ′(
�

Q−
G

)λ′′
(36)

where τβ ′ ∈ (X⊗2β ′
)′ is given by

τβ ′ =
∑

e j1 ⊗ · · · ⊗ e jβ′ ⊗ e j1 ⊗ · · · ⊗ e jβ′ .

Proof Since both sides of (36) are continuous operators from Uθ into U ∗
θ , it suffices to check that they coincide

on the operator �a,b, for a, b ∈ N , or by applying the QWN-symbol map. To this end, let a,b,c,d ∈ N , then since

�
Q+
G �a,b = 〈a, a〉�a,b, �

Q−
G �a,b = 〈b, b〉�a,b

we get,

σ Q
{((

�
Q+
G

)∗)α′′ ((
�

Q−
G

)∗)α′
�

β ′,β ′′
,β ′,β ′′

(
τβ ′ ⊗ τ

β
′′
)(

�
Q+
G

)λ′(
�

Q−
G

)λ′′}
(a, b, c, d)

= 〈〈〈
�

β ′,β ′′
,β

′
,β

′′
(
τβ ′ ⊗ τ

β
′′
)(

�
Q+
G

)λ′(
�

Q−
G

)λ′′
�a,b,

(
�

Q−
G

)α′′ (
�

Q+
G

)α′
�c,d 〉〉〉

= 〈a, a〉λ′ 〈b, b〉λ′′ 〈c, c〉α′ 〈d, d〉α′′ 〈〈〈�
β ′,β ′′

,β
′
,β

′′ (τβ ′ ⊗ τ
β

′′ )�a,b, �c,d〉〉〉
= 〈a, a〉λ′ 〈b, b〉λ′′ 〈c, c〉α′ 〈d, d〉α′′ 〈τβ ′ ⊗ τβ ′′ , c⊗β ′ ⊗ a⊗β ′ ⊗ d⊗β ′′ ⊗ b⊗β ′′ 〉e〈a,c〉+〈b,d〉

= 〈a, a〉λ′ 〈b, b〉λ′′ 〈c, c〉α′ 〈d, d〉α′′ 〈a, c〉β ′ 〈b, d〉β ′′
e〈a,c〉+〈b,d〉.

On the other hand, from the commutation between (D−
s )∗ and D+

t we have

σ Q(
� j,k,l,m

(
τ⊗α′ ⊗ τβ ′ ⊗ τ⊗λ′ ⊗ τ⊗α′′ ⊗ τβ ′′ ⊗ τ⊗λ′′))

(a, b, c, d)

= 〈
τ⊗α′ ⊗ τβ ′ ⊗ τ⊗λ′ ⊗ τ⊗α′′ ⊗ τβ ′′ ⊗ τ⊗λ′′

, c⊗2α′ ⊗ c⊗β ′ ⊗ a⊗β ′ ⊗ a⊗2λ′ ⊗
d⊗2α′′ ⊗ d⊗β ′′ ⊗ b⊗β ′′ ⊗ b⊗2λ′′ 〉

e〈a,c〉+〈b,d〉

= 〈c, c〉α′ 〈a, c〉β ′ 〈a, a〉λ′ 〈d, d〉α′′ 〈b, d〉β ′′ 〈b, b〉λ′′
e〈a,c〉+〈b,d〉.

Hence we complete the proof. ��
Theorem 14 Let κ ∈ (

N⊗( j+k+l+m)
)′
and assume that� j,k,l,m(κ) = 0 is rotation invariant. If j+k+l+m is odd,

then � j,k,l,m(κ) = 0. If j + k + l +m is even, then � j,k,l,m(κ) is a linear combination of
((

�
Q
G

)α)∗
(NQ)β

(
�

Q
G

)λ
with α, β, λ being non-negative integers such that α + β + λ ≤ ( j + k + l + m)/2.

Proof Suppose that � j,k,l,m(κ) is rotation invariant. Without loss of generality we may assume that κ ∈
(N⊗( j+k+l+m))′sym( j,k,l,m). Then,κ is rotation invariant byTheorem13. It iswell known (see [21]) that if F ∈ (N⊗n)′

is rotation invariant and n is odd then F = 0 and if n = 2p then F is a linear combination of
(
τ⊗p

)σ for σ ∈ Gn .
From which we deduce that if j + k + l + m is odd then κ = 0 and hence � j,k,l,m(κ) = 0.

We consider now the case when j + k + l + m is even. Then κ is a linear combination of (τ⊗( j+k+l+m)/2)σ ,
σ ∈ G j+k+l+m . For each σ ∈ G j+k+l+m we may find σ ′ ∈ G j × Gk × Gl × Gm such that
(
τ⊗( j+k+l+m)/2)σσ ′ =

∑
e⊗2
i1

⊗ · · · ⊗ e⊗2
iα′ ⊗ e⊗2

j1
⊗ · · · ⊗ e⊗2

jβ′ ⊗ e⊗2
k1

⊗ · · · ⊗ e⊗2
kλ′ ⊗

e⊗2
n1 ⊗ · · · ⊗ e⊗2

nα′′ ⊗ e⊗2
l1

⊗ · · · ⊗ e⊗2
lβ′′ ⊗ e⊗2

m1
⊗ · · · ⊗ e⊗2

mλ′′

= τ⊗α′ ⊗ τβ ′ ⊗ τ⊗λ′ ⊗ τ⊗α′′ ⊗ τβ ′′ ⊗ τ⊗λ′′
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for some non-negative integers α′, α′′, β ′, β ′′, λ′, λ′′ with j = 2α′ + β ′, k = 2α
′′ + β

′′
, l = 2λ′ + β ′ and

m = 2λ
′′ + β

′′
. Then in view of Lemma 5, we have

� j,k,l,m
((

τ⊗( j+k+l+m)/2)σ )

= � j,k,l,m
((

τ⊗( j+k+l+m)/2)σσ ′)

= ((
�

Q+
G

)α′′)∗((
�

Q−
G

)α′)∗
�β ′,β ′′,β ′,β ′′

(
τβ ′ ⊗ τβ ′′

)(
�

Q+
G

)λ′(
�

Q−
G

)λ′′
.

On the other hand
α∑

α′=0

α!
α!(α − α′)!

(
�

Q+
G

)α′(
�

Q−
G

)α−α′
�c,d =

α∑
α′=0

α!
α!(α − α′)! 〈c, c〉

α′ 〈d, d〉α−α′
�c,d

= (〈c, c〉 + 〈d, d〉)α�c,d

= (
�

Q
G

)α
�c,d

and similarly,

λ∑
λ′=0

λ!
λ!(λ − λ′)!

(
�

Q+
G

)λ′(
�

Q−
G

)λ−λ′
�a,b = (

�
Q
G

)λ
�a,b.

Then it suffices to prove that �β ′,β ′′,β ′,β ′′(τβ ′ ⊗ τβ ′′) is a polynomial in the QWN-conservation operator NQ or in
NQ+ and NQ− , where NQ = NQ− + NQ+ , in other words it suffices to prove that

�β ′,β ′′,β ′,β ′′(τβ ′ ⊗ τβ ′′) = NQ+(NQ+ − 1) · · · (NQ+ − β ′ + 1)NQ−(NQ− − 1) · · · (NQ− − β ′′ + 1). (37)

To this end, denote by P the righthand side of (37), then

σ Q(P)(a, b, c, d) =
∞∑

l=β ′,m=β ′′
l(l − 1) · · · (l − β ′ + 1)m(m − 1) · · · (m − β ′′ + 1)

×
〈a⊗l

l! ⊗ b⊗m

m! , c⊗l ⊗ d⊗m
〉

= 〈a, c〉β ′ 〈b, d〉β ′′
e〈a,c〉+〈b,d〉

= σ Q(�β ′,β ′′,β ′,β ′′(τβ ′ ⊗ τβ ′′))(a, b, c, d).

Hence we complete the proof. ��
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