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Abstract The characteristic function of a system with three
scalar delay channels contains cross terms of different delays.
This article studies the parameterization and geometric struc-
ture of the stability crossing set (the set of delay combi-
nations with at least one characteristic root on the imagi-
nary axis) for such systems. Understanding the structure of
this set is crucial to the identification of stable regions in
the delay parameter space using the D-subdivision method.
The presence of the cross terms significantly complicates the
analysis, and requires a quite different method than the case
without these cross terms, and it involves more numerical
computation.

Keywords Time delay - Differential-difference equations -
Stability - Quasipolynomial

1 Introduction

This article studies the stability problem of time-delay sys-
tems with characteristic quasipolynomial

A(s) = po(s) + p1(s)e” ™ + pa(s)e” ™" + p3(s)e” ™
+pia(s)e” TR 4 pyy(s)e” (RN

+p31(s)e” BT 4 pias(s)e

—(t1+12+13)8

(1.1)
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where po(s), px(s), pr(s), k,l = 1,2,3 and p123(s) are
polynomials of s with real coefficients. It is know that the
system is of retarded type if the order of po(s) is higher than
all the other coefficient polynomials. If at least one of them
have the same order as po(s), then the system is of neutral
type. If the order po(s) is lower than at least one of the other
ceofficient polynomials, then the system is always unstable
for any positive delays.

The objective of this article is to identify the set of delay
parameters (71, T2, 73) such that the system is stable. The
main focus is to parameterize and geometrically characterize
the stability crossing set, which is defined as the set of delay
combinations (71, T2, 73) such that the characteristic equation
has at least one imaginary solution. The importance of the
stability crossing set lies in the following fact: For a large
class of systems, the roots of the characteristic equation
A(s)=0 1.2)
in a neighborhood of the imaginary axis and on the right
half plane are continuous functions of the delays (71, 12, 73).
Therefore the stability crossing set divides the three-
dimensional delay parameter space into regions such that the
number of right-half-plane roots is fixed in each such region.
By studying the direction of crossing of roots at the imagi-
nary axis, the number of right-half-plane roots in each such
region can be determined, and therefore, the stable parameter
regions can also be determined as a special case.

The stability analysis based on the above principle is
known as the D-subdivision method (also known as the
D-decomposition or D-partition method). The readers are
referred to the survey paper [1] by Gryazina, et al., for a com-
prehensive review on this subject. D-subdivision method is
especially important for time-delay systems as direct stabil-
ity analysis using, for example, the Pontryagin’s Theorem [2]
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is very difficult to carry out in practice. The D-subdivision
method for time-delay systems was developed by Neimark
[3], and the English coverage of the method can be found
in the book [4] by El’sgol’ts and Norkin. A rich collection
of D-subdivision analysis in the form of stability charts can
be found in the book [5] by Stépan, which also considers
systems with distributed delays.

The validity of D-subdivision method requires the conti-
nuity of characteristic roots in a neighborhood of the imag-
inary axis and on the right half plane. This is automatically
satisfied for systems of retarded type [6]. However, this is
not necessarily the case for systems of neutral type with
multiple delays. Such discontinuity is intimately related to
the behavior of the difference equations of continuous time,
as documented in [7] and [8]. Such discontinuity has been
responsible for such surprising phenomena as the wellposed-
ness or stability at small delays [9,10], instability of Smith
predictor due to delay mismatch [11], and sensitivity to delay
variations in the discrete implementation of distributed delay
feedback control [12,13]. A review and unified discussion of
these phenomena can be found in [14].

In practice, the application of the D-subdivision method
is not trivial when it is used to analyze systems with multiple
delays. See, for example, [15]. In [16], Hale and Huang give
a complete analysis of the first order differential-difference
equation with two delays, and all the stable delay parameter
regions are obtained. In the last decade or so, many analyses
have been conducted on systems with two or three delays
with various generality. Examples include systems with two
delays without cross term [17], multiple delay systems with
cross terms [18], polynomial eigenvalue approach [19], and
three variable delays with additional fixed delays [20].

The main focus of this article is to obtain explicit parame-
terization and geometric characterization of stability crossing
set of the system given in (1.1). These have been achieved for
systems with two or three delays without cross terms in [21]
and [22], respectively, and for systems with two delays with
a cross term in [23]. The case discussed here is complicated
by the presence of the cross terms such as e ("1 +™)5 and
e~ (M+72+7)s involving the sums of delays in the exponents.
As will be seen later, such a system requires a very different
method that involves more numerical computation than the
cases mentioned above, although some ideas developed in
[23] are instrumental.

Similar to the two delay case, the importance of including
the cross terms can be described as follows: As argued in
[24] and implied in [9], a linear system that contains three
single-input-single-output delay elements may be described
in a feedback configuration such that the forward subsystem
does not contain any delay,

%(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(1),

(1.3)
(1.4
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where
x() € R",

u(r)
u®) = | ua(r) | e R?,

uz(t)

y1 (1)
y) = [y | eR’,

y3(t)

and the feedback subsystem consists of three scalar delay
elements

ui (1) yi(t —11)
ur () | = | »0@ —12) (L.5)
uz(t) y3(t — 13)

In other words, such a system can be considered as having
three scalar delay channels. After substituting (1.3) and (1.4)
by (1.5), the characteristic equation of the system can be
easily seen as

s —A| —BE(t,m,13)

I — DE(t1, 1, 13)
where
E(t1, 72, 13) = diag (e 75 | ™% [ 7).

An application of the Schur determinant complement yields

sI —A | —BE(1, 12, T3)
A(s) = det
M (s)

=det(s] — A) -det[M(s)], (1.6)

where
M(s) =1 — (D £ C(sI—A)"! B) E(t, 1, 13). (1.7

An expansion of det [M (s)] shows that A(s) indeed has the
form (1.1) in general.

The remaining part of this article is organized as fol-
lows. Section 2 presents the problem setting and nontrivi-
ality assumptions. Section 3 presents local parameterization
of stability crossing set using the frequency w and a delay t,,.
Section 4 defines the valid parameter range of (w, t,,) and
makes some nondegeneracy assumptions, and presents some
implications of these assumptions. Section 5 discusses the
boundary of the valid parameter range and the classification
of each connected piece of this boundary. Section 6 discusses
constant frequency curves, which are subsets of the stabil-
ity crossing set corresponding to a fixed w and a maximal
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Tw-interval. Section 7 discusses the calculation of the cross-
ing frequency set €2 and its partition to maximal intervals
th of different classes. Section 8 refines the classification of
Qfl Section 9 presents the parameterization and geometric
characterization of the crossing frequency set correspond-
ing to each maximal interval th of all possible types except
one. This remaing type is presented in Sect. 10. Section 11
presents an example of stability analysis using the theory
developed. Section 12 presents some concluding remarks.

2 Problem setup

Some notation used in this article is defined below. R, R”,
and R"*™ denote the sets of real scalars, n -dimensional
real vectors, and (n x m)-dimensional real matrices, respec-
tively. Similarly, C, C"* and C**™ denote the corresponding
sets with complex entries. For an @ € C, o™ represents its
complex conjugage, and Re(«) and Im(«) represent its real
part and imaginary part, respectively. R represents the set of
nonnegative real scalars, and R’} is the set of 7 -dimensional
vectors with components in R;. C1 and C_ denote the sets
of complex numbers with nonnegative real parts and strictly
negative real parts, respectively. For a given set S, S¢ repre-
sents its interior and S represents its closure. For example,
RS represents the set of strictly positive real numbers. We
also define the set of integers as Z, and Z;r =1{1,2,3}.

For an infinite number of objects indexed by one integer,
Ok, k € 7Z, we say there are a series of such objects. Typi-
cally, these objects approximately line up along one direction
in the three-dimensional space. We say there are an array
of objects to refer to objects indexed by two integers, Qyy,
k € Z,1 € 7Z, and they typically line up approximately along
two directions. We say there are a lattice of objects when
referring to objects indexed by three integers, Qkim, k € Z,
| € Z, m € 7Z and they typically line up approximately in
three directions.

We will also freely exchange the order of the subscripts of
the polynomials in A(s). For example, p123 may also be writ-
tenas p3»1 Or pa31,and pi2 may also be written as p1. There-
fore, for arbitrary {u, v, w} = Z;‘, we may write (1.1) as

A(s) = po(s) + pu(s)e” ™ + py(s)e” ™ + py(s)e” ™*
+Pun ()T TN oy ()T
+pwu(s)e_(fw+fzt)s

+ Py (s)e ™ (T tmw)s, @.1)

The three delays (71, 12, 73) may be considered as a point
in the 3-dimensional coordinate system with coordinate unit
vectors r(l), 1(2) and 1(3), and the point may be written as a
vector

T =157 + 1,70 + 1,70,
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As A depends on both s and 11, 72 and 73 , we may sometimes
denote it as A (s) or Ay 4, 7;(s) when we want to consider
A as a function of s for the given delays, and write A(s, T) or
A(s, 11, T2, T3) Wwhen we want to emphasize it as a function
of both s and the delays. Similar notation is also used for
other functions of s and .

For the sake of convenience, we say a system is “‘stable” to
mean it is asymptotically stable. We will restrict ourselves to
systems that satisfy the following non-triviality assumptions:

Assumption I Existence of principal term

ord(pg) > ord(p,), forallu € ZgL;
ord(pg) > ord(pyy), forallu e Z7, v e Z;, U # v;
ord(po) > ord(pi23),

where ord(-) denotes the order of the polynomial.
Assumption II Zero frequency restriction

po(0) + p1(0) + p2(0) + p3(0)
+p12(0) + p23(0) + p31(0) + p123(0) #0

Assumption III Infinite-frequency restriction

1> lim ———{[[pi(s)| + |p2(s)| + [p3(s)]

0 [p ()I

+1p12(s)| + 1 p23 ()] + | p31($)] + [ p123($)1].

The above assumptions are made to make sure the prob-
lem considered is meaningful, and are similar in spirit to the
ones made in [21,22] and [23]. If Assumption I is violated,
then it is well known that the system is unstable for arbitrary
positive delays [2,6]. If Assumption II is violated, then O is
a characteristic root for arbitrary delays, and therefore the
system cannot be stable for any delays. Assumption III is
automatically satisfied if the system is of retarded type. For
system of neutral type, Assumption III is a simple condition
to guarantee that the difference equation associated with this
system is stable for arbitrary positive delays. Less restrictive
conditions to guarantee the stability of the difference equa-
tions for arbitrary positive delays may be used instead of
Assumption III. Such a condition also guarentees the conti-
nuity of the characteristic roots in the neighborhood of the
imaginary axis and the right half plane. Interested readers are
referred to [7,14,25-27] for more extended discussions on
this issue.

The main focus of this study is the stability crossing set,
which is defined as follows.

Definition 2.1 The stability crossing set, denoted as 7, is the
set of all (71, 1, 13) € Ri such that A, 1, ;(s) = 0 has at
least one solution on the imaginary axis. An w > 0 is known
as a crossing frequency if there exists a delay combination
(11,72, 13) € Ri such that

A(jo, 11, 12, 73) = 0. (2.2)
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The set of all such w is known as the crossing frequency set,
and is denoted as Q. For any given set ' C RY, we define
7Tr as the set of (1, 70, 73) € R3 such that (2.2) is satisfied
for some w € T'. Especially, when I is a singleton {w} , we
may write 7, instead of 7).

Note that it is not necessary to consider w < 0 due to the
fact that (2.2) is satisfied if and only if

A(—jw, 11,12, 73) = 0.

Assumption II also excludes the possibility of o = 0 as a
crossing frequency. Therefore, it is sufficient to restrict Q2 C
RS . Obviously,

Tr # o
if and only if
QNI #02.

Noted also that while 7 is restricted to Ri, Tr and 7,
are not. As is well known [6], the system may not be stable
if (11,12, 13) ¢ R3, and therefore, 7 is of practical mean-
ing only in Ri. On the other hand, the solutions to (2.2) for
a given w have some repetitive pattern that is more conve-
niently described if no such restriction is imposed. With this
convention in mind, we have the following relation

T=To[ R, = |J 7o R

we

Fora given w € Z}, we may use  and 7, to parameterize
T . For u and v such that {u, v, w} = Z;r, such a parameter-
ization means finding all the pairs (7, 7,) such that (2.2) is
satisfied.

Definition 2.2 For a given w € Z7, and a parametric pair
(@, ) € R xR,

T(w) = {(‘L’] 7, ‘L’3) € RS
| (2.2) is satisfied for the givent,, and a)} .

A pair (w, 7y) is known as a valid parametric pair if 7;5“;3” #
. The set of all valid parametric pair is known as the valid
parameter range, and is denoted as A™).

It should be noted that the crossing frequency set €2 is
independent of which delay t,, is used with  to parameterize
7. On the other hand, a different choice of w in general gives
a different valid parameter range A ).

3 Reduced form and associated function

For any {u, v, w} = Z;r, we may write A(s) in the following

w-reduced form
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Als, 1) = pg” (5) + P (9)e ™™ + pi) (s)e ™
+pl(4111)1)(s)e (Tu“l'fv)s’ 3.1

where

P (s) = pols) + puls)e ™", (3.2)
PY(s) = pu(s) + puuls)e” ™", (3.3)
P (s) = pu(s) + pup(s)e ™", (3.4)
pm)(s) = puv(s) + Puwuv(s)e” ™. (3.5)

Obviously, the functions defined in (3.2) to (3.5) depend on
Ty Similar to the case of A(s), such dependence may be
ex d lici i (w)

presse explicitly. For example, we may write p, 7, (s)
or pu )(s Ty ) instead of p(w) (s). It is also instrumental to
define the following w-associated function

AW (s) = P (s) + P (s)e™ ™ + P (s)e™™,  (3.6)
where

P (s) = pM () p(=s) — p () pS” (=), (BT
P (s) = p(s)p™ (=s) — W(s)p“”( 5),  (3.8)
P (s) = pM(5)p (=s) — p()p (=s).  (3.9)

A useful fact that can be easily verified by direct calculation
is

[P G| - o

—P”UM[

} (3.10)

Note that there is no cross term with exponent involving
T, + Ty in Ay (s). Similar to the case discussed in [23], the
equation

A" (jo, 11,12, 13) =0 (3.11)
is closely related to the Eq. (2.2) with A(s) written in the w-

reduced form (3.1). A significant advantage of working with
A™)(s) is the fact that the three terms of A™)(jw) may be

viewed as three vectors with lengths

and ‘ Plfw) (Jw) ), respectively, in the complex plane. This fact
is instrumental in the proof of the folloiwng proposition.

Proposition 3.1 If w and t,, is such that
Py (jw) #0, (3.12)
then (2.2) is satisfied if and only if (3.11) is satisfied. Under

the condition (3.12), there exists a pair (T, Ty) to satisfy (2.2)
if and only if

@ Springer
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2| P )| 2 PG|

Py (jo) — [

@ |
—|Py (Jw)‘ } , (3.13)
or equivalently
2
2| PG| = | P Gieo) + [ PG|
NG
~[p (| } . (3.14)

Furthermore, the solutions to (2.2) can be expressed as

[P () + 6, + 2k, — 1
Tuszlf“i(a),l'w): u (Jw) u + 2ky )7[’

w
ky =0, £1,£2, ... (3.15)
LPS" (jo) F 6y + 2k, — 1
‘EU=vai(a),‘Ew)= v (Jw) F Oy + 2ky )77’
w
ky =0,£1,£2, ... (3.16)
where
W), ; @) ] @ |
P Gor=| [ G| =|pt” G|
6, = arccos = ,
2| P o)
(3.17)
) PP
P Gor+| [l G| =|pt” G|
6, =arccos =
2| P o)

(3.18)

The proof may be carried out in a very similar manner to
those for Theorem 10, Proposition 5, and Proposition 15 in
[23]. A more unified proof is given below.

Proof Comparing (3.1) and (3.6), it can be verified that
A (jw) = pify) (jeye™ T A= jo)

—py" (—j@)Ajw). (3.19)
As (2.2) implies

A*(jo) = A(—jw) =0,

it is easily seen from (3.19) that (2.2) implies (3.11). On the
other hand, if (3.11) is satisfied, then

AW*(jw) = AW (—jw) =0,

and therefore,

P (jw)A(jo) = pi” (jo) A™ (jo)
+p%}) (ja))e_jw(t”"'t”)A(w)(—ja)) =0,
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which implies (2.2) under the condition (3.12). This proves
the equivalence of (2.2) and (3.11) under the condition (3.12).

Next, we will establish the equivalence of (3.13) and
(3.14). This can be done by taking square on the both sides
of (3.13) and then adding

“
to both sides of the resulting inequality, and using (3.10).
The result can be easily seen as equivalent to taking square
on both sides of (3.14).

The next step is to show that (3.13) or (3.14) is necessary
and sufficient for the existence of solution for (3.11) (and
equivalently (2.2) when (3.12) is satisfied). The three terms
of A®™ (jw) in (3.6) may be viewed as three vectors in the
complex plane. The Eq. (3.11) means that these three vectors
must form a triangle when arranged from head to tail. For
o > 0, the two vectors represented by the last two terms can
assume arbitrary orientations with appropriate choice of 7,
and t,. Therefore, there exist t, and 1, to satisfy (3.11) if
and only if the lengths of these vectors may form a triangle,
ie.,

2
PO o)~

P Go)

Piw)(jw)) + ’Pv(w)(jw)’ > (Pé“”(jw)(, (3.20)
‘Péw)(jw)) + P,f"’)(jw)] > (P;w>(jw)(, (3.21)
P G| + [P G| = [P o). (3.22)

The first two conditions (3.20) and (3.21) together may be
equivalently written as

PO G| = || B G| = [P G|

Taking square of both sides and moving terms, we arrive at
the following equivalent inequality

2 \pg%w)}

P ()|

2 2 2
= [P Go)| + | P& G| = [PGe)| . G23)

Divising )Péw)( ja))‘ on both sides of the above inequality
and using (3.10), we obtain

2| P G| = sen (RS ()

2
x [Pé“”(jco) - ( P o -

pi“”(jw)\z)].

(3.24)

Therefore, (3.13) implies the first two inequalites (3.20) and
(3.21). Furthermore, If the third inequality (3.22) is satisfied,
then the right hand side of (3.23), and therefore the right
hand side of (3.24), is nonnegative. Therefore, (3.20 ), (3.21)
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Fig. 1 6, and 6, are interior
angles of the triangle when

Po(w) >0

Fig. 2 6, and 6, are exterior
angles of the triangle when
Po(w) >0

and (3.22) together implies (3.13). In other words, we have
established the fact that (3.13) implies the two inequalities

Po(W)(fa’)

1B™ ()|

P (jw)

We will see in the next section that the restriction (3.12)
may be removed when the system is nondegenerate.

(3.20), (3.21), and the three inequalities (3.20), (3.21) and
(3.22) together implies (3.13). Using a similar procedure, we

can also show that (3.14) implies the two inequalities (3.20)

4 Parameter range and nondegeneracy

and (3.22), and the three inequalities (3.20), (3.21) and (3.22)

together implies (3.14). In view of the fact that (3.13) and
(3.14) are equivalent, we realize that we have shown that
either (3.13) or (3.14) is equivalent to the three inequalities
(3.20), (3.21) and (3.22), and the existence of 7, and 7, to

satisfy (3.11).

The final part to be proven is that all the solutions can be
expressed in (3.15) and (3.16) with 6, and 6, given in (3.17)
and (3.18). Define the angles 6, and 6, as the interior angles
of the triangle as shown in Fig. 1 when Péw) (jw) > 0, and
as exterior angles as shown in Fig. 2 when Po(w)( jow) <0, - [
and considering the two possibilities of forming a triangle

P (o)

with the given lengths (the edges

Pu(w) (ja))) and

above or below ‘Péw)( jw) ‘), the expressions for 7, and t,
are obvious. Using the law of cosine, 6, and 6, can be easily

obtained as
6, =arccos

2 , 2
P G| +] P G| -

x | sgn (PO("’>(ja)))

2
P (jo)

Z‘P()("”(jw)‘

P (o)
6, =arccos

w P pr s
Py G| +[ P G| -

2
P (o)

X sgn(PSW)(jw)) 2‘ w
P o)

P (o)

Using (3.10) in the above two expressions and cancelling
out ‘Po(w)( Jj w)‘ in the numerators and the denominators, we

arrive at the expressions (3.17) and (3.18). Thus the proof is
O denoted as A§“’). ‘We may not conclude (4.3) until we can be

complete.

When using w and t,, to parameterize 7, let the w-axis be hor-
izontal, and t,,-axis be vertical. In this parametric space, the
condition (3.13) or (3.14) may be used to determine the valid
parameter range A®™ which consists of regions in Ri x R
that completely parameterize 7. To be definite, we will use
(3.13). Define

0@, %) = 4| P oo | — [ B G

2 27/
PG| = |G| ” SNCRY

Then, Proposition 3.1 suggests that (@, 7,,) € A®™) if and
only if w > 0, 7, € R and

o™ (w, 7)) > 0. 4.2)
In other words,
A" = {(, 1) €RY xR | o™ (w, 1) > 0}. (4.3)

However, the conditions in Proposition 3.1 excludes those
(w, Ty) that satisfy

Py (@, ) = 0. 4.4)
A parametric pair (w, 7,,) € RS x R that satisfies (4.4) is

known as a singular parametric pair. The set of all singular
parametric pairs is known as the singular parametric set and is
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certain that it is also true on A§w). The following proposition
does that.

Proposition 4.1 A parametric pair (o, t,)) € R} x R sat-
isfies (w, 1) € AW ifand only if it satisfies (3.13).

Proof Using (3.1), we may write

AGjw) = pi*™ (jo) + p“ (jw)e /™, (4.5)

where

pe™ (o) = pi" (o) + pi (e 1™,
Py () = py” (jo) + pi) (je)e™ .

Therefore, it is obvious that (2.2) can be satisfied for some
7, if and only if

(4.6)

)p pS“”(jaD‘-

The above equation is equivalent to
(P6” G + " (jere™io™)
(P67 Gy + P Gerel ™)
= (P0G + Pl GG)e ™)
(“WUwHﬁﬂMUw&”O.

Direct calculation indicates that the above is equivalent to

2 Pu(w) (ja))) cos(a — wty)

2 2
PG| = | G| = R o,

%))

where
a=/P"(jw).

Obviously, (4.7) can be true for some 7, if and only if (3.13)
is satisfied. O

Before proceeding to extend the remaining parts of Propo-
sition 3.1 to the entire A™) and further clarifying the prop-
erties of A™), we introduce the following nondegeneracy
assumptions.

Assumption IV Nondegeneracy of coefficients. For any

{u,v,w} = Z;r, no w and 1, may simultaneously satisfy
P (jw, ) =0, (4.8)
P o, 7| = [P (oo, 7| (4.9)

@ Springer

Assumption V No multiple critical delays. For a given w,
if
") (0, 1) =0,

3™ (w, Ty)
0Ty

(4.10)
—0 @4.11)

are satisfied for 7,, = v and 7%, then w (7% — %) /(2m) must
be an integer.

Assumption VI Transversality at critical freqencies. Any
o and 1y, that satisfy (4.10) and (4.11) must satisfy

3™ (@, )

2T 0, (4.12)
32 (w) Tw
—fié?ll¢o. (4.13)

Assumption VII Noncritical zero frequency. For v = 0,
no t,, may simultaneously satisfy (4.10) and (4.11).

The above four nondegeneracy assumptions are made to
reduce the number of cases to be considered while covering
“almost all” cases in the sense that they are “generic” in the
terminology of dynamical systems [28]. This allows us to
present the main idea in a systematic way within a reason-
able amount of space. Similar to Remark 3.2 in [21], cases
that violate some nondegeneracy assumptions are not diffi-
cult to treat individually. The systems discussed in the rest
of this article are assumed to satisfy the three nontriviality
assumptions (Assumptions I to IIT) given in Sect. 2 and the
four nondegeneracy assumptions (Assumptions IV to VII)
given above.

Proposition 4.2 The valid parameter range A™) has a non-
empty interior that can be expressed as

Awwz{@JWekixR|wmwxw>0} (4.14)

and its boundary d A™) away from the T,,-axis can be char-
acterized by

IA™ (\RG x R

={umrw)eRixH£|¢Wkwﬂ@)=0}. (4.15)

Proof The Assumptions VI implies that for any (w, t,,) that
satisfies (4.10) must satisfy either (4.12) or

3™ (@, ) L0,
0Ty

from which the conclusions are obvious. O

Proposition 4.3 For any (w, 1,,) € AW,

P (jw) # 0,

P (jw) # 0.

(4.16)
4.17)
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Proof If some (w, Ty) € AW violates (4.16), i.e., it satisfies
(4.8), then the right hand side of the inequality (3.13) must
vanish, therefore

2
PG|

2
P o) = | p G| =

Multiplying both sides of the above equation by Po(w)( jo)
and using (3.10) and (4.8) yield

P Go| = [P Gar| — [ o[

P o)

But this violates Assumption IV. This proves (4.16). The
proof of (4.17) is similar except that we use the equivalent
characterization (3.14) for A™) instead of (3.13), and inter-
change u and v in Assumption I'V. O

Proposition 4.4 For any given (v, 7)) € A™, all t, and
Ty that satisfy (2.2) can be expressed by (3.15) and (3.16).

Proof The proof is done by continuity argument. In the proof
of Proposition 4.1, all the possible t, that satisfy (4.7) can
be expressed as

_axB+2km

y=———"k =0,+1,4+2,..., (4.18)

w
where

o F s P )

Pu (Jw)‘ — |Pv (Jw)‘ — Py (o)

B = arccos .
2|P ()|

Any such t, achieves (4.6). If
[P )| 0, (4.19)

then we see from (4.5) that all 7, that satisfy (2.2) can be
expressed as

_Lpi™ (o) — Lpg™ (jo) + ko + D

v =

w

ko =0,£1,£2,.... (4.20)

We will show that (4.19) is indeed true by contradiction.
Assume the opposite, i.e.,

Py (jo) = p” (jo) + piy) (jw)e /" = 0. (421)

Then according to (4.6), we must also have

o™ (—jw) = pp" (= jw) + p (= jw)e/ ™ = 0. (422)

Multiplying (4.21) by p(()w) (—jw), and multiplying (4.22) by
pf,'f,}) (jw)e™/“T and subtracting the resulting equations, we
obtain

(w

Puv (4.23)

'(jo)p" (= jw) = p (jo)pg” (= jw) =0.
The left hand side of (4.23) equals to P,fw)( jw). Therefore,
(4.23) is not possible according to Proposition 4.3. Thus we
have shown that (4.18) and (4.20) indeed represent all the
solutions to (2.2).

Next, we need to show that for (w, 7,,) € A™, the set
of (t,, ty) expressed by (4.18) and (4.20) must be identi-
cal to the set expressed by (3.15) and (3.16). For (w, 7)) €
A@N\A™  this is true as both represent all the solutions to
(2.2). Because (4.18) and (4.20) are continuous functions of
w and Ty, for fixed k1, k2, for any given (w, T) € Agw), we
may find a sequence (w, Tyk) € A(w)\AAgw),k =1,2,3,...
such that (wg, Tywr) = (w, Tyw) as k — oo. Then, all (7, 1)
that correspond to (w, tyy) given in (4.18) and (4.20) may
alternatively be expressed as the limit of the sequence formed
by (4.18) and (4.20) with (w, 1) replaced by (wk, Tyk). This
sequence is equal to the one formed by (3.15) and (3.16) with
(w, Ty) replaced by (wg, Tywk). The continuity of (3.15) and
(3.16) allows us to conclude that the set of (t,, 7,) given by
(3.15) and (3.16) is identical to the set given by (4.18) and
(4.20) for all (@, 7)) € AM™. 0

It is interesting to point out that for (w, 7)) € Agw), the
Eq. (3.11) has additional solutions that cannot be expressed
by (3.15) and (3.16). In other words, although the solu-
tions (3.15) and (3.16) were derived through the associ-
ated function A™) (jw, T), they represent all the solutions
to the original characteristic equation A(jw, ) = 0, but
not A(w)(ja), 7)=0ifw e A§“’). We will not discuss this
point further in this article, and interested readers are referred
to [23].

5 Boundaries of parameter range

As indicated in Proposition 4.2, the boundary of the valid
parameter range away from the 7,,-axis can be characterized
by

™ (w, ty) = 0.

In other words, any (@, 7,,) € IA™ N (R} x R) must sat-
isfy one of the following two equations

2

P (o)

2
= 73" (jo) — [ P oo -

;|
Py (Jw)‘ } or

6D
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-2

P ()|

2
= P (jeo) — [ PG|~

@ (i’
P o) } SENCE)
It is impossible to satisfy both (5.1) and (5.2) simultaneously
in view of Proposition 4.3. Using a similar method to show
the equivalence between (3.13) and (3.14) in Proposition 3.1,
we can easily show that (3.13) and (3.14) with “>" replaced
by “=" are also equivalent. Therefore such an (w, 7,,) must
also satisfy one and only one of the following two equations

2|P )|

2
= Py (jo) + [ PG|~

2
PG| } or
(5.3)
2| o)

2
PG|~

=P (j ) ()| 5.4
=Py (jo)+ Py (o) |- (5.4)
These allow us to divide the boundary points into four differ-
ent types. The following proposition reduces the conditions

from two equatoins to one equation for each type.

Proposition 5.1 Each parametric pair in the boundary of
valid parameter range (v, t,) € dA™ N (Rﬁ_ X R) must
belong to one and only one of the following four types:

2 2
" (@, Tw)‘ — |p" (@, Tw)‘

Typel : =-1, (5.5
P (@, 7)| + [P (@, 7|
2 2
P @ 7| = [Pl @, )|

Type?2 : =1, (5.6)
P (@, 7)| + [P (@, 7|

P (@, 1)

Type3 : = = =-1, (.7
Puw ((,(), Tw) + Pl)w (a)v tw)
(w)
P w, T
Type4 : o o "(’3}) =1. (5.8)
P, (0, Ty) | + | Py (@, Ty)

The corresponding 6, and 6,, calculated by (3.17) and (3.18)
are

Typel: 0,=060,=m, 5.9
Type?2 : O, =m, 6, =0, (5.10)
Type3 : 6, =m, 6, =m, (5.11)
Type4: 6,=0,6,=0. (5.12)

It is worth noting that for a given (w, 7,) € dA™ N
(RS x R), type 1 satisfies (5.1) and (5.4), type 2 satisfies
(5.2) and (5.3), type 3 satisfies (5.2) and (5.4), and type 4
satisfies (5.1) and (5.3).
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Proof An (0, 7y) € dA™ N (R% x R) must satisfy either
(5.1) or (5.2) but not both, and either (5.3) or (5.4) but
not both. If (5.1) and (5.4) are satisfied, we may sub-
tract (5.4 ) from (5.1) and divide the resulting equation by
‘P;w)(a), rw)‘ + ’P,J(w)(a), ‘L’w)‘ to arrive at (5.5). We may
also apply the relations (5.1) and (5.4) in (3.17) and (3.18) to
obtain (5.9). The proof for other types are similar.

The remaining fact to be proven is that no (w, ) €
IA™ N (R‘j_ X ]R) may satisfy two Egs. in (5.5) to (5.8)
simultaneously. It is obvious that (5.5) contradicts (5.6), and
(5.7) contradicts (5.8). Next we will show that (5.5) and (5.7)
may not be satisfied simultaneously by contradiction. If (5.5)
and (5.7) are both satisfied, then multiplying these two equa-
tions and using (3.10) yield

(w) :
P (@, 1) —

(W) 2
Py (w, Tw)‘

2
P (@, 7))

(

Cancelling out the factor

P (@, T)| +

PM(W) (w, Tw)

+

P (@, )|
results in

P (@, )| =

P (@, )|
1.

P (@, 1)

P (@, )| +

But the above equation requires
Pv(w)(w’ Ty) =0,

which contradicts Proposition 4.3. The proof for the remain-
ing possible combinations (5.5) and (5.8), (5.6) and (5.7),
(5.6) and (5.8) are similar. O

Corollary 5.2 The type of all the parametric pairs (w, Ty)
on a continuous curve of IA™ N (Ri X R) must be identi-
cal.

Proof The proof of Proposition 5.1 made it clear that it is
impossible to continuously change from one type to another.
O

Example 5.3 Consider a system with the characteristic qua-
sipolynomial A(s) in the form of (1.1) with

po(s) = s + 3s° + 8.5s* + 13.55% + 105> + 10.55 + 2.5,
pi(s) = s* +3s% +7.55% + 10.55 4 2.5,

pa(s) = 25 + 257 + 1252 4+ 25 + 10,

p3(s) = 3s* + 65> +4.55% + 65 + 1.5,

pia(s) =757 +2s+ 1,  pis(s) =3s +4,

p23(s) =5s+1,  pra(s) =1.

Using (, 13) to parameterize 7, the parameter range A
is shown in Fig. 3, along with the boundary types.
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Fig. 3 A® and its boundary 10 <
types in Example 5.3 A® .

. (a®) |

T;
ol ypel\ \ )
)

(A

&0 o4l i
A®)
o (A®) o |
P — (a®)
Type 4 —
or A \ b
(A®)° / Type3
-2 1 1 1
0 0.5 1 1.5 2 2.5 3

A few words is in order on the numerical process of gen-
erating the diagram in the above example. Direct calculation
indicates that ¢ ™) (w, 7,,) may be expressed in the following
form

¢ (@, 7)) = Co(@) + C1(@)e! ™ + Cf(w)e ™™

+Cr(w)e @™ + C3(w)e ™2™, (5.13)

where Cp(w) is areal polynomial of w, and C1 (w) and Ca(w)
are complex polynomials. Obviously, ¢ (w, 7,) is a peri-
odic function of t,, with period 27 /w.

For a fixed , ™) (w, 1,,) is a function of 7,,. Let

7 = el®w, (5.14)
Then equation
¢ (w, 1) =0 (5.15)

becomes a fourth order equation of z,

Cr(@)z* + C1 ()2 + Co(w)z* + Cf(w)z + C3(w) = 0.
(5.16)

There are four solutions of z to this equation. However, only
those solutions on the unit circle correspond to real 7, and
are meaningful for our purpose. There may be either four
solutions, two solutions, or no solution on the unit circle. For
each solution z on the unit circle, let 7, satisfy (5.14), then
Ty + 2wk /w for any integer k also satisfy (5.14).
Therefore, the diagram in the above example may be
numerically generated by the following procedure: Let w
sweep through an interval [0, wmax] for a sufficiently large
®max With a sufficiently small increment. For each such w,
solve (5.16) for z in the unit circle and the corresponding
7. This generates the boundary d A®™) N (Rﬂr X R) of the
valid parameter range A™. In order to judge which side of
the boundary is in A®™), we may evaluate ) (w, 7,,) at a
few strategic points away from the boundary to test if it is

nonnegative. Alternatively, we may test the sign of its partial
derivative with respect to w or 1y, at a few strategic points on
the boundary. The type of each continuous piece of boundary
may be obtained by testing which equation among (5.5) to
(5.8) is satisfied.

Once A™) is given, the stability crossing set 7 may be
generated by (3.15) and (3.16) with restriction to Ri. As will
be seen later on, the geometric characteristics of 7 is largely
determined by the structure of A and its boundary types.

6 Constant frequency curves

We start this section with some concepts.

Definition 6.1 Let C : R — R3, be such that
Cla+ayp) =C(a)+a

for some ap € RY and

a=a 1) +ar)+ar)eR.

Then the curve

C={C(a) | e R}

is known as a spiral, Ba for any 8 € R, 8 # 0 is known as
its axis, and

_ 2 2 2
lall = y/ai + a5 + a3

is its pitch.

Obviously, a spiral is completely defined by C(«) in an
interval [0, «g] since

+00
c= |J (C@) +kalael0 al.

k=—00
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Definition 6.2 For a given w € Q, an interval [t], t,j’}] is
known as a maximal Tp-interval if (o, 7)) € AW for all
T < Ty < r ,and (o, 15) € AIAW | (w, 15}) e AW,
Ifwe Qis such that (w, 1) € A™? for all 7, € R, then
(—00, +00) is also defined as a maximal 7, -interval.

b

Using Proposition 4.2, it can be seen that [t 7,)] iS a

maximal 7, -interval if and only if

qb(w)(a) 7y) > 0for, € (v]. 5))
and

o™ (w,7%) =0, ™ (w, %) = 0.
If

™ (w, 1) > 0forall 7, € R,

then (—oo, +00) is the only maximal t,-interval corre-
sponding to this w.

Definition 6.3 For an w € Q and a maximal t,, -interval Z,
the constant frequency set (corresponding to @ and 7) is

(w)
Ta),I = U 7:‘5?‘;1)1)

Tw€l

If the valid parameter range A is plotted in a w-1,,
coordinate system as was done in Example 5.3, a maximal
T,-interval corresponds to a vertical line segment in A ) that
touches the boundary on both ends. The boundary types of the
two ends determine some important geometric characteristics
of the corresponding constant frequency set as is stated in the
following proposition.

Proposition 6.4 Let w € Q2 be given, and let [t w] be a
maximal Ty,-interval, then

i) if
Type(w, ) = Type(w, ),

then the corresponding constant frequency set consists of
an array of identical closed curves;
ii) otherwise, it consists of a series of identical spirals.

In the following, we will list all the possibilities, which
also serves as the proof for the above proposition. The fol-
lowing notation will be used below

k
= U {(t1, 0, 1) | o =1, (@, ),
Twel

ky
' (0, )}

(w)kuky+
Ta),I
6.1)

Ty =

@ Springer

sz?JI)kukv_ = U {1, m) | T = T “(w, Ty),
Tw€l
T, =10 (0, T}, (6.2)
where 74" * (w, 1,,) and 15" (w, 7,,) are given in (3.15) and

(3.16), respectively. It is noted that T(w)k“lir for different
k, and k, have an identical shape, and can be obtalned from

any one of them by moving a multiple of 27 /w in ru and rv

directions. The same thing can be said about ’Z;,(wz)k“k”*

Casei) Type(w, 7)) = Type(w, 1:5)):
a. Type(w, %) = Type(w, t2) = 1. Using (5.9), it is
easily seen that for both 7,, = 7% and 75,
(o, Tw),

b=l = (w0, 7).

(w)kyky+
w,[tg,th]

tht (o, 7,) = ok
rk“+(a) Tw) =T,

This means that 7 is connected with

uf"[’;]f, T];”] !~ at both ends, and form a closed curve
(w)kuky (w)ky ky+ (w)k kv
7;) [t¢,th] — ,2;) [t4,7h] U T (6.3)

Obviously, ’T(u[))]f, uk

identical shape, and may be obtained from any one
of them by moving a multiple of 27 /® in 12 and rg
directions. The constant frequency set consists of an
array of such closed curves

Z] for different k,, and k, have an

+00
(w) (w)k,,k
w [z&, rb] U U o,[tg. 18] 64
ky=—00 ky=—00
b. Type(w, 7)) = Type(w, rg) = 2. Then,
(w)kyky (w)ky ky+ (w)ky+1,ky,—
o,[td,15] T Twlrd.1h] 7;),[1'5‘),13] (6.5)

is a closed curve for any ky, ky € 7Z. These curves are
27 /w apartin both T and 70 directions. The constant

frequency set 7;)( [)a
(6.4).
c. Type(w, 7)) = Type(w, r,’,j) = 3. Then

c5] €an again be expressed as

(w)kyky (w)kyky + (w)k +l ky—
7;) lrg.thl — 7:0 (. 751 U T 6.6)

is a closed curve with the same repetition pattern.
d. Type(w, 78) = Type(w, ‘175)) = 4. Then

(w)kyky
wltg.th]

(w)ky ky~+
o,[tg.7h]

(w)kyky—
w,[t8,7h]

6.7)

form a closed curve with the same repetition pattern.
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Case ii) Type(w, 70) # Type(w, rfl’)): which is in turn connected with ’Z;Ej‘[)ig‘f;z’f]’Jr at 1p,
a. Type(w, %) = 1, and Type(w, t5) = 2. In this case, and so on. Therefore, ’Taff‘[)zﬁ”rg | consists of the spirals
ufu[)zg“ig is connected with ’]:U(u[)ig“ ’TI:Z”]_I’_ at t, oo /
which is in turn connected with 7:5“[}%” ;]21]’k"71’+ at Tw(u[}i ;””Tl,l,] = U (7;)(“[)i§””rg]+ U 7;)("%”;5{‘]_1_) ,
2, which is further connected with ﬁﬁ’igf;all’k”_z’_ k:_;:w _021 42 6.10)

at T, and so on. This forms a spiral. Each such spiral
may be expressed as

T(w)kuv _ _I—LOJO (T(w)k,kuv+k,+UT(w)k,kuv—G-k—l,—)

o,[tg. b1 o,[td.h] w,[t8.7h]

(6.8)

for some k,, € Z. These spirals have an identical
shape, and different spirals can be obtained from any
one by moving along the 12 or 12 direction by mul-
tiples of 27 /w. They have a common axis

— .0 0
T=1,+7T,

The constant frequency set consists of a series of such

spirals
+00
w (ki
7:‘)*[%"55;] - U 7;),[1'{{,,‘53]' (6.9)

kyy=—00

If we reverse the types, i.e., if (w, 73) is type 2, and
(w, tb) is type 1, then T Wik +

w,[t8.7h]

with ’Z;Eu[)iﬁ”’r]?’]_l’_, but at rf; instead ., and so on.

is still connected

Therefo’rew(’6iu8) still represents a spiral, but the con-
nections are at the opposite ends. The remaining sub-
cases are analogous when the type is reversed, and
will not be explicitly discussed.

b. Type(w,t%) = 1, and Type(w, 1) = 3. Then
(w)kyky+

: . (w)ky ky—1,— a
.28 7h | is connected with %‘[rg,,rg,] at Ty,
which is in turn is connected with 7;)(??;1]’]{"# at
tfj), and so on. This pattern allows us to conclude that
7w consists of a seris of the spirals
w,[tg.th]
—+00
(w)kyy _ (w)kkyy+ (w)k,kyp—1,—
%,lr{j,rﬁjl - U (%,[r{t),r{,ﬂl U,z;),lr{z,rﬁ’,l )’
k=—o00
kuy =0, x1,£2,.... (6.10)

The axis of the spirals is

T=1,.
Different spirals can be obtained from any one by
moving along the rg direction by multiples of 277 /w.

c. Type(w, 1) = 1, and Type(w, 15)) = 4. Then

Whkikvt 50 connected with 77 keke=1—

a
at t
w18, 7h] w,[t8.7h] w>

The axis of the spirals is
_ .0
T=71,.
From one spiral, the remaining spirals can be gener-

ated by moving along the 12 direction by multiples
of 27 /w.

. Type(w, t¢) = 2, and Type(w, t2) = 3. In this

w)kyky+

g th]

7., which in turn is connected with
b

w?

w)ky+1,ky,—
NERAA
ku ky+1,+
T(w) u- K1,
w,[tg,7h]

case, 7;( is connected with ’Z;( at

at

w)

7", and so on. Therefore, Taf ] consists of the

gt

spirals

+o00
T(w)kuv _ U (T(w)kuvk“‘ U T(w)kuu‘f'l’kv_)

w18, o,[td.7h] o,[td.h]
k=—00

kyy =0, 1,42, ... (6.12)
The axis of the spirals is
T= 18.

From one spiral, the remaining spirals can be obtained
by moving along the 18 direction by multiples of
21/ w.

. Type(w, t¢) = 2, and Type(w, t2) = 4. In this

case, T"Kekvt i¢ connected with 7kt 1k = 4
w,[tf, 7] w,[tf, 7]
72, which in turn is connected with T Wkt Lk + o

w,[tg.th]

1:5’), and so on. Therefore, Tuf"gu ] consists of the

spirals o
+o0
(w)kyy _ (w)kkyy+ (w)k+1,kyy,—
%,[zg,rg)] - U (7;),[1:{“,,1,’,’}] Ulz;o,[r,‘j),r"b}] )
k=—00
kyy=0,£1,£2,.... (6.13)

The axis of the spirals is
T= 12.
From one spiral, the remaining spirals can be obtained

by moving along the 18 direction by multiples of
21/ w.

. Type(w, t$) = 3, and Type(w, 15)) = 4. In this case,

(w)kyky+ - : (w)ky+1,ky—1,— a
%,[rgj,rufg] is connected with 7;0’[%{],“ at v,
which in turn is connected with 7 ket k=14 5

w,[tg.th]
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tf}, and so on. Therefore, 7;5?‘;)3,, b consists of the
spirals
400
= U (g omni i),
=0

kup = 0,1, £2, ..., (6.14)

The axis of the spirals is

From one spiral, the remaining spirals can be obtained
by moving along the 12 or rg direction by multiples
of 2 /w.

T(w)ku ky

w,[t8.7h]

a constant frequency curve. Then we can say that

We will call the closed curve

(w)kyy

a),[t,‘j,rf,j]
the constant frequency set consists of an array of constant
frequency curves (closed curves) in case i), and a series of
constant frequency curves (spirals) in case ii) above.

It should be pointed out that if [t rl]f)] is a maximal t,,-
interval, then [t + k27 /w, 73 + ky2m/w] for any inte-
ger ky, is also a maximal 1, -interval. It can be easily seen

(w)kuy . .
that 7 [ e 27 fe0, b ey 20 o] 1Y be obtained by moving
T(w)kuu

w,[td.T)

For case ii) in Proposition 6.4, it is interesting to note
that the spirals are more conveniently parameterized by a
different delay than t,,. For example, in the case ii-b), the
complete spiral Tafu[)zlf, (b MAY be parameterized by 7, € R
without the need to divide into different segments. This can
be done by using a u-reduced form instead of w-reduced
form in (3.1). Similarly, in the case ii-a), the spiral ’T(jug"; ]
may be completely parameterized by either t, or rv’ in the
range of (—oo, +00), which can be accomplished by either
using the u -reduced form or the v-reduced form. On the
other hand, the geometric characterization in this parameter-
ization requires considering the case with an infinitely long
maximal delay interval, which will be discussed next. An
important tool for this purpose is the rotation index defined
below.

or the spiral

by @ distance of k27 /w in the 79 direction.

Definition 6.5 Let

F(ty) = A+ Be/“™ 4 Ce™ /@, (6.15)
where A, B, C € C. If
F(1y) # 0 forall 7, € [0, 27/w], (6.16)

then as 1, increases from 0 to 2 /w, let the corresponding
increment of / F(t,,) be A/F(ty). Then the rotation index
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of F' is defined as

0 if ALF(ty) =0,
1 if ALF(zy) = 2m,
—1if ALF(ty) = —2m.

(wa(F) =

The method to evaluate the rotation index is stated in the
following proposition.

Proposition 6.6 Let F(ty) be defined as (6.15). Let

B+ /C

v 2

Then,
i) If
|B| #ICJ,

define

| Re (Ae*jw) . Im (Ae*j‘/’) :
®‘[ B[+ C] } +[ B~ |C] ] '

Then the condition (6.16) is satisfied if and only if

O #1,
in which case,
0 ife>1,

1 if® <1land |B| > |C],
—1if® < land |B| < |C]|.

8rw (F) =

ii) On the other hand, if
Bl = |C],

then the condition (6.16) is satisfied if and only if either

Im (Ae_j‘”) £ 0, 6.17)
or
‘Re (Ae*fw)‘ > Bl +C| (6.18)

are satisfied, in which case

8¢, (F) =0.
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Proof 1Tt can be shown that

e 7V F(t,) = [Re(Ae V) + (IB| + |C]) cos(wty, + )]
+jlIm(Ae™ ") + (|B|—|C|) sin(wty, + $)],
(6.19)

where

_/B-!C
=—

If |B| # |C]|, the Eq. (6.19) means that F(t,) traces out
an ellipse as 1, increases by 27 /w. This ellipse is centered
at A, its major semi-axis is (|B| + |C|) oriented in the e/¥
direction, and its minor semi-axis is |(|B| — |C|)| oriented
in the perpendicular direction. Therefore, this ellipse passes
through the origin (i.e., (6.16) is violated) if and only if
® = 1. If ® > 1, the origin is outside of this ellipse, and
there is no net increase of /F(ty,) as we go through this
ellipse and return to the original position. If ® < 1, then
the origin is inside of this ellipse, in which case the rotation
is counterclockwise as t,, increases by 27 /w if |B| > |C|,
resulting in a net increase of ZF(ty,) by 27; the rotation is
clockwise if | B| < |C|, resulting in a net increase by —27.
If |B| = |C]|, then F(t) traces out a line segment with
e/V [Ae™/V £ (IB| + |C])] as its two end points. The origin
is on this line segment if and only if both (6.17) and (6.18) are
violated. If the origin is not on the line segment, then there
is no net increase of £ F (1) as F (1) returns to the original
value. O

Using the rotation index in Definition 6.5, the constant
frequency curve corresponding to a maximal t,,-interval of
infinite length may be described below.

Proposition 6.7 Let w € Q2 be given such that (w, Ty) €
A™ for all T, € R. Then the corresponding constant fre-

quency set ’ZZU(H())_ s0.-+o0) Can be expressed as

(w) _ (w)kyky+ (w)kyky—
7:0,(—00,-5-00) - U (7:0,(—00,+00) U Tw,(—oo,+oo)) ’

ky ky integers

where ’Z;)(u(}g( gf"’foo) are spirals defined as
Ty € (=00, +00)
kukyE ky £
T = ) | = .

Ty = Tll)cvi(w’ Ty)
and T, “i(a) Ty) and rk“i(a) Ty) are defined in (3.15) and
u s fw v ) ]g)k " (w)k 5 _
(3.16), respectively. Each T (Wkuky or T """ is a

w,(—00,+00) w,(—00,+00)
spiral with axis

7 = 8., (P, )T+ 80, (P (0, )T+ 70, (6.20)

Tcglﬁfgf”joo) is identical in shape for different k,, and k.

Given any one, all the others may be obtained by moving a
multiple of 27 /w distance in the 1'8 direction then moving a
multiple of 2m /w distance in the 1:8 direction. The same can
be said about ’Z;E"Z)_kgf";m)

Proof From Proposition 4.3, the condition (6.16) is satis-
fied for F = Pu(w)(a), -) or Pv(w)(a), -) in Definition 6.5.
Therefore, 8, (P\")(w,)) and 8;, (P{"(w,)) in (6.20)
are well defined. In order to show the spirals and their
axes, let 7, increase 27 /w. Because both Pu(w)(a), Tw)
and Pv(w)(a), Ty) may be written in the form of (6.15)
for a given », P\ (v, 1) and /P{"(w, Ty) increase
278, (P (w, ) and 278, (P (w, -)), respectively. The
remaing terms in (3.15) and (3.16) return to the original val-
ues. Therefore, 7, and 7, increase by 276, (bew)(a), D))/ w
and 2mé;, (Pv(w)(a), -))/w, respectively. This shows that
zj“;ﬂ‘gffoo) for each given k,, k,, and + or — may be com-
pletely determined by one segment parameterized by 7,, in an
interval of length 277 /w. The other segments may be obtained
by moving this segment in the direction T given in (6.20).
Therefore, they are indeed spirals with the common axis t.
The other conclusions can be seen directly from (3.15) and
(3.16). O

7 Crossing frequency set and its partition

Consider again the Eq. (5.15), or (5.16) after the variable
transformation (5.14). For a fixed w, recall that there may
be zero, two, or four solutions to (5.16) for z on the unit
circle, which corresponds to zero, two, or four real solutions
to (5.15) for 7y, in a 27 /w range. When the number of such
solutions change, it is necessary that

(w)
M@, ) _ (7.1)
0Ty

Using (5.13) and (5.14), the Eq. (7.1) becomes

205 (w)z* 4 Ci(w)z® — Cf(w)z — 2C5 = 0. (7.2)
Unlike (5.16), the structure of the Eq. (7.2) means that there
are at least two solutions to (7.2) for z on the unit circle for a
fixed w. These two solutions correspond to the maximum and
minimum of ¢(w) (w, ty) as a function of t,,. When (7.2) has
four solutions on the unit circle, the remaining two solutions
correspond to a local maximum and a local minimum of
¢(w) (@, Ty).

For a fixed w, the four solutions to (7.2) on the unit circle
correspond to four real 7,, within a 277 /@ range. We denote

these solutons as tSM, tEM LV and £GV such that,

@ Springer



178

K. Gu, X. Zheng

¢ (@, 7i") = 9™ (0, 1M = ¢, 1)

> ¢™(w, ). (7.3)

Let

My = ¢ (@, 77",
Ve =" (0, 1SY),
My = "™ (0, TEM),
Vi =" (w, 7).

Then M, is the global maximum, Vj is the global minimum,
M, is the local maximum, and V; is the local minimum. When
(7.2) has only two unit circle solutions, 75 and %" do not
exist. The continuity of solutions with respect to the poly-
nomial coefficients implies that we may always find four
solutions to (7.1 ), say, Ty1, Tw2, Tw3 and Ty4, as continu-
ous functions of w as long as C2(w) # 0. In general, some
of them may not be real. Even when they are all real, 70",
ttM LV and GV may not be continuous functions of w
when My, Vi, M; and V; are not all distinct. For example, it

is possible that

¢ (@, Ty1) = Mg(w),
¢ (w, T2) = Mi(w),

for w € [w* — ¢, ®*] and

(@, T2) = Mg(w),
(@, T1) = Mi(w),

for w € (0*, ®* + ¢]. In this case, ruc);M and ruL}M may be

discontinous at w* as they switch between 1,1 and 7, at w*.
This discontinuity is caused by

Mg(0") = Mi(0").

On the other hand, M, and Vj are still continuous functions
of w, and so are M;(w) and V;(w) where they are defined.
In addition, M;(w™) = V;(0*) if M;(w) and V;(w) exist in
(w* — &, *] and do not exist in (w*, w* + €), or vice versa.

For the convenience of further development, we introduce
the following concept.

Definition 7.1 For a given set Q' C R9, an interval 7 is
known as a maximal interval of Q" if Z Cc€’/, and for any
interval 7' D Z, I’ # T, there exists an @ € Z’ such that
o ¢ Q.

We may plot My, M;, V; and V, against @ to obtain
four curves. Then according to Assumptions V to VII, no
two curves may intersect with the w-axis at the same point,
no curve may be tangent to the w-axis, and no curve may
pass through the origin. It can be shown that Assumption III
implies that there exists a w,,;, such that

Mg (w) < Oforall o > wyp.
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This, together with Assumptions V to VII, implies that each
of these four curves intersect with the w-axis a finite number
of times. Using this for M, (w) alone, we may arrive at the
following proposition.

Proposition 7.2 The crossing frequency set Q may be
obtained from the function Mg (w):

Q={w>0]|Mg(w) >0}.

The set 2 may be decomposed into a finite number of its
maximal intervals 2; of finite length,

K
Q= U Qi
i=1

where Q2; is ordered from the left to the right with increasing
i. All Q; are closed

[
Qi = [a)l‘v w{]y

with the possible exception of i = 1 when Mg(0) > 0, in
which case

Q1 = (o), 0]]1 = (0, ]].

An w is an end point of some Q;, i.e., ® = a)ll orw = a)l’ if
and only if

M, () =0,
with the possible exception of w = a)l1 = 0, in which case
Mg (w) = Mg (0) > 0.

Using the remaining functions M;, V; and V, in additional
to Mg, we may define the following subsets of €2,

Q(;l = {a) ER: | Vg(a)) > 0},
Qcam = {w e R} | Vi(w) < 0 < My(w)},

and

Qi = {w e R} | Mi(w) <0 < Mg(w)},
vz = {0 € Bf | Ve(@) <0 < Vi()}.
Qn3 = {weR}
| Vi(w) and M;(w) do not exist, V(@) <0 < My(w)}.

Furthermore, we define

Qom = Q61U Qgam,
Qy =Qn1 U QN2 U Qps3.

We may state the following proposition.
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Fig. 4 Mg (w), Mi(0), Vi(w) x10°
and Vg (w) for the system given 4 —V
in Example 7.4. More detailed o V°
views are given in Fig. 5 and ol MI
Fig. 6 . !

.. N M

1 1
wg 2 Wy 3 W12 4

Proposition 7.3 The sets Qg1, QGam, Lyt Ly2 and QN3
are disjoint, and

Q=QgmUQpN.

Each maximal interval Q2; of 2 may be further partitioned
as

K;
Q=] (7.4)
h=1

where each S'Zlh is a maximal interval of either Qg p or Q,
h . o7 s .

anhd Q' are ordered from left to right with increasing h. If

QI- C Qgum, then it is an open interval

h hl h
Q= (o, ).
IfQZ.1 C Qp, then it is a closed interval

h _ nl  hr
Q,’ = [a)i , W; 1,
with the possible exception of i = 1, h = 1 and a)}l =0, in
which case it is a semi-open interval

Q= (!, 0" = 0, "]

The right most interval must be a maximal interval of Qy, i.e.,
QiK" C Qy. The remaing th within ; alternates between
maximal intervals of QG and those of Qy, i.e., Ql.l{i_l C
Qe (if it exists), QX % C Qy (if it exists), QX C Qom
(if it exists) and so on. If the left most interval Qll is such that
a)i” # 0, then Qll C Q.

Proof This is obvious from the definitions. O

Obviously, the curves Mg (w), M;(w), Vi(w) and V,(w)
depend on which 7y, is used with w to parameterize 7 . On the
other hand, it will become clear later on that the sets 2 and

Q¢ m are independent of the choice of w. This also means that
the partition of 2 to €2; and Qf’ are intrinsic property of the
system, and is independent of the choice of parameterization.

It should be pointed out that if QF C Qgu, then QF
must also be a maximal interval of either Qg1 or Qgoum.
However, if Qf C Qp, Qfl does not have to be a maximal
interval of Q1 or Q7 or Qy3, as illustrated in Example 7.4
next.

Example 7.4 Consider A(s) in the form of (1.1) with

po(s) = (=52 + 4)(s> + 25 + 0.5)(s> + 5 + 5),
p1(s) = 0.5(s> + 25 4+ 0.5)(s> + 55 4 6),
p2(s) = 7(s* + 4)(s* + 55 + 6),

p3(s) = 4(s> + 4)(s> + 25 +0.5),

p1a(s) = (s + (s + 0.4)(s +0.7),

p23(s) = (s +0.4)(s +0.7)(s +0.3),

p13(s) = (s2 + D) (s + 0.6)(s + 0.4),

p123(s) = (s> + (s + (s +2)(s + 4).

The functions M, (w), M;(®), Vi(w) and V,(w) for this sys-
tem are plotted in Fig. 4, with more detailed view given in
Fig. 5 and Fig. 6. The approximate numerical values of w;
are:

w1 = 1.3873, wp = 1.4174, w3 = 1.4695,
w4 = 1.4955, ws = 1.5607, we = 1.6017,
w7 = 1.6619, wg = 1.8537, w9 = 2.1879,
w19 = 2.5516, w11 = 3.1286, w12 = 3.6937.

In this case,
Q=QUQ =[w, wg]Ulwy, wi2].

The maximal intervals €21 and €2, of 2 are further partitioned
into maximal intervals th of either Q2 or Q2. Specifically,
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Fig. 5 Detailed view of Fig. 4 x10
for w in the range of [1.3, 2.6] 6 —
.
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Fig. 6 Detailed view of Fig. 4 x 10"
for w in the range of [3, 3.8] . — v
10- e Al
—-V,
MI
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5+ |
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h=1
3
o
— h S
h=1 >

where

Q] = [01, 03] C Qn, Qf = (3. w4) C QLsom,

Q) = [ws, w5] C Q, Qf = (05, w6) C Qa1

Q] = [ws, 03] C Q;

Q) = [w, ®10] C Q. 23 = (w10, w11) C a1,

Q% = [w11, w12] C Qp.

It should be noted that Q% and Q? are not maximal intervals
of Qn1 or Qp7 or 2py3. Indeed, Q} = (w1, w2) U [wr, w3],

where [w1, w2) C Qn3, [w2, w3] C Q1. Similarly, Q? =
[we, w7]U(w7, wg] where [wg, w7] C Qpn2, (@7, wg] C Qp3.

If th C Qg1, then for any given w € Qf’ ¢(w, Ty) as
a function of t,, can be illustrated as in Fig. 7. In this case,
(w, Tyw) € A™° for all 7, € R, and M;(w) and V;(w) may
or may not exist for any given w € Qf’

If Qf“ C Qg2um, then for any given w € Qf.’, ¢ (w, Ty)
as a function of 1, can be illustrated as in Fig. 8. In this
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Fig. 7 Atypical ¢ (w, 1) vs. 7y, forw € Q¢. This figure is generated
from the system given in Example 5.3 with v = 1.06

case, an appropriate 277 /w range contains two maximal T,
-intervals. Let these two intervals be denoted as [t%, t5] and
[z¢, d]. Then, ¢, t2, ¢ and ¢ may be chosen as con-
tinuous functions of w within th Furthermore, the types of
(w, 5), (o, rf)), (w, 7)) and (o, rg) remain unchanged as
o varies within Qf’ in view of Corallary 5.2.

If Qf’ C Qy, then for any given o € Qf.”’ = (a)lhl, a)f”)
(i.e., w in the interior of Qf?), ¢ (w, Ty) as a function of T,
may be either as shown in Fig. 9 (when w € Qy1), or as shown
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o = 0.66

Fig. 8 A typical ¢ (w, ty) vs. Ty, for @ € Qgap. This figure is gener-
ated from the system given in Example 5.3 with v = 0.66

o =1.46

Fig. 9 Atypical ¢ (w, ty) Vs. Ty forw € Q. This figure is generated
from the system given in Example 7.4. with = 1.46

in Fig. 10 (when w € Qp»), or as shown in Fig. 11 (when
o € Q2y3). In this case, an appropriate 277 /@ range contains
one maximal 7, -interval. Let this interval be [t,, 75]. Then
7, and 75, may be chosen as continuous functions of w within
Ql’.‘o, and the types of (w, 7)) and (w, rf)) remain unchanged
as w varies within Q;"’ in view of Corallary 5.2.

It should be pointed out that if ® € Qy, and [T, rg] is
a maximal t,,-interval, then any maximal 7,,-interval can be
expressed as [t 4+ 2mwk/w, r,i’) + 27wk /w] for an appropri-
ate integer k. Similarly, for an w € Qgay, let [T, rg] and
[T, rj] be two maximal t,,-intervals within a 2 /w range,
then any maximal t,-interval can be expressed as either
[t +2mk/w, T2 4+ 21k /o] or [t& + 2k /w, Tl + 21k w].
Furthermore, the type invariance in a continuous piece of
boundary (Corollary 5.2) imposes some constraints between
the types of the end points of these maximal t,,-intervals as

specified in thefollowing proposition.

10 0=09
5t J
_10 E 4
v
9
A . .
50 5 10 15
T3

Fig. 10 A typical ¢(w, ty) Vs. Ty for @ € Q2. This figure is gener-
ated from the system given in Example 5.3 with v = 0.9

o =0.36

07103
o o
—

4t
-6 v
g
-8 .
0 5 10 15 20

Fig. 11 A typical ¢ (w, 1) Vs. Ty for w € Qy3. This figure is gener-
ated from the system given in Example 5.3 with = 0.36

Proposition 7.5 If o € Qf"” C Qu, and [T5, rfl’)] is a maxi-
mal t,, -interval, then
Type(w. t4)) = Type(w, 7). (1.5)

If o € Qgom, and [T, 75]] and [T, tg] are two maximal
Tw-intervals such that

8 <tb <1t <1 <10 427 /o, (7.6)
then either

Type(w, t) = Type(w, t¥), (1.7)
Type(w, 7)) = Type(w, 7). (7.8)
or

Type(w, t) = Type(w, 2), (7.9)
Type(w, t,,) = Type(w, rj). (7.10)
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Proof For w € QI if Q" C Quy, let Type(w, t8) = a,
Type(w, rfl’)) =b.1f Qf‘ C Q¢awum, letalso Type(w, 7)) = c,
Type(w, rlﬁ) = d. The invariance of boundary type means
that a, b, ¢ and d do not change within Qﬁw. Similarly,
if h # K; let o© € Q! Then if Q"' < Qp, let
[t¢+, 2+] be a maximal 7,,-interval, and Type(w™, 79%) =
at, Type(ot,tb*) = b*, and if Q"' C Qeou let

[z, T9%] be another maximal t,, -interval such that

a+ b+ ct+ d+ a+
T, < T, <T, <T, <T, +2r/o,

(7.11)

and Type(w™, 51) = ¢t Type(w™, 7dF) = d*. We will
use induction to prove the proposition as & decreases from
K;: first show that the conclusion is true for 4 = K;, then
show that it is true for # under the assumption that it is true
for i 4 1. These two conclusions imply that the conclusion
istrue forall 1 <h < K;.

For h = Kj, then th C Qp (Proposition 7.3), and
Mg(@") = 0. In this case, 5 — 7% | 0 as 1 " This
implies @ = b according to type invariance (Corollary 5.2).
Therefore, the proposition is true for # = K;. It remains
to be shown that the conclusion is true for Qf’ under the
assumption that it is true for Qf."H. There are three cases to

prove.

i) Q?H C Q. In this case, the inductive assumption is
a™ = b, and Proposition 7.3 requires either Qf’ C Q1.
or th C Q62m-

a) th C Q¢1. Then there is nothing to prove, and the
proposition is vacuously true.

b) Q! C Qgam. Then, either Mj(w]") =
Vi(}") = 0.

1) If M; (a){”) =0, thenasw % wl{", one of the two
intervals [t¢, t2] and [t 721, say [$, 721, is
reduced to one point, and the other, say [}, ré’}],
continues to become [t¢T 4 2mk/w, tbt +
2rk/w] for some integer k. We may thus con-
clude (7.9) and (7.10) from type invariance
(Corollary 5.2) and the inductive assumption.

2) If V(@) = 0, then as o 1 o = o',
either [t¢, t0]and [t¢, t¢] merge into one inter-
val [t + 27k /w, T2F + 27k /o] for some k,
or [t¢, té¢]and [t¢ + 27 /w, T + 27 /@] merge
into one interval. In the first case,

0 or

lim 2 = lim <¢,

wTa)f” a)Ta);”

lim 7f = lim (t5" +27k/w),
wTwlhr w\l,w{l+1'l

i

: d : b
Jim o=l (s 2mk o).
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which imply (Corollary 5.2)

b =c,
a=a",
d=>b".

The above and the inductive assumption a™ =
b™ imply (7.7) and (7.8). In the second case,

lim ¢ = lim (tg + 27 /w),
wTw;'r wwa'"
. c _ . a+
wITIS}" Typ= hrhrll,z (tw + 27Tk/a)) ,
i olw;
limh (tf) + 27[/6()) = ligln (rff—i—an/a)) .
wTwir w\l/a)i+l’l

Similar to the first case, we may conclude (7.7)
and (7.8) from inductive assumption and the type
invariance.

ii) Qf‘“ C Qg1. In this case, Proposition 7.3 requires
th C Qn, and Vg(a)lhr) =0.Asw 1 a)f”, all maximal
Ty -intervals merge together. Especially, [t)), ‘L'IIZ] merges
with [t) + 27 /w, ré’, + 2r/w], ie., rfz — 15 1 2m/w.
As the functions defining boundary types on the left hand
side of (5.5) to (5.8) are all periodic functions, we may
conclude (7.5).
Qf.”rl C Qgam- In this case, Proposition 7.3 requires
Q! C Q. Then, either M;(»") = 0 or Vi(o!") = 0.
The inductive assumptions are either

iif)

at =dT, (7.12)
bt =ct, (7.13)
or

at =bt, (7.14)
ct=dT. (7.15)
‘We need to show

a=b. (7.16)

a) M](wf”) = 0. Then as w | a)f", one of the two
maximal 7,,-intervals, say [t 727, reduces to one
point, the other, say [t$+, 74+], continues to become
[td +2mk/w, rfg + 27k /w] for some integer k. This
means

(7.17)
which, together with the inductive assumptions,

imply ¢™ = d, which in turn means (7.16) in view
of type invariance (Corollary 5.2).



Stability crossing set for systems with three scalar delay channels

183

b) Vl(a)f") = 0. Then as w | wf", two maximal t,-
intervals [t*, T2 and [T, t9F] or [¢5F, TdF]
and [t2T 427/ w, rfl’f +2m /w] merge into one inter-
val [t 4 2mk/w 12 4+ 27k /w). In the first case,

> W

ct=pT, (7.18)

which together with the inductive assumptions,
implies at = d ™. As

lim ¢t = lin}l (rl‘f) +27rk/a)),

w\l,w?Jrl'l wﬂ*(l)i
lim 9" = lim (<2 +27k/0),
w w
wLw?HJ wﬁwf”

we conclude (7.16) by type invariance (Corollary
5.2). For the second case,

at =dt,

which together with the inductive assumptions
implies ¢ = b, from which we can again conclude
a = b from type invariance (Corollary 5.2).

All the possibilities have now been exhausted, and the
proof is complete. O

8 Maximal interval classification

In this section, we will classify all Qf“ It turns out that some
critical geometric characteristics of the corresponding stabil-
ity crossing set is completely determined by the type of the
interval, as will be shown in the next section.

First, we need to divide 2g2) into two separate sets.
Recall that for a given w € QGay, we may find two maximal
Ty -intervals [T, tfl’)] and [z}, rg] such that

a b c d a
Ty < Ty <Tp <Tp <T,+21/0.

The division of Q2g2ys is according to the types of the end
points of the maximal t,,-intervals,

Qoy = {a) € Qgan | Type(w, 1%) # Type(w, ¥ } ,
Qu = {w € Qgam | Type(w, ;) = Type(w, r,ﬂ’,)} .

Define also
Qe = Q61U Qga.
Then

QL=QcUQNUQyuy.

It is not difficult to see that any maximal interval th defined
in Proposition 7.2 is also a maximal interval of either Qg,
or Qy, or Qy. We will call Qg the Grashof set, Qpy the
non-Grashof set of the first kind, and €2,; the non-Grashof
set of the second kind. These terms are adapted from the
case without the cross terms discussed in [22] although they
no longer have any direct correspondence with the four-bar
linkage theory discussed in [29].

From the discussions in Sect. 6, for an w € ¢, the corre-
sponding constant frequency curves are spirals. For a given

T =31r?+82rg+53rg, (8.1)
where
6; € {—1,0,1},i =1,2,3, and at least one §; = 0, (8.2)

we define Q; as those w € Q¢ that has constant frequency
curves with axis t. From the discussions in Sect. 6, we have
63 = 1 for all w € Qgi1, and 83 = O for all w € Rgo.
Obviously

QG=UQ’,
T

where the union includes all T with the expression (8.1) with
8i,1 = 1,2, 3 going through the set described by (8.2). We
also consider Q" the same set as QF, as —7 and T represent
the same axis.

Proposition 8.1 A maximal interval th of Qg1 or Qg is
also a maximal interval of Q, for some t.

Proof For a maximal interval th of Qg1 or Qgo , it is suf-
ficient to show that 7 is independent of w within Qf’

Consider first the case of Qf’ C Q¢1. Recall for each
w € Qf.l,

7 =68, (P (w, N0 + 58, (P (w, N0 + 0.

From Proposition 6.6, as w changes continuously, the rota-
tion index 8;, (P\" (w, -)) or &, (P{"(w, -)) may change its
value only at those values of w such that

Pu(w) (w, Ty) =0, or

P (w, 1) =0

for some t,,. However, this is not possible for w € th in view
of Proposition 4.3 because (w, 1) € AW for all w € th
and 1, € R. Therefore, 7 is indeed identical for all w € Qf’

We now consider the other case, Qf’ C Qg3 Since the
types of (w, 7,) and (w, t) do not change with @ within Qf’ ,
according to discussion of Case ii) after Proposition 6.4, the
axes of spirals (which are the constant frequency curves) do
not change with w, either. O
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For an w € Qf"’ C Q, let [t7, rfl’)] be a maximal t,,-

interval. Recall
Type(w, t) = Type(w, t2).

For a given k € {1, 2, 3, 4}, we define Q’I‘V” as the set of such
o with Type(w, t{) = k, and

k k
Qy = QY.
Obviously,
4
oy = af.
k=1

and a maximal interval of Qy is also a maximal interval of
Q’I‘\, for some k. The process of defining Q’“’ first then taking
the closure is necessary because some w = whl or a)h’ may
satisfy Vj(w) = 0 or M;(w) = 0, and there are two max1mal
Ty-intervals within a 27 /w range in such cases.

For an w € Qy, let [T, w] and [7]), w] be two max-
imal t,-intervals within a 27/ range. For given k,[ €

{1, 2, 3, 4}, we define
Qb = {w e Qu | Type(w, t8) = k, Type(w, 75) = 1}.

According to the definition of €2,7, we also have

) =k,
Type(w, rg) =1

Type(w,

As [T], w] and [t + 27 /w, rfl’) + 27 /w] are also within a
27 /w range,

kl _ olk
okl — Qlk.

Obviously,

4k
QM:UUQH’

k=11=1

and a maximal interval of €2;; is also a maximal interval of
Qﬁfl for some k and /.

Again, any maximal interval th of Qg or Qy is also a
maximal interval of QE for some 7, or QII‘\, for some k, or Q]z,ll
for some k and /. Next, we will classify these th according
to which subsets th and its neighbors belong. The subset
that Qfl belongs to is represented by the letter G, N or M
with appropriate supercript. The two subscripts represent the
subsets that Qf?*l and Q?H belong to, or if Qf’ is the left
most or the right most subinterval in €2;. Specifically:
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Foran Q! c QF.if @' c @k, /"' c @), then we
say Qf‘ is of type Gy,. If wf‘l = 0 instead, then its type is
GY,.

Foran QI c Qe if Q' c @k, Q! ¢ @, then @
is said to be of type M};". If wf’l = 0 instead, then its type is
an

<l

For an Q! c QK. if @' ¢ Q. Q" C Qg, then
we say Qf‘ is of type N’(‘;G. If Qf.”l C Qy instead, then
th is of type NéM. We may define type Nzlijc and NII“,,M
analogously. If wl’.” = 0 and Qf’“ C Qg, then th is of
type NiG. If wf’l = wf # 0 instead, then Qfl is of type
NfG If QIFI ? C Q¢ and 0! = !, then Q" is of type

.- The types N<M, Nk, Nij, Njf*, and Nk are defined
analogously.

The above list is exhaustive according to Proposition 7.3.

9 Geometric Characterization

Define

7" = | 7.
wEQ?”

Th — Tho

l

The key to understanding the geometric characteristics of the
stability crossing set 7 lies in the understanding of 7;}’ and
how it is connected with the remaining part of 7;. It turns
out that the most important geometric characteristics of ’Z;h
are completely determined by the type of th as stated in the
next theorem.

Theorem 9.1 If th is of type Gj, then ’Z;h consists of an
array of pipes with axis T and variable cross sections, each
of them also contains two series of holes. If Qfl is of type
G k #1, then Th is a series of wavy sheets, each of them
contains an array of holes. If Qh is of type G*,, then ’Z;h
consists of an array of open surfaces each of them extends
to inﬁnity and contains a series of holes. If Qh is of type

GG’ NGM’ Nzll(/IG’ or NMM’ then ’Th consists ofa lattice of
connectors, each of them connects a hole in Th ! and a hole
in Th+l Ith is of type N*G, Né*, Nk o Oor Nk o then ’];h
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consists of a lattice of caps, each fits a hole in either ’Thil
or ThH Ith is of type NX,, then Th consists of a lattice
of closed surfaces. If Qh is of type N¥ ® o then 7;’1 consists of
a lattice of open caps that extend to infinity. If Qh is of type
N* g or Nk “yp then Th consists of a lattice of semi-open
pipes, each fits a hole of ’Z;hH at one end, and extends to
infinity at the other end. IfSZlh is of type M} with m # n,
then 'Tih consists of a lattice of closed surfaces and a lattice
of connectors, each connector connectes a hole in T/'*l and
a hole in 7;h+]. Ifof is of type M}}" withm # n, k # 1, then
’Tih consists of two lattices of caps, one lattice of caps fit the
holes of '];hil, the others fit the holes of 7;}’“. If Qf‘ is of
type M"'}', m # n, then 77‘ consists of a lattice of open caps
and a lattice of semi-open pipes; each open cap extends to
infinity, and each semi-open pipe contains a hole at one end
that fits a hole in Tl.h"H and the other end extends to infinity.

The above theorem may be summarized in the following
table

Ql -ttt Type 7"
QL @y Q) G Pipes if k =
Wavy sheets if
k#1
0 ok G%, Open surfaces
Q’I‘v Qem  Qwm N(k;G, NéM, Connectors

ol Qem  Nf; or NE, Caps
Qm o] N(k;* or N}f,l* Caps
a)f f NE, Closed surfaces
0 f Nk, Open caps
0 Qem Nic or NiM Semi-open pipes
QYtm #n Q’,‘V QIN M Closed surfaces
& connectors
iftk=1
Two caps if k #1
0 QIN My Open caps &
semi-open
pipes

Note that the case Qf’ - Q’]‘VII‘ has not been addressed in
the above theorem. This case is rather special as the geome-
try of such a case may not be completely determined by its
neighbors. We will discuss this case in the appendix.

In the remaining part of this section, we will provide spe-
cific details of all the cases given in Theorem 9.1. These
details also serve as a proof of the theorem.

Corresponding to each maximal interval Qf’ of various
types covered in Theorem 9.1, the stability crossing set ’Tih
consists of different pieces of surfaces that can be easily
parameterized by (w, ty,) based on the constant frequency
curves discussed in Sect. 6. A close observation of these sur-
faces indicates that some of them are connected to form a

larger surface of certain geometric shapes mentioned in The-
orem 9.1. While these are derived using parameters (o, ty),
the geometric characteristics are instrinsic in nature, and are
independent of parameterization. Indeed, in some cases, it is
more convenient to describe these surfaces using parameters
(w, Ty) or (w, 1y) rather than (w, 7y,), similar to the descrip-
tion of constant frequency curves in Case ii) in Proposition
6.4. In the following, we will carry out these descriptions
for all the cases covered in Theorem 9.1. The description is
divided in three cases: Case i) is for Qf‘ c @k, Case ii) is
for Qf’ C Q"", and Case iii) is for Qf’ C Q. Each case also
contains several subcases.

Casei) Q' c Q.

From (6.1) and (6.2) in Sect. 6, a curve corresponding to

anw € Qf."’ and a maximal t,, -iinterval [T, rf")] is
(w)kyky£ _ U
Z‘)’[rft)vtl{’;] - {(Tlv TZ: 13) | 7:Lt
T8 <ty <t}
= ‘L’,f” (w, Tyw), Ty = ‘L’ (a) w)}, ©.1)

for a given k,, k, and + or —. In the above, ¢ and 77 also
depends on w. Recognizing [t} + 2k, 7/, rf} + 2ky /0]
is also a maximal 7, -interval, we define

(w)ky ky £

=T . 9.2)

T(w)k wkyky £
©,[T842ky 7 /@, T8+ 2k 7w /@]

o.[td. 5]
From
thE (w, 1y + 2k /0) = T E (0, 1),
T,’f”i(a), Ty + 2kym/w) = t,ﬂ‘”i(a), Tw),

T Wkkuku® can be obtained from T wkikyE 1y

AR NN
moving 2k, /w along the rgj-direction. We can define a
patch of surface

we see that

Th(w)kukvkwi — U T(U))k wky k :I:
1

wrar

9.3)

weSZf“’

where we agree that ¢ and t2 are chosen such that they
are continuous functions of w within Qf’ Due to the differ-
ence of @ within Qf’, ’Tih(w)k“k“k“}jE for different k,,, k, and
ky have similar shapes but are not identical. Furthermore,

’Th(w)k“k vkt and Th(w)k/ kulew = may be connected to form
a larger surface for some k], and &/, depending on the value
of k in a way very similar to the constant frequency curves
discussed in Case i) after Proposition 6.4. We will call this
larger surface Zh(w)k“k”k“’. Specifically,

,];h(w)kukvkw

— h(w)kykyky+ h(w)ky ky—1,ky— h 1
=T Uz for Q! C Q.
/];h(w)kukvkw

— Zh(w)kukvkw+ U Zh(w)ku“rl,kv:ku:* fOr Qfl C QZ ,
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Fig. 12 Connector
10

Connector

T 400 0.4

Zh(w)kukvkw
— ,Tih(u))kukvkw-‘r U ,Tih(w)ku-i-l,kv—l,kw— for sz - 93 i
Zh(w)kukvkw

— /Tih(w)kukvkw"l‘ U /Tih(w)kukvskw_ for Qfl C Q‘["V

This surface can also be defined from the constant frequency
curves

(w)kuky

Th(w)kukvkw _ U
t - walT&“I’kaﬂ/wyfl[f,+2kwn/w]7

wEQ;’”

a

where T(w)k uky e is a closed curve defined in (6.3), (6.5), (6.6)
or (6.7) dependmg on k. Obviously,

+00

U _[j) h()kkk
U w

ky=—00 ky=—00 k;;=—00

T" consists of a lattice of surfaces

In other words, 7,

Zh(w)k“k”kw. We can therefore conclude the following from

the situation at the two ends of Qf’
Case i.a) Qh_l C QM. Qh+1 C Qcum-

In this case, 7 (Whkikyky
w,[t8.7h]

"or] a) ! Therefore, T
ends fitting holes in ’Z;h Vand ’Z;h +

remains as a closed curve as w 4

hwkikuku 5 2 connector with two

Example 9.2 Consider Q3 = [wa, ws] in the system given in
Example 7.4. Foru = 1, v = 2 and w = 3, it can be verified
that Q% is of type N 1{4(;. Therefore, the corresponding T13
consists of a lattice of connectors. One of these connectors
is shown in Fig. 12. An interesting observation is that the
closed curves for any w € (w4, ws] are all simple curves, but
the curve at w4 evolve into two closed curves. This is natural
if we consider the left neighbor of Q? . Indeed Q% € Q}V}
with M;(w?") = 0, Vi(@¥") = 0. As will be shown in the
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0.6 0.8 1 1.2 1.4 1.6 1.8

next section, the corresponding ’le consists of an array of
connectors and an array of caps. A connector and a cap fit
the two closed curves at wj4.

Case ib) o} = o, Qh“

(w)k k K
T u ‘L’b]
hr . On the other hand, from

C QM

In this case, remains as a closed curve as w 1

Mg}y = ¢, M) = 0,

we conclude that as o | o, 78 - M 4 27k Jw

and 1: — r M L onk! Jw for some integer k', and the

curve T(u[))]z“];i]; is reduced to one point, i.e. the surface
w w

’Z;h(w)k wkvku 3¢ closed on this end. Therefore, ’Z;h(w)k“k”kw is

a cap, with one end closed and the other end fits a hole of
Th—i—l
P

Example 9.3 Consider Qé = [wo, wip] in the system given
in Example 7.4. For u = 1, v = 2 and w = 3, it can be
verified that Q% isof type N, 3G Therefore, the corresponding
Tzl consists of a lattice of caps. One of such caps is shown
in Fig. 13

Case i.c) Q? C Qem, @ h

This is very similar to case 1.b),
except the cap fits a hole of ’Z;hil

Case i.d) whl = a)l wh’ ol
T(w)kuk vk

[, 7]

or | (uhl This means that Th(w)k”k”k“' is a closed surface.
Caseie) /! =0, Q" ¢ Qou

" remains as a closed curve as w 1
w?rw

kukyk
" However,asw | a)hl = 0, 7 Wkukoky

w, [1,'“ .[b]
T h(w)k“klk" is a semi-open plpe with one end fits a hole of

r r

h(w)kykyky - :
Ti is again a cap,

In this case, is reduced to a point as w 4 a)f”

T(w)k kv

In this case, s

— 00. Therefore,

T i1 , the other end is “open” , i.e., approaches oco.
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Fig. 13 Acap

3.5

0.51

_1 1 n N ‘
0 0.5 1 1.5 2

®

Fig. 14 M, (w), M;(w), Vi(®), and V¢ (w) for the system given in
Example 9.4

Example 9.4 Consider the system (1.1) with

po(s) = s> + 105 + 31s + 16,
pi(s) = 52+ 11s + 28,

pa(s) =52 + 55 — 10, p3(s) = 1,
pi2(s) =2s + 1, pas(s) =3s +4,
p31(s) =s+35, piaa(s) = 1.

WithForu = 1, v = 2and w = 3, Fig. 14 can be plotted, and
itcanbe seen that Q] = (0, 0.8723]. It can be verified that 2}
is of type N i - Therefore, the corresponding ’Tll consists of
a lattice of semi-open pipes, one of which is shown in Fig. 15.

Case i.f) 0! =0, """ = &'
I 1 1

In this case, 7:5"[%“];2];“’ reduces to one point as @ 1 a)f”,
JArd.h

and it approaches co as w |, a)lhl = 0. Therefore, Zh(w)k”k”kw

is an open cap, which is closed on one end, and approaches

o0 at the other end.

Cap

I
|
|||Ili|

150

Example 9.5 Consider the system (1.1) with

po(s) = s>+ 10s% + 31s + 30,
pi(s) = s+ 11s + 28,

pa(s) =52 + 55 +7, p3(s) = 1,
pi2(s) =2s + 1, pa3(s) =3s +4,
p31(s) =5+ 5, p1az(s) = 1.

Foru = 1, v = 2 and w = 3, Fig. 16 can be plotted, and
Q = Q} = (0, a)}’], where a)}’ = o] ~ 1.8606. It can
be seen that Q} is of type N i*, and the corresponding Zh
consists of a lattice of open caps, one of which is shown in
Fig. 17.

Case ii) Qf cQV'.m#n

In this case, for each w € Qf’, there are two 1,,-maximal

; b - d b : d
intervals [z, 7,] and [7), 73], 70 < 1) < 15, < 75 <

8 +2m/w, and

Type(w, t4) = Type(w, 7)) = m,
Type(w, 75) = Type(w, T0) = n.

Similar to (9.1), (9.2) and (9.3), we may define

(w)kykyE __ U
7;)’[.[54)’1.5)] - {(Tl, TZ» 1:3) | ‘Cu
Td <7, <tb
=10 (0, ), T = T (@, 7)), (9.4)
(wkukyE __ U =
w,[r{,’),r,ﬁl,] - {(Tlv 172, T3) | Ty = ‘Cu (60, Tw)v Ty

c d
Tw == Tw

= 1" (0. )}, 9.5)
(w)kykyky £ _ (w)kyky£
o,[t8,1h] - 720,[1:3)+2kw7r/w,15)+2kw7r/w]’ 9.6)
(Wkykykwt W)k, ky+
w,[t6,7d] ,[T6 42k /0, T8+ 2k 7 0]’ ©.7)
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Fig. 15 A semi-open pipe for
the system given in Example 9.4

Fig. 16 M,(w), M;(»), V;(®), and V4 (w) for the system given in
Example 9.5. In the range shown, M;(w) and V) () do not exist

and
h(w)kykpkyE£ (w)ky kyky £
zab - U Tw,[t{b,rf,ﬂ] ) (9.8)
wle’
h(w)kykpkyE (w)ky kyky =+
7;““’ - U %,[rlf),rl‘f,] ) 9.9)

wEQI}.’

Fig. 17 An open cap for the
system given in Example 9.5
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Larger patches are formed from two patches depending on
the types m and n,

h(w)k,kyky h(w)kuk kw+ h(w)ku,kv—l,kw—

T = U form =1
iab Iab ia ’
h(w)kukukw h(w)kukukuv h(w)ky+1,ky ky—

T = | T form =2
iab iab ’

Zzgu)kuk”kw h(w)kuk kw+ l Zzzw)ku+l,kv—l.kw— form =3,
h(w)ky, kyk h(w)k kyky+ l h(w)ky ky ky— .

Z[lb u™vhw urvhw 7:017 u™v w form — 4’

and
h(w)kykyky h(w)k kyky+ h(w)ky ky—1,ky—

T = U 7 forn =1
icd zcd cd
h(w)kukukw h(w)kukLkar h(w)k, +1,ky  ky—

T l T forn =2
icd icd ’
h(w)k,kyky h(w)kuk‘,kw h(w)k,+1,ky—1,kyy—

T = | T forn =3
icd lCd icd ’

Z?;w)kukvku — h(w)kuk ky+ U Zﬁ;w)kukvvkw— forn = 4.

Then

U D" U (lZ(bw)kukvkwU,Z;Z(iw)kykvkw),

ky=—00 ky=—00 k,=—

and therefore, ’T h consists of a lattice of surfaces Th(w) kukvku

and a lattice of surfaces Th(w)k ukokw , each of which may be

considered as formed from the constant frequency curves
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Th(w)kukvkw — U T(w)kukv
iab

w,[ru’j+2kwﬂ/w,rf}+2kwn/w] ?
wEQf’

ghwkakokn _ U T Wkiky
icd - o, [T 42ky 0 /0,78 +2ky 7 0]

weQ?

where TWkkv “ang T“")"""g,] are defined by (6.3), (6.5),

a
’[ Tw» w LTy Ty

(6.6) or (6.7) depending on m and n. The specific geometry
may be decided with the additional information on the left
and right neighbors. The left neighbor is either a)f” =0, or
Qf’_l c Qk , k € {m, n}, and the right neighbor is Q?H C
Qh, 1 e {m,n).

Case ii.a) Qf’_l cQk s Q?H C Q’l‘\,

Type invariance (Corollary 5.2) requires k € {m,n}.
Without loss of generality, assume k = n (recall Q' =
Q4"). Then as @ T a)h’ or | a) , Mi(w) — 0, 78 —

IﬁM + kK2n /0w, Tt — M 4 k2n/a) and each curve
)k

T(w)lz“k}',k“’ reduces to one point. Therefore, 7;, is
w’[tw'rw]
a closed surface. On the other hand, ’]:ﬁg‘))k“k”k“’ is a connec-
tor as ’T("E)k uky ]E remains a closed curve as w 1 a) "or| a)f’l.
w?w

Indeed, the maximal 7,,-interval [z} ﬁ] for w € Qfl may
be considered as continuation of of [t¢ + k27 /w, T2 +
k27 /] for w € Qf?*l as w passes through a)f‘l, and the
situation is similar as @ passes through a)h’. Therefore, the

connector ’Th(w)k wkoku fits a hole in ’Th and another hole
in ’];h‘H.

Caseiib) Q"' c Kk, Q' c ol k #1.

Type invariance (Corollary 5.2) requires k,! € {m, n}.
Without loss of generality, assume k& = m, [ = n. Then,
as o | a)hl Mi(w) — 0, & — tEM + K21/, T8 —

M 4+ k27w, and T kb reduces to one point, while

w,[t§,7d]
kukyk
("Eia le ]“’ remains a closed curve, and [},
w?

considered as a continuation of [r +k”2n/a) 24k 27 Jw]
in Qh ! Slmllarly, as w 1 a) , Mi(w) — 0, tf —

LM LM ( )kuk ku
o, + k21w, 'Cw - M + K27/w, and T

t2]in Qf’ may be

w,[t8,7h]
3 3 T(w)kukvkw :
reduces to one point, while o.[cc gd)  Temains a closed
werw
curve, and [7] rﬁ] in Qh may be considered as a contin-

uation of [t ~|—k”27'r/a) th + k"2 jw] in Q! Therefore,
Zz(w)k“k” is a cap with one end closed, and the other end
fits a hole in Tihfl, and ’Tiﬁ;w>k“k"k“’ is a cap with one end
closed, and the other end fits a hole in 7;’1“.

Caseiii.c) 0/ =0, Q" c Q).

Type invariance (Corollary 5.2) requires [ € {m, n}. With-
out loss of generality, assume [ = m Then as o 1 wh’
Mi(w) — 0, 7§, — rLM + k27w, 7: — tLM +k’2n/a),
and7 )kyky l;"’ reduces to one pomt and ’T(w)]f,”k vku remains

[51 e Tw:Tw
a closed curve. As ® | o' = 0, both 7:511[}212“];7:];") and
(wkikvky approach co. Therefore, 7;, h(w)k“k”k“’ is a semi-

[rll) ’ TI(AIJ]

open pipe with one end fits a hole of 7;“1 and the other end
approaches oo, and ’Z;ﬁ:iw)k wkokw io an open cap with one end
closed and the other end approaches co.

Case iii) Q7 C QF.

In this case, each piece of 771 consists of spirals with
continuously varying pitch and a common axis. Such a piece

of surface is known as a spiral-like strip as defined below.

Definition 9.6 Let C : R x R, — R3 be continuous, and
C(-, ) isaspiral withacommon axis 7 forany w € [w,, wp].
Then

Tiwe.op] = {C(T, @) | T € R, 0 € [0q, wp]}

is known as a spiral-like strip with axis t.

Intrinsically, whether th C Q¢ or SZlh C ¢, there is
no difference in terms of the geometric characteristics of the
corresponding ’];h. Similar to the case of constant frequency
curves in the form of spirals, such ’Tih is most conveniently
parameterized by (w, 7,y) with row - T # 0, in which case,
Qf’ C Q¢1. When 12) -1 =0, Qf’ C Q2. In the following,
both cases will be discussed.

Caseiii.l) Q" c Qg

Recall in Sect. 6, that a constant frequency curve corre-
sponding to w with t,,-maximal interval (—oo, +00) can be
described as

Ty € (—00, 400)

kyky+ ku
7:4511()) 00,+00) (1,72, 13) | Ty = (a) Tw)
Ty = (a), Tw)

This is a spiral with axis
T =8, (P (@, )Ty + 8, (P (@, )Ty + 7

According to Proposition 8.1, T remains constant for for w €
Qfl although the pitch varies continuously with w. Therefore,
the surface

hwkekyt | | ~kikyE
,]; uky U T vt

w,(—00,+00)°

(9.10)

weQ?

for a given k,, k, and + or — sign is a spiral-like strip with
axis 7. These spiral-like strips are connected in various ways
to form larger surfaces according to the neighbors of Qfl to
be described below.

Case iii.1.a). Qh C QGI, Q?_l c Qk s Qf’“ C Qlj‘v

In this case, for given ky, k, and k,, the two patches
’Z;h(w)k“k” (corresponding to /') and ’Z;Hl’(w)k“k”k“”Jr (cor-
responding to Qf.“rl) is a continuous piece of surface para-
meterized by

Ty € (—00, +o0) for w € Qf’
Ty € [t8(w), T (w)] for @ € QI

[(w» Tw)
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Fig. 18 A pipe

h(w)kyky— and Th+la (w)kukyky—
i .

Same can be said about 7;

Consider the case of k = 1. Then from the discussion
about case ia) after Proposition 6.4, it can be easily seen
that Th+1,(w)kukukw+ nd ,z;h+1,(w)ku,k,)—l,kw— form a single
surface. As w | a)hHl = a)f”, the maximal t,, -intervals
[t (w), ‘L’w (w)] and [0 () + 27/, rfl’) (w) 4+ 27 /w] merge,
ie., rf} (@) — 5 (w) t 2n/wf”. Define

T (wh’)— hm 70 (w).
wiw

Then, from continuity and periodicity, we may conclude
easily that 7" ang 7Rk =h = are connected
at (o, T8 (o) + 27mky o) for ky = 0, %1, 42, ...
Between the connecting points are a series of holes formed
by

(w)kyky+ (w)ky ky—1,—
Wl T8 42k Jol 2827 (ki + 1) fT) T Tl (8 A2k f0l T8 270 (ki 1) J] ]
ky =0,41,42, ... 9.11)
Similarly, we can conclude that T;h(w)k“k”Jr and
Th(w)k” k=1~ are also connected at (a) Ty (wf’l) +2mky/
hl) and a series of holes are formed
(W)kyky+ (wky ky—1,—
ol [t8+2mky [t 7827 (ko +1) [0} ] ol (18 +2mky Joof! 827 (ko +1) fe0l! ]
kw=0,%1,£2, ... (9.12)
where

=10 (a)hl)— hm 7o (w).
Tw

Therefore, in this case, the two patches and

Tih(w)ku,kv—l

'];h (w)kyky+
~ form a pipe

,];h(w)kukv — ,Tih(w)kukv-i- U ,J;h(w)ku,kv—l

oLtk =1

with axis along the 7 direction and two series of holes rep-
resented by (9.11) and (9.12).
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Analogous analysis allows us to conclude the following:

zh(w)kuk /Z;h(w)kukv‘i‘ U t];h(w)ku“!‘l,kvs_’ Ifk = 27
zh(w)kuk /Z;h(w)kukv‘i‘ U t];h(w)ku"!‘l,kv_l _’ ifk = 3’
zh(w)kuk Th(w)kllkv+ U t];h(w)kukv_, if k = 4.

1

In all case, Zh(w)k“k” is a pipe that contains two series of
holes with axis t, and ’Z;h consists an array of such pipes

U U h(w)k kv

ky=—00 ky=—00

Example 9.7 Consider Q% = (a)lo, w11) in the system given
in Example 7.4 with Foru = 1, v = 2 and w = 3. It
can be verified that Q% is of type G3,, where T = 73 as
8 (PP (@, ) = 0, 84,(PY (w, ) = 0. Therefore, T2 con-
sists of an array of pipes with axes all along 73, one of these
types is shown in Fig. 18.

Case iii.1b). Q! C Q6 Qf?_l c ok, Qf.’H c b,
k #1.

Using the same approach as Case iii.1.a), we can obtain
the connection patterns, and conclude that they form a wavy
sheets with holes. The list of possibilities are listed below.

k=1, l = 2. In this case, ’Tih(w)’”‘k“Jr is connected with
h(w)k, kv

T at w a)lhl, which in turns is connected with
’Tlh(w) K=l k =LA ot @ 4 /", and so on. Therefore,

400
,J;h(w)k,“, _ U (,z;h(w),kuu+k,k,+ U ,J;h(w),kw—&-k,k—l,—)

k=—o00

are connected with a series of holes between two neighboring
patches. This forms a wavy sheet, which roughly parallels
a plane with the normal T x (r + ro) Each wavy sheet
contains a series of holes.
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k= 1,1 =

with Zh(w)kuakv_l»_
Zh(w),ku—l’ku#

3. In this case, connects

f];h(w)kuku*F
at whl, which in turn connects with

atw h’ , and so on. This forms the wavy sheet

400
U (,z;h(w)kkw+ U ,Z;h(w),k,,kl,v—l,—) ’
k=—o00

f];h(w)kuv —

which roughly parallels the plane with the normal 7 x 12

and contains an array of holes.

k = 1,1 = 4. In this case, the connection is
to Tih(w)k“’k"_l ~, and then to ’Z;h(w)k“’k“_]’+
Therefore, the wavy sheet expression is

fz;h(w)kukv-“

, and so on.

/]'h(w)kuv —

i

+o0
U (,Zzh(w)kw,k—i- U ,];h(w),kuv,k—l,—) ’

k=—o00
which roughly parallels with the plane with normal T x rg
and contains an array of holes.
k = 2,1 = 3. In this case, the connection is ’];
to ,];h(w)ku+l,k,),—’ and then to ,Z;h(w)ku,kv+l,+
Therefore, the wavy sheet expression is

h(w)kyky+

, and so on.

400
U (,Z;h(w)ku,)k+ U ,Z;h(w),kuv—&-l,k,—) ’
k=—o00

zh(w)kuv —

which roughly parallels to the plane with normal 7 x Tg and
contains an array of holes.

k = 2,1 = 4. In this case, the connection is ’Z:
tO /];h(w)ku‘F];kv»* /];h(w)ku‘l’l»kufl’

h(w)k, ky+

, and then to , and so on.

Therefore, the wavy sheet expression is

+o00
h(w)kyy _ h(w)k,kyy+ h(w),k+1,kyp,—
7' = (T, uT; ).

k=—00

which roughly parallels to the plane with normal T x rg and
contains an array of holes.
k=3,1= 4 In this case, the connection is to

Tk =1= oo Q;h(w)k wtbk =1+ "and so on. This

i
gives the wavy sheet expression

Th(w)kukv

+o0
h(w)kuv_
7=
k=—o00

X (/z;h(w)vkuv"l‘k,kuv_k,“l‘ U tz;h(w)vkuv‘i‘k"rlvkuv_k_l»_)

’

which roughly parallels to plane with normal T x (12 - rg)
and contains an array of holes.

In all these cases, ’Z;h consists of a series of wavy sheets

+00
h __ h(w)kyy
= U 7
kyy=—00
Case iii.1.c) Qh C QGI s =0, Qh+l C Ql
Forl/ =1,
,];h(w)kukv _ ,];h(w)kuku+ U ,Z;h(w)ku,kv—l,—

k]

form an open surface. These two surfaces are connected at
a series of points corresponding to @ 4 w{”, and contains

0, both 7"+ and
"~ approache oco. If [ = 2,

a series of holes. As w | wf’l =
Th(w)kuwkv_l

i

,Z;h(w)kukv — ,Z;h(w)kukqu U Zh(w)kle,kuﬁ

form an open surface with holes. If / = 3,

Th(w)k,,kv — ,Z;h(w)kukv+ U ,Zzh(w)ku+l,k,)—1,—

i
form an open surface with holes. If [ = 4,

Zh(w)kukv — tz;h(w)kukv‘F U f];h(w)kuku_

form an open surface with holes. In all cases, 77’ consists an
array of such open surfaces

400 400
z];h — U U t];h(w)kukv .

ky=—00 ky=—00

Caseiii.2) Q" C QF,

In this case, for each w € Ql}.', there are two 7,,-maximal
intervals [t¢, t0] and [t¢, 9], ¢ < b < ¢ < ¢ <
T4 +2m/w, and

Type(w, 7j) = Type(w, T4) = m,
Type(w, rll;) = Type(w, ;) = n,

for some m # n.
Similar to Case ii) with Qh C 2y, we may define the

curves T(”[’)’; ’;b’;w and T(wzlf ’;g’;w by (9.4), (9.5), (9.6)
and (9.7), from which we can define the patches of surface

Tkt gng ThOORERE by (9 8) and (9.9). Similar

to the constant frequency curves discussed in case ii) after

Proposition 6.4, the patches Th(w)k”k kot and Th(w)k”k vkwt

are connected to form two arrays of larger patches Zﬁzw)k“”k"

and ’];i'[(lw)k””kw that extend infinitely in the T direction and
are confined to certain finite range in other directions. The
connection pattern and direction T are determined by the

types m and n. In the following, all possible combinations
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of m and n are listed. Without loss of generality, we list only
the case of m < n. The case of m > n may be deduced
by replacing [z, 7] and [z¢, 4] with [t 7¢] and [7¢ +
27 /w, b 4 21/ w].

a)Ifm = 1, n = 2, then ’Z;ﬁ,gw)k“k“k“’Jr is connected
with ’Z;Z;w)k”’k”_l’kw_, which in turn connects with
Zzgw)k“_l’k“_l’kw’, and so on, which gives the expres-
sion
+00
,Z;ZE’w)kwkw _ U (,Z;Zéw)kuu+k,kvkw+ U Zﬁ(bw)kuﬁk’k_lvkw_)~
k=—00

Similarly, we can write

+o00
h(w)kyvkw _ h(w)kyy+k kyky+ h(w)kyy+k,k—1yky—
ch ! - U (/Z;cd " U,Z;cd " )
k=—00

As will be seen later on, ’Z;Z,(bw)k””kw and Y;?K(Iw)k“”k“’ are
spiral-like strips with axis

_ -0 0
T=1,+tT,

b) If m = 1, n = 2, then the two spiral-like strips are

+00
(Wkyvkw __ h(w)k,kyy ky+ h(w)k, kyy—1,ky—
Zab - U (Zab UIZ;ab )’
k=—o00
+00
h(w)kypky _ h(w)k,kyy,ky~+ h(w)k,kyy—1,ky—
7;0(1 - U (ch Uj;cd )’
k=—00

and the axis is
_ -0
T=r1,.

¢) If m = 1, n = 3, then the two spiral-like strips are

’

~+00
h(w)kyyky _ h(w)kyykky+ h(w)kyy, k—1,ky—
7;ah - U (Tab u Zab )

1

k=—00
+00
h(w)kyvkw __ h(w)kyvkky+ h(w)kyy k—1,kw—
ch - U (ch UI];cd )’
k=—00

and the axis is
_ .0
T=1,.

d) If m = 1, n = 4, then the two spiral-like strips are

—+00
h(w)kypky _ h(w)kypkky+ h(w)kyp+1,k ky—
Zab - U (Tab U Zab ) ’

1
k=—o00
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+00
h(w)kuvkw —_ h(w)klll)kkll)+ h(w)kMUJrl vksku,’i
’];cd - U (ch U /Ticd ) ’
k=—00

and the axis is

— 0
T=T1,.

e) If m =2, n =23, then

+00
h<w)kMUkUJ —_ h(w)kkuvku)+ h(w)k+1!kul)7kll)7
Zab - U (/];ab UI];ab )’
k=—o00
+00
h(w)kypky _ h(w)kkyyky+ h(w)k+1,kyy ky—
ch - U (7;00[ U,];cd )’
k=—00
=1

f) If m = 3, n = 4, then the two spiral-like strips are

—+00
h(w)kyyky _
Zab - U
k=—00
h(w)k,kyy—k,ky+ h(w)k+1,kyy—k—1,kyy—
X (Zab U Zab ) ’
—+00
h(w)kyyky _
,Z;Cd - U
k=—o00
h(w)k, kyy—k,ky+ h(w)k+1,kyy—k—1,ky—
X (IZZCd U q;cd ) >

and the axis is

To see that ’Z;Zéw)k””kw and Zﬁfjw)k“”kw are indeed spiral-
like strips, it can be seen that they can equivalently consid-
ered as formed from the spirals (constant frequency curves)
discussed in Case ii) after Proposition 6.4,

Th (w)kyvky — U (w)kyy
iab o, [t¢+2mky /0,18 +2mky /0]
wle’
Th(w)kuvkll) — U (w)kyy
icd ,[T5+2ky Jo, 7842k J0]
wEQ?

A . h(w)k. k.
The spiral-like strips ’Ti%"))k“”k“’ and Ticéw) “w™ for some

k;,, and k, are further connected. The connection pattern
depends on the neighbors of th There are three possible
cases.
Caseiii2.a) QF c QF, . Q! c ok, @/t c k.
Type invariance (Corollary 5.2) requires k € {m, n}. If
k=m,thenasw 1 o or | o, V; - 0,and 75 — LV,
¢ — 1LV, and the two maximal 7, -intervals [t¢, 72] and

[¢, 741 merge to become one interval in Qf‘*] or Q?“. As
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aresult, the two spiral strips ’Z;zzw)k“”k"’ and 7; I;;w)k“”k“ form  again, we may conclude that ’Z;zl()w)’k“” kutlis connected with
a surface Zﬁ;w)’k””’k“’ﬂ. Continue this process, we realize that
/]l‘.h(w)kuvkw — ZZ;w)kuvkw U t];ﬁ;w)kuvkw. - +00 I I

/]; uv — U (/Tlab uvhw U /Tud uv u.) (913)

This surface has the shape of a pipe with two series of holes
corresponding to w = whl and a)h’ Atw = whl the holes
are defined by the two splrals

i (w)kyy
wiwhl w,[tﬁ,+2ﬂkw/w,r$+2ﬂkw/a)]
1

and
. (w)kyy
wlig}ﬂ 7;),[1'5; F2ky . T4+ 2k f0)
1

in view of the fact that these two spirals touch each other at
the parameter r = 15. The holes corresponding to w = a)h’
are similarly formed from two spirals.

Similarly, if k =m, thenas w 1 0 or | ', V; — 0,
and 'L’ — rLV 0 421 /w — rLV and the two maximal
rw—mtervals[ , T ]and [tf+27/w, r + 27 /w] merge to

h—1 h+1 h(w)kyvky
become one interval in ;" or Q7. Therefore, 7;

]’L(U}) kv kw+1 '
I]‘ uvsKw
iab

and forms a pipe

h(w)kyyky _ h(w)kyyky h(w),kyy,ky+1
T; =7 SA

icd iab ’

with two series of holes formed by the spirals expressed

(w)kyw
as o [18 42k [0, 79427k 0] and
(w)kyy

hl hr
0, [9427 (k1) /0,7 427 (e + 1) Joo) 28 @ ¥ @ and T ;"
Obviously, ’];h consists an array of such pipes,

+oo +oo

7;}1 — U U ,z;h(w)kuvkw‘

kyy=—00 kyy=—00

Case iii.2b) @ ¢ QF,, Q! c @k, @' ¢ @),
k #1.

Type invariance (Corollary 5.2) requires either k = m,
l=nork=n,l=m.

First consider k = m, 1 = n. In this case, as @ | w,’.”,
Vi — 0, and r — tLV LV “and the two max-

o = Ty
imal T, -intervals [z, T ] and [, d ] merge to become

“h(w) ko
one interval in Qf !, Therefore, 7, al()w) uvkw

with Zh(w)k“”k“’ with a series of holes formed by the two
spirals corresponding to a)hl As o 1 w{", Vi — 0, and
rg — tLV, 4+ 2n/w — ‘L'LV, and the two maximal
Ty-intervals [t 5), g] and [t + 27 /w, rf) + 27w /w] merge

is connected

. . h(w)kuvkw -
to become one interval in Q?‘H, and Tia(iw) "1 con-

nected with T h(w)’k“”’ka with a series of holes formed

by two spirals correspondmg to a) ", Considering o | a)

ky=—00

is a wavy sheet. This sheet is roughly parallel to the plane
with normal of 79 x 7.

For k = n and I = m, we may similarly conclude that
(9.13) is a wavy sheet. In both cases, Tih consists of a series
of such wavy sheets

Case iii.2.c) o = 0, Q! c Q).
Consider w 1 a) ". Then for [ = n, we see that 7; Z(Iw)k“”k“’

Th(w) kuv Kk +1

and iab are connected to form a surface

h(w)kyyky _ h(w)kyyky h(w),kyy . ky+1
7; - ch U Zab

that contains a series of holes. Otherwise, i.e., [ = m, then

’];Zéw)k””k nd ’Z;ﬁ‘(lw)k“k are connected to form a surface
Th(w)kuvkll) Th(w)kuvkw U Th(w)kuvkw
l

icd

that contains a series of holes. In either case, as w | a)lhl =0,
'Z;h(w)k””kw approaches co. Therefore, ’Z;h(w)k””kw is an open
surface that contains a series of holes. Obviously, 7;” consists

of an array of such open surfaces

D U Tk

kyy=—00 kyy=—00

10 The remaining case

In this section, we will consider the case th C
has not been covered in Theorem 9.1.

In this case, Type invariance (Corollary 5.2) requires the
right neighbor must be Qh'H c @K, and the left neighbor be

QK. which

either th C SZk or a) = (. Similar to Case ii) of Sect. 9,
we may form the patches ’Z;Zéw)k whok according to k,

hwkakokn _ Ah(Wkkoko+ Bk Ky — 1wy — B
Zab ulu_']:a " UZab o v fork =1,
h(w)ky kyky _ h(w)kukLku h(w)k,+1,ky ky — _
Tub = Tub fork =2,

h(w)k,kyky
Zu -

h(w)ky kyky _
Za -

v~ fork = 3,

h(w)kuk kw+ U ZZZw)kukvvkw_ fork = 4

/’L(U))kuk”ku U ,Z-h(w)ku-i—l,kv—l k
iab
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h(w)kykyky =+ : : : (w)kyky
where ’Z;ab are defined in (9.8). Equivalently, In this case, Ta),[rﬁ, ey 0, b+ 2k 0] and
T Gwkukok b idered as formed b tant f W)k, :
iab may be considered as formed by constant fre- uky remain as closed curves as 1

quency curves

Th(w)kukvkw _ U (w)kyky
iab - o, [t +2ky 7 [0, b +2ky 7 0]
wle’

These constant frequency curves are closed curves. Similarly,

Zgéw)k”k”kw is also a patch formed by closed curves
h(w)kykyky __ U (w)ky ky
7;"‘1 o ,Tﬂ)»[l’lﬁ,+2kwﬂ/w,r$+2kwn/w]'

wle’

However, the determination of the geometric form of
’Z;Z,(]w)k“k"k“’ and Zﬁéw)k“k”kw may not be completely deter-
mined by its neighbors. The additional information needed is
whether V;(w) = 0 or M;(w) at w = wf", and wf’l in the case
of th “1c Q’I‘\, We will consider each case in the following.

Case i) 0 =0, Vi(o!") = 0.

In this case, as w 1 a)f” , either 7§ — rfz —> 0, and
the two intervals [t¢, 2] and [z¢, 4] merge into a single
interval, or tf + 27 /0w — 1:3 — 0, and the two inter-
vals [z¢, 7] and [t¢ + 27 /w, T2 + 27 /w] merge into a
T(w)kuku d

single interval. In either case, 0,129 4 ey 70, b+ D 0] an

(w)ky ky . hr
0,76+ 2o 00,7842k o] TEDAIN closed curves as w 1 /",
: (w)kyky

although either ’];)’[%kan o2 42k ] and
(w)kukv (w)kukv
0.[T6+ 2k 70 /0,78 + 2k f00)” OF 7;),[rﬁ,+2ku,n/w,r$+2kwn/w] and
(ks are on the verge of merg-
o, [t84+2(ky+ 1)1 /0,75 +2(ky+ D7 /o]

ing into one single closed curve. As w | wf’l = 0,
(w)kyky and T(w)kukv

,[td +2kwn/w,rf)+2kwn/w] o,[T§ +2kwn/w,r$ +2ky 7/ w]

both approach co. Therefore, Tiz;w)k“k“k“) and ’];ifflw)k”k”kw

are semi-open pipes. As a result,

“+o00 +oo

+00
Zh _ k U U U (ZZ;w)kukvkw U /Z;?L(iw)kukvkw)

u=—00 ky=—00 kyy=—00

is two lattices of semi-open pipes, and pairs of such semi-
open pipes are on the verge of merging together on one end.
Case ii) /! =0, M;(0!") = 0.
In this case, as w 1 a)f’r , either 75; — 15 — 0 and

(w)kyky : d _
0. [t 42k 70, T+ 2k 7 /0] reduces to one point, or )

c (w)kyky
75, — 0 and ‘Yw’[T&ka”/w’nﬂ”kwﬂ/w] reduces to one

H hl  __ (w)kyky
point. As @ | " = 0, ,Tw,[t,‘])+2kwn/w,r{;+2kwn/w]

(w)ky ky
0,26 e 70, 7+ 2k 0] both approach oco. Therefore, one

among 'Z;Zéw)kukukw and Zﬁfiw)kukvkw
is semi-open pipe.

Case iii) V;(w!!) = 0, V(@) = 0.

and

is an open cap, the other
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,[t¢+2ky 7 0, T8 +2ky 7 0]
a)lh’ and | a)f’l. Therefore, both ’];Ziw)k”k”kw and Z?;w)k“k”kw
are connectors, although they are on the verge of merging on
both ends. The merging could be the same two connectors or
two different connectors on the two ends.

Case iv) V(o) = 0, Mj (") = 0.
In this case, as w 1 wf", one of the two closed curves

(w)kyky and T(w)kukv
o, [t +2ky 0, Th+2ky 7 0] o, [t6+2ky T 0, T+ 2k 0]
reduces to one point, and the other remains closed curve.
Asw | a)lhl, two closed curves are on the verge of merging
h(w)kykyky h(w)kykyky .
together. Therefore, 7, ,""""*"" and 7, ;""" consist of
one cap and one connector. Pairs of cap and connectors are
on the verge of merging.
Case v) M; (o) = 0, V;(o]") = 0.
This is very similar to Case iv) except on the opposite
sides.
Case vi) M; (o) = 0, Mj(w]") = 0.
Using the similar analysis, we may easily conclude
(w)ky ky (w)kyky
tl?at 7 tea ok joo,eb 42k 0] 209 Ly (e 2k 0,2 2k ]
either consist of two caps or one connector one closed sur-
face.

Example 10.1 Consider Q? = (w3, w4) in the system given
in Example 7.4. For u = 1, v = 2 and w = 3, it can be
verified that Q% is of type Mlll1 ;and Mj(w3) = 0, Vi(wy) =0,
which is case v) above. Therefore, ’2'12 consists of one cap and
one connector, and they touch each other at w4 as shown in
Fig. 19. As w increases beyond w4, the two curves merge into
one. The surfaces in this figure matches the one in Figure 12
without seam.

11 Stability analysis example
To illustrate how the above results can be used to conduct sta-

bility analysis, we will analyze the system with characteristic
equation

A(s) =0, (11.1)
where A(s) is given in (1.1) with

po(s) = s> +3s+7, (11.2)
pi(s) = s> +3s5+1, (11.3)
pa(s) =4s +3, (11.4)
p3(s) =s>+5+0.1, (11.5)
pia(s) =1, (11.6)
p23(s) = 0.55 + 0.5, (11.7)
p3i(s) =s+1, (11.8)
p123(s) =0.5. (11.9)
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Fig. 19 Cap-connector

Fig. 20 V., Vi, My and M; vs

w for the system with
coefficients (11.2-11.9) v

w1

The idea is very similar to Section VII of [22]. Specifically,
as A(s) depends on s and (71, 12, 73), (11.1) defines s as an
implicit function of (71, 2, 73). Let (z}, 73, 77) be a point
on a surface of the stability crossing set, and let s = jow*
satisfy

A(jo*) =0

when the delays are equal to (z", 75, 75). Let§ = (61, &2, &3)
be a unit vector in the delay parameter space that is not tan-
gent to the surface. Then, if the real part of the directional
derivative

3
as as
Re | — . = Re —& > 0,
I:Bf;’ ]Tk:rk k=1,2,3 |:]§ 311(5 i|fk:'f;f,k=1’2»3

ok
s=jw .
J s=jo*

(11.10)

then a pair of roots of A(s) cross the imaginary axis from
left to the right, thus increasing the right-half-plane roots by
two, when the delays (71, 72, 73) crosses the surface along

1 W 3 2 [on 3 s we 4

the direction of £. The crossing is in the opposite direction if
the inequality in (11.10) is opposite.

Figure 20 shows Vg, Vi, M, and M; vs w, from which it can
be easily identified that [w1, w2) C Qn3, [w2, w3] C QN2,
(w3, w4) C 261, [wg, w5] C Qn2, (w5, w6] C Q3. It
can be checked that the boundaries are all type 3. Therefore,
[w1, w3] corresponds to caps, (w3, wa) corresponds to pipes,
and [w4, we] corresponds to caps, where

w1 = 0.4642566,
w3 = 1.5413434,
w4 = 2.4298395,
we = 3.9809737.

Therefore, the stability crossing set consists of the cap-pipe-
cap combinations.

Using the method developed in this article, the stability
crossing set is parameterized and plotted in Fig. 21. There
are some small structures that are not easily seen from this
diagram. Using the Routh-Hurwitz criterion, it can be easily
calculated that the system is stable when all the delays are set
to zero. By considering the crossing direction, it can be shown
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Fig. 21 Stability crossing set
for the system with coefficients
(11.2-11.9). Only complete
cap-pipe-cap combinations
within the parameter range are
shown

Fig. 22 Cross section of the
stability crossing set with

73 = 0 for the system with
coefficients (11.2-11.9)

Fig. 23 Cross section of the
stability crossing set with

73 = 1 for the system with
coefficients ( 11.2-11.9)
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that A(s) has two right-half-plane roots when the delays are
outside of the cap-pipe-cap combination.

To see the picture more clearly, we may plot out some
cross sections. Figures 22 and 23 show the cross section of
the stability crossing set with 3 = 0 and 1, respectively. By
calculating the crossing direction at certain strategic loca-
tions, the number of right-half-plane roots in each region are
calculated, and they are shown in the diagrams. It is seen that
there are three stable regions for t3 = 0. For 73 = 1, the
system is unstable for all 71-7» combination.

12 Conclusions and an open problem

A general system with three scalar-delay channels has a
characteristic function that contains cross terms that involve
the sum of different delays in the expoenents. The stabil-
ity cross set of such a system contains elements, such as
pipes and wavy sheets, that are similar to those for systems
without cross terms. However, the elements here are much
more rich in the following sense: 1. There are more possi-
ble orientations of, for example, the pipes and wavy sheets
that are not possible in the systems without cross terms;
2. There is a new type of maximal interval 2;; that may
correspond to two different elements, such as connector-
cap.

Up to now, we have not found any system that contains
Qé{fl with [ # k. It is certainly interesting to either find such
a system or prove such a system does not exist.
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