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Abstract
The coefficients of restitution are important parameters in the study of particle–wall collision, which is widely used in discrete 
element modeling in solid–liquid multiphase systems. To improve the accuracy of numerical simulations, correspondingly 
exact particle–wall collision parameters are needed. The current models used in numerical simulation, however, are mostly 
suitable for solid–gas systems, in which collision models used to be micro-sized. Millimeter-size particle–wall collision mod-
els in wet experimental conditions and research on the influence of plate materials were lacking. In this study, we designed 
an experimental system focused on the different materials of the particles and collision plates and the dry or wet experi-
mental environment to discuss the change of restitution coefficients in various conditions. We selected millimeter-sized iron 
45 particles and glass particles, which represented plastic material and hard brittle material, respectively. We also selected 
three industrial metals, HT250 gray cast iron, 6061 aluminum alloy, and 316 stainless steel, which are commonly used in 
hydraulic machinery, for the collision plates. Experiments were performed to measure the incident and rebound velocities of 
the particle at various impact angles. In this paper, we have provided and compared the results of restitution coefficients of 
velocity and angle varying with the approach angle. In the processing of the experiment, we used the control variate method 
and applied an ultra-depth of field three-dimensional microscope to scan the surface of the collision plate. In the analysis of 
the experimental results, single particle–wall collision was seen as a non-smooth dynamical system to discuss the specific 
phenomenon. Finally, we obtained the relationship between the restitution of normal velocity and elastic elements of materi-
als and explained the relationship of stick–slip motion with the approach angle and velocity.

Keywords Particle · Wall collision · Non-smooth dynamics · Restitution coefficient · Stick–slip motion

1 Introduction

Collision is a basic research object in the physical sciences, 
and it also plays a key role in industrial processes like filtra-
tion, agglomeration, spray coating, and multiphase transmis-
sion. For the simplification of study, the typical collision 
model, like a particle shot toward a random object, has been 
simplified to a specific plate. This kind of particle–wall col-
lision model has provided a theoretical foundation that influ-
ences the accuracy of numerical simulations that involve 

collisions, especially in the simulation of multiphase trans-
port processes. Therefore, it is necessary to study the mecha-
nism of the particle–wall collision and build a reliable col-
lision model.

The first classical analysis was established by Hertz [1], 
who assumed perfectly elastic collisions in a normal direc-
tion and provided definitions of coefficients of restitution. 
Researchers then focused on establishing models in dry sur-
face conditions. Johnson [2] proposed the JKR theory [3], 
which takes the particle adhesion force in the inelastic colli-
sions into account. Furthermore, Maw, Barber, and Fawcett 
[4] extended the Hertz theory to oblique collision. Sommer-
feld [5] studied the small particle–wall collision model and 
the relationships between the coefficient of restitution, sur-
face roughness, rotating angular velocity of particles, and the 
coefficient of friction. A significant achievement was pro-
posed by Grant et al. [6], who put forward the first suitable 
particle–wall collision model for gas–solid two-phase flow 
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based on an experiment in 1975. They thought the coeffi-
cient of restitution of particle–wall collisions was a function 
of particle impact angle, and this model has continued to be 
used widely in numerical simulations in recent years. These 
researchers have explained how to build a particle–wall 
collision model, as well as how to build the mathematical 
model through the simplified collision experiments. These 
researches established the foundation of the study on parti-
cle–wall collision, which mostly based on Newton’s impact 
hypothesis [7]. In this theory, the restitution coefficients, 
like restitution coefficient of velocity (ev) and restitution 
coefficient of angle (eβ), were mostly focused on. The res-
titution coefficients were defined by the ratios of particles’ 
motion parameters, such as the velocities of the particle and 
the angle between the angle with the plate, before and after 
the collision, and were used to describe the influence of the 
particle–wall collision. According to these researchers, the 
most influent elements among several elements in the par-
ticle–wall collision process used to be the impact velocity 
and impact angle.

In the following research, collision models in different 
experimental conditions were designed by various research-
ers. In 1987, Tabakofft [8] carried out a particle–wall col-
lision experiment in gas–solid two-phase flow, which took 
wall materials in account. They used the method of laser 
measurement to conclude collision models of particles 
with 410 stainless steel, 2024 aluminum alloy, and 6a1-4 
v titanium alloy. At almost the same time, the theoretical 
studies of collision were developed. Davis [9] developed 
the elastohydrodynamic lubrication theory, which was based 
on the particle–particle vertical collisions experiment in a 
viscous fluid. Davis put forward the first standard to esti-
mate whether or not the particle would rebound in the liquid. 
Based on Davis’s theory, Kantak [10] furthered studies on 
the particle–wall collision and particle–particle collision of 
the wet surface and analyzed particle motion by recording 
the change of classic coefficients of restitution along with 
the impact angle and the impact velocity. Although these 
researchers used large particles in the collision experiments, 
they were focused mostly on head-on collision.

Recently, the research trend has turned to experimental 
and numerical studies on particle collision with the thin liq-
uid film or under humid condition. Mueller [11] has con-
ducted experiments on the oblique impact of three types 
of wet granules—that is, the dominant elastic γ-Al2O3, the 
elastic–plastic zeolite 4A, and the dominant plastic sodium 
benzoate. They discussed how the properties and moisture 
content of particles influence the restitution. The parti-
cle–particle collision in the viscous medium was studied by 
Yang [12]. Stocchino [13] investigated the particle collision 
rule in the Newton fluid and non-Newton fluid. Joseph [14] 
studied the particle–wall collisions immersed in the liquid, 
which had different viscosity, and concluded that the change 

of the coefficient of restitution was determined mainly by 
the Stokes number. Gollwitzer et al. [15] examined the par-
ticle–wall collisions on wet surface and analyzed the energy 
dissipation in the process. They divided the energy dissi-
pation into energy loss caused by collisions and the loss 
caused by liquid layer. Givehchi and Tan [16] investigated 
the behavior of liquid bridge force and elastic–plastic impac-
tion in a collision under humid condition through the experi-
ment and theoretical analysis. The particle-flow behavior in 
dry and humid multiple-spout fluidized beds was studied 
trough both experimental and simulation methods by Tang 
[17]. In 2018, Li [18] established a modified formula to cal-
culate the normal restitution coefficient of particles in humid 
environment and studied the relationship between dry and 
humid normal restitution coefficients through experiment 
and theory. These collision models, however, were suit-
able mostly for small particles or light particles, although 
they had built a particle–wall collision model in obliquity 
collision.

The most common collision models used in recent simu-
lations, including the Grant model, are almost all based on 
experiments conducted in dry surface condition. To increase 
the precision in simulation about multiphase flow, it is of 
great importance to establish a reliable collision model for 
specific condition. Hence, a lack of reliable collision about 
large particles with a wet hitting surface is a key point of 
this study. We focused on particle–wall collisions with two 
kinds of large-diameter particles using different materials in 
viscous fluid against three different types of plate materials.

In this study, we designed particle–wall collision experi-
mental equipment and installed a high-speed camera to cap-
ture the collision instant phenomenon. Then we obtained 
the motion data of particles before and after rebounding by 
computer vision technology. In addition, a classic model of 
particle–wall collision was established by giving four kinds 
of coefficients of restitution. For studying the mechanism 
of particle–wall collision, we established orthogonal coor-
dinates by the parallel and vertical directions of the colli-
sion plane. And the following discussion was explained in 
these two collision directions. We analyzed how the impact 
angle influenced the restitution and also provided a series of 
results of experiments on the impact of the velocity’s effect. 
We used a micro-photo of the plates after collision to explain 
changes to the coefficients.

2  Materials and experimental methods

2.1  Granule sample and target plate

For usual use in the abrasion experiment, we selected two 
kinds of particles: 45 carbon steel and glass. As shown in 
Table 1, the elongation of 45 carbon steel was 40% and the 
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elongation of glass was 1.2%. Because the elongation of 
the plastic material was less than 5%, 45 carbon steel rep-
resented a tough plastic material, and the glass represented 
a brittle material. The main properties of these granules are 
shown in Table 1.

Figure 1 shows the measurement of 100 particle sam-
ples of the two materials. The statistical histogram shows a 

quasi-Gaussian distribution centered on 7 mm, which rep-
resented the diameter of the particles, which was regarded 
as having the same shape. The diameters of both kinds of 
particles were 7 mm.

We made plates using three kinds of materials for this 
experiment, as shown in Fig. 2, and all of them had the same 
shape. The plates were made of three different materials: 316 
stainless steel plate, 6061 aluminum alloy plate, and HT250 
gray cast iron. These materials are the most widely used 
materials in the flow component of fluid machinery. The 
micro-topography of the surfaces of plates also is shown in 
the figure. Considering the coefficient of restitution would 
rise with an increase in the ratio between the wall thickness 
and the diameter of particle (D/b), the coefficient tended to 

Table 1  Material characteristics of particles used in the experiments

Material Elongation (%) Young’s modu-
lus (GPa)

Poisson’s ratio

Iron 45 40 210 0.269
Glass 1.2 46.2 0.245

Fig. 1  7 mm particles used in 
the experiment

Fig. 2  Plates made of different 
materials used in the experiment
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be stable until D/b > 4 [19]. The thickness of the target plate 
was 30 mm to ensure that the results of the experiments 
were convincing.

The main characteristics of the materials used in our 
experiments are given in Table 2. Three plates had the same 
machine accuracy (Ra1.6). In addition, we obtained the 
roughness of the surfaces using the KEYENCE VHX-200 
digital microscope. By measuring the maximum height dif-
ferent of the surfaces, which represented the rough depth 
Ry, we considered the three plates to have the same surface 
roughness. As shown in Fig. 2, although three plates had 
the similar surface roughness, the surface micro-topography 
were different.

As shown in Fig. 3, the device for the particle–wall colli-
sions experiment was composed of a particle release device, 

tank, angle-adjustable specimen rack, and a high-speed CCD 
camera. The core part of this equipment was the angle-
adjustable specimen rack, which consisted of a tilted plane 
and a support. A bolt was used to connect these two parts, 
which kept the inclined plane at a fixed angle, and the speci-
men rack was adjusted to a slope between 0 and 75 degrees. 
We adapted target plates using three different materials to 
fit this rack via bolts. When the angle-adjustable specimen 
holder was put in place, the release device dropped a granule 
in specific velocity, which was determined by the height of 
the release of the particle. A graduated metal rod was used 
to determine the height of release. Each drop was repeated 
15 times to ensure the accuracy of the data.

2.2  The experiment design

As shown in Fig. 4, obvious changes occurred in the motion 
of the particle after the collision. In this study, we used New-
ton’s restitution coefficients. These restitution coefficients 
are based on Newton’s impact hypothesis, which described 
the influence of particle–wall collision according to the 
changes in the velocity and angle of the particle. We con-
sidered four core coefficients of the particle–wall collisions: 
ev, en, et, and eβ, which represented the restitution coefficient 
of velocity, the restitution coefficient of normal velocity, the 

Table 2  Material characteristics of plates used in the experiments

Material Roughness 
(Ry) (μm)

Young’s 
modulus 
(GPa)

Poisson’s ratio

316 stainless steel 12.95 206 0.3
6061 aluminum alloy 11.43 71 0.31
HT250 gray cast iron 12.34 135 0.3

Fig. 3  Experimental system and the specimen materials used in the experiment
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restitution coefficient of tangential velocity, and the restitu-
tion coefficient of the angle, respectively. These coefficients 
described the process of the particle–wall collision using 
several kinematics parameters, including the velocity of the 
particle (vi and vo), and the impact and the rebound angle (βi 
and βo), as shown in Fig. 4. Additionally, vn and vt are the 
normal and tangential component of the velocity.

In this study, we selected ev and eβ to be the result indexes. 
The calculation expressions are as follows:

The restitution coefficient of velocity ev and the restitution 
of angle eβ described the change of the motion of particles 
before and after the impact through the ratio of velocity and 
angle. From Fig. 4, we know that the restitution coefficient 
of velocity ev is the ratio between the rebound velocity and 
the approach velocity, and the angle coefficient of restitution 
eβ is the ratio between the rebound angle and the impact 
angle.

We completed two series of experiments. The first experi-
ment was based on changes in the impact angle, and the 
second experiment was based on the impact velocity.

To build the particle–wall collision model and simplify 
the experiments, we considered more experimental factors in 
the first series of experiments. The first experimental matrix 
is provided in Table 3.

This paper considered four controllable factors (A: Angle 
of the plate, B: Material of the plate, C: Material of the parti-
cle, and D: Experimental environment). The different mate-
rials of the plate and the particle represented the influence of 
the material characteristics in the collision, and the dry and 
wet experimental conditions represented the influence of the 
fluid properties. The drop height of the particle in dry condi-
tion was 0.8 m. In the wet collision, the depth of water was 

(1)ev =
vo

vi
, and

(2)e�=
�o

�i
.

0.8 m, we have tried different drop heights and compared the 
impact velocities of the particles in the liquid. By this way, 
we made sure the impact velocities of the particles in dry 
and wet collision the same.

Then, we conducted a series of experiments aimed at 
researching the influence of the impact velocity following 
the guidance of the control variable method, which meant 
that only the impact velocity changed in the experiment and 
that other factors remained the same. We selected a deform-
able aluminum alloy plate as the specimen and selected an 
impact angle of 50 degrees. The impact velocities ranged 
from 1.0 to 5.0 m/s, and 30 drop positions were selected 
to control the different velocities. The impact velocity was 
controlled by the release height of the particle, which ranged 
from 0.4 to 1.6 m. The height was determined by the grad-
uation of the particle release device, and the drop height 
increased 5 cm at a time. The design of the second series of 
the experiment is provided in Table 4.

2.3  Data acquisition procedure

We filmed the particle–wall collision process using a CCD 
camera, whose exposure time was set as 0.5 ms. For image 
processing, we used the frame differential method [20] to 
obtain the position coordinates of the particle and the move-
ment angle between the particle and the plate (including 
the impact angle and rebound angle). The frame differential 
method is a way to find differences in two adjacent pictures. 
The first step in the operation was to recognize the particles 
in the pictures and then to calculate the distance of particles 
movement. Three photographs before and after the colli-
sion were imported in to MATLAB software. The edge and 
center coordinates of the particles could be identified using 
the Imfindcircles function [21]. We used the sphere edge 
identification procedure to identify the location of the ball 
and obtain the center coordinate. The center position was 
described by the pixel coordinate values, which we obtained 
according to the resolution of the picture. We obtained the 

Fig. 4  Schematic diagram of 
the particle–wall and motion 
parameters in the process
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particle velocity and the angle before and after the collision 
using the conversion of the pixel coordinate.

As shown in Fig. 5, an assumption was made that the 
granule affected the plate vertically to ensure that the impact 
angle of the particles and plates (βi) could be represented by 
the inclination angle of the specimen rack (α). The relation-
ship of the impact angle of the dip angle can be shown as 
follows:

where the impact angle βi means the angle between the ver-
tical line and the inclined plane. Because of the relatively 
large density of the particle, it would fall along a vertical 
line.

According to Davis et al. [9], the farthest distance of 
approach between particle and plate when an elasto-hydro-
dynamic collision occurs is calculated as follows:

where μ is the dynamic viscosity of the liquid, vi
n is the nor-

mal component of the impact velocity vi, and R is the radius 
of the particle. And K is defined as follows:

where Ei represents Young’s modulus and νi represents Pois-
son’s ratio for the particle (i = 1) and plane (i = 2), respec-
tively. The Poisson’s ratios and Young’s modules of the par-
ticles and the plates are given in Table 1.

In the elasto-hydrodynamic collision, the fluid would act 
like lubrication between the particles and the plates, which 

(3)�
i
= 90

◦ − �

(4)heh = (4�Kvn
i
R3∕2)2∕5,

(5)K =

(
1 − �2

1

E1

+
1 − �2

2

E2

)

,

means the trajectory of the particle may not keep straight 
when it was closed to the surface of the plate. The specific 
drop height for wet experimental condition was larger than 
80 cm, which was much larger than the heh. Therefore, the 
particle would impact the plate straightly, and the liquid 
would not act like lubrication to make trajectory of the par-
ticle bend.

As shown in Fig. 5, the velocity of the particle can be 
calculated by the pixel distance of two adjacent pictures. 
The calculation of the impact velocity of the particles is as 
follows:

where vi is the impact velocity, which can be calculated by 
the drop distance and the time interval between two frames; 
Lpix indicates the pixel distance between the two adjacent 
pictures; and Δt is equal to the interval of time between the 
two adjacent pictures. The pixel distance needs to be multi-
plied by a ratio, which is equal to the ratio of the real radius 
of particle R and the pixel radius of particle Rpix.

The particles would deform badly when the material 
reached its elastic yield limit. The elastic yield limit was 
attained only for incident velocities bigger than vε, which is 
a limiting velocity given by Jonson [22]:

(6)vi =
Lpix

Δt

R

Rpix

,

Table 3  Experimental matrix based on impact angles

Factors Description Levels

A Angle of the plates 0° 10° 20° 30° 40° 50° 60° 75°
B Plate materials HT250 Gray cast iron 316 Stainless steel 6061 Aluminum
C Particle materials Iron 45 Glass
D Experimental condition Dry Wet

Table 4  Experimental matrix based on the impact velocity

Factors Factors Levels

A Release height 0.4–1.6 m
B Impact velocity of particles 1–5 m/s
C Materials of the particle and plate Iron 45 and 

6061 alu-
minum alloy

D Impact angle of particles 50°

Fig. 5  Identification of particle boundary in Matlab software
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where ε is the elastic parameters given in formula (14), K is 
the parameter given in formula (5). This formula was used 
to determine whether the particle attained at the elastic yield 
and the material was irreversibly deformed. According to 
the value of parameters given in Table 5, the limiting elastic 
velocity was 21.7 m/s for the iron particle, and the impact 
velocities of the particles in the experiment ranged from 1 to 
5 m/s. Therefore, the impact velocities were controlled under 
this limiting velocity to maintain that the deformation of the 
particle was not that huge and reversible, for the particles 
could be seen as circles in the MATLAB software.

According to the same principle, the calculation formula 
of normal and tangential impact velocity components are 
as follows:

where vi
n is the normal impact velocity and vi

t is the tangen-
tial impact velocity, and βi is the impact angle.

The rebound angle is obtained as follows:

where x1, x2, y1, and y2 are the pixel horizontal and vertical 
coordinates of the two adjacent pictures. Similarly, we used 
the same method to obtain the tangential impact velocity, 
the normal rebound velocity, and the tangential rebound 
velocity.

3  Results

3.1  Experimental results around the impact angles

To study the influence of the impact angle, we conducted 
a collision experiment using several plate angles for iron 
and glass particles with three different types of plate mate-
rials. Each experiment was carried out in two experimental 
environments—that is, drying and immersion. We studied 
the particle–wall collisions with a large particle diameter of 
7 mm. The average value was calculated based on 15 colli-
sion tests, and then we used the Grubbs test at a confidence 
rate of 0.95 (the significance level α = 0.05) to eliminate the 
accidental error. The restitution coefficient curves of HT250 
gray cast iron, 6061 aluminum alloy, and 316 stainless steel 

(7)v� =
(
2�

K

)2
(

2

5�

) 1

2

�
5

2 ,

(8)vn
i
=

Ln
pix
R∕Rpix

Δt
, Ln

pix
= Lpix sin �i, and

(9)vt
i
=

Lt
pix
R∕Rpix

Δt
, Lt

pix
= Lpix cos �i,

(10)�o = (90
◦

− �i) − arctan
(x2 − x1)

(y2 − y1)
,

with two kinds of particles were as follows, and the results 
of the experiments in dry and wet environment are shown 
in Fig. 6.

Figure 6 is a constitution diagram that shows the par-
ticle–wall collisions curves of two key elements obtained 
directly by the experimental results. Note that ev and eβ are 
the ratio of the results obtained from the experiment and 
are used to represent the change in the motion of the parti-
cles directly caused by the collision. The results showed the 
changes trending in the coefficient of the restitution in the 
velocity and angle of iron particles and glass particles before 
and after the collision along with the impact angles from 10° 
to 90°, which were controlled by the oblique angles of the 
plate. According to the line graph, we could see that all four 
curves changed along with the impact angle from 10° to 90°, 
which proved the validity of the results of the orthogonal 
experiment. The approaching angle could be a significant 
factor in the collision process. Figure 6a, b represent the 
coefficient of velocity and angle of iron particles with dif-
ferent wall materials and at different angles, respectively. 
In Fig. 6a, the restitution coefficients of velocity decreased 
along with the increase of the impact angle. In contrast, the 
coefficients of the angle increased with the increase in the 
impact angle, as shown in Fig. 6b. In addition, the velocity 
and angle coefficients for the HT250 gray cast iron were 
bigger than the coefficients for 316 stainless steel, and the 
coefficients for 6061 aluminum alloy were the smallest. This 
relationship between the values of the coefficients for the dif-
ferent plate materials was the same as the values of the hard-
ness of the corresponding plate materials. Moreover, Fig. 6c, 
d represented the coefficient of velocity and angle for the 
glass particles, respectively. There was a slight downward 
trend in the velocity curves when using the glass particles 
shown in Fig. 6c, and the velocity coefficients seemed to be 
dependent on the impact angles of the glass particles.

Along with an increase in the impact angle, the curves of 
the restitution coefficient of the velocity tended to decrease for 
both particles. Figure 6a shows a very marked decreasing trend 
of the values of ev, whereas Fig. 6b shows the opposite trend—
that is, the larger the impact angle, the smaller the value of 
eβ. The tendency for the glass particle was much slighter in 

Table 5  Elasticity parameter in dry and wet experimental conditions

Particle Plate εdry εwet

Iron 45 HT250 Gray cast iron 7.943 ×  10−9 1.905 ×  10−7

6061 Aluminum 1.221 ×  10−8 2.927 ×  10−7

316 Stainless steel 6.825 ×  10−9 1.508 ×  10−7

Glass HT250 Gray cast iron 1.804 ×  10−8 3.144 ×  10−7

6061 Aluminum 2.927 ×  10−8 3.839 ×  10−7

316 Stainless steel 1.649 ×  10−8 2.874 ×  10−7
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Fig. 6c, d, and the curves tended to be flat along with a bigger 
impact angle. Although the curves of the restitution coefficient 
of the angle increased as the impact angle increased for both 
particle materials, the curves of the glass particles did not fol-
low obvious trends. This difference revealed that the deflection 
of glass particles was much less than the iron particles when 
the impact angle remained the same.

Meanwhile, there were slight differences between the 
different experimental environments. As shown in the com-
parison, the results of glass particles were not obvious, but 
the trends still could be summarized. In Fig. 6a, b, we found 
that for iron particles, the curves of the experiment in the 
dry environment were almost all below the curves of the wet 
experiments, which meant that the coefficients were bigger 
in the wet environment for large iron particles. This phe-
nomenon switched in Fig. 6c, d, in which the values of the 
restitution coefficient from the dry environmental condition 
were almost all larger than the values of the wet surface 
condition. This phenomenon may have been caused by the 
different mass of the two kinds of particle materials, which 
meant that the iron had a much larger density than the glass, 
and the same uplift had a greater influence on the glass par-
ticles’ motion.

An obvious phenomenon shown in Fig. 6 is the distinc-
tion for the different plate materials. The curves of HT250 
gray cast iron were higher than the curves of the 316 stain-
less steel, and below the curves of these two plate materials 
were the curves of the 6061 aluminum alloy. This phenome-
non may have been the result of the hardness of the different 

materials, and further theoretical research is available in the 
rest of this paper. Another interesting phenomenon is a twist-
ing in the region where the impact angle was between 20 and 
45 degrees. In this range, the variation trend of the restitu-
tion coefficient of the angle was not pronounced.

3.2  Experimental results around the impact velocity

To research how the influence of the impact velocity on 
the dependence of the stick–slip motion, another series of 
experiments were done. In regard to the discussion under the 
condition of the elastic stage, the particle velocity should be 
less than the limiting elastic velocity.

Figure 7 shows the relationship between the restitution 
coefficient and impact velocity. As we can see from Fig. 7, 
with the increase of the impact velocity, the velocity coef-
ficient of restitution gradually decreased and finally tended 
to be stable, while the angle coefficient of the restitution 
decreased clearly with the increase of the impact velocity. 
This decrease meant that the lager the impact velocity was, 
the smaller rebound angle was under the same approach angle.

Johnson et al. [2] took data from Goldsmith for steel 
spheres affecting brass, bronze, and lead plates and found 
that the coefficient of restitution was proportional to a quar-
ter power of velocity, which expresses the coefficient of res-
titution in the presence of plastic deformation by a relation 
of the following form:

(11)e = dv−n
i
,

Fig. 6  Restitution coefficients 
of velocity and angle vary with 
approach angles: a ev of iron 45 
particle; b eβ of iron 45 particle; 
c ev of glass particle; and d eβ of 
glass particle
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where n = 1/4 and d is a constant that depends on material 
properties such as elastic moduli, Poisson’s ratios, dynamic 
yield strengths, equivalent mass, and equivalent radius. 
Under this guidance, we fitted the solid curves in Fig. 7 
using this function model in the allometric law.

Under an analysis based on theoretical mechanics and 
elastic mechanics, this decrease could be a little unusual. 
According to the generalized Hooke's law, the relationship 
between the stress and strain of the particles depends on the 
nature of the material in elastic state. Therefore, the coef-
ficient of restitution of the angle and velocity should remain 
almost unchanged as the impact velocity increased in the 
condition of the elastic stage. The slight decline in the veloc-
ity coefficient of restitution, however, might be attributed to 
system error. The decrease in the angle coefficient was too 
obvious to be ignored, which meant that the rebound angle 
became smaller when the impact velocity became lager in 
the same approach angle. Such a decreasing trend in the 
angle coefficient of restitution has been discovered by many 
researchers.

4  Discussion

In the dynamical model of the single particle–wall collision, 
the collision plate can be seen as the only constraint in the 
motion, and a single particle would turn in different direc-
tions after the collision [23]. Therefore, the single particle 
wall can be taken as a non-smooth dynamical system.

4.1  The grazing impact

Discussions of the theoretical research about non-smooth 
dynamical systems focus on two specific motions: graz-
ing impact and stick–slip bifurcation. The phenomenon of 
grazing impact refers to the uncertainty of motion when the 

trajectory of a particle is in contact with the collision surface 
at zero velocity in the phase space [24]. The trajectory jumps 
in another direction after contacting the constraint surface 
Σ and leaves from another side on Σ. In this process, the 
motion state vector G satisfies the relation as follows:

where x− means the position that trajectory contacts the sur-
face before a very short moment, and x+ means the position 
that trajectory runs out from the surface. The modulus G is 
related more to the material and the restitution coefficient.

We conducted an analysis to look for differences in influ-
ence of particle materials and plate materials by comparing 
the normal restitution coefficient of velocity en, which can 
be defined as follows:

In this formula, vi and vo represent the normal compo-
nents of the approach velocity and the rebound velocity.

Figure 8 shows the restitution coefficient of normal veloc-
ity, and each curve represents one kind of particle hitting a 
plate using a different material (HT250 gray cast iron, 6061 
aluminum, and 316 stainless steel). In the upper graph, 
curves of the normal coefficient of iron particles changing 
with the impact angle are given. The lower graph represents 
the normal coefficient of velocity of glass particles with dif-
ferent wall materials at different angles, respectively. The 
solid lines indicate the wet-surface environmental condition, 
and the dotted lines indicate the experimental environments 
were drying.

According to Kantak [10], the normal rebound velocity 
increased along with an increase in the incident angle when 
the approach velocity remained unchanged, which meant 
that the larger the impact angle was, the bigger the normal 
coefficient of restitution would be when using a large parti-
cle impact plate with a thin layer. This conclusion was dif-
ferent from what is shown in Fig. 8. This difference may 
have been result of different experimental conditions, which 
meant that the results from the plate with a thin layer were 
different from the wet surface.

In the study of bounce of large particles, we use ε to indi-
cate a deformation in the particle [9]. The ε refers to the 
elasticity parameter, which describes the deformation of the 
particle in the elastic process. The elasticity parameter is a 
ratio of viscous forces and the stiffness of the solid, which 
means the value of force causes the deformation to divide 
the value of the parameter that describes how hard it is for 
the solid to resist deformation. The value of ε is defined as 
follows:

(12)G ∶ Σi → Σ, x− = Gx+,

(13)en =
|
|
|
||

vn
o

vn
i

|
|
|
||
.

Fig. 7  ev and eβ in different impact velocities
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where x0 is the initial distance from the position where the 
spheres start to drop to the surface, v0 is the incident veloc-
ity, a is the particle radius, μ is the liquid viscosity. The 
result of ε in different experimental condition is given in 
Table 5. The value of ε refers to the difficulty of resisting 
deformation—that is, the larger the value, the more easily 
the deformation occurs.

Table 5 shows obvious differences in the elasticity param-
eters of using iron particles, whereas the parameters of using 
glass particles are not differentiated. The parameters in the 
dry surface condition were all smaller than the parameters 
in the wet condition, which meant that in the wet surface 
condition, the particles were more easily deformed.

In Fig. 8, the curves of different plate materials are sepa-
rated. When iron 45 particles were used for the experiment, 
under the same experimental conditions, the curve of HT250 
gray cast iron plate was higher than the result obtained when 
using the 316 stainless steel plate, and when the 6061 alu-
minum alloy wall material was used, the curve was located 
at the lowest position. The definition of en is the ratio of the 
particle speed before and after collision. The bigger resti-
tution coefficient meant less loss of velocity in the head-
on direction after collision, which meant that less kinetic 
energy of the particle dissipated in the deformation process. 
This loss in kinetic energy corresponded to the difficulty 
of deformation between the particle material and the plate 
material. A conclusion that can be obtained from Fig. 8 and 
Table 5 is that HT250 gray cast iron is the most difficult to 

(14)� =
4K��0a

3∕2

�x
5∕2

0

,
deform, 6061 aluminum alloy is the most prone to defor-
mation, and 316 stainless steel plate has an intermediate 
resistance to deformation. This comparison became invalid, 
however, when using glass particles. In Table 5, the ε of iron 
45 particles with different plates was much smaller than the 
ε of glass particles with different plates. Compared with the 
ε of glass particles with different plates, the values of the ε 
of iron 45 particles with different plates were much closer 
to each other, which may have caused the not obvious distri-
bution of en for glass particles. In addition, the coefficients 
were smaller in the wet experimental condition than in the 
dry condition for plastic material particles, and this relation-
ship was opposite when using brittle material particles.

4.2  The stick–slip bifurcation

4.2.1  The influence of the impact angle

There is a phenomenon called stick–slip bifurcation in 
the non-smooth dynamic interpretation of the single par-
ticle–wall collision model. Stick–slip bifurcation means 
that the flow in the phase space would stick or slip, which 
depends mostly on the impact velocity and angle, for a 
period of time after reaching a certain switching surface 
before leaving [25].

To study how the impact angle influences the dependence 
of the stick or the slip, we processed the experimental results 
further. Based on Hertzian contact theory, numerical simu-
lations of Maw et al. [4] showed that three different types 
of impacts may occur along with an increase in the impact 
angle. These three types of impacting motion are full stick, 
gross slip, and motion between full stick and gross slip. Wal-
ton [26] simplified Mas’s model, which divided the motion 
into only stick regime and slip regime.

To discuss this phenomenon, the following elements must 
be defined [27]:

where the subscripts n and t denote the normal and tangen-
tial component of the impact or rebound velocity, respec-
tively. The tangential coefficients of restitution can be cal-
culated by the following formula:

Researchers usually use et to describe the effect of the 
friction factor when the collision in the horizon is more like 
friction. Walton’s model makes use of the normal and tan-
gential coefficient of restitution en and et, and the Coulomb 

(15)

Ψin =
|||
||

vt
i

vn
i

|||
||
= tan(90◦ − �i) andΨout =

vt
o

|||
vn
i

|||

= en tan(90
◦ − �o),

(16)et =
|||
||

vt
o

vt
i

|||
||
.

Fig. 8  en in different impact angles: a iron particles; and b glass par-
ticles
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coefficient of sliding friction μc. Walton gave the boundary 
of whether the impacting particle is sticking on the plate or 
slipping along with the surface, as follows:

where C is the radius of gyration normalized by the parti-
cle radius, C = 2/5 for a homogeneous solid sphere, and μd 
means the static friction coefficient, based on the continuity 
of ψout at ψ*in. In this study, we applied Walton’s model in 
our experimental data to calculate the ψin and the ψout of iron 
particles and glass particles, respectively.

In Fig. 9a, we can see a turning point in the region of ψin 
from 0.5 to 1.5, which meant there was a critical angle in 
which to decide whether the particle would stick or slip on 
the plate after collision in this range. In Fig. 9b, however, the 
experimental environment was immersed, and we do not find 
an obvious viscosity-slip boundary because the fluid acts as 
a lubricant. According to the formula (17), Table 6 gives the 
boundary impact angle of the wall stick–slip phenomenon 
of the particles using the two materials (iron 45 and glass) 
and gives the three materials under the dry wall condition.

4.2.2  The influence of the impact velocity

Researchers used to think that the energy of the particle was 
absorbed by the elastic wave in the course of the collision—
that is, the faster the particle was, the more energy would be 
absorbed. Reed et al. [28] confirmed that the elastic wave 
was not the main reason for this phenomenon. Goldsmith 
et al. [29] observed this phenomenon, too, and proposed that 
this phenomenon was caused by vibration.

(17)Ψout =

{
−etΨin

Ψin − �c

(
1 +

1

C

)
(1 + en)

Ψin ≤ Ψ∗
in
Ψin gt;Ψ

∗
in

Stick

Slip
and Ψ∗

in
=

7

2
�d

1 + en

1 + et

Thornton et al. [30] presented a similar theoretical expres-
sion, in which the velocity was raised to a quarter power to 
determine whether the restitution coefficient was elastic in 

perfectly plastic spheres. To explore the causes of this phe-
nomenon, we analyzed impact craters using the ultra-depth 
of field three-dimensional (3D) microscope. The impact cra-
ter morphology and the corresponding 3D scanning image 
are shown in Fig. 10.

Figure 11 shows the impact crater under different impact 
velocities at the 50-degree impact angle. The wall material 
was 6061 aluminum with a dry surface.

The downward trend of eβ was the result of the fact that 
the particles were more likely to slip on the surface when 
the impact speed increased. The work of sliding friction 
caused part of the energy to be dissipated in the interac-
tion with the wall. Meanwhile, the sliding of the particles 
caused the plastic deformation of the wall, and the larger 
impact velocity was, the larger the deformation region was. 
We concluded that the particle would stick on the plate in 
the small velocity, but it was more likely to slip on the plate 
at a higher velocity. The particle also would squeeze the 
wall and cause the plastic deformation to occur on the plate 
when it slid.

For this experiment using iron 45 particles and 6061 alu-
minum alloy plate in the condition of a 50-degree impact 
angle, we also concluded that the critical velocity for 
determining the stick–slip motion was between 2.76 and 
3.29 m/s.

Fig. 9  The collision results fitted with Walton’s collision model: a dry experimental condition; and b wet experimental condition
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5  Conclusions

In this study, we proposed a detailed model for investigation 
of particle–wall collision on mechanics under the wet and 
dry conditions and compared our finding with experimental 

results. We considered several elements that influenced the 
approach and rebound processes using the iron 45 particles 
and glass particles, including the impact angle, the plate 
materials, the experimental environments, and the impact 
velocities. Guided by the nonlinear dynamics, we mainly 
discussed the influence of plate materials on the phenom-
ena of stick–slip in particle–wall collision at various impact 
angles and different impact velocities.

We experimentally obtained the ev, en, et, and eβ of plates 
using three different kinds of materials (i.e., 316 stainless 
steel, 6061 aluminum alloy, and HT250 gray cast iron) 
versus particles in two different materials (i.e., 45 iron and 
glass) under dry and wet conditions. The experimental 
results are as follows:

• For both the plastic particles represented by the iron 45 
particles and the brittle particles represented by the glass, 

Table 6  Values of the elasticity parameter in different experimental 
conditions

Particle Plate μd βψ

Iron 45 HT250 Gray cast iron 0.4 31.75
6061 Aluminum 0.45 38.11
316 Stainless steel 0.5 31.07

Glass HT250 Gray cast iron 0.5 25.36
6061 Aluminum 0.6 27.59
316 Stainless steel 0.7 24.04

Fig. 10  The particle–wall collision craters shoot by the ultra-depth of field 3D microscope

Fig. 11.  3D scanning figure of particle–wall collision craters in different impact velocities
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ev decreased along with the increase of the impact angle, 
and eβ increased with the increase of the impact angle. 
Based on this phenomenon, it can be concluded that the 
restitution coefficients were much more related to the 
impact angle.

• For the iron 45 particles, the distribution of ev and eβ 
were related to the material characteristics of the plates 
obviously. Although the distribution for the glass parti-
cles was much less obvious.

• The experimental results for the restitution coefficients 
of the iron 45 particles and the glass particles in the wet 
surface condition were smaller than the results obtained 
in the dry surface condition for most impact angles. This 
phenomenon revealed the influence of the viscous liquid.

• The restitution coefficients decreased slightly with an 
increase in the impact velocity, which indicated the 
change in the contact state of the particle and the plate 
with the impact velocity.

• In the normal direction, en retained nearly the same value 
no matter what change was made to the impact angle. 
The distribution of en was obvious as well.

We then discussed results based on the nonlinear dynam-
ics, which focused mostly on the phenomenon of stick–slip 
motion and the grazing impact. The single particle–wall 
collision was seen as a non-smooth dynamical system. The 
conclusions are as follows:

• The twisting in the curves was caused by the change in 
the contact state between particles and the plate along 
with the change of βi. This phenomenon revealed that 
the single particle would knock into the plate with two 
different states—that is, sticking on the plate or slipping 
along the surface for a little distance before it bounced.

• In this system, the distribution the curves of ev and en 
was related to the material characteristics of the particles 
and plates. The analysis showed that the distribution was 
significantly related to the elasticity parameter ε, which 
meant the resistance to deformation. For iron 45 parti-
cles, HT250 gray cast iron had the largest ε, and 6061 
aluminum alloy had the smallest ε, whereas the ε of the 
316 stainless steel plate was between these two kinds of 
materials. For glass particles, however, this distinction 
was not obvious for a similar ε.

We also conducted microscopic study using an ultra-
depth of field 3D microscope. The conclusions are as 
follows:

• After photographing the specific surfaces of the plate 
shot by the particle at different impacting speeds, we 
observed a phenomenon of thickening in the center of 
the impact crater when the impact velocity increased, 

which indicated that the stick–slip motion was related to 
the impact velocity.

• On the basis of the microtopography, the critical velocity 
was between 2.76 and 3.29 m/s in this experiment.
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