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Abstract

We investigate the regional gradient observability of fractional sub-diffusion equations involving the Caputo derivative. The
problem consists of describing a method to find and recover the initial gradient vector in the desired region, which is contained
in the spatial domain. After giving necessary notions and definitions, we prove some useful characterizations for exact and
approximate regional gradient observability. An example of a fractional system that is not (globally) gradient observable but
it is regionally gradient observable is given, showing the importance of regional analysis. Our characterization of the notion
of regional gradient observability is given for two types of strategic sensors. The recovery of the initial gradient is carried
out using an expansion of the Hilbert uniqueness method. Two illustrative examples are given to show the application of the
developed approach. The numerical simulations confirm that the proposed algorithm is effective in terms of the reconstruction
error.

Keywords Distributed parameter systems - Control theory - Fractional calculus - Regional analysis - Gradient observability -

Gradient strategic sensors

1 Introduction

The investigation of distributed parameter systems (DPS)
drives many useful concepts in science and engineering,
including the well-known notions of stability, controllability
and observability [1-6]. These concepts allow one to have
a better understanding of the investigated system, enhanc-
ing the ability to control it. All these notions are important
and have their particularities, but here we only focus on
the concept of observability, which was firstly introduced
by Kalman, for finite-dimensional systems, in 1960 [7]. The
goal is to recover an initial unknown state using the output
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parameters or the measurements of the considered system.
After the pioneer work of Kalman, the concept of observabil-
ity was also developed to cover infinite-dimensional systems
[8,9].

In the nineties of the twentieth century, El Jai and others
introduced a more general notion called regional observabil-
ity [10-12]. Its main objective is to find and recuperate the
unknown initial vector of the studied distributed parameter
system, but only in a partial region of the spatial domain.
The key advantage of regional observability becomes clear
when the considered system is not (globally) observable in
the whole spatial domain. In such cases, the studied system
can be regionally observable in some well-chosen sub-region.
Thus, we can at least partially recover the initial state, which
might be useful in many areas of science [13].

After the regional observability concept has been intro-
duced, Zerrik, Badraoui and El Jai proposed the notion of
regional boundary observability, which has the same goal of
regional observability but where the desired sub-region is a
part of the boundary [14,15]. Although important, all such
notions and results were not enough to get all possible charac-
terizations of DPS. For this reason, in the twenty-first century
the notion of regional gradient observability has been intro-
duced and investigated, with the goal of finding and recover
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the initial gradient vector in a suitable region [16,17]. We
adopt here this notion of gradient observability, which has
been subject of a recent increase of interest [18—20]. This is
due to the fact that the concept of gradient observability finds
applications in real-life situations. For instance, consider the
problem of determining the laminar flux on the boundary of
a heated vertical plate developed in steady state: see Fig. 1
for the profile of an active plate. In this case, the notion of
gradient observability is associated with the problem of deter-
mining the thermal transfer that is generated by the heated
plate. For more on the subject, and for applications of the dif-
ferent observability concepts for various kinds of systems, we
refer the reader to [21-24].

Fractional calculus is one of the most rapidly spread-
ing domains in mathematics nowadays, especially the use
of fractional-order systems to model real-world phenomena
[25-30]. It is well known that fractional operators, non-
integer order differentiation and non-integer order integration
operators have many outstanding properties that make them
fruitful and suitable for describing and studying the char-
acteristics of certain real-world problems. The non-local
fractional operators not only consider the local points to
calculate the (fractional) derivative of some function but
also consider the past states, as is the case with left-sided
fractional operators, or the future states, as happens with
the right-sided operators. We also mention that fractional
operators have hereditary properties [31,32]. Moreover, the
diversity of fractional operators can also be seen as an advan-
tage of fractional calculus because having many different
types of fractional integrals and derivatives lead to more
choices in the modeling of real-world phenomena. This
explains why fractional calculus has been used with success

Fig.1 Profile of an active plate

Heat Exchanger

and benefit in various different domains. For more details,
we refer the interested reader to the books [33,34].

In the subject of regional observability, we can already
find several works dealing with fractional systems [35-41].
However, investigations of regional gradient observability
for time-fractional diffusion processes are scarce. We are
only aware of [18], where Ge, Chen and Kou propose a
reconstruction procedure for Riemann—Liouville fractional
time diffusion processes. The main goal of the present paper
is the investigation of regional gradient observability for
time-fractional diffusion systems described by the Caputo
derivative, where the purpose is to find and reconstruct the
gradient of the initial state of the considered system in a
desired subregion of the evolution domain. This is in con-
trast with [18], where non-integer order systems are written
with the Riemann—Liouville derivative and where it is men-
tioned that their approach fails to cover systems described
by the Caputo derivative (cf. Lemma 7 of [18]). Here, we
prove an alternative lemma that fixes the drawbacks men-
tioned in [18]. Our contribution consists of giving several
characterizations for regional exact and approximate gradi-
ent observability of the considered linear system. We present
a method that allows the regional reconstruction of the ini-
tial gradient vector in the desired subregion. Moreover, we
provide some simple numerical simulations that back-up our
theoretical results.

The organization of our paper is done in the upcoming
manner. In Sect. 2, the necessary background information
about regional gradient observability, as well as some of its
useful properties and characterizations, is given. Section 3
is devoted to illustrate, throughout a counterexample, that
we can have a system that is not gradient observable, but
it is regionally gradient observable in some suitable region
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included in the evolution space. A full characterization of the
notion in hand, via gradient strategic sensors, is then given
in Sect. 4, while in Sect. 5 we develop the steps to be fol-
lowed in order to achieve the regional flux reconstruction.
In Sects. 6 and 7, we present, respectively, two applications
of the obtained results and two successful numerical simula-
tions. Finally, we end with Sect. 8 of conclusions and some
future directions of research.

2 Problem statement and regional gradient
observability

We now present a general formulation of the considered prob-
lem of initial gradient reconstruction. We also layout all the
needed preliminary results and ingredients to make it easy
for the reader to follow smoothly throw the manuscript.

Let 2 be a connected, open, and bounded set in R”, n >
1, possessing a Lipschitz-continuous boundary 9€2. For any
final time T € RY, we designate Q7 := Q x [0, T] and
Y7 = dQx[0, T].Letus take the dynamic of the considered
system to be the following operator defined in the state space
E=L"(Q)as

D(A) = HX(Q2) N H} () and

n
Ay(x) = Y Oy (@i ()3 y(x)) |
k=1
Vx e Q, VyekE, (D

a _
where 9, stands for P and the coefficients a; ; € C Q)
X
satisfy the following hypotheses:

H) ag, () = ak();
(H2) du € R such that:

n
> aias = nlisl? x € Q.
k,l=1

for ¢ = (s1,...,64) € R" and where |g||

Hypotheses (1) and (H2) mean, respectively, that A is
symmetric and —A is uniformly elliptic. In this case, it is
well known that —A has a set of eigenvalues (A;);>1, such
that (see [42]):
D<A <A< <A <---— +00.

Each eigenvalue A; corresponds with r; eigenfunctions
{¢i.7},<;<,,» where r; € N* is the multiplicity of A;, such

that Ag; ; = Aig; j and ¢; ; € H*(Q) N HJ(Q), Vi € N*
and 1 < j < r;. Furthermore, the set {¢; j} i>1 constitute
I<j=ri
an orthonormal basis of E.
The operator A is an infinitesimal generator of a Cp-

semigroup {S(#)},>( on E, written as:

+00 Ti

Syx) =Y exp(—hit) Y (v ¢ij)¢i j(x), ¥y € E.

i—1 j=1

(2)
Here, we study fractional systems possessing the form:
Dl ulx, 1) = Aux, 1), (x,1) € Or,
u@,1 =0, (é.1) € X, (3)

u(x,0) = up(x) € H} (Q), x € Q,

t ([ _ e)fa

o I'(l —a)
tional derivative of u, in Caputo’s sense, and ['(a) =

where CDg+u(~, t) = o.u(-, e)de is the frac-

“+o00
/ 1*~Ye~'dr is the Euler gamma function. For ug €
0

H& (£2), both its value and its gradient are supposedly
unknown. System (3) has one and only one mild solution
inCO,T; E)N LZ(O, T; D(A)) of the following form:

(1) = Sy(ug()i= Y Eq(—1it%)

i=1

i

X Y (o, @i j)eij(), 0<t <T, “)
j=1
0 k
where E,(z) = Z m stands for the one parameter
o

k=0
Mittag—Leffler function [43].

Without any loss of generality, we take u(¢) := u(-, t). The
output function, which provides measurements and informa-
tion on the consider system, is:

z() =Cu(t), 0<t<T. 5)

The operator C : E — O satisfies the following admissibil-
ity condition for S, [44]:

T
IM > 0, f 1CSu(t)vllgpdt < M|v]l, Yv € D(A).
0
(6)

The Hilbert space O is called the observation space.

The operator S, (7) defined in (4) is a linear bounded
operator, see [44], which describes the evolution of the con-
sidered time-fractional system in function of its initial state.

@ Springer



2426

K. Zguaid et al.

Moreover, if the operator C is bounded, then the admissibil-
ity condition (6) is always satisfied, which means that any
bounded observation operator is an admissible observation
operator.

Let w C Q be the desired sub-region. We introduce the
following restriction operators:

Kot E— L) | ox0 B — (L)
U u,

and their adjoint,

X L*(w) — E
vinw
0in 2\ w
(xXM*: (L))" — E'
v —> (X:vl, X, ..

Vb

and ’van).

Substituting (4) in (5) gives,

72(t) = CSu(t)ug := (Koquo)(t), t€[0,T],

where K, : D(Ky) € E —> L%(0, T; O) is the observ-
ability operator, which has an important contribution in
defining and characterizing both regional and regional gra-
dient observability. In [34], the admissibility hypothesis on
C makes it possible to express the adjoint of /I, as:

Kz :D(K:) c L*0,T; 0) — E,

r ™

7 — / Sx(e)C*z(e)de.

0
Let V : D(V) C E — E" be the gradient operator,
Vv = (34,0, 35,0, . ..., Oy, v), for all v in D(V) = Hj(Q).
As shown in [45], the adjoint of V is minus the divergence,
that is, YV € D(V*),

n
—div(V) == — E oy, Viin Q,
kY7 i
V'V = P

0 on 0%2.

The initial state can be decomposed as follows:

o — { ub in o,

o in Q \ w.
The purpose of regional gradient observability is to recon-
struct the gradient vector Vu(l) in .

We recall that system (3) augmented with (5) is called
exactly (respectively, approximately) w-observable if, and
only if, Im (x,/C%) = L?(w) (respectively, Ker (Ko x*) =
{0}). Based on the discussion in [16], we denote H, :=
X' VI, and we enunciate the following definitions.

Definition 1 System (3), augmented with (5), is exactly G-
observable in w (G stands for Gradient) if

@ Springer

u—> u, =(qu1,xwu2 ..... qu,,),

Im (Hy) = (L@) " @®)

Definition 2 System (3), augmented with (5), is approxi-
mately G-observable in w if

Iy = (L@)". ©)

Remark 3 Definitions 1 and 2 for fractional systems coincide
with the standard notions for the classical systems in the
particular case o« = 1 [16].

We now present some useful results and properties.
Our first result gives a characterization of the approximate
regional gradient observability.

Proposition 4 The upcoming assertions are equivalent:

1- System (3) is approximately G-observable in w.

2- Ker (H;) = {0}.

3- Hy Hj is positive definite.

4= ((00)* 9. VEGD) o =0, V2 € L20.T; ) =

y= O(Lz(m)),,.

Proof The result follows by proving that 1)
2) = 3),3) = 4)and4) = 2).

= 2),

1) <= 2) This is a direct consequence from the fact
that Ker(H¥) = (Im(Hy)) .

2) => 3) Letybein (L*(w))". Then,
(HaH;y, y)(L2(m)),, = (H;y, H‘;ky>L2(0,T:O)
_ * .12
= NH Y 700 20

Moreover, we get that,

(HoH}y, y) =0 = H)y=0,

(L2@)"
and, using 2), we have:

* _ _

(HaHay» y>(L2(w))n =0 = y= 0.
Thus, Hy H;} is positive definite.

3) = 4) Let us consider y € (Lz(a)))n such that
(x")" y. VK32) pyu = 0. forallz € L2(0, T; O).
Thus, by choosing z = H_y, we obtain that

(X2)" 9, VKGHGY) = (HEy, HyY) oo o)

= (HyH}y, y) 0.

(L2@)" =

Hence, 3) implies that y = 0(L2<w))” :
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4) = 2) Lety € Ker (H}). We have H}y = 0,

which means that (Hyy. z) , oy =0forallz e

L2(0, T; O). Hence, <(XZ)* v, VK;Z)(N = 0 for
all z € L?(0, T; O). Thus, 4) implies that y =
O(LZ(@)” and we conclude that Ker (H}) = {0}.

The proof is complete. O

Before proving our second result, we recall the following
lemma.

Lemma5 (See[l]) Let F, G and E be three reflexive Banach
spaces. Let us consider v € L(F, E)andy € L(G, E). The
upcoming assertions are equivalent:

1. Im(v) C Im(y);
2. 3¢ > 0 such that:

[0 x* | g+ < elly*x*ll g+, Vx* € E .

The next proposition characterizes the exact regional gra-
dient observability.

Proposition 6 The mentioned statements are equivalent:

1- System (3) is exactly G-observable in w;
2- Ker (H;) = {0} and Im (H,) is closed;
3- There exists ¢ > 0 satisfying:

*
[l < c|[Hyull

(Lz (w))n =

2 n
vare: Vi€ (L (w)) .
Proof We show that 1) — 2),2) = 1),and 1) <—
3).

1) = 2) Since system (3) is exactly G-observable in o, it
is also approximately G-observable in w. Hence,
Ker (H}) = {0} and Im(Hy) = (L*(w))" =
Im(Hy). Thus, Ker (H3) = {0} and Im(H,) is
closed.

2) = 1) The equality Ker (H;) = {0} gives that (3) is
approximately G-observable in w. This, together
with the fact that Im(H,) is closed, imply that
Im(Hy) = Im(Hy) = (L*(»))". Thus, system
(3) is exactly G-observable in w.

1) & 3) System (3) is exactly G-observable in v <
Im(Hy) = (L*(»))". We already know that
Im (Hy) C (Lz(a)))", hence all that remains is
to show that (Lz(a)))n C Im (Hy). This last inclu-
sion is a direct application of Lemma 5 with £ =
F=(L*)".G=L*0,T;0),v=1d

and y = H,.

(Lz(a)))n ’

The proof is complete. O

Remark7 Our Propositions 4 and 6 generalize the main
results of [16], which are only valid for the classical integer-
order case o = 1.

3 A counterexample

To show the importance of regional gradient observability,
we now give an example of a system that is not approximately
gradient observable, but it is approximately G-observable in
.

Let us set Q =]0, 1[x]0, 1[, and let us work with the
time-fractional system given by

u(vy, v, 1) =0, (vi, v, 1) € Zp,
u(yr, y2,0) = uo(y1, y2), (1, y2) € 2,

(10)

C 0.5
[ Dot u(yn, v2, 1) = 82,4y, 2. 1) + 9% u(yr, y2, 1), (1, y2.1) € Q2

together with the output
z(t) = Cu(r) = // u(yr, y2, 1) f (y1, y2)dyidy, (11
D

where f(y1, y2) = sin(2my,) and D = {1} x]0, 11.
We know that the eigenvalues and eigenfunctions of —A =

—831 - 83,2 are written as follows:

Aij = (% + jHn?,
and

@i, j(y1, y2) = 2sin(imwyr) sin(jwy2).
Moreover, from (4) and (11), one can write that:

+00
K, (tuo = CS,(ug = Y Eos(—xi jt*){uo, gi.;)
i, j=1

X // @i, j (1, y2) f (15 y2)dyidys. (12)

1 . .
Let h(y1,y2) = E(COS(ylﬂ)Sln@yzﬂ),ism(ylﬂ)

cos(4ypm)) be an element of EZ.

Proposition 8 The gradient h is not approximately G-
observable in 2, but it is approximately G-observable in
» =10, 1[x1g. 3[.

Proof Firstly, let us show that % is not approximately G-
observable in ,1i.e.,h € Ker (ICQ (t)V*> forallt € [0, T].
We have:

@ Springer
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400

K,0V'h =" Eos(=xi jt"> )V h, ¢ j)
ij=1
x [[, @i ;1. y2) f (1, y2)dyidys
—+00

1
= > Egs(—2;, j1%) f sin(yy7r) sin(iyym)dy
ij=1 0
x [y sin(4yr70) sin(jyam)dys

‘ 1
x sin(%)/ sin(2yy ) sin(jypm)dy, = 0.
0

Hence, h € Ker (ICO[ (t)V*).

We now show that & is approximately G-observable in
o, ie, h ¢ Ker (/Ca (t)v*(xg)*xg) for all t € [0, T]. We
have:

“+00
K, OV () %=y Eos(=2i it )V ) x"h, ¢ )
i j=1

X // ®i,j (1, y2) f (1, y2)dy1dys
D

“+00 1
= 3 Eos(—i ;109 / sin(y1) sin(iy1m)dyy
i j=1 0
5

X ﬁg sin(4yo ) sin(jyam)dys
3

; 1
X sin(%)/ sin(2yy ) sin(jyym)dy;
0

1
= Eos(—h.21%%) /0 sin(y1m)2dy;
5

% 1
8
xﬁ sin(4y> 1) sin(2y27r)dy2/ sin(2y2n)2dy2
z 0
8

2
= —£E0.5(57t2t0'5) #0.
247

We conclude that % is approximately G-observable in w. O

4 Gradient strategic sensors

In this section, we give a characterization of strategic gradient
sensors whenever the considered system is approximately G-
observable in the desired subregion.

Definition 9 We call a sensor any element (D, f), where D
is the geometrical placement of the sensor, which is included
in Q,and f : D — Ris its distribution.

We introduce here two types of sensors:

e Zonal sensor, when D has positive Lebesgue measure,
f € L*(D), the space O is R, and the measurements are

given by z(1) = (f. u(1)) , , = fD F@ulx, Ddx;

@ Springer

e Pointwise sensor, when D = {b} € Q, f = §, with §p
the Dirac mass centered in b, the space O is R, and the
output equation is given by z(¢t) = u(b, t).

Remark 10 When we consider a zonal sensor, the observation
operator is bounded; if we take a pointwise sensor, then the
observation operator is unbounded, but it is an admissible
observation operator.

For more information about sensors and their characteri-
zations, see [34,46,47].

Let us reconsider system (3). We take the measurements
to be given by means of p sensors (D;, fi)|<;<,- The obser-
vation space is @ = R” and the output equation is written
as:

20 = (z1(0), ..., 2p(0)", (13)

where z;(t) = (u(t),f,-)Lz(D), Vi € [1,n]. The adjoint
of the observation operator C is expressed for all u =
(u1,...,up) € R by:

P
Cru=Y_xp, fiti (14)
i=1

for the case of zonal sensors, and by

14
C*u = Z”i‘shw (15)

i=1
for the case of pointwise sensors.

Definition 11 A sequence of sensors (or a sensor) is said to
be gradient w-strategic if (3), augmented with (13), is approx-
imately G-observable in w.

In [18], it is given a lemma (Lemma 7 of [18]) that fails
to be valid when the considered system is written in terms
of the Caputo derivative, as we do here. Now, we present an
alternative new lemma that allows to deal with the problem.

Remark 12 The problem of this article is formulated with
Caputo-type fractional derivatives only. However, Riemann—
Liouville fractional derivatives appear naturally due to
fractional integration by parts and Green’s formulas (cf. Lem-
mas 14 and 15).

Lemma 13 Let r be a function that satisfies

MDY r(y.5) = A*r(3.9) + C*2(s). (v.9) € O, @ €0, 11,

rE,5) =0, &5 € Tr, (16)
lim % (y,5) =0, yeQ,
s—>T7— T
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where:
RL,_a Te—s)
Dyor(y,s) =0 i mr(y, e)de,

is the right-sided fractional derivative in the sense of
Riemann—Liouville, and,

I:ir(y,s) / (e —5)*~ 1r(y,e)de

T (o)

is the right-sided Riemann-Liouville fractional integral. Then
the following equality holds:

l—a
Kiz=17 "r(x,0).

Proof The solution of (16) can be written as:
T
r(s) = / (e — S)a_l./\/:(e —5)C*z(e)de,
N

where N is a linear and bounded operator defined in terms
of a probability density function [44]. From Proposition 3.3
of [44], we have that:

T
7 “r(x.0) =/ S (1)C*zdr.
0
Hence, from (7), we have that:
r 11—«
Khz = /0 Sy(C*z(s)ds =L r(x,0),

and the result is proved. O

The following fractional integration by parts formula will
be useful in the sequel.

Lemma 14 [See [48]] Let v be a function in LP(O, T; E),
let u be in AC(0, T; E) and o in 10, 1]. The formula

/OT <CDg+u(t)) v(t)dt = /OT u(?) (“D‘},v(x)) dr -

+u(T) lim I 70(t) — u(0)Z “v(0)
t—>T~ T T

of integration by parts holds.

Our next result (Theorem 16), provides a useful character-
ization of gradient w-strategic sensors. To prove it, we make
use of (17) and also the following fractional Green’s formula.

Legnma 15 [Fractional Green’s formula [44]] For any f €
H (0,T; E) one has

[AS

- / ro.T) lim T f(y.)dy
Q s—>T— T

Dyer(y.s) + Ar(y.s)) £(v. s)dyds

~ [ .02, 1.0y (18)

T RL o %
[0 (D r0i9 4% 6,9) rr s

3f(§ s) 9r(s,s)

A

Theorem 16 The sequence (D;, fi),.,., is gradient w-
strategic if, and only if,

f (s, s)) dgds.

n
S.,S __ _
DM =0, = y=0, ..
s=1
where
= < 1<l<p )
I<k<r;
(0x, 9 k> fi) 20’ for zonal sensors,
B Ox,@j k(bi), for pointwise sensors,
T .
J
(yl, ..,yj ) eR”,
; <X yy"ij)E, 1<k<r]’
and
2 n
y=(y17~-~’)’n) S (L (C())) .

Proof From Proposition 4, we have that (D;, i) i<z , is gra-
dient w-strategic if, and only if,

(") ¥, VK42) . =0, Vz € L2(0, T; 0)

— y = O(Lz(w))n 5

which means, by using Lemma 13, that:

n

Z<X:ys’ BXSI;j"‘r(o»E =0 = y=

O(Lz(w))n ’
s=1

(19)

where r is the solution of (16). Let us now find the exact
expression of (x*ys, dx,Z, ;f“r(O)) - Let s be an element in
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[1, n]. We introduce the system:

Dy p(x. 1) = Ap(x, 1), (x,7) € Or, & €]0, 1],
¢(s,7) =0, (¢c,7) € T7, (20)
¢ (x,0) = x)ys(x), xeQ.

Its unique mild solution is written as:
G, 1) = Su(®x*ys()

00 Ty
= Z Eq(=2;T%) Z(X:ys, @ik pPjk ().

j=1 k=1

Multiplying both sides of (16) by 9., ¢ and integrating over
Or = Q x [0, T], we get that:

/ DS r(x, D)0y (x, T)dxdT

or

=/ A*r(x, )0y, ¢ (x, T)dxdT
Or

+f C*z(1) 0y, ¢ (x, T)dxdT. 21
Or
On the other hand, equation (17) gives:

/ RLD;,r(x, )0y, @ (x, T)dxdT
Qr
=/ r(x, t)Ady, ¢ (x, T)dxdt
Qr
+/ ¢(x,0)8xsl';:ar(x,0)dx. (22)
Q

From equations (18), (21), and (22), and using the boundary
conditions, we obtain that:

_ -«
Oy 0, TP (0)), = /Q ¢ (x.0)3x, T, r(x,0)dx

:/ C*z(1)0y, ¢ (x, T)dxdT (23)

Qr

T
= [ . cooc o, an
0

Without loss of generality, we continue the proof for the case
of zonal sensors (the same can be easily done for pointwise
sensors). We have that:

(O, 975 S1) 12
+oo 7j (0x, 0 ks f2>L2(DZ)
Coey (.0 =D Y EaOjt*) (X Vs, 0j k)i .
Jj=1k=1

(Ox, @ ks fP)le)p)
(24)

@ Springer

Using (19), (23) and (24), we deduce that (D;, fi)lsiSp is
gradient w-strategic if, and only if,
(ax_y‘/’j,ksf1>L2<D])
T n 400 i (ax’x‘ﬂj,ksz)Lz(D )
/0 <Z(1),ZZZEQ(A]‘IQMXZ),VL(PJ‘,HE , : > dr
s=1 j=1k=1

0, i ks
(Oxs 9 k fp)L2<Dp) _P

=0,V e L2(0,T: 0) = y=0 -
(L2@)

From Lemma 5 in [18], we get that the last expression is
equivalent to,

O, @jks S1) 12
n oo T (O, 9j ks f2) 120

DY D Ea Gt (X ys 0 k) : =0,

s=1 j=1 k=1 :
<3x5(pj,k’ f1)>L2(l)p)

VIEl0,T] = y=0,,

which is also equivalent to,
+o00 n
o S8 _ —
2; Eq(hjt )XEijj =0, Vte[0,T] = y= O(Lz(w))n.
j= s=

Because Eq (1 ;t%) > Oforall ¢ € [0, T] and for all j € N*,
then we have:

n

S8 _ —
Zijj =0 = y_O(LZ(w))’”
s=1

and the result is proved. O

The following corollary is an immediate consequence of
Theorem 16 in the one-dimensional case, i.e., whenn = 1.

Corollary17 If n = 1, then (D, f),,., is gradient w-
strategic if, and only if,

e p > sup{rj};
o rank M} =rj forall j € N*.

5 The regional gradient reconstruction
method

Now we present the steps of an approach that permits the
recovery of the initial gradient for (3) in @. Our approach is
an extension of the Hilbert uniqueness method (HUM) for
fractional systems.

Let

K={ye(E)" |y=0in Q\w}ﬂ{VtheH(}(Q)}.
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Remark 18 Note that (x")*x"f = f, Vf € K.

For every ¢p in K, we introduce the system:

CDSM(%S) = Ag(y,s), (y,s) € Or, a €]0, 1],
‘P(S‘»S):O’ (g,S) S ET, (25)
o(y,0) = V*go(y), y €,

which possesses one and only one mild solution in L2(0, T’;
D(A)) N C(0, T; E), written as follows:

@(1) = Su()V*@o, 1 € [0, T]. (26)
We associate with K x K the form:

() tKxK — C

T
(fh) '—>/ (CSOV* [, CSa(1)V*h) 1, @7
0

where (-, -),, is the scalar product in O.

Remark 19 The bilinear form (-, -), satisfies the conjugate
symmetry and positive properties, i.e., (g, f) = (f, g) and
(fs g 2 0.

Lemma 20 [f the system (25) is approximately G-observable
in w, then the bilinear form (27) becomes a scalar product
on K.

Proof By Remark 19, we only need to show that (-, -), is
definite, thatis, (f, f), =0 = f =0.
Let f be an element of K. Hence,

U D= [ (€809, S0 Pt =0
which implies that:

(CSa(V* f, CSL(DV* f)g = 0.

Using Remark 18, this means that:

CSa()V* f = CSLOV* (X1 f =0,

and, since (25) is approximately G-observable in w, we have
x)f = 0. We conclude that f/ = 0 in w. It follows that
f = 0 from the fact that f € K. O

Let || - ||, be the norm on K associated with -, -) ., and
let us denote again by K its completion by the norm || - || .
The space K endowed with || - ||, is now a Hilbert space.

We introduce the following auxiliary system:

"D @y, 5) = A*O(y. 5) — C*Co(s), (v,5) € 07, a €]0, 1],

0(s.5) =0, (c.8) € X, (28)
lim Z _“O(y,s) =0, yeQ,
s—>T- T

controlled by the solution of (25).

Remark 21 The condition z(t) = C¢(t) implies that system
(28) is the adjoint system of (25).

‘We now define an operator that associates to every possible
candidate of the initial gradient in w, the projection on K
(via the operator (x :)l)* X Z) of the term VI ;j“ ©(0),

A: K — K,

Go > (") X"VI =0 (0). 29)

This way, the problem of regional gradient reconstruction is
reduced to a solvability problem of the equation:

Ago = (x!)* x!VI!=*©(0), (30)
which leads to the next result.

Theorem 22 [f system (3) is approximately G-observable in
w, then equation (30) has a unique solution ¢y € K, which

corresponds to the initial gradient Vuy in w.

Proof We shall prove that A is coercive, that is, there exists
o > 0 that verifies (Av,v), > ollv|, forallv € K. We
take ¢p to be in K,

(Ago, §o)x = (X x2VIIZ*©(0), Po)
= (Z)2*0(0), V*@o) -

From Proposition 3.3 in [44], we have that
11—« T
IT_ 00) = / Si(t)C*CSyodr.
0
Therefore,

T
(A@o, Po)y = </O S (T)C*CSy(v)V*Podr, V*¢o>

K
T
31

= [ com. comnor Gh

_ N

= ICeOI%, -
and equation (30) possesses only one solution. O
6 Applications

In this section, we take 2 =]0, 1[x]0, 1[. Let o« C
be the desired sub-region. We consider the following time-
fractional system:

C

Dy yer a0 = (33, +03 ) v, x2,0, (11,32, € O, @ €10, 11, »
YE 6. 1) =0, @60 €5, (32)
y(x1, x2,0) = yo(xq, x2), (x1,x2) € Q.
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Our goal is to illustrate the steps used to recover the initial
gradient vector Vyo = (x, Y0, dx,Y0) in the sub-region w.
We present the method for the two types of sensors introduced
in Sect. 4. Recall that the eigenvalues and eigenfunctions of
(8)%l + 8)%2) are:

i =—G*+ jHn?,

and,

@i, j(x1,x2) = 2sin(imxy) sin(jmxz).
6.1 Zonal Sensors

Let us take a zonal sensor (D, f) with D = [c1, c3] X
[c3, cq4] C 2 and,

f(x1,x2) = cos(«/§7‘rx1) sin(x/inxz).

Proposition 23 This sensor (D, f) is gradient w-strategic if,
and only if,

yilx ui, i j) g +v2(x u2, ¢i j) =0,

Vi,j e N* x N* = (uy,uz) = (0 ),

L2(w)’ OL2(w>

where,

y=i / / cos(imx) sin(jma) f (1, 12)dx s,
D

and,

V2 2]// sin(imrxy) cos(jmxa) f(x1, x2)dxdxs.
D

Proof 1In this case, p = 1, rj =1, and n = 2. Hence,

Misj = ((axx(pl’yj’ f)Lz(D)>

and uf-j = (Xjus,wi,j)b., Vi, j e N* x N*, s ={1,2}.

Ix1

RLD;——wl (x1,x2,1) = (8)%1 + 332) Yi(xy, x2,1)

One can see that:

(O, f) 2, = 20T // cos(imxy) sin(jmxz) f(x1, x2)dx1dxa,
D

and,

(0029i j» )2 = 207 //D sin(imxy) cos(jmxz) f (x1, x2)dxdxz.

Hence, using Theorem 16, (D, f) is gradient w-strategic if,
and only if,

Mjjujj + Miug; = 0. i, j € N* x N* = (u1,u2) = 0 ),

L2(w)’ 01‘2<w)

that is, if, and only if,

yilxur, @i )y +va(xuz, ¢ij)p =0,

Vi, j € N* x N* = (uy,u3) = (0 ).

L2’ OLZ(m
The proof is complete. O

Let us now introduce the set:
K = {fe(E)zlfzo in Q\w}ﬂ{VhMeHol(Q)}.

Using Lemma 20, for any & = (h1, h) and g = (g1, g2) in
K, the expression:

T 2 2
e 8) = [ 1800 Y s 1), 800 Y 810 )y
s=1 s=1

defines a scalar product whenever the system (32) is approx-
imately G-observable in w and,

1
2

T 2
— 2
Al = ( /0 <Sa<r>§axshs, f)Lz(D)dt) :

is the associated norm. Keeping in mind formula (14), we
can write the adjoint system as follows:

(x1,x2,1) € Or,

— o F 1 2 (Sa (1) X0 B, GRS, £ 2 @ €10, 1,

Y161, 8,1 =0,

llil}l_ I;:a Yi(xr, x2,1) =0,

(¢1.86,1) € X,
(x1,x2) € Q.
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It follows from Theorem 22 that the equation Ah =
(xH* XZ:VI;;‘XI//] (0) possesses one and only one solution

in K.
6.2 Pointwise Sensors

Now we reconsider system (32) but augmented with the out-
put:

2(t) = y(b1, by, 1), (33)

where (b1, by) is the sensor location. Hence, from (4) and
(33), we have,

+00

CSat)yo =Y Ea(—2i jt"){(y0. ¢i.j)i.j (b1, bo).
i,j=l1

Note that the pointwise sensor has an unbounded observation
operator. Since |¢; ;| < 2foralli, j € N*xN*, E,(-)is con-

tinuous and 3C > O such that | Ey (—A; jt%)| < ——
I+ |2

(see [34]). Therefore, the admissibility condition (6) is satis-
fied for the pointwise sensor.

Proposition 24 The pointwise sensor ((bl, by), 8(1,1,;,2)) is
gradient w-strategic if, and only if,

i cos(imby) sin(jrba)(x u1, ¢i j),
+j sin(inby) cos(jmb2) (X uz, ¢i j), =0,

Vi,j e N* x N* = (uy,uz) = (0 ).

L2’ 0L2<w>
Proof Similar to the proof of Proposition 23. O

For any h = (h1, hy) in K, if the system (32) is approxi-
mately G-observable in w, then:

1
2 2

T 2
Al = /0 (Sa(mzaxs(x:hs)) b1, boydr |

s=1

defines a norm in K. Let us write the adjoint system:

DI axr, x2 1) = (02 4 02) Ya(xr, x2, 1)

s=1
Y2(&1,&,1) =0,

dim T (a1, 30,1 =0,
=

It follows from Theorem 22 that the equation Ah =
" x" VI;:“ ¥»(0) has one and only one solution.

7 Numerical simulations

In this section, we illustrate the adopted method for solv-
ing the gradient reconstruction problem by presenting two
examples that show its efficiency. In order to solve equation
(30), we calculate the components of the operator A for some
orthonormal basis {Ei }ieN* of E", denoted by:

Aij = (DGi, @) -

We know that {wi}ieN*

by setting ; = (0, ...,¢;,0,...,0) € E", where ¢; is at

the k-th place, we have that {@; ;} ;=1 is an orthonormal
1<k<n

basis of E”. From now on, by rearranging the terms, we

denote {@; 1} i=1 by {@;}, .- This is possible since the

1<k<n

is an orthonormal basis of E. Then,

mapping:

g N* x [1, N] — N¥,
(q,d) —> n(g — 1) +d,

is one to one. The equation (30) can now be approximated
by

M
D AuGor=0;, i=1,....M, (34)
=1

with M € N*, Qb(),l = (‘Z)Ov al)En’

and ©; = ((XL’O’)*XU’jVI;j“@(O), ©i) pyn- We know that:

o
CS:OV*G; = Y Ea(=haat®)(V'Gr, g11) s Cort, (35)
k=1
and, from (31) and (35), we obtain that:
e T
(NG, @) ) = Z ‘/(; Eo (=g it Eq (=M 5t%)dt

k,,r,s=1
X AV*@i, 0r,1) e AV, 0r.5)  CP 1 Cpr s

(x1,x2,1) € Or,

2
—8(by.by) (X1, X2) (Sa(t) >, (ths)> (b1, b2), a €]0, 1],

(1,452, € X7,
(x1,x2) € Q.
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To sum up, the reconstruction method is given by the Algo-
rithm 1.

Algorithm 1: Solution to the gradient reconstruction
problem.

Step 1. Initialization of Data: threshold accuracy ¢, the initial guess
of ¢p, @, sensors properties.
Step 2. Repeat:

* Solve (28) and get z;ja@)(O).

* Get the components of A (A;;) and @L- 0).
* Solve (34) and obtain ¢, ;, then get @.
Until: |z() = CoOl , <e.

L>0.1:0)
Step 3. Take ¢ to be the reconstructed initial gradient vector in w.

7.1 Example with a Pointwise Sensor

In our first example, we take €2 =]0, 1[ and we consider the
following time-fractional system:
C . 0.84 2
Dyy x(y,s) = 0,x(y,s), (y,8) € Q1,
x(0,5) =x(1,s) =0, s € [0, 1],
x(y,0) = xo(y), y €,

(36)

where the output function corresponds with the sensor (b, &)
with b = {0.2}. We set w = [0.00, 0.25] to be the desired
subregion and g(y) = 27 (cos(y;r)2 — sin(yn)2) cos(ym)
sin(ysr) to be the initial gradient vector that will be recon-
structed in @, whereas the initial state, supposedly unknown,
isxp(y) = (cos(ym) sin(yyr))2. After implementing the pro-
posed algorithm (Algorithm 1), we obtain the reconstructed
initial gradient ¢p. As we can see in Fig. 2, the two graphs of
the initial gradient vector and the recovered one are neighbor
to one another in the desired region w with a reconstruction
error:

~ 2 _4
lg —@oll , =9.47x107".
L (w)

This shows that the numerical approach is successful. We
remark that the proposed algorithm does not put into consid-
eration the value of the initial gradient outside of w.

Figure 3 portrays the manner in which the error evolves in
terms of the placement of the sensor. As it is seen, there are
many positions where the error is large or even explodes to
infinity. In this case, we say that the sensor is non-strategic
in w. Moreover, it is clear that the optimal location of the
sensor, in the sense that it gives the minimum value of the
reconstruction error, is b = 0.2.

@ Springer
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Fig. 2 The initial gradient vector and the reconstructed one in 2 for
the example of Sect. 7.1

7.2 Example with a Zonal Sensor

Let us now consider the following fractional system:

“Dyix(y.s) = 02x(y.5). (3.5) € Qa,
x(0,5) =x(1,s) =0, s € [0, 2], 37
x(y,0) = x0(y), y €,

and take the measurements with a zonal sensor (D, f)
with D = [09 , 1.0], f = x,, and the subregion
[0.35 , 0.65]. We choose xo(y) = (y(I — y))?
to be the initial state and the gradient to be recovered as
g(y) = 2y(1 — y)(1 — 2y), which are both supposed to be
unknown. We see in Fig. 4 that the plot of the initial gradient
vector is nearly identical to the plot of the reconstructed ini-
tial gradient. In fact, the reconstruction error takes the value:

w =

lg — goll> = 1.26 x 107°.

As it can be seen in the two examples, the case of a
zonal sensor gives numerical results with better and smaller
reconstruction errors in comparison with the case when we
consider a pointwise sensor. This might be due to the fact that,
in that case, the sensor has a bounded observation operator
and a geometrical support with a non-vanishing Lebesgue
measure, which means that the measurements are given in a
much larger set compared with the case of a pointwise sen-
sor, where the measurements are provided in a single point
b, meaning that the quantity of obtained measurements is
much less in this case. Therefore, in the case of a bounded
observation operator, one has more information on the system
than the one with an unbounded operator. These remarks are
based upon the observations made during the implementation
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Fig.3 Reconstruction error 2 T
versus sensors location for the

example of Sect. 7.1 18

1.2

Error
T

08

0.6

0.3 0.4 0.5 0.6 0.7
Sensor Location

Fig.4 The initial gradient 0.2 T
vector and the reconstructed one
in €2 for the example of Sect. 7.2

State

Initial gradient vector
— — — Reconstructed intitial gradient vector | _|
% Sensors Location

of the proposed algorithm, but more theoretical studies are
needed, regarding the theory of strategic sensors, to confirm
and validate, theoretically, the observations of our numerical
simulations.

8 Conclusion

We dealt with the problem of regional gradient observability
of linear time-fractional systems given in terms of the Caputo
derivative. We developed a method that allows us to obtain the
initial gradient vector in the desired region w. We also gave
a complete characterization of the regional gradient observ-
ability by means of gradient strategic sensors. Even though
we studied two particular cases of sensors, namely pointwise
and zonal, similar results can also be obtained for other kinds
of sensors, for instance filament ones. The numerical simu-
lations presented in this paper are very satisfying regarding
the error rate and the computation time. We implemented the
considered examples using the software Matlab R2014b on
a 2.5GHz core i5 computer with 8§ GB of RAM.

0.3 0.4 0.5 0.6 07 0.8 0.9 1
Space

The strength of the HUM approach lies in fact that it can
be simulated numerically, providing the regional initial gra-
dient with a satisfying control of the error. Moreover, it can
be adapted to real-world applications. One weakness that can
be faced while applying this approach to an example happens
when one considers a dynamic A that possesses an eigenvalue
with infinite multiplicity. In such a case, one needs an infinite
number of sensors to observe the system, which can never
be achieved in reality. For future work, we plan to extend
the results of this paper to the case of semilinear fractional
systems. Regarding the numerical simulations, we have con-
sidered here some academic examples in order to illustrate
the obtained theoretical results. We claim that our results can
be applied and useful to real-world situations, a question that
will be addressed elsewhere.
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