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Abstract

We consider the case of scattering by several obstacles in R?, d > 2 for the Laplace operator A
with Dirichlet boundary conditions imposed on the obstacles. In the case of two obstacles, we
have the Laplace operators Aj and A; obtained by imposing Dirichlet boundary conditions
only on one of the objects. The relative operator g(A) — g(A1) — g(Az) + g(Ap) was
introduced in Hanisch, Waters and one of the authors in (A relative trace formula for obstacle
scattering. arXiv:2002.07291, 2020) and shown to be trace-class for a large class of functions
g, including certain functions of polynomial growth. When g is sufficiently regular at zero
and fast decaying at infinity then, by the Birman—Krein formula, this trace can be computed
from the relative spectral shift function &, (1) = —% Im(E (L)), where E(A) is holomorphic
in the upper half-plane and fast decaying. In this paper we study the wave-trace contributions
to the singularities of the Fourier transform of &). In particular we prove that érel is real-
analytic near zero and we relate the decay of E(A) along the imaginary axis to the first
wave-trace invariant of the shortest bouncing ball orbit between the obstacles. The function
E (A) is important in the physics of quantum fields as it determines the Casimir interactions
between the objects.
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Résumé

Nous considérons pour le laplacien A la diffusion par plusieurs obstacles dans R?, d > 2,
munis de la condition aux limites de Dirichlet. Lorsqu’il y a deux obstacles, nous dénotons
A1 et Ay les laplaciens obtenus en imposant la condition aux limites de Dirichlet sur un
seul des objets. L’ opérateur de trace relative g(A) — g(A1) — g(A2) + g(Ap) a été introduit
dans [18] et s’avere étre un opérateur a trace pour une grande classe de fonctions g, dont
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certaines fonctions a croissance polynomiale. Lorsque g est suffisamment régulier en zéro
et décroit rapidement a I’infini, la formule de Birman—Krein permet de calculer cette trace
a partir de la fonction de décalage spectral &,.;(X) = —% Im(Z(1)), ot E est une fonction
holomorphe a décroissance rapide dans le demi-plan supérieur. Dans cet article, nous étudions
les contributions de la trace des ondes aux singularités de la transformée de Fourier de &;.
Nous démontrons entre autres que £, estune fonction analytique réelle pres de z€ro, et nous
relions la décroissance de E(A) le long de 1’axe imaginaire au premier invariant de la trace
des ondes correspondant aux trajectoires rebondissant entre les deux obstacles. La fonction
E (1) est importante en théorie quantique des champs car elle détermine les interactions de
Casimir entre les objets.

1 Introduction

We consider obstacle scattering for the Laplace operator A = d*d = V*V acting on functions
on d-dimensional Euclidean space RY with d > 2.

Let Q be a bounded open subset of R? with smooth boundary such that M = R4\ Q
is connected. The domain 2 will be assumed to consist of N many connected components
Q1,...,2n. The space X = ]Rd\8§2 therefore consists of the N + 1-many connected
components Q, ..., Qy, M. We think of Q as obstacles placed in R¢ (Fig. 1). The open
subset M then corresponds to the exterior region of these obstacles. Similarly, we define
M; = R\, and X; = RN\9Q;.

Definition 1.1 The self-adjoint operators Ag, Ay, Ax, Ay, are defined as follows.

1. On the Hilbert space L2(IR?) the free Laplacian A is defined as the self-adjoint operator
A with domain H*(R?).

2. On the Hilbert space L*(M) the exterior Laplacian A y; is the self-adjoint operator A with
domain H2(M)N HO1 (M), i.e. the operator constructed from the Dirichlet quadratic form
on C°(M).

3. On the Hilbert space L2(2) the interior Laplacians Ag with domain H 2@ n H(} ()
is constructed from the Dirichlet quadratic forms on HOl (£2). This operator splits into a
direct sum Ag = Ag, @ --- @ Aq,, on L>(Q) = L2(Q)) & --- & L*(Q).

4. On the Hilbert space LR = LQ(M) ® L%() is defined as the operator Ay =
Ay @ Ag.

5. On the Hilbert space L2(R¢) the operator A x; the operator is defined by the Dirichlet
quadratic form on HOl (X;). This operator is the direct sum of Ag, and the exterior Dirichlet
Laplacian A ;.

Fig.1 Three obstacles
Q1. 0, Q3 in R? with M
complement M
Qo
W \\

Q3
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Spectral and scattering theory describe the spectral resolution of these operators, which we
now explain in more detail. A similar description as below is true in the more general black-
box formalism in scattering theory as introduced by Sjostrand and Zworski [36] and follows
from the meromorphic continuation of the resolvent and its consequences. The description
below follows [41] and we refer the reader to this article for the details of the spectral
decomposition and properties of the scattering matrix.

The operators A and Ag, have purely discrete spectrum, whereas A s has purely abso-
lutely continuous spectrum. The spectral resolution of Ag is described by an orthonormal
basis (¢;) of smooth eigenfunctions ¢; € C>®(R2) with eigenvalues k?, where we assume

O<A = <Ay <Apg1 =<---

The eigenvalue counting function Ng is defined by No(A) = #{A; < A} and satisfies a
Weyl-law

Na() ~ Cql2nd

for A — +o00, where C; = (2n)_d wy and wy is the Euclidean volume of the unit ball in
R?. The continuous spectral resolution of Ay is described by generalised eigenfunctions
E)(®) € C®°(M) indexed by A > 0 and ® € C®(S?"!). The are uniquely determined by
the following properties

1. (A =AD)E (D) =0,
2. E5(®)om =0
3. The asymptotic expansion

iy imd=D i im(d=1)
e e 4 e'’e 7 1
E, () = y= D+ = \IJ)L—l—O( d+l)’ for r — o0
r 2 r 2 r 2

holds for some W, € C°(S4~1).
As aresult W, is uniquely determined and implicitly defines a linear mapping
Sy €S ¢, @ Ty,

where 7 : C®(S4™ 1) — €%°(S?"1) is the pull-back of the antipodal map. The map S, :
C® (S - €®(S?1) is called the scattering matrix, and A, = S, — id is called the
scattering amplitude. The scattering matrix extends to a unitary operator S; : L2(S¢"!) —
L%(S?1) for A > 0, and has the following properties depending on whether the dimension
is even or odd.

e In case d is odd the scattering matrix S, extends to a meromorphic function on C which
is regular on the real line. It satisfies the functional relation S, 7S_, = t and is unitary
in the sense that (S;)~! = S;.

e In case d is even the scattering matrix S, extends to a meromorphic function on the
logarithmic cover of C\{0}. It is holomorphic in the upper half-plane and regular on
R\{0}. We have a functional relation S, 7 (2id — S_,) = 7, where —A is interpreted as
e Unitarity holds in the sense that (S D= S%.

It can be shown that A extends to a continuous family of trace-class operators on the real
line and one has the following estimate on the trace norm

Al — OI=2) ford = 3,
AT =10(—L ) ford =2

1
—log(%)
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for all [A| < % in a fixed sector in the logarithmic cover of the complex plane, c.f. [41,
Theorem 1.11] or [6, Lemma 2.5] in case d > 3.

1 1
If f € S(R) is a Schwartz function with f(1) = f(—A) we have that f(A}) — f(A()
is a trace-class operator with trace equal to

ﬁ(ﬂA@—f@©)=—A EG) £/ (W)d.

for a function & € LllOC (R) with £(A) = 0 if A < 0. The function is uniquely determined and
called the spectral shift function. The Birman-Krein formula [3] states that for A > 0 one
has

1
EA) =8ac(M) +6,(1) = oy logdet(Sy) + Na(4).

The relative trace and the relative trace formula were introduced in [18]. Suppose that 4 is
a polynomially bounded function and Ay; as defined in Definition 1.1. Then each of the
operators h(Ax), h(AX./.), and 1(Ap) has C§°(X) contained in its domain. We define

1 1 N 1 1
R =h(A§)—h(Aé)—Z(h(A%Q—h(Aé)). (1)
j=1
This operator has dense domain, containing C5°(X). Whenever this operator is bounded

(which is the only case we consider in this paper), we will denote its closure also by Rj,. If
h € S(R) is even then Ry, is a trace-class operator and

Tr(Rp) = —/0 Erel Q)R (R)d A,

where the relative spectral shift-function & is for A > 0 given by

N
- o det(S,)
bret(h) = §(4) = ;gl ) = 27i log det(Sy,)---det(Sy.;)

Here det(S; ) correspond to the scattering matrices when only obstacle 2; is present, and
the other obstacles are removed. Note that the interior contributions cancel out. The main
result of [ 18] is that R, is trace-class for a much larger class of functions including (1) = A*
for Re(s) > 0. We briefly recall the result for a slightly less general class of functions that
are sufficient for the purposes of this article. Define

Gy ={z€C|z#0,|arg(z)| <6}

for some 0 < 8 < 7 and let Py be the set of functions that are polynomially bounded,
holomorphic in &g, and satisfy the estimate |g(z)| = O(|z|%) if |z] < 1 for some a > 0. If
£ is a function such that f (1) = g(A2) for some g in Py then R r is trace-class and its trace
can be computed by

Hmnziﬂfmmwm

for some universal function & that is independent of f. Here I is the path in the complex plane
consisting of the rays (—o0, 0] — C,t +— —te'60/2 and [0, o0) — C, t — te'(w — %). The
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function E is holomorphic in the upper half plane and satisfies on ®, = {A € C | Im(X) >
€|X1]} the following bounds

[EM)] < Ca,,ee—ﬁ mi =) < Ca/,eé’_a Im @)

for any 8’ with 0 < §’ < § and € > 0. In particular E is bounded in each sector near zero
and is exponentially decaying at imaginary infinity. Here

8 = mindist(Q;, )
J#k !

denotes the minimum of the distances between distinct objects. The function E has a con-
tinuous boundary value on R and if A > 0 we have

1 .
“IMEW) = —— (E(Q) — E(=A) = —&at (V).
T 2

Moreover, E(X) can be expressed in terms of boundary layer operators as E(A) =
log det (Qx Q;l) (see [18, Theorem 1.7]). Here Q) is the single layer operator for the

Helmholtz equation on 9 and Q) is the direct sum of the single layer operators on the
components d€2;. This makes the function accessible both to numerical computation and to
explicit estimates.

In this paper we link the asymptotic exponential decay rate of E with wave-trace invariants
in the singularity expansion of the Fourier transform §rel of the relative spectral shift function
grel-

This is achieved by establishing a relationship between érel and E. Let 0 = x|0,00) be the
Heaviside step function. Then, Im(é‘re]) vanishes near zero and —476 - Im(érel) has a well
defined Fourier-Laplace transform. We show in Sect. 4, that this Fourier-Laplace transform
equals E(A). This allows to translate properties of the wave-trace, a well studied object,
to results for the function E(X). In particular the singularity of the wave-trace at t = 2§
determines the decay of E(A) at imaginary infinity.

To demonstrate this we focus on the simplest case, when the obstacles are strictly convex
near the points that have distance § to other boundary components. In this case there exist
only finitely many isolated non-degenerate bouncing ball orbits of length 26 between the
obstacles and the corresponding leading wave trace-invariant at 1 = 2§ can be computed
explicitly. This leads to the following asymptotic behaviour for E valid uniformly in any
sector of the form {A € C | Im(X) > a|Re(})|}, @ > 0, namely

1

1€2i8A+0(672SIm)\)’
|det(I — P,,)|?

J

where the sum is over bouncing ball modes of length 26 and P, is the associated Poincaré
map. The precise formulation is in Theorems 3.7 and 4.1. This improves the a priori bounds
(2) from [18] and allows for a geometric interpretation. Without convexity assumptions one
has the bound

EM) =0 <e—25’1m) .

for any 0 < 8’ < § as a consequence of our finite propagation speed estimates uniformly in
any sector of the form above.
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1.1 Casimir effect

The quantity ﬁ fo & (iA)dA can be interpreted as the Casimir energy between the objects.
This can formally be justified by considering the relative trace of the operator as done in [18]
and quantum field theory considerations. In [12] we provided a full mathematical proof that
the Casimir force, as computed from the quantum mechanical stress energy tensor is the same
as the variation of the above energy. It also was shown to have the same variation as Zeta
regularised quantities. The extension to differential forms will be given in a forthcoming
paper [13], which is related to [40,42]. Formal considerations in theoretical physics have
been used to justify expansions of the type above. We refer here to [11,21] and in particular
[44] where the relation to scattering theory is claimed. Our results are a further step to a full
mathematical justification and show to what extent formal derivations hold and how they
need to be interpreted. In particular the relation to mathematical scattering theory is expected
to provide further insights.

1.2 Wave-trace invariants

For non-compact cases, the wave-trace invariants determine the asymptotic behaviour of the
function E in the upper half plane. Conversely the asymptotic behaviour of & can probably
be used to compute wave-trace invariants of bouncing ball orbits. The reason is that E is the
determinant of the operator which is expressed entirely in terms of boundary layer operators
[18]. Boundary layer operators were used in two dimensions in Zelditch’s treatment of the
inverse problem for Z,-symmetric domains [45,46]. A statement for higher dimensions can
be found in the work of Hezari and Zelditch [19]. The function E may be useful in this
context.

1.3 Sign conventions and notations
1.3.1 Function spaces and Fourier transform

The Fourier transform f of f e L'(R?) will be defined by

f& = / e ¥ Edx
]Rd

where x - & is the Euclidean inner product on R”. We work with the field of complex numbers
unless otherwise stated: For example C°° (M) denotes the space of complex valued smooth
functions on M. Similarly, C§°(M) denotes the set of complex valued smooth compactly
supported functions.

1.3.2 Convexity and concavity of obstacles

In this paper, we use the convention of [1,25] to define the convexity or concavity for a
Riemannian manifold (M, g) with boundary M. Let f : M — R be a boundary defining
function, i.e. f = 0,df # 0on dM and f > 0 on M\dM. We pull back f to a function
on T*M which we denote by the same letter. Then M is called strictly (locally geodesically)
convex, if for every (x, &) € T*M with x € 9 M we have the conclusion

(Hef) . 8) =0 = (HoHyf) (x.§) <0,
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where H, is the generator of the geodesic flow on 7*M, i.e. the Hamiltonian flow of the
function % g Y(&,&) on T*M. Similarly, M is called strictly (locally geodesically) concave,
if for every x € 0M

(Hof) (x,6) =0 = (HgHyf) (x,&) > 0,

These definitions can of course be localised, so it makes sense to say that M is strictly
convex/concave locally near a point x € dM. If the musical isomorphisms are used to
identify 7*M and T M then the vector field H, gets identified with the geodesic spray. If g
is Euclidean, then H, f =V f is the gradient of f and H, H, f = Hess(f) is the Hessian of
f. Therefore, the above definitions of convexity and concavity are the standard definitions if
(M, g) is Euclidean.

2 Singularity trace expansion for convex obstacles

Since the operator (Ay + D7F — (Ag+ 1)~* is a trace-class operator forall k > (d —1)/2
(see [4]), the classical Lifshits-Krein spectral shift function of the pair (A, B) with A =
(Ax + 1)_/‘ and B = (Ao + 1)_/‘ is the unique L'-function £45(1) € L'(R) such that

Tr(g(A) — g(B)) = — /O Ean (g (),

for all g € C§°(R). The above identity is known to hold for g in the Besov space B ;O!] (R),

but is certainly true for L!-functions whose derivative has L!-Fourier transform. In fact, the
most general class of admissible functions for & 4 p is the space of operator Lipschitz functions
1 1

on R [29,30]. Changing variables this shows that f(A)j() — f(Ag) is trace-class with trace
equal to

1 1 00
Tr(f(Ay) — f(Ag) = —fo EQ) [ (M)A,
forall f € C'([0, 00)) that satisfy

f ) = 0( ), ) = 0( )s

(14 22k (1 + 22kt

for some k > (d — 1)/2. This is not the most general class of functions for which the
above holds, but it will be sufficient for our purposes. From the above change of variables
one obtains £ € L'(R, |A|(1 + 22)~k=1dy). By the bounds on ||A; |1 one in fact has £ €
LY'(R, (1 +A%)~*1dr)and £ isa piecewise continuous function vanishing at zero.

This implies thaté is atempered distribution. Since & is supported in [0, c0) it is completely
determined by its odd part &,(A) = %(S(A) — &(—A)). Then

o0 0 00
&) = % ( / EM)e o + / —s(—x)e—“dx> =—i / £(L) sin(FA)dA.
0 0

—00

The distributional wave trace w € S’'(R) is formally defined by
1 1
w(t) :=Tr <cos(tA§() — cos(tAé)) .
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This formal expression needs to be interpreted in the sense of distributions, i.e. for each test
function ¢ € S(R) one has

383~ detsi) = [ 00 (cos(mi) — cos(tA >) di

is a trace-class operator, and its trace is given by the pairing (w, ¢). Here ¢.(¢) = %(d) (1) +

¢ (—1)) is the even part of ¢ and therefore ¢A>e is the cosine transform of ¢. By the Birman—
Krein formula we have that (w, ¢) is equal to the pairing of it&, with ¢. As an immediate
consequence of the definition of the spectral shift function one obtains

w(r) = Tr (cos(tA)%) - cos(tAé)) =ity (1) = —t ImE(1).

Now we would like to separate the absolutely continuous part &, from the piecewise
constant part &, of the spectral shift function. Let [Ty, : L2(RY) — L2(M) be the orthogonal
1 1

projection. Then @e(Ai) commutes with I, but dse(Ag) does not. However, we still have
the decomposition

W = Wge + Wp,
wae(t) = Tr (HM (cos(tAi) —cos(tAd )) HM> — 120740, )
and
wy(t) =Tr ((1 — HM)COS(IA)%()(I — l_[M)> . “4)
Here
Q) = Tr ((1 Ty (cos(mé)) (- nM))

and yy is a homogeneous distribution given by

n%t_d
- = for even d
vty = § 739
d =
G
(_”)T(d 1)'3 ~(t) foroddd

where = is the homogeneous distribution defined in [17, Section 3.2] and 897! is the
d — 1th distributional derivative of the delta distribution. Note that y,;(¢) is the cosine Fourier
transform of (dCd))\‘i71 [33].

One can also consider the Cauchy evolution operator Uy () which acts on the Hilbert
space L3*(X) ® L%(X) and is given by

1 _1 1
cos(tA2)  Ay’sin(tA})
1 1 1

—A; sin(ZAi) cos(tAi)

Ux(t) =

)

1 1
where A * sin(tA ) is defined by functional calculus with respect to the function g(x) =

| L . . . . .
x~ 2 sin(x 2t), which is entire in x. This operator has finite propagation speed in the sense
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that its distributional kernel is supported away from the set {(x, y) | dist(x, y) > t}. We
similarly define Uy; and Ug. The corresponding distribution trace

u(t) =Tr(Ux (t) — Uo(2))
then equals 2w(#).

Remark 2.1 1t is sometimes more natural to consider the operator Ux (¢) as an operator in
H'(X) @ L?(X) and thus define its distributional trace in that space. Since for any smooth
compactly supported test function ¢ € C3°(R) the operator f]R Ux (t)¢ (t)dt has smooth
compactly supported integral kernel, its trace in any Sobolev space equals the integral over
the diagonal. Thus, the distributional traces one obtains are independent of the choice of
Sobolev space in the definition of the trace.

The properties of u (and hence w) have been subject to extensive investigation in various
settings. This started with the work of Lax—Phillips [23,24] in odd dimensions. Their method
is also known as the Lax—Phillips semigroup construction [43, Chapter 9]. The trace of the
Lax—Phillips semigroup can be expressed in terms of the scattering operator. By Lidskii’s
theorem, the trace can also be written as a sum of the Fourier transform of the test function
over the scattering frequencies (also known as resonances or scattering poles). It turns out
that the trace of the Lax—Phillips semigroup is equal to the one of u(z) [43, Chapter 9].
The trace-class property of u on (0, co) was shown by Bardos—Guillot—Ralston in [2] using
the Birman—Krein formula (see also Melrose in [26] for potential scattering problems). By
applying Ivrii’s work on the second Weyl coefficient [20], Melrose extended the trace formula
to include + = O for compact obstacles in [28]. There is a rich mathematical literature on
estimates of the number of scattering poles in various settings based on trace-formulae, for
instance, [27,28,31,36-38].

The relation to geometry is facilitated by expressing the singular part of the wave-trace in
terms of a sum of Lagrangian distributions with supports at the lengths of periodic trajectories.
This is sometimes referred to as the Poisson summation formula for the wave trace. Thanks
to the work of Chazarain [5], Colin de Verdi¢re [7,8], Duistermaat [9], Guillemin—Melrose
[15], and Andersson—Melrose [1], the Poisson summation formula for the wave trace was
derived for compact manifolds with or without boundary. We also refer to [34] for a very
detailed treatment containing the case of manifolds with boundary. The standard assumptions
for these results is strict geodesic concavity or convexity of the boundary. In the non-compact
situation of obstacle scattering of finitely many strictly convex compact objects the Poisson
summation formula is due to Bardos, Guillot, and Ralston [2]. We also refer to Petkov and
Popov [32] for an overview and further results for non-trapping boundaries.

Theorem 2.2 Suppose 2; is strictly convex for 1 < j < N. Then the singular support of the
distribution wyc is contained in the set

{Oyu{reR | |t| is the length of a periodic trajectory (closed broken geodesic) in M}.

This theorem can be found in somewhat different language in [1,15,32] and is essentially
Theorem 5 in [2]. It was first proved in a manifold setting by Melrose and Andersson [1] for
compact manifolds. The theorem in the non-compact context can be reduced to the compact
case using finite propagation speed arguments. Since such arguments are important in our
approach we sketch it here for the sake of completeness.

Proof Since w,, is even it is sufficient to prove this for w,, restricted to an arbitrary interval
(0, T). We can therefore assume without loss of generality that all test functions are supported
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1
in (0, T). Denote by Wy, (¢, x, y) and wo(z, x, y) the distributional kernels for cos(tAj,I) and
1

cos(t Ag ) respectively. Let ¢ € Cgo ((0, T)) be an arbitrary test function. Then the operator

/ (cos(tA/%,,) — cos(tAé)) ¢ (t)dt
R

has integral kernel that is smooth on M x M. In fact, Wy (, x, y) and wo(z, x, y) are dis-
tributions on (0, T') taking values in C®°(M x M) (see [1], [9, Section 1], [10, Section 3]
and [32, Section 4]) and we will use this as a convenient notation. For example the diagonal
values wyy (f, x, x) and Wo(z, x, x) make sense as distributions in the ¢-variable. In fact, by
finite propagation speed its kernel is compactly supported in M x M. By Mercer’s theorem
we have in the sense of distributions

wy(t) :=Tr (HM (cos(tA)%() — cos(tAé)) HM> = / wp(t, x, x) — wo(t, x, x)dx.
M

The support of wy (¢, x, x) — wo(z, x, x) is compact and contained in a ball Bg(0) of radius
R > T > 0. We choose R so large that the distance from the boundary of the ball to € is
larger than 7. Again using finite propagation speed and the implied support properties of the
wave-kernels we can modify M outside this ball without changing the integral. This is done
by gluing a large d-dimensional hemisphere onto the boundary of Bg(0) in such a way that
no additional length spectrum in (0, T) is introduced. The precise gluing construction can be
found in [39, Section 10] (also in [37]). In this way we obtain a compact manifold M with
boundary 92 and a closed manifold My such that M = MO\Q. Since the closed manifold
My was constructed from a large ball in R? by gluing a large hemisphere the length spectrum
of this manifold does not contain elements in (0, 7). We have as a distribution on (0, T') the
equality

wM(t):/~ wM(t,x,x)dx—/~ wMO(t,x,x)dx—i-/ wMO(t,x,x)dx,
M My Q

1 1
3 _ 2 3 _ 2
where w; (t) = Tr(cos(tAM)) and Wit 1) = Tr(cos(tAMO)). The second term has no

singularity in (0, T') since My is a closed manifold and the length spectrum does not intersect
(0, T), by [9]. The third term is |2|y,(¢) when restricted to (0, 7') and also does not have
any singularities. The singularities of w; () were studied in [1]. In particular, Theorem 8.9
in [1] implies sing supp(w ;) C L(M), where L(M) is the minimal length spectrum of M
and it is defined as

LM)={0}U{reR | [t] is the length of a periodic trajectory (closed broken geodesic)

in M or of a closed boundary geodesic in a strictly convex component.}

Since €2; is strictly convex with respect to the interior part, it is strictly concave with respect
to M (the exterior part). Therefore, there are no gliding rays in M and the theorem follows.
O
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3 Trace singularity expansion for the relative spectral shift function

In this section we assume throughout that number of connected components N is at least
two. We will study the singularities of &) and the relative distributional wave-trace

N
wrel (1) = w(t) = Y w;(0). ®)

j=1

1 1
Here w;(t) =Tr (COS([A )2(/_) — cos(tAé )) corresponds to w(¢) in the configuration where

only the j-th obstacle €2; is present.
We start by preparing some observations about finite propagation speed which hold inde-
pendent of convexity assumptions.

Proposition 3.1 Ler u(t, x, y) be the distributional kernel of Ux — Uy. Then, for (t, x, y) to
be in the support of i it is a necessary condition that there exists a piecewise linear continuous
path y : [0, L] — R? of length L < |t| such that y(0) =y, y(L) = x and y (s) € 32 for
some s € [0, L].

Proof We first prove the statement for t > 0. For g = <§1> € C®R x X, (Cz) we write
2

Dg =g —g.If f = (2)
Og = 0,Dg = 0 with initial conditions g(0, x) = f(x). The function g is the unique
solution of this system satisfying the boundary conditions.

Let A C R? and define A, := {x € R? : dist(x, A) < r}. We also set A, = @ for
r <0and @, =0 forr € R. We fix (x, y) € X x X and consider a C2-valued test function
f supported in an e-ball B.(y). Moreover, let n be a test function which is supported in
(0€2)¢, i.e. a small e-tubular neighborhood of 32 and n = 1 on (0€)g. Let x = 1—1. Then

g = xUo(t) f is a C2-valued solution of the inhomogeneous wave equation
Og(t) = (3 + A)g(t) = [0, x1Uo(t) f = h(t), Dg=0. 6)

This implies Dh = 0. Since h(t) = —[[J, n]Up(¢) f, one knows that i(z) is supported in
(0€2)¢ N Byt (y). This means that the support of & contains points (¢, z) only if there is a
linear path starting in B (y) ending at z in (02)¢ N B4 (y) with a length of L <t + 2e.
Let G be the forward propagator obtained from Uy, i.e. Gy (s) is supported at s > 0 and
it is given by

e Ci°(X, C?) then g(z,-) = Ux(t) f solves the system

1 1
A2 sin(sA2 0
Grarls) = 0(s) [ 2 SNG20) 0
0 Ay sin(sAy

As before 6 denotes the Heaviside step function. Since g(¢) satisfies the boundary condition
for Ax and the inhomogeneous wave equation (6) with g(0) = f, we have

t
g)=Ux()f + /O Grei(t — t)h(t)dr'.

For sufficiently small € > 0 let ¢ be a smooth cutoff function supported in B (x). Then,

t

@ (Ux(t) —Up(n)) f = — /O @Gre(t — t)R(")dr'.
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As a consequence of energy estimates with boundary conditions, Ge(?) has the finite prop-
agation speed property in the sense that its distributional kernel is supported in {(x, y) |
dist(x, y) < t}. Therefore, Gyt (t — t')h(t') is supported in ((3€2)¢ N By (¥));—y - In order
for the support of @Gret(t — t')h(t") to be non-empty, we must have supp(¢) N ((32) N
By c(¥))i—y # ¥, which holds only if Be(x) N ((02)e);—y # @. This means that there
exits z € (02) such that B¢ (x) N B;_y(z) # §. Hence, there must be another linear path
of length L, starting in z € (02), ending in B (x) N B,_;/(z). Therefore, we conclude that
Ly <t —t' 4 2¢. Taking into account of the constraint on L1, we have

L=1L L, <t+4
Ly <t—1t' +2€ — 1y =t

{ Li <t +2¢
where L is the total length of the piecewise linear continuous path. If y : [0, L] — R¢
parameterises the piecewise linear continuous path, we would have y (0) € Bc(y), y(s) €
(0R2)¢ for some s € [0, L] and y(L) € Bc(x). Finally, ¢ > 0 can be chosen arbitrarily
small and the statement for ¢+ > 0 follows. For the negative time, we consider v(¢, x, y) =
u(—t, x, y), which corresponds to the kernel of Uy (—t) — Uy (—t) for¢t > 0 and the statement
of the existence of a piecewise linear continuous path for v with # > 0 follows the same as
the above construction for & with ¢ > 0. Hence our statement holds for z with L < [¢t|. O

This means essentially signals starting at x propagate initially with respect to Uy until the
wave hits the object, then the effect of the object will be additional reflected waves that also
travel at finite speed and need the additional time to reach the point y. Essentially the same
proof shows the following.

Proposition 3.2 Suppose that Q, Q' are two different collections of obstacles and let X and
X' be the complements of Q2 and 92/, respectively. Then, for (¢, x, y) to be in the support of
the distributional kernel of Uy — Uy it is a necessary condition that there exists a piecewise
linear continuous path y : [0, L1 — R? of length L < |t| such that y(0) = y, y(L) = x
and y (s) € (0Q\0R') U (0Q'\0RQ) for some s € [0, L].

The operator Uy has a similar property, but the piecewise linear path in this case has to
travel via at least two objects to pick up an effect. This is made precise in the theorem below.

Theorem 3.3 Let iy (2, x, y) be the distributional kernel of

Ul = Ux — | Y_Ux; — (N — DU
J

Then, for (t, x, y) to be in the support of Uiy it is a necessary condition that there exists a
piecewise linear continuous path y : [0, L] — R? of length L < |t| such that y(0) = x,
y (L) = y andthereexist ji # jrandsy, sy € [0, L]sothaty(s1) € 02j, andy(s2) € 02},.

Proof We continue using the same notation as in the proof of Proposition 3.1. As before
the statement also follows from a finite propagation speed consideration. Of course we can
assume without loss of generality that N > 1. Fix y € X and let f € C{°(X, C?) be
supported in B (y) for some small € > 0. Let O; = J; 9@ = 9Q\0;. Furthermore,
let ; be a cutoff function supported in (O;) such that n; = 1 on (9 Qk)g whenever k # j.

Now define n = ﬁ ley:l n; and observe that n = 1 on (39)%. Next define x =1 —17p
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and x; = 1 — n;. We consider the function

N
g0)=| Q_xjUx; 1) = (N = DxUo | £.

Jj=1

Then for each ¢, g(¢) is a smooth compactly supported function. Moreover, g(#) satisfies the
inhomogeneous wave equation

(92 4 A)g(r,x) = h(t, x)

on X with initial conditions g(0, x) = f(0, x) and it also satisfies the boundary conditions.
Moreover, Dg = 0 and hence Dh = 0. We compute

N

> 10, xj1Ux, (@) | = V= DIO, x10o f
j=1

h(1)

N
— | D210 nj1Ux, 0y = (N = DIO, mUo | | £
j=1

N
— [ D01y, 1) = Vo)) | f
j=1
Next observe that

Ux(t)f =g(1) — /0 Gret(t — )h(t')dr',

since Ux (¢) f solves the initial value problem with Dirichlet boundary conditions on 9€2.
Let ¢ be a smooth cutoff function supported in B¢ (x). Then we know, for sufficiently small
€ >0,

t
eUrel (1) f = oUx (1) f —@g(t) = _/0 OGre(t — t/)h(t/)dt/~

That is

t N
eUrel () f = —/ @Gt (1 — 1) Z[D, nj1(Ux; (t") — Up(e)) | fdr'.
0 ;

j=1
Observe that [[J, n;] is supported in (O} )c. By the analysis of Proposition 3.1, we know
that the support of [[J, n;j1(Ux; (t") — Up(t")) f is non-empty only if there is a piecewise
linear continuous path of length L; + L starting in B(y), passing through (9€2;)c and
ending in (O;)c. Repeating the same arguments, we know that the support of ¢Get(t —
) (Z?’ZI[D, njl(Ux; (") — Uo(t/))) is non-empty only if there is another linear path of
length L3 such that it connects (O, ) and Be(x). As in Proposition 3.1, we have t > L =

L1+ Ly + L3 — 6¢. The statement for + > 0 now follows by the fact that one can choose
€ > 0 arbitrarily small. A similar argument applies to the case ¢ < 0. O

Essentially the same proof also shows another manifestation of finite propagation speed.
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Theorem 3.4 Suppose that @ = Qi U ---UQy and Q' = QLU QU ---Qy are two
collections of obstacles. Let Ure and U’y be the corresponding relative operators. Then,
for (¢, x, y) to be in the support of the distributional kernel of U'we] — Uy it is a necessary
condition that there exists a piecewise linear path y : [0, L] — R? of length L < |t|
such that {y (L), y(0)} = {x, y} and there exist j # 1 and s1, 52 € [0, L] so that y(s1) €
(021\0Q)) U (3Q2)\0921) and y (s2) € 922;.

Proof For brevity denote 90, U --- U 9Oy by d0,. We fix € > 0 sufficiently small and
choose a cutoff function . € C ©(RY) supported in (3€2.), that equals one near (890)%.

As before define x. = 1 — n.. We fix f € C5°(Be(y), C%)andg € C3P(Be(x)).

Now choose ng € Cgo(Rd) with supportin ((8&21\89’1) U (39’1\391))6 suchthatng =1
on ((9Q1\9Q) U (BQ’I\BQI))%. Then we set xo = 1 —no and x. = xoxc = 1 — no — Ne-
We need to analyse under which conditions the distribution

0 (Una = Ula) £ = 0 (Wx = Ux) = (Ux, = Uy,)) £ = 0Ux 0 f = 0500).

is non-zero, where X| = Rd\aszg and g = xoUx' + xcUx, — X/, Ux;. The function g satisfies
boundary conditions on X and solves the inhomogeneous wave equation g = h, where

h=— ([D, nol (UX’ - UXi) + [0, 0] (le - UX3>) I3 )

Then we have
t
g(t) = Ux () + / Gxreut — )R()E,
0

where G x e is the forward propagator obtained from X. Together with equation (7), one
deduces

t
% (Urel - Ur/el) f= _90‘/0 Gx ret(t — l/)h(t/)dt/
t
= fo 0Gx,ret = 1) (I0.m0] (U = Uy ) + [0, me) (Ux, = Uy ) ) () fal'

If this is non-zero we must have that either ¢Gx re(r — t')[J, 0] (UX/ - Ux;) @) f is

nonzero for some 0 < ¢’ < 1, or that pG x et (t — t")[J, N1] (le — UXi) (t") f is nonzero

for some 0 < ¢ < t. Suppose that the first term is non-zero. We note that [[J, o] is
supported in ((921\0€2)) U (922)\3%21)), and the symmetric difference of 9 X" and 82} is
092.. Applying Proposition 3.2 to Uy and U x| We conclude that there exits a piecewise
linear continuous path starting from B (y) to (0€2.)¢ (e-neighbourhood of boundaries of
all the other obstacles) and then ends in ((8521 \IQD U (D 9/1\891))5' A similar argument
applies to the second term. O

Recall that § is the minimal distance between two objects, i.e.
§ = inf{dist(x, y) | x € 0,y € 0%, j # k}.
The behaviour of wye around origin is given in the following corollary.

Corollary 3.5 The distribution wye is supported away from (=28, 26).
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Proof In the proof of Theorem 3.3 we know that if (¢, x, y) is in the support of i e, then
there exists a piecewise linear continuous path of length L < |¢] that is reflected by two
different obstacles, where y and x are starting and ending points respectively. Since wye| (¢)
is the trace of %Urel (t), we know that if 7 is in the support of wy(¢), then there is a piecewise
linear continuous closed path that intersects two different obstacles. Hence by the triangle
inequality, we conclude that L > 2§, which also implies |t| > 2§. O

Equations (3), (4) and (5) imply

1 1 N 1 1
Wrel = Tr | Ty (cos(tA)z() - cos(tAS)) - Z <cos(tA)2(j) - cos(tAé)) Oy |,
j=1

which means the singular behaviour of wy boils down to the study of singular supports
of wys in (2) with different obstacle configurations. Therefore, we could use Theorem 2.2
to study the singular support of the distribution érel. The contribution of an isolated non-
degenerate periodic billiard trajectory can be computed via the Gutzwiller-Duistermaat-
Guillemin formula [9,16].

To simplify the discussion we impose the condition that the obstacles are locally strictly
convex near points that have distance equal to § from the other obstacles. This will guarantee
that there is a finite number of isolated non-degenerate bouncing ball orbits of length 2§
between the different obstacles and the Maslov index vanishes (see Theorem 3.7). Under this
hypothesis one can easily compute the leading singularity of érel-

A bouncing ball orbit is a 2-link periodic trajectory of the billiard flow. The existence of
a non-degenerate bouncing ball orbit plays an important role in Zelditch’s work on inverse
spectral problems for analytic domains [45,46]. In general, shortest periodic billiard trajec-
tories in a smooth domain are not necessarily bouncing ball orbits (see Ghomi [14] for a
discussion and geometric conditions that ensure this). In our setting this does however not
cause a problem.

‘We make this now precise by introducing the set Bs as

Bs = {(x,y) € 092 x 3R | dist(x, y) =8, (x, y) € 9 x 9K, withi # j}.

The set B; is symmetric and we define Bygq s to be the projection of B; on the first factor, i.e.
Bag,g = {x €02 | E|y € 39, (x, y) S Bg}.
We have the following elementary proposition.

Proposition 3.6 Let § > 0, as before, be the minimal distance between the disconnected
components. For two points q1 € 092, g2 € 02 with i # j and dist(q1, g2) = § denote by
4192 the linear path connecting them. Then q1q> is a bouncing ball orbit with period 26.

Proof The set {(q1,q2) € 022 x 3 | (q1,q2) € 9 x 92 withi # j} is compact and
therefore B; is non-empty and for all (g1, ¢2) € Bj there exists a straight line in R? of length
connecting them. This straight line does not intersect any other points of 92 since that would
give a pair points of distance smaller than §. Therefore this straight line g1g; is in M and
we can restrict to the case when only two compact obstacles are present, i.e. 2 = Q1 U Q5.
If ¢; is a boundary defining function for £2; then a length minimising straight line satisfies
dl(q1 — q2)2 —2a¢1(q1) — 2B¢1(q2)] = 0 for some Lagrange multipliers «, 8. This leads
to g1 — g2 = adeg(q1) and g1 — g2 = —Bde¢1(q1). Hence, g1 — g2 is normal to the tangent
space of T;;;3€2; and therefore this is a bouncing ball orbit. O
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If the 2 is strictly convex in a neighborhood of Byq s then Byq s is actually a discrete set
of points consisting then of the reflection points of bouncing ball orbits between objects.

Since the relative spectral shift function, &1 (1), only makes sense for at least two obstacles,
we now assume that 2 has at least two compact connected components. One of immediate
consequence of Proposition 3.6 is the following theorem.

Theorem 3.7 The distribution térel(t) is real-analytic in (—26, 258) and its imaginary part
vanishes in (=28, 28). If Q2 is locally strictly convex near Byq. s then there is an isolated
singularity of t&..1(t) at 28 of the form

8

@t —-254i0) + L] ®)
y; mldet(d — Py))|?

in D'(R)/ LllOC (R). Here y; are the shortest periodic billiard trajectory between the objects.
Here Py, is the linear Poincaré map of y;.

Proof Recall that

Wret (1) = —1 Tm £l (£).

Since wye] vanishes on (—2§, 2§) the distribution g obtained by restricting térel (t)to (—248, 28)
is real valued. Since the analytic wave-front set of the complex conjugate of a distribution is
obtained by reflection its wavefront set about the origin in the fibres of the cotangent bundle
we have that WF 4(g) is invariant with respect to this reflection. On the other hand é_rel is
the boundary value of a function that is analytic in the upper half plane. Hence, WF 4 (g)
is one-sided. It follows that the analytic wavefront set of g is empty and g is real analytic.
We will now use that 2 is locally strictly convex near Byq s. Using Theorem 3.4 we can
change the obstacles away from the set Byq s without changing the relative wave trace in
a neighborhood of the interval (0, 26). It is straightforward to see that the obstacles can
modified in this way into strictly convex ones. We can therefore assume without loss of
generality that the obstacles are strictly convex.

In general, the singularities of Im(térel(t)) are contained in the length spectrum of M as
described in Theorem 2.2. Hence, the first non-trivial singularity can only appear at t = 26.
By convexity the set of 28-periodic billiard trajectories consists of simple non-degenerate
billiard trajectories with zero Maslov index. By Proposition 3.6, these trajectories are also
bouncing ball orbits. Both statements can be found in [2] and we therefore only briefly show
the computation involved.

If T € sing supp(wrer) and only closed simple billiard trajectories are of T-period, then
one concludes from Duistermaat, Guillemin and Melrose’s work [9,15] that the singularity
of wye att = T is given by the real part of

o N T/# i 1
E 1% (=% : ; — | + Liges 9
” 27| det(l — Py)|2 £ =T +10

where T;@'t is the primitive period of y;, N; is the number of reflections in y; and o; is the
Maslov index associated with y; (see [15, Theorem 2]).
Since the number of reflections is two and the Maslov index contribution vanishes this
gives
265 1 1
— (t — 26 +10)7" + Ly (10)
y; 2m|det(I — Py;)|2

[}
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In dimension two the dynamic of scattering billiard has been well studied (see, for instance,
[22,35]). Following from the study of the Birkhoff Billiard in [22, Chapter II] one directly
computes the Poincaré map and obtains the following corollary.

Corollary 3.8 If Q is locally strictly convex near Bygq s and d = 2 then the first singularity
of tée1(t) is of the form

1 :—1 1
;Ec‘j(t—%—i—lO) + L.
J

where for each bouncing ball orbit y; of length 25 we have

_ sriog \?
Cj = i+ o0 s .
jt+pji+

Here rj and p; are the reciprocal of the curvatures of Q2 at the two points of y; N 0S2.

In dimension three we could not find literature but the computation of the Poincaré map
is straightforward and results in the following corollary.

Corgllary 3.9 If Q is locally strictly convex near Byq s and d = 3 then the first singularity
of t&e1(t) is of the form

1 -
; S€i(t =25 +i0) YyLl,
J

where for each bouncing ball orbit y; of length 28 the coefficient c is the geometric invariant
of yj given by
o= A/ P1P2T112
! No
where
Dj =28 +28p1 +28p2 +2p1p2 + 11 28+ p1 + p2 + 2r2)
+28ry — (p1 — p2) (r1 — r2) cos(26) + p1r2 + pars 1D

and ry, ry are the radii of principal curvature at the first point in y; N 9K, py, p2 are the
radii of principal curvature at the second point in y; N 0. Finally 6 is the angle between
the direction of the principal curvature corresponding to ry and the principal curvature
corresponding to py.

Let Lsp(M) be the length spectrum of M and it is given by
Lsp(M) ={0}U{r eR } |t] is the length of a closed broken geodesic in M}.

Note that this is the set stated in Theorem 2.2, which differs from the minimal length spectrum
L(M) defined in the proof of Theorem 2.2. Recall that Eq. (5) says

N
wrel (1) = war (1) = Y wag; ().

j=1

On the other hand, the singularity of wy; and w M; can be analysed as in the Theorem 2.2.
However, Theorem 2.2 requires €2 to be strictly convex and it implies that

sing supp(wp) C Lsp(M) and singsupp(wy;) C Lsp(M;). (12)
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From the Eq. (5) and relationship (12), one may think that there would be some cancellation
of singularities and naively conjecture that sing supp(wre]) C Lsp(M). This is not true in
general. Therefore, we conclude the following remark.

Remark 3.10 In general, the singularities of wy are contained in L(M) U L(M) U --- U
L(My). That is

sing supp(wrel) C L(M) U L(M) U--- U L(My).

When ;s are strictly convex, we have £L(M;) = Lsp(M;) = {0} for all j and L(M) =
Lsp(M). In this case, Theorem 3.7 tells us that

sing supp(wre1) C Lsp(M)\{0}.
A natural question to ask is when

Lsp(M)\ (Lsp(M1) U -- - ULsp(My)) C sing supp(wrel)-

4 The function =

It was shown in [18] that

N
R = (Ax =297 = (Ao =)' = ((Ax, =2 = (Ao —2H)71)
j=1

is a trace-class operator for any A in the upper half space. The function E is then uniquely
determined by its decay along the positive imaginary axis and by

E'(A) = =2ATr (Reel (V) -

The resolvent (Ax — A2)~! can be represented as
—2ir(Ax — N7 = /Re’*"l cos(mi)dt.
Taking differences and the pointwise traces this implies
18/ (A) = —2iATr (Rret (1)) = /R M (1)dt (13)

where the integral needs to be understood as a distributional pairing. The right hand side
is well defined since wy] is a tempered distribution supported away from (—248, 25). From
Theorem 3.7, we then obtain the following theorem.

Theorem 4.1 Let Q2 be locally strictly convex near Byq s and let o« > 0. Then for all . € C
with Im(}) > | Re(})| we have the bounds

2i8 .
E/()») - _ Z 1 eZl(SA + O(e—QélmA)
7 det(I — Py)|2

== 1

18218A+0(67281m)h)
~ |det(I — P,)|?

[

where y; are the shortest bouncing ball orbits.
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Proof From Eq. (13), we have

_% /000 oM [2711: Im (érel () — érd(—z))] dt

! / i (—471119(;) lmérel(z)) dr

g0 =

Y
and

1

EM) = —
W)=

oo
/ i (—4n9 Im érel) (t)dr,
—00
where again the integrals are distributional pairings. Using Theorem 3.7, our expression of
Z (1) follows. O

Combining with Corollary 3.8 and Corollary 3.9 with Theorem 4.1, we obtain the following
corollaries.

Corollary 4.2 For two-strictly-convex-obstacle-scattering problems and d = 2, one has

1
(L) = 1 rp ? ik +o(e-DImi
2\8(r+p+9) ’
where r and p are the principal radii of curvature of 21 and 2 respectively at the reflection
points.

Corollary 4.3 For two-strictly-convex-obstacle-scattering problems and d = 3, we have

- L [p1p2rir2 s —28Tma
D(}\,) = —5 We ! +0(€ m )s

where r1, ra and p1, p2 are the principal radii of curvature at the reflection points and D is
given by (11).

In the case of two spheres of radius » and p we obtain as a special case

rp

2i8\ —28Im A
—_———€ + ole .
48(r +p +96) ( )

E() = —
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