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Abstract
Variable speed pumps (VSPs) are more energy efficient compared to other flow control methods such as throttling control 
valves. However, their selection process is not straightforward because the pump characteristics should be optimised against 
the load profile of the flow system for maximum hydraulic efficiency. This paper presents a VSPs selection method based on 
generic mathematical models of centrifugal pumps efficiency, characteristics and similitude, which enables the extension of 
this method to other types of turbomachines. This selection method results in a nonlinear algebraic equation that is solved 
numerically to obtain a reference flow rate that maximises the pumping system hydraulic efficiency. This reference flow 
rate is subsequently used to obtain the pump characteristic curves at all operating pump speeds. The results show that this 
method is fast, accurate and reliable. Because the developed method uses generic pump models rather than specific models 
from manufacturers’ databases, it enables the integration of VSP selection process in early engineering design phases of 
pumping systems.

Keywords Variable speed pumps · Centrifugal pumps · Pump selection · Flow systems · Energy efficiency · Hydraulic 
efficiency

List of symbols

Roman letters
a  Ratio of reference and operating heads
b  Ratio of reference and operating flow rates
c, d, e  Derivation parameters (symbols)
E
H

  Hydraulic energy
F  Flow calculation function
g  Acceleration of gravity
m  Number of system states
H  Head
Q  Flow rate
q  Ratio of actual flow rate to that at BEP
W  Work

Greek letters
�, �, �  Pump coefficients
Ψ  Work percentage
Δt  Operating time
�  Efficiency
�  Fluid density
�, �  Modified pump parameters

Subscripts
0  Best operating point
i  System state
m  Maximum
R  Reference rotational speed of the pump
T  Total

Superscripts
n  Iteration number

1 Introduction

Centrifugal pumps are dynamic work-absorbing turboma-
chines used to increase the pressure of liquid flows in order 
to meet specific demands of flow systems. Centrifugal 
pumps transfer energy to liquids using a rotating impeller 
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that increases the momentum of the fluid. Centrifugal pumps 
are designed so that the cross-sectional area of flow passages 
inside the pump increases as the fluid flows from the suction 
side to the discharge side. Thus, the increase in the fluid 
momentum is converted to increase in its pressure. Centrifu-
gal pumps are essential components in fluid flow systems; 
they are widely used in different industrial sectors such as 
power generation, oil and gas, water distribution networks, 
process industries and heating, ventilation and air condi-
tioning (HVAC). The average energy consumption of these 
industrial pumping systems is around 90% of the total life 
cycle costs of the pumps [1]. Thus, increasing the efficiency 
of centrifugal pumps reduces the operating costs of fluid 
pumping system, especially for over-sized low-efficiency 
pumping systems, which constitute significant percentage 
of industrial pumping system [2]. Moreover, increasing the 
efficiency of centrifugal pumps contributes towards meeting 
national and international targets in reducing carbon foot-
print [1].

Increasing the efficiency of a pumping system is achieved 
by examining its energy conversion processes in order to 
reduce the energy losses in each of these processes. A 
typical pumping system consists of a prime mover used to 
supply the required work to rotate the pump impeller. This 
prime mover could be an electric motor, internal combus-
tion engine or turbine. Increasing the efficiency of energy 
conversion in the prime mover is not related directly to the 
pump itself. However, both pump and prime mover should 
be selected so that their mechanical characteristics—rota-
tional speed and torque—match, which enable them to 
operate close to their maximum efficiency simultaneously 
[3]. Moreover, the mechanical coupling between the prime 
mover and the pump should be selected so that the shaft 
transmission losses are minimised. Other types of energy 
losses in a pumping system include the hydraulic losses of 
the pump, which results from the conversion efficiency of 
the shaft work to hydraulic energy; and the hydraulic effi-
ciency of the fluid flow system itself, which results from the 
hydraulic losses in fluid flow conduits such as pipes, valves 
and fittings.

It is not uncommon for pumping systems to operate at 
variable loads in order to meet variable flow demands. For 
example, it has been reported that HVAC pumping systems 
operate at maximum loads for only 6% of their total operat-
ing time [4]. Thus, increasing the pumping system efficiency 
in partial loading enhances its overall operating efficiency 
significantly. In order to achieve partial loading of a fluid 
pumping system, the flow rate could be reduced by either 
using a throttling control valve, or reducing the rotational 
speed of the pump using a variable speed drive (VSD) [3, 
5], among other mechanisms. Using throttling control valves 
increases the hydraulic energy losses significantly because 
the pressure losses increase as the fluid flows across a 

partially open control valve. Moreover, throttling forces the 
pump to operate at lower efficiency compared to its best 
efficiency point (BEP), which is a specific operating point 
defined by unique values of pressure difference and flow rate 
for each pump model. On the other hand, achieving the par-
tial loading requirements of a pumping system by reducing 
the pump rotational speed using VSD eliminates these two 
losses mechanisms. By reducing the pump rotational speed, 
the power delivered to the pumping system in not in excess. 
Thus, there is no need to dissipate the energy in the system. 
Moreover, one could ensure that the pump operates close to 
its BEP at each rotational speed corresponding to each par-
tial loading requirement, which also reduces the mechanical 
loads on the pump components due to the reduction in its 
rotational speed [6, 7]. Thus, VSD is a natural fit in pumping 
applications when there is a strong variation in the system 
load profile with time.

When the load profile of the flow system is nearly con-
stant with time, the pump selection process is rather sim-
ple—a fixed speed pump model is selected so that its BEP 
almost coincides with the system operating point. For sys-
tems which operate at variable loads, however, selecting a 
VSP is not as straightforward in all cases because the overall 
performance of the pump at different partial loads should 
be optimised in order achieve maximum efficiency [4, 8]. 
For systems with low or zero static head, i.e. dynamic head 
systems, the selection process of VSP is similar to that of 
fixed speed pumps. This is because the pump characteristics 
can be chosen so that its best efficiency line (BEL) nearly 
coincides with the system curve. For static head systems, on 
the other hand, it is difficult, or nearly impossible, to choose 
a VSP whose BEL coincides with the system curve [9]. 
However, some general qualitative recommendations exist 
in such selection process [9]. Another point to consider in 
VSP selection is the performance metric—the method used 
to calculate the overall efficiency of variable speed pump-
ing systems. The overall efficiency of such systems is not 
a simple averaging of individual efficiencies at each rota-
tional speed. It depends, however, on the efficiencies of the 
operating points, their time of operation and their power. In 
order to accurately consider all these factors, a performance 
metric, referred to as true weighted efficiency (TWE), which 
is equivalent to the overall system efficiency, has been devel-
oped to assist in selecting VSPs [4, 8].

The aim of this paper is to develop a VSP selection 
method based on generic centrifugal pump models—effi-
ciency, characteristics and similitude—rather than using 
commercial pump models from manufacturers’ databases, 
which enables to include VSPs in the conceptual design or 
planning of fluid networks [6]. The derivation of this method 
maximises the overall hydraulic efficiency, or the TWE, of 
the pumping system. This derivation results in a single non-
linear algebraic equation which is solved numerically in 
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order to obtain the pump characteristic curve. Subsequently, 
all the other relevant information, including speed reduction 
ratios, are obtained.

2  Problem formulation

Consider a fluid pumping system that operates at m differ-
ent states. Each state of this system is defined by an inte-
ger index i ∈ {1,m} and characterised by a given hydraulic 
operating point—head, Hi , and discharge, Qi—and operat-
ing time, Δti . In order to meet the flow requirements of this 
system, a variable speed pump (VSP), which operates at an 
efficiency �i corresponding to the system state i, is used. The 
total work absorbed by this VSP, WT , is the summation of the 
work at each state, Wi , which is expressed as

where EH,i is the hydraulic energy delivered by the pump, � 
is the fluid density, and g is the acceleration of gravity. The 
total work of the pump can also be expressed in terms of 
the total hydraulic energy, EH,T , and the overall hydraulic 
efficiency, �T , as

Eqs. (1) and (2) are equal,

Thus, the reciprocal of the overall efficiency is

where Ψi is the work percentage defined as the ratio of the 
hydraulic energy delivered at each state i with respect to the 
total hydraulic energy,

The aim of this paper is to select a variable speed pump 
(VSP) that maximises the overall hydraulic efficiency �T of 
this fluid pumping system, which is identical to the TWE [4, 
8]. VSP selection means determining its characteristics (HQ 
curve) at each state i. In the following analysis, it is assumed 
that the pump suction pressure is well above vapour pres-
sure so that the pump inlet pressure is within its net positive 

(1)WT =

m
∑

i=1

Wi =

m
∑

i=1

EH,i∕�i =

m
∑

i=1

�gHiQiΔti∕�i,

(2)WT = EH,T∕�T =

(

m
∑

i=1

�gHiQiΔti

)

∕�T ,

(3)

(

m
∑

i=1

HiQiΔti

)

∕�T =

m
∑

i=1

HiQiΔti∕�i.

(4)1∕�T =

m
∑

i=1

Ψi∕�i,

(5)Ψi = HiQiΔti∕

(

m
∑

i=1

HiQiΔti

)

.

suction head (NPSH), which means that cavitation does not 
take place.

2.1  Pump hydraulic efficiency

The hydraulic efficiency of a centrifugal pump, �i , operating 
at a specific rotational speed can be expressed as a quadratic 
equation of the flow rate, Qi , as [1, 10–12]

The efficiency is zero at zero flow rate [1, 3, 10–12]

which results in

Furthermore, the efficiency is zero at maximum flow rate, 
Qi,m because this flow rate corresponds to zero head,

which results in

Substituting Eqs. (9) and (10) into Eq. (6) results in

By definition, the efficiency is maximum at the optimal flow 
rate, Qi,0 . Thus, the first derivative of the efficiency �i with 
respect to the flow rate vanishes at Qi,0 , which is expressed 
mathematically as

where the parameters �i , �i and �i are constants for a given 
rotational speed.

Solving Eq. (12) results in the following relation between 
the maximum flow rate and the flow rate at BEP, Qi,0,

Substituting Eq. (13) into Eq. (11) results in

Since the efficiency is maximum at BEP, a maximum effi-
ciency coefficient, �i,m , can be defined by setting Qi = Qi,0 
in Eq. (14) as

(6)�i = �i + �iQi + �iQi
2
.

(7)�i
(

Qi = 0
)

= 0,

(8)�i = 0.

(9)�i
(

Qi = Qi,m

)

= 0,

(10)�i = −Qi,m�i.

(11)�i = −�iQi,mQi + �iQi
2
.

(12)
d�i

dQi

(

Qi = Qi,0

)

= −�iQi,m + 2�iQi,0 = 0,

(13)Qi,m = 2Qi,0.

(14)�i = �iQi

(

Qi − 2Qi,0

)

.

(15)�i,m = −� iQi,0
2
.
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Thus, for a given rotational speed, it is possible to express 
the parameter �i in terms of the maximum efficiency �i,m as

Substituting Eq. (16) into Eq. (14) results in the pump effi-
ciency equation as

Thus, for a given value of �i,m , the hydraulic efficiency at a 
given rotational speed, �i , is a function of both the known 
flow rate, Qi , and the flow rate at BEP, Qi,0.

Equation (17) can be written as

Define the ratio of the actual flow rate to that at BEP as

Thus, the pump hydraulic efficiency can be written as

2.2  Pump characteristics

In this paper, the pump head, Hi , is expressed as a parabolic 
relation in the flow rate [1, 12] as

where �i and �i are the pump parameters, which should have 
positive values so that the standard shape of the pump char-
acteristic curve is obtained. At BEP, both the pump head and 
flow rate are at their optimum values, Hi,0 and Qi,0 . Thus, the 
HQ relation at BEP based on Eq. (21) is

which allows to express �i in terms of �i and Hi,0 as

Substituting Eq. (23) into Eq. (21) results in

Furthermore, the pump head vanishes at the maximum flow 
rate, Qi,m , which is twice the optimum flow rate, Qi,0 , as 
given by Eq. (13). Substituting Eq. (13) into Eq. (24) at 
Hi = 0 results in the following expression for �i

(16)�i = −
�i,m

Qi,0
2
.

(17)�i = −
�i,mQi

Qi,0
2

(

Qi − 2Qi,0

)

.

(18)�i = −�i,m
Qi

Qi,0

(

Qi

Qi,0

− 2

)

.

(19)qi = Qi∕Qi,0.

(20)�i = −�i,mqi
(

qi − 2
)

.

(21)Hi = �i − �iQi
2
,

(22)Hi,0 = �i − �iQi,0
2
,

(23)�i = Hi,0 + �iQi,0
2
.

(24)Hi = Hi,0 + �i

(

Qi,0
2
− Q

i

2
)

.

Substituting Eq. (25) into Eq. (24) results in the pump char-
acteristic equation being

Rewrite Eq. (26) in terms of qi as given by Eq. (19) as

The final form of the pump efficiency and characteristics, 
given by Eqs. (20) and (27), respectively, are expressed in 
terms of the maximum efficiency, optimum flow and opti-
mum head. These equations will be used to derive a maxi-
mum efficiency equation for a VSP operating at different 
loads for known time intervals.

2.3  Pump similitude

In order to relate the pump characteristics and efficiency at 
different rotational speeds, affinity laws must be applied to 
VSP. There are two types of affinity laws: generic [13], which 
are based on pump dimensional analysis; and empirical [14], 
which are based on performance data of a specific pump 
model. In this paper, generic affinity laws are used in order to 
derive a generic model for selecting VSP. However, the fol-
lowing analysis approach could be extended to other affinity 
laws of specific pump models.

Generic affinity laws for VSP state that at two different 
rotational speeds, the head and flow rate ratios at BEP are 
related as

where HR,0 and QR,0 are the BEP head and flow rate at a ref-
erence rotational speed of the pump, respectively.

Equation (28) implies that the characteristics (HQ curves) 
of the pump are parallel at different rotational speeds. This is 
because the ratio Hi,0∕Qi,0

2 , which is constant, is the slope 
of HQ curves, 3�i , as shown by Eq. (26). This does not nec-
essarily mean that the maximum efficiencies at all rotational 
speeds, �i,m , are equal. It means, however, that the normalised 
efficiency, �i∕�i,m , as given by Eq. (20), does not vary with the 
pump rotational speed. This was confirmed for specific pump 
models [3], whereby all �i∕�i,m curves almost collapse for dif-
ferent rotational speeds.

It is possible to write qi , which is defined by Eq. (19), as

where QR is the actual flow rate of a known reference operat-
ing condition. Thus, it is possible to set QR equal to any of 

(25)�i = Hi,0∕
(

3Qi,0
2
)

.

(26)Hi = Hi,0

(

1 +

(

Qi,0
2
− Q

i

2
)

∕
(

3Qi,0
2
)

)

.

(27)Hi = Hi,0

(

4 − qi
2
)

∕3.

(28)
(

HR,0∕Hi,0

)

=
(

QR,0∕Qi,0

)2
= qi,0

2
,

(29)qi =
Qi

Qi,0

=

(

Qi

QR

)(

QR

QR,0

)(

QR,0

Qi,0

)

,
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the known flow rates. In this paper, QR is equal to the flow 
rate at the pump rated (maximum operating) speed.

Now, define other flow rate ratios as

Thus, Eq. (29) can be written as

Since ai can be computed using the given flow rates at oper-
ating conditions ( Qi ), and qi is a function of both qR and 
qi,0 , the overall efficiency, �T , defined by Eq. (4), becomes a 
function of a single independent variable, qR , if qi,0 could be 
represented as a function of qR . Rewrite Eq. (27) as

Similarly, the reference head at BEP, HR,0 , is expressed as

Divide Eq. (33) by Eq. (32) and substitute into Eq. (28) 
results in

Similar to the definition of ai which is given by Eq. (30), 
the ratio of the reference head, HR , to the operating head, 
Hi , is defined as

Substituting Eq. (35) into Eq. (34) gives

By definition, the values of the head and flow rate ought to 
be positive, which means that the values of both qR and qi 
should be between 0 and 2. Thus, the square root of Eq. (36) 
is its positive root as

Substituting Eq. (37) into Eq. (31) gives

The variables in Eq. (38) are separated using some mathe-
matical manipulation, resulting in qi being a function of qR as

(30)
(

Qi

QR

)

= ai,

(

QR

QR,0

)

= qR,

(

QR,0

Qi,0

)

= qi,0.

(31)qi = aiqRqi,0.

(32)Hi,0 = 3Hi∕
(

4 − qi
2
)

.

(33)HR,0 = 3HR∕
(

4 − qR
2
)

.

(34)
(

HR,0

Hi,0

)

=

(

HR

Hi

)

(

4 − qi
2

4 − qR
2

)

= qi,0
2
.

(35)bi = HR∕Hi.

(36)qi,0
2
= bi

(

4 − qi
2
)

∕
(

4 − qR
2
)

.

(37)qi,0 =
√

bi

�

4 − qi
2

4 − qR
2

�0.5

.

(38)qi = qR

�

ai

√

bi

�

�

4 − qi
2

4 − qR
2

�0.5

.

where

2.4  Maximum overall hydraulic efficiency

In order to obtain qR which maximises the overall efficiency, 
�T , or minimises its reciprocal, 1∕�T , the first derivative of 
Eq. (4) is set equal to zero, while noting that Ψi is constant, 
which results in the following expression:

The right-hand side of Eq. (43) is obtained by using the 
chain rule as

In order to obtain �
(

1∕�i
)

∕�qi as a function of ��i∕�qi , the 
following equation is used

whose first derivative is

Expanding Eq. (46) results in

which can be written as

In order to obtain ��i∕�qi , it is assumed that �i,m is not a 
function of qi , i.e. �i,m is constant for all rotational speeds. 
It was shown that this assumption is valid for up to 30% 
reduction of the pump nominal speed [1]. Empirical corre-
lations expressing �i,m as a function of the pump rotational 
speed have been reported in the literature [15, 16]. Those 
correlations were accurate in predicting the variable speed 

(39)qi =
diqR

√

1 + eiqR
2

,

(40)ci =ai
2bi,

(41)ei =
(

ci − 1
)

∕4,

(42)di =
√

ci.

(43)
d
(

1∕�T
)

dqR
=

m
∑

i=1

Ψi

d
(

1∕�i
)

dqR
= 0.

(44)
d
(

1∕�i
)

dqR
=

�
(

1∕�i
)

�qi

dqi

dqR
.

(45)
(

1∕�i
)

�i = 1,

(46)
�

�qi

((

1∕�i
)

�i
)

= 0.

(47)
(

1∕�i
)��i

�qi
+ �i

�
(

1∕�i
)

�qi
= 0,

(48)
�
(

1∕�i
)

�qi
= −

(

1∕�i
2
)��i

�qi
.
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efficiency for small pumps [15, 17]. However, they were not 
as accurate as assuming constant �i,m for all rotational speeds 
up to 30% speed reduction in large pumps [15, 17]. Thus, 
one cannot reach a universal conclusion on such issue. In 
this paper, it is assumed that �i,m is constant for all rotational 
speeds because such assumption results in a generic model, 
which is the aim of this paper. However, other empirical 
correlations for �i,m could be employed using the following 
approach with additional mathematical manipulation.

Assuming that �i,m is not a function of qi , the first derivative 
of Eq. (20) is

Thus, the first term on the right-hand side of Eq. (44) is

The second term on the right-hand side of Eq. (44) is the first 
derivative of Eq. (39), as

which, after some mathematical manipulation, is written as

In order to obtain the final form of Eq. (44), substitute Eqs. 
(50) and (52) into Eq. (44) as

Finally, substitute Eq. (53) into Eq. (43) as

which can be written, using Eq. (39), as

In order to obtain qR which maximises the overall efficiency, 
�T , Eq. (55) is solved numerically, with qi being a function 

(49)
��i

�qi
= 2�i,m

(

1 − qi
)

.

(50)
�
(

1∕�i
)

�qi
=

2
(

qi − 1
)

�i,mqi
2
(

qi − 2
)2
.

(51)
dqi

dqR
=

di
√

1 + eiqR
2

�

1 −
eiqR

2

1 + eiqR
2

�

,

(52)
dqi

dqR
= di

(

1 + eiqR
2
)−3∕2

.

(53)
d
(

1∕�i
)

dqR
= 2

(

di

�i,m

)

(
(

qi − 1
)

qi
2
(

qi − 2
)2

)

(

1 + eiqR
2
)−3∕2

.

(54)

d
(

1∕�T
)

dqR
=

m
∑

i=1

2

(

diΨi

�i,m

)

(

qi − 1
)

(

qi
(

qi − 2
))2

(

1 + eiqR
2
)−3∕2

= 0,

(55)

F
(

qR
)

=
d
(

1∕�T
)

dqR
=

m
∑

i=1

2

(

Ψi

�i,m

)

(

qi − 1

(

qi − 2
)2

)(
(

1 + eiqR
2
)−1∕2

diqR
2

)

= 0

of qR as shown by Eq. (39). Subsequently, Eq. (19) is used 
to obtain all other flow rates at BEP, Qi,0 . Then, the heads 
at BEP, Hi,0 are obtained using the HQ curves given by Eq. 
(27), which means the VSP has been selected. The efficiency 
of each state, �i , is obtained by Eq. (20). Subsequently, the 
overall hydraulic efficiency of the pumping system, �T , is 
obtained by using Eq. (4). Since it has been assumed that the 
maximum hydraulic efficiency at a given pump speed, �i,m , 
is constant, which is expressed mathematically as

therefore, the results for both state and overall efficiency, 
�i and �T , will be normalised by �m in the rest of this paper.

2.5  Numerical solution method

Equation (55) is solved numerically using Newton–Raphson 
iterative method. The new value of qRn+1 at the n + 1 itera-
tion is calculated as

The first derivative of Eq. (55), F′(

qR
n
)

 , is obtained numeri-
cally using the finite difference method. Because the range of 
qi is between 0 and 2, the solution search is restricted within 
this range. When qi = 1 , the contribution of this specific qi in 
Eq. (55) is zero, i.e. Fi

(

qR
)

= 0 , which means that the oper-
ating point coincides with the BEP at this rotational speed. 
Note that Fi

(

qR
)

> 0 when qi > 0 and vice versa. Thus, the 
function F

(

qR
)

 can be zero in Eq. (55) if all values of qi are 
unity or if they are distributed around unity so that their 
contributions to F

(

qR
)

 are equally distributed around zero.
When the operating point corresponds to the reference 

operating point, qi = qR , Eqs. (30), (35), (40) and (41) show 
that ai = bi = ci = di = 1 . Furthermore, Eq. (42) shows that 
ei = 0 . Thus, the following relation holds:

It is clear from Eqs. (55) and (58) that the two critical values 
of qR are 0 and 2. To study the equation behaviour at these 
two points, substitute these two values in Eq. (39):

• If qR = 0 , then qi = 0 and F
(

qR
)

= −∞.
• If qR = 2 , then, using Eqs. (41) and (42), qi = 2 and 

F
(

qR
)

= ∞.

Since the range of the function varies between −∞ and ∞ , 
Eq. (55) should have at least one root—at least one qR that 
maximises the overall efficiency, �T , between 0 and 2. Dur-
ing the numerical solution of Eq. (55), it was noticed that 

(56)�i,m = �m;

(57)qR
n+1

= qR
n
−

F
(

qR
n
)

F
�
(

qR
n
)

(58)Fi

(

qR
)

= 2

(

Ψi

�i,m

)

(

qR − 1

qR
2
(

qR − 2
)2

)

.
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using different initial guess, qR0 , leads to the same solution, 
confirming that there is one value of qR within the valid 
range which maximises the overall efficiency, �T.

3  Results and discussion

In this section, the developed VSP selection method is tested 
using five realistic cases studies [18, 19] which are shown in 
Table 1. The inputs of the developed selection method are 
the system states: flow rate Qi , head Hi and time of opera-
tion Δti . Note that the speed reduction for cases S2-S5 is 
higher than the recommended 30% [3, 15, 17]. Thus, the 
overall hydraulic efficiency is expected to be lower than that 
predicted for these case studies. Nevertheless, this does not 
affect the validity of the findings because the aim of this 
comparison is to show the effects of work percentage and 
static head variation on the selected VSPs.

3.1  VSP selection for maximum overall hydraulic 
efficiency

In order to show the results of the developed VSP selection 
method, a system with high static head [18], referred to as 
S1, is used in this section. The system states are shown in 
Table 2. The minimum flow rate is 72.5% of the maximum 
flow rate, whereas the minimum head, corresponding to the 
minimum flow rate, is around 83% of the maximum head.

Figure 1 shows the characteristics of the selected VSP, 
its BEL, and its operating points—flow rate and head—for 
the system S1. It is clear that the pump is selected so that 
the system curve starts at the right of the pump BEL for 
the maximum operating point which corresponds to the 
highest pump speed. As the pump speed is reduced, the 

system curve crosses the BEL ending at the left of the BEL 
for the minimum operating point which corresponds to the 
lowest pump speed. This behaviour is the recommended 
selection approach for systems with high static head [9]. 
It is also clear that the operating point of the lowest pump 
speed is located far from the BEL compared to those of the 
higher speed. This is due to the work percentage distribu-
tion of the system, which is shown in Fig. 2. The work 
percentage of the point with the lowest flow rate (state 
1 in Table 2) is around 10%. Thus, the pump is selected 
so that its characteristics are biased against that point, as 
shown in the definition of TWE in Eqs. (4) and (5). Thus, 
the overall normalised efficiency of the pumping system is 
closer to the efficiencies of states 2–5 as shown in Fig. 3.

Table 1  Case studies [18, 19]

System S1 S2 S3 S4 S5

Number of states (m) 5 4 7 6 6
min

(

Q
i

)

∕max
(

Q
i

)

 (%) 72.5 35 59 50 50

min
(

H
i

)

∕max
(

H
i

)

 (%) 83 96 91 88 33

Table 2  S1 system states [18]

State index (i) 1 2 3 4 5

State index (i) 1 2 3 4 5
Flow rate ( m3

∕s) 0.145 0.16 0.176 0.19 0.2
Head (m) 29 30 32 34 35
Time (h) 108 151 173 104 212

Fig. 1  Pump characteristics curve, operating points and BEL for sys-
tem S1

Fig. 2  Work percentage for different operating points for system S1

Fig. 3  Normalised efficiency of different operating points and overall 
efficiency for system S1
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3.2  Effect of work percentage

This section presents a comparison between the selected 
VSPs for two systems with high static head, S2 and S3 [18]. 
The operating states of S2 and S3 are shown in Table 3 and 
Table 4, respectively. For S2, the minimum flow rate is 35% 
of the maximum flow rate, whereas the minimum head is 
around 96% of the maximum head. For S3, on the other 
hand, the minimum flow rate is 59% of the maximum flow 
rate, whereas the minimum head is around 91% of the maxi-
mum head.

Figure 4 shows the characteristics curves of the selected 
VSP, its BEL, and the system operating points for S2 (a) 
and S3 (b). Similar to Fig. 1, the pump is selected so that 
the maximum operating point, corresponding to the highest 
pump speed, starts, for both S2 and S3, at the right of BEL, 
then goes to the left as the pump speed is reduced, crossing 
the BEL in between. For S2, the operating point of the high-
est pump speed is located far from the BEL compared to that 
of the lowest speed. This is due to the work percentage dis-
tribution of the system, which is shown in Fig. 5. The oper-
ating point of S2 whose flow rate is 0.063 m3

∕s , i.e. state 2 
in Table 3, has the highest share of the total work—around 
60%. This is because its operating time is very high com-
pared to other states, although it is not the point of the high-
est power. On the contrary, the operating point of the lowest 
pump speed for S3 is located far from the BEL compared to 
that of the highest speed. This is because the last four points 
account for around 80% of the total work, as shown in Fig. 5. 
It is thus shown in Fig. 6 that the VSP is selected, for each 
system, so that it has the highest normalised efficiency at the 
states of the highest work percentage. Again, this confirms 
that this selection method is biased towards the operating 
states which require higher work percentage, as shown in 
the definition of TWE in Eqs. (4) and (5).

3.3  Effect of static and dynamic head

Here, a comparison between the selected VSPs of two sys-
tems, S4 and S5 [19], whose operating states are shown in 
Table 5, is presented. In the work of Salmasi et al. [19], the 
system head is defined by a quadratic equation which is a 
function of its operating flow rate. The intercept of this equa-
tion, A, is the value of the system static head. In this paper, 
the system S4 is defined using the same equation, whereas 
the system S5 is defined by setting A = 0 so that the system 
includes dynamic head only. This is done in order to investi-
gate the effect of static head variation on the selected VSPs. 

Table 3  S2 system states [18]

State index (i) 1 2 3 4

Flow rate ( m3
∕s) 0.04 0.063 0.09 0.113

Head (m) 46 47 47.5 48
Time (h) 561 756 56 43

Table 4  S3 system states [18] State index (i) 1 2 3 4 5 6 7

Flow rate ( m3
∕s) 0.145 0.16 0.18 0.207 0.225 0.235 0.245

Head (m) 49 50 51 52 52.5 53.5 54
Time (h) 108 65 108 151 173 104 212

Fig. 4  Pump characteristics curve, operating points and BEL a S2, b 
S3

Fig. 5  Work percentage for different operating points, S2 and S3

Fig. 6  Normalised efficiency of different operating points and overall 
efficiency. a S2, b S3
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For S4, the minimum flow rate is 50% of the maximum flow 
rate, whereas the minimum head is around 88% of the maxi-
mum head. For S5, on the other hand, the minimum flow rate 
is 50% of the maximum flow rate, whereas the minimum 
head is around 33% of the maximum head.

Figure 7 shows the characteristics curves of the selected 
VSP, its BEL, and the system operating points for S4 and 
S5. Because S4 is dominated by static head, its behaviour is 
similar to S1, S2 and S3. For the system S5, which includes 
dynamic head only, its BEL almost passes through all the 
operating points because the intercept of the HQ equation 
is zero. Thus, the parabolic relation of the selected pump 
shown in Eq. (18) can almost be fitted with the quadratic 
relation of the system equation shown in Table 5 with A = 0.

Figure 8 shows the work percentage of both systems S4 
and S5. For both systems, it is clear that the distributions 
of the work percentage have similar trends, though the 
distribution is quantitatively different between the two sys-
tems S4 and S5. This is because the system equation of S5 
is the same as S4 but without its vertical axis intercept, i.e. 
its static head. The normalised efficiency distribution is 
thus qualitatively similar as shown in Fig. 9. The efficiency 

of S5 is indeed higher than that of S4 because its operating 
points almost coincide with the BEL of the selected pump.

4  Conclusions

This paper presented a VSPs selection method based on 
generic mathematical models of centrifugal pumps. The 
equations describing the pump efficiency, characteristics 
and similitude were combined resulting in, after appro-
priate mathematical manipulation, a single nonlinear 
algebraic equation that maximises the pumping system 
overall hydraulic efficiency. This equation is a function 
of a reference flow rate and is solved numerically using 
Newton–Raphson method. This reference flow rate is sub-
sequently used to obtain the pump characteristic curves at 
all operating pump speeds. The overall hydraulic efficiency 
equation used in this paper takes into account the efficien-
cies of the operating points, their time of operation and 
their power. The selection method presented in this paper 
could be extended to other models of centrifugal pumps 
using different equations describing the pump efficiency, 
characteristics and similitude as well as other types of 
turbomachines.

Five case studies of real pumping systems obtained from 
the literature [18, 19] were investigated in order to assess the 
developed method. It is shown that: 

1. The developed method selects a VSP whose characteris-
tics are biased towards the system states with the highest 
work percentage, which is significant for systems with 
high static head.

Table 5  S4 ( A = 45.296 ) and 
S5 ( A = 0 ) system states [19]

State index (i) 1 2 3 4 5 6

Flow rate ( m3
∕s) 0.04 0.052 0.047 0.039 0.03 0.026

Head (m)       2519.1Q2
+ 64.064Q + A

Time (h) 15.432 19.208 16.581 15.513 16.363 16.714

Fig. 7  Pump characteristics curve, operating points and BEL. a S4, 
b S5

Fig. 8  Work percentage for different operating points, S4 and S5

Fig. 9  Normalised efficiency of different operating points and overall 
efficiency. (a) S4, (b) S5



 Journal of the Brazilian Society of Mechanical Sciences and Engineering (2023) 45:560

1 3

560 Page 10 of 10

2. The behaviour of the selected VSPs for systems with 
high static head is similar to the qualitative recommen-
dations in the literature [9].

3. It is possible to select VSPs for systems with dynamic 
head only whose BEL almost coincides with the system 
curve, on the contrary to systems with high static head.

The results show that this method is fast because it requires 
the numerical solution of a single equation; accurate because 
it results in VSPs with high efficiency; and reliable because 
it is capable of operating with different flow curves and head 
profiles. Since this method uses generic pump models rather 
than specific models from manufacturers’ databases, its ena-
bles the integration of VSP selection in early engineering 
design phases of pumping systems.
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