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Abstract How should we allocate worth among agents in cooperative models? The
literature provides various examples suggesting that an allocation rule should take
outside options into account (bargaining power, etc.) as well as the specific position
of agents within the network describing the social or economic structure (trade, social
networks, etc.). Existing allocation rules lack at least one of these properties, either
generally or for a broad and important class of games. We define and characterize a new
allocation rule for networks, the kappa-value, which takes into account both outside
options and the position of the agents within the network. The characterization of the
kappa-value only consists of known and approved axioms or weakened versions of
them and provides an elegant use of the quite intuitive concept of the Shapley value of
the arc game, the Position value, lacking its drawback of outside-option-insensitivity.

Keywords Cooperative games - Networks - Position value - Outside options

JEL Classification C71 - D85

1 Introduction

In an economic or social situation where agents have to group in order to achieve
common goals, how should we allocate the worth arising from the coalition formation
among the agents? There are various frameworks and various allocation rules. This
paper suggests an allocation rule for network structures which, in contrast to existing
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allocation rules, accounts for both outside options and the role of an agent within the
network.

We analyze situations where coalition formation is restricted by an undirected graph,
that is, the economic or social structure is described by a network which captures
the (bilateral) relations between agents and agents can only form a coalition if they
are connected in such an interaction network via path (directly or indirectly). This
approach was introduced by Myerson (1977) [for applications and further approaches
on communication structures, see for example, van den Brink et al. (2007) or van den
Brink et al. (2011)]. We use undirected networks to describe the relations between
the agents while it would also be possible to use directed networks (i.e., interaction
has a fixed direction) as analyzed by Gonzadlez-Arangiiena et al. (2008). They use
generalized characteristic functions as introduced by Nowak and Radzik (1994), that
is, games where the worth of a coalition depends on the order in which agents enter
the coalition. In our approach, interaction is not directed and the order of entry does
not change the worth of the coalition.

There are various examples in which an allocation rule should take into account
outside options. As a simple example, consider a glove game, introduced by Shap-
ley and Shubik (1969), with two right gloves and one left glove. A pair of gloves
produces worth which has to be distributed among the agents holding the gloves.
Due to the bargaining position (outside options) of the left glove holder, this agent
should obtain a higher payoff than the others. This game has a nice economic inter-
pretation and it is used to analyze simple markets (cf. Shapley and Shubik 1969).
Tutic et al. (2011) show in their experimental work about social interchange that
outside options significantly affect negotiations. This connection has also been men-
tioned by Maschler (1992) as “the need to let the players know what to expect from
each coalition structure so that they can then make up their mind about the coali-
tions they want to join, and in what configuration” (p. 595). In a similar spirit, von
Neumann and Morgenstern (1944) state that any formed coalition between individu-
als “only describes one particular consideration”. The result of negotiation between
the individuals will be “decisively influenced by the other alliances which each one
might alternatively have entered”. “Even if [...] one particular alliance is actually
formed, the others are present in virtual existence: although they have not material-
ized, they have contributed essentially to shaping and determining the actual reality.”
(p. 36)

Furthermore, an allocation rule should take into account the specific position of
agents within the network, that is, taking into account the path of information flow.
As a simple example take the train connections between England, France and Ger-
many. The Eurostar train connects London and Paris and the Thalys train connects
Paris and Cologne while there is no direct train connection between England and Ger-
many. Hence, as a transit country, France has to be passed for any kind of flow via
trains between England and Germany (travel, trade,...). As further examples consider
cost allocation among the nodes in energy networks or social networks used for job
offers: nodes with a lot of links should be treated differently to nodes with just a
few links.
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The literature suggests different allocation rules. The Shapley value (Shapley 1953)
as well as the component-restricted Shapley value! (Aumann and Dréze 1974) and, as
another modification of the Shapley value, the Owen value (Owen 1977) do not take
into account the network structure as they are designed for coalitional models without
any interaction structure. Also more recent allocation rules that account for outside
options, the Wiese value (Wiese 2007) and the x -value (Casajus 2009b), do not account
for the inner interaction structure of a coalition. In order to account for the position
within the network, this paper only analyzes allocation rules designed for networks
(without further structure). These are the Position value (Meessen 1988; Borm et al.
1992), the graph-y-value (Casajus 2009a) and the Myerson value (Myerson 1977)
or, as a generalization of the latter to a wider class of networks, the equal bargaining
rule (Jackson and Wolinsky 1996).> The Position value never accounts for structures
outside the own coalition, hence, is outside-option-insensitive while the graph-jy -
value generally does not take into account the network structure within a coalition
for weighted voting games with minimal winning coalitions. The Myerson value, and
hence the equal bargaining rule, even have both these drawbacks. Hence, there is a
need for a new allocation rule.

The contribution of this paper is the definition and characterization of a new alloca-
tion rule, the kappa-value, that is outside-option-sensitive and takes into account the
position of an agent within the network. To the best of our knowledge, there exists no
other allocation rule combining these properties. The kappa-value has a nice axiom-
atization, we only need already known and approved axioms or weakened versions
of them (which combine the ideas of known and approved axioms). The kappa-value
combines the advantages of the graph-x-value and the Position value while lacking
their drawbacks and furthermore provides an elegant use of the quite intuitive concept
of the Position value. We further show the independence of the characterizing axioms.

To motivate the need for an allocation rule accounting for both outside options and
the specific position of agents within the network, consider the following weighted
voting game: we have four agents {1, 2, 3, 4} holding weights (w1, w, w3, wa) =
(39, 30, 25, 6) and let the threshold be T = 60, that is, the worth of a coalition is 1 if
the sum of weights of the coalitional agents is at least 60 and 0 otherwise. Hence, min-
imal winning coalitions are {1, 2}, {1, 3} and {2, 3, 4}. We consider minimal winning
coalitions without organized opposition, that is, agents outside the winning coalition
stay as singletons. The networks that could occur are shown in Fig. 1.

Table 1 reports the distribution of worth assigned by the Position value, denoted
by 7, the graph- x-value, denoted by x* and the new allocation rule suggested in this
paper, the kappa-value, denoted by «.3

Consider the networks g>~2>~* and g?~3~*: the graph-x-value assigns the same
payoff to agent 2 even though its position in the first case is stronger than in the

1" Also known as AD value.

2 We do not analyze the equal splitting rule (Jackson and Wolinsky 1996), since it does not account for any
inner structure (neither coalitions nor interaction between agents).

3 Note that the value function considers all possible winning coalitions, not only the minimal ones. We
consider marginal contributions: {2, 3} does not create worth but together with 1 it does. Hence, it has to be
considered to assign the right distribution even though it ends up in a winning coalition not being minimal.
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Fig. 1 Networks for minimal winning coalitions

Table 1 Payoffs

T M 3 4 X f X§ X? Xf K1 2 K3 K4
g2 05 05 0 0 058 042 0 0 056 044 0 0
g3 05 0 05 0 058 0 042 0 056 0 044 0
g3 24 0 05 025 025 0 039 039 022 0 042 035 023
g2 34 0 025 05 025 0 039 039 022 0 035 042 023
g2 43 0 025 025 05 0 039 039 022 0 036 036 028
g2 342 0 033 033 033 0 039 039 022 0 037 037 027

second case while the Position value accounts for the different positions. On the
other hand, the Position value does not take into account the existence of alternative
winning coalitions, that is, outside options: consider the network g>~>~* again and
note that agents 3 and 4 obtain the same payoff even though 3 would have the outside
option of a winning coalition with 1 while 4 has no outside option. The graph-y-
value accounts for outside options and assigns a higher payoff to agent 3. The kappa-
value takes into account both outside options and the position within the network:
consider the coalition {2, 3, 4}, agents 2 and 3 always obtain a higher payoff than
4, because they could also cooperate with 1 instead, while 4 has no outside option.
Agents 2 and 3 are symmetric in terms of outside options but 2 obtains a higher payoff
than 3 if the coalition is connected through 2, a lower payoff than 3 if the coalition
is connected through 3 and the same payoff if the coalition is connected through
4. An agent obtains the highest payoff within the coalition if she has the strongest
position.

Note that not every outside option has the same value/impact: consider g!~2 and
note that agents 1 and 2 have the same position in this network. Agent 1 obtains a higher
payoff due to the fact that her outside option (building a coalition with 3) is valued
higher/has a larger impact than the outside option of 2 (cooperating with {3, 4}). This
can be explained by the fact that in smaller coalitions, the worth has to be distributed
among less agents.

In contrast to defining a coalition as the group of agents that is connected via path,
one could define a coalition by complete subnetworks, that is, as the group of agents
that are directly connected to each other. The latter definition has the drawback of
not taking into account different interaction paths within a coalition and the position
of all agents within the coalition would be the same. This is why we use the more
general definition of a coalition. But still it is notable that also in the case of equal

2
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positions, the kappa-value is not redundant; it differs from the graph- y -value as shown
by g'=2, g!=3 and g?3~42.

The paper is structured as follows: we start with the framework and drawbacks
of the existing allocation rules. Following the idea of combining the properties of
the analyzed allocation rules, Sect. 3 will give an axiomatic characterization of
the kappa-value and analyzes independence of the characterizing axioms. Section 4
concludes.

2 Framework and drawbacks
2.1 Framework

For the framework, we follow Jackson and Wolinsky (1996). We model a network as
an undirected graph where the nodes represent the players and the edges represent the
links between the players. Let N = {1, ..., n}, non-empty and finite, be the player
set. The complete network (in which there exists a link between any two players) is
defined as gV := {ij := {i, j}|i, j € N}. Given that, we can define the set of all
possible networks on N: Gy := {g|lg < g"}.

A game in characteristic function form (or TU game*) (N, v) consists of the player
set N and a value function v € V(N) := {v : 2 — R|v(#) = 0}, assigning to every
K C N the worth of the coalition K. Vy(N) is the set of all zero-normalized value
functions, that is, if v({i}) = 0 Vi € N. Without loss of generality, we will restrict
ourselves to zero-normalized games since any v € V(N) can be zero-normalized. An
allocation rule Y : N x V(N) x Gy —> RY distributes the arising worth among
the players, that is, assigns a payoff to each player. An allocation rule is feasible if
ZieN Yi(N,v, g) < v(N).

A very popular allocation rule is the Shapley value (Shapley 1953)°:

Kl(n—1—k)!

= [v(K Ui} — v(K)],
n.

Sh; (N, v) := Z

KCN\{i}
where k = |K|,n = |N|.

The Shapley value assigns to every player her share of what she creates when entering
a coalition, that is, her marginal contributions [v(K U {i}) — v(K)].

We say that players i and j are connected in the network g if there exists a path
iiy,i1i2,...,ixj € g, i1,...,ik € N. Connected players form components of a
network g and these components build a partition on the player set N. We denote
this partition by C(N, g); C; := C;(N, g) € C(N, g) is the component of all players
connected with playeri € N.

4 Game with transferable utility.

5 The Shapley value is not restricted to network structures.
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Fig. 2 Train connections Eurostar =N Thalys

®) ® ©

Myerson (1977) introduces the graph-restricted game

vE(K) = > (),
SeC(K .glk)
where g|lx = {ij € gli, j € K}

to define and characterize, as one of the first and most popular allocation rules for
network structures, the Myerson value®:

(N, v, g) := Sh;(N, v¥).

To define another popular allocation rule, Meessen (1988) and Borm et al. (1992)
assign to every cooperation structure (N, v, g) the link-game (or arc game) in which
the links in the network are the players:

vV (g) := v8(N)

Recall that we restricted ourselves to zero-normalized games, otherwise vV might not
be a value function because vV () = v“(N ) # 0. Using the arc game, they introduce
the Position value (for zero-normalized games):

1
(N, v, 8) = > ~Shi(g, v™),
regi
where g; = set of links including player i.

The Position value takes into account the role of links in which a player is (directly)
involved. For example: let N = {England (E), France (F) , Germany (G)} and let
v(K) = 1if K = N and v(K) = 0 otherwise. Consider the structure described by
Fig. 2; England and France are connected by the Eurostar train, France and Germany
are connected by the Thalys train, there is no train connection between England and
Germany. The links are Eurostar := {EF} and Thalys := {FG}. Both links are needed
to create worth and Eurostar is needed as much as Thalys, that is, they are symmetric in
the link-game. Hence, they both obtain half of the worth: Shgyrostar = Shrhalys = %
The Position value assigns to every player half of the payoff of every link she is
involved in, that is, g = %ShEummr = 4—11, TF = %ShEumSmr + %ShThalys = % and
TG = %ShThalyS = th' The interpretation is that France is “needed more” to create
the worth because it connects the three countries (transit country). Its position in the
network is stronger which comes through the fact that it is involved in more links than
the other two countries. Hence, it obtains a higher payoff.

6 Which is generalized by the equal bargaining rule (Jackson and Wolinsky 1996) to a wider class of
networks.
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9

Fig. 3 Network and corresponding LOOGs

Casajus (2009a) introduces an outside-option-sensitive allocation rule. To reflect
all (productive) outside options, he defines for every network g the corresponding
lower outside-option graph (LOOG), the graph that captures the alternatives/outside
options the players have: g(i, N) := glc, U {jk € gNlj € Ci,k € N\ C;}. For
notational convenience, if the player set is fixed, we will only write g(i). Consider
the following example: let N = {1, 2, 3,4, 5} and g = {12, 34, 45}, the LOOGs are
displayed in Fig. 3. The LOOG reflects all alternative links a player and her coalitional
players might have outside their actual coalition (which stays fixed). To provide these
alternatives, links outside the own coalition are broken.

Using the LOOG, Casajus (2009a) defines the graph- x -value:

U(Ci) — K¢ (N’ v, g(l))
ICi

k]

xF(N, v, g) i= (N, v, g(i) +

where px = z i
ieK

The graph- x-value values outside options by adding/substracting some share of the
Myerson value of her component to the Myerson value of the player (where the Myer-
son value is the Shapley value of the graph-restricted game), taking into account the
outside option graph.

2.2 Drawbacks of existing allocation rules

The Position value and the Myerson value (as well the equal bargaining rule) are
component decomposable, that is, we can restrict the game to components. Component
Decomposability states that the player’s outside world does not affect payoffs within
a component. Hence, it stands in contradiction to outside-option-sensitivity (Belau
2011). That is, both the Position value and the Myerson value (as well as the equal
bargaining rule) generally do not account for outside options.

On the other hand, one can show that the Myerson value (as well as the equal
bargaining rule) and the graph-x-value do not always take into account the specific
position of a player within the network (i.e., the communication path). This holds, for
example, for weighted voting games as the one given in the introduction.”

7 Proofs and further information can be requested from the author.
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Hence, to account for both outside options and the position of a player within the
network, we need a new allocation rule.

3 A new outside option value: the kappa-value

In this section, we define a new allocation rule for network structures which takes
into account both outside options and the position of an agent within the network/the
path of information flow. One can show that (for a large class of games) the graph- x -
value does not differ within the class of networks referring to the same coalition.
On the other hand, it takes outside options into account. While the latter is not
true for the Position value, it takes the position of an agent within a network into
account. We can show that the Myerson value lacks both desired properties. Hence,
we will further analyze the characterizing axioms of the graph- x -value and the Position
value.

An allocation rule satisfies Component Efficiency (CE) if for all C € C(N, g) we
have

> Yi(N.v.g) =v(O).

ieC

Here, we interpret the components as productive unions. A productive union should get
the payoff it creates. An allocation rule satisfies Balanced Link Contributions (BLC)
ifforalli, j € N,i # j and v € Vy we have

D YN, v,8) = Yi(N,v, g =Ml = D_[Yi(N,v,8) — Y;(N,v,g = W],
AEZ; regi

Slikker (2005) argues that BLC “deals with the loss players can inflict on each other.
The total threat of a player towards another player is defined as the sum over all links
of the first player of the payoff differences the second player experiences if such a link
is broken.” BLC states that the total threat of a player towards another player should
be equal to the reverse total threat. Slikker (2005) shows that the Position value is
characterized by CE and BLC.

We note that the Position value also satisfies the following axiom: an allocation
rule satisfies Component Decomposability (CD) if for all i € C € C(N, g) we
have Y; (N, v, g) = Yi(C,v|c, glc). CD stands in contradiction to outside-option-
sensitivity (cf. Sect. 2.2). Hence, if we want an allocation rule to account for outside
options but still to take into account the role of a player within the network, we need
to weaken BLC (in order to get rid of the allocation rule satisfying CD but still having
CE).

On connected graphs, outside options are not present. In the following, we give an
axiom which captures the idea of BLC? in situations where outside options are absent:

8 Or the axiom “equal bargaining power” in the Jackson and Wolinsky-sense.
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Definition 1 (Weak Balanced Link Contributions (WBLC)) For all connected g and
alli, j € N and v € V( we have

Z [Yi(N, v, &) = Yi(Ci(N, g — M), v|c,(N.g—n)» 8lci(N.g—1) ]
AEG;)

= > [Yi(N.v.8) = Y;(Cj(N. g = 1), vlc,w.g-)- 8le;vg—n)] -
AEgi

Following the idea of BLC, WBLC also equalizes threats. In contrast to equalizing
total threats as defined by Slikker (2005), WBLC compares payoff differences expe-
rienced if not only a link is broken but rather the whole situation is reduced to what
is left in a coalition after a link is broken (restriction to components). We restrict to
components because within connected components, again, outside options are absent.’
Note that in presence of CD, WBLC reduces to BLC on connected graphs.

Lemma 1 If Y satisfies CE and WBLC, it coincides with the Position value for all
connected graphs.

Find the proof in the Appendix.

If we combine Lemma 1 with the presence of CD, we will have a characterization
of the Position value. Hence, we need to weaken CD. We use the characterizing axiom
of the graph-x-value that accounts for outside options given by Casajus (2009a): an
allocation rule satisfies Outside Option Consistency (OO)ifforalli, j € C € C(N, g)
we have

Yi(Nv v, g) - Y](Nv v, g) = Yi(Nv Uvg(l)) - Y](Nv v, g(.]))

Theorem 1 (The kappa-value) Let v € V. There is a unique allocation rule for
network structures that satisfies CE, OO and WBLC:

v(Ci) —mc; (N, v, g(1))
ICil

ki (N, v, g) :=mi(N,v, g(i)) +

Proof We follow the idea of the uniqueness proof of the graph-y-value (Casajus
2009a). Let Y satisfy CE, OO and WBLC. For i, j € C; we have g(i) = g(j). By
0O0:

Yi(N,v,g) = Yi(N,v,g(i)) =Y;(N,v,g) = Y;(N,v,g(@i))
Summing up over j € C; and using CE gives

|Cl|[Yl(N7 v, g) - Yi(N’ v, g(l))] = U(Ci) - YC,’(N’ v, g(l))

9 WBLC combines the ideas underlying BLC and Weak Fairness 2 (Casajus 2009a), where the latter is a
modification of the fairness property employed by Myerson (1977) to characterize the Myerson value.
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Since g(i) is connected, Lemma 1 implies Y;(N, v, g(i)) = m;(N, v, g(i)) for all
i € N and hence we have

(Ci) —mc; (N, v, g(0))
|Cil

Yi(N., v, g) = mi(N. v. g(i)) + — 1)

which uniquely determines Y.
It is easily shown that the value given by Eq. (1) satisfies CE and OO (note that
(g(0))(i) = g(i)). WBLC follows after some calculations (see Appendix). O

We call the value given by (1) “kappa-value” and denote it by «. The kappa-value
assigns to each player in a coalition the worth of the position she would obtain in the
outside option graph plus her share of the worth players outside the actual coalition
would obtain in the outside option graph. This share is equal for all players in the
actual coalition and the worth of a position is given by the Shapley value of the arc
game, the Position value.

The kappa-value provides a very elegant use of the quite intuitive Position value,
lacking its drawbacks by using the outside option graph. Note that 7 (N, v, g(i)) also
captures both positions in the network and outside options, but it is not feasible: It
might be the case that ), _ 7 (N, v, g(i)) > v(N) since the LOOG differs for agents
in different coalitions.!” In order to avoid the mentioned drawbacks of the graph-y-
value, the kappa-value differs by using the Position value instead of the Myerson value.
Note that the Myerson value of the LOOG (i (N, v, g(i))) also has the drawback of
not always accounting for the position of an agent within the network.'! Hence, there
is no simpler alternative to the kappa-value.

We now show that the axioms CE, OO and WBLC are independent. Consider the
weighted voting game from the introduction (N = {1, 2, 3,4}, w = (39, 30, 25, 6)
and T = 60).

Independence 1 (CE+WBLC, — OO) The Position value satisfies CE and WBLC
(because of BLC and CD). Consider g = {12}. We have

1 1
m1(N,v,g) —m(N,v, g) = 573 = 0and

49 34

jTl(N’Uvg(l)) _jTZ(Nv v, g(z)) = m - m #O

= 00 is violated.

10" Consider the example from the introduction and ¢ = ({23,24,34}, then g(2) = g(3) = g4)
while g(1) differs and 71 (N, v, g(1)) = 1/2 > 2/5 = m1(N, v, g(2)), hence > ;. y 7; (N, v, g(i)) >
>ien Ti(N, v, g(2)) = v(N) (by 7 satisfying CE and C; = N on g(i)).

' Further information can be requested by the author.
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Independence 2 (CE+OO, = WBLC) The graph- x -value satisfies CE and OO. Con-
sider g = {12, 23, 34}. We have

Z [Xé#(N, v,8) — X5 (Ca(N, g — 1), vlcyN,g—2) glcz(zv,g—x))]

reg
7 1 5
# #
= N1 ’ - N 1 N N ot ]2 = — — - = —
X2 (N, v, 8) — x5 (N\ {1}, vInm1), & ) I ARAT)
and
Z I:X#(N’ v, g) - Xf(cl(N, g — )\.), U|C1(N-,g*)»)7g|C|(N,g7)V)):|
rEQ2
=2xT (N, v, &) — xF 1}, vipy, 9) — X1, 23, vl oy, {12)
3 1 5
=2. ——0—=-=0+# —
12 2 1

= WBLC is violated.
Now consider the TU-game (N, v) with N = {1,2,3,4} and v = uy.

Independence 3 (WBLC+OO, — CE) Y;(N, v, g) := m;(N, v, g(i)) satisfies OO by
(g()(@) = g(i) and WBLC by Y = 7 for connected graphs. Consider g = {12, 34}.
We have

13 17 1
Y](Na vag) =Y3(N7U9g)= @,Y2(N,U7g) = @ and Y4(N7Uag): E

1 43
=Yo,=Ya=5#0=uy({4) and Y23 = g * U =un(l,2,3})

= CE is violated.

4 Conclusion and further research

We analyzed the Position value, which takes the position of a player within the net-
work into account, and the graph- x-value, which takes outside options into account.
The graph-x -value does not always account for the position an agent has within the
network, this motivated the use of the Position value in order to capture the fact that
the position within the network/the path of information flow matters. But the Position
value generally does not account for outside options. We defined and characterized
a new allocation rule for networks which combines outside—option—sensitivity and
sensitivity to the position of an agent within the network: the kappa-value. The kappa-
value provides an elegant use of the intuitive concept of the Position value, lacking
its drawbacks by using the outside option graph used for the concept of the graph-
x -value. There is no need for new characterizing axioms, only known and approved
ones (or weakened versions of them) are used.

On the application point of view, it is not sure whether outside—option—sensitivity is
always desirable, since it might not always be meaningful to consider outside options.
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As mentioned, experimental and theoretical works show that outside options do affect
bargaining. As an application one could consider trade agreements: there exist dif-
ferent possible trade routes (outside options) and furthermore, transit countries and
other countries should be treated differently (position within the network). Using allo-
cation rules, we can distribute the worth of the output good among the countries.
This can also be seen as measuring the (relative) distribution of power of the coun-
tries. As other applications where outside options matter one could consider defense
agreements (taking into account rights of way) or political agreements: there is a
specific vote distribution among parties in a parliament and the parties have to build
agreements in order to reach some required quorum (for example, to pass a bill).
Here, we can use allocation rules to measure the (relative) distribution of power of
the parties.

For future work, we plan to analyze the performance of the kappa-value in a trade
model as well as an analysis of stability under the kappa-value; for example, analyzing
pairwise stability (Jackson and Wolinsky 1996).
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Appendix
Proof of Lemma 1

Proof Note that in presence of CD, WBLC reduces to BLC on connected graphs.
Hence, since the Position value satisfies CD and is characterized by CE and BLC, it
satisfies CE and WBLC (which provides existence). For uniqueness, we cannot use
the presence of CD any longer, hence, we cannot use BLC. We follow the idea of the
proof for the Myerson value of Casajus (2009a). Let ¢ and v satisfy CE and WBLC.
Suppose N is the minimal player set such that ¢ and ¥ differ on a connected graph.
We must have |N| > 1, because for [N| = 1 we would have a contradiction by CE
due to the connectedness of the graph. Suppose that g is the minimal connected graph
on N such that ¢ # .
Leti, j € N. By WBLC we have

lgjlwi(N, v, g) —lgilg;(N,v, g)= Z @i(Ci(N, g — 1), vlc;(v,g—2)» &l (N, g—1))
AEG;

- Z @i (Ci(N, g — 1), vlc;(v,g-1)» &lc;(N,g—1)
AEGi

Note that g|c is always connected on the connected component C. If now Ci (N, g —
A) # N (for k = i, j), we have Cx(N,g — A) C N and hence ¢ (Cr(N, g —
A, vlev,g—2)s 8l .g—1)) = Yk (Ce(N, g — 1), vlc,(v.g—1)» &lcr(v,g—)) since
N is the minimal player such that ¢ and v differ on a connected graph. If
Cy(N, g — A) = N we have that g — A is connected on N and hence ¢; (Cx(N, g —
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My vlcy(V.g—a)s 8loy(v,g—1) = Yk (Ck (N, g — 1), vlcy(v,g—1)» 8lcu(V,g—2)) since g
is the minimal connected graph on N such that ¢ and v differ.
Using that ¢ satisfies WBLC, we get

lgjlwi(N, v, g) —Igile;j(N,v, g) = |g;jl¥i(N,v, g — Igil¥;(N, v, g)
< 1gjllei(N, v, 8) = ¥i(N, v, )1 = Igil [¢j (N, v, 8) — ¥; (N, v, g)]

Summing up over j € C;(N, g) = N (connected graph), we have by CE:

N
> gl % [i(N. v, ) — ¥i(N, v, 9)] = v(N) — v(N) = 0
jeN !

>0

and hence ¢; (N, v, g) = Vi (N, v, g). o

Proof of WBLC in Theorem 1
Proof To see WBLC, first note that the Position value satisfies WBLC by satisfying

BLC and CD. Let g be connected and i, j € N, then we have C; = C; = N and
g(i) = g(j) = g. Hence,

D Yi(N,v,2) = D Yi(N,v,8)

AEZ; AEg;
U(N)—JTN(N,U,g)

= > |mN,v.g+ T

AEG;

=0 by CE
v(N) —n(N, v, g)
_Z 7j(N,v,g) + N
rEGi
=0by CE

= ZT[,‘(N,U,g)_Z”j(NaUvg)

reg; regi

WBLC
= Z i (Ci(N, g — A), Ve, (N,g=0)» lci(V,g—n))
AEZ;

— D" wH(C(N, g = 1) vlc;v.g—n)- &lc;(v.g—1)
AEG;
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= Z Yi(Ci(N, g —A),vlc;(N,g—n)» &lci(v,g—2))
Aegj

= D Yi(Ci(N. g = 1), vle;(w.g—n)» &le;ivg—)
AEG;

where the last step drops from the fact that g|c, (v,s—5) is connected on Cr (N, g — A)
and by CE. O
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