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Abstract

We establish generic existence of Universal Taylor Series on products 2 = [] §2;
of planar simply connected domains §2; where the universal approximation holds on
products K of planar compact sets with connected complements provided K N§2 = (.
These classes are with respect to one or several centers of expansion and the universal
approximation is at the level of functions or at the level of all derivatives. Also, the
universal functions can be smooth up to the boundary, provided that K N 2 = ¢
and {00} U [C\£2;] is connected for all i. All previous kinds of universal series may
depend on some parameters; then the approximable functions may depend on the same
parameters, as it is shown in the present paper.

Keywords Taylor series - Universality - Baire’s theorem - Generic property - Partial
sums - Product of planar domains
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1 Introduction

In [2] and the references therein, one can read about the history of universal Tay-
lor series. The first universal Taylor series was established before 1914 by Fekete
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[17]. The existence of a power series Z,fil arxk, a; € R, such that, its partial sums
ZZ:] akxk ,n=1,2,..., approximate uniformly on [—1, 1] every continuous func-
tion & : [—1, 1] - R with 2(0) = 0 was shown.

In 1945, we have the universal trigonometric series in the sense of Menshov [14].
There exists a trigonometric series Z,fi_oo akeikx, ap € C,ar — 0Oas k| > +oo,
such that its partial sums Zzz_n ake”“, n=20,1,2,..., approximate in the almost
everywhere sense every 27 -periodic complex measurable function z : R — C.

In 1951, Seleznev [18] demonstrated the existence of a power series Z,fio arz¥,
ay € C, with zero radius of convergence, such that its partial sums ZZ:O akzk, n=
0,1,2,..., approximate uniformly any polynomial on any compact set K € C\{0}
with connected complement C\ K.

In the early 70’s, W. Luh [13] and independently Chui and Parnes [3] demonstrated
the existence of a power series Z/?io arz*, a; € C, with radius of convergence 1, such
that its partial sums approximate any polynomial on any compact set K C {z € C :
|z| > 1} with connected complement. Grosse - Erdmann showed in his thesis (1987)
[8], using Baire’s Theorem, that the phenomenon is generic in the space H (D) of all
holomorphic functions f on the open unit disk D = {z € C : |z] < 1} endowed with
the topology of uniform convergence on compacta.

In 1996, V. Nestoridis strengthened the result of Luh and Chui and Parnes allowing
the compact set K to meet the boundary of the unit disk [15]. Soon, after the open
unit disk D was replaced by any simply connected domain §2 in C and the set of func-
tions whose Taylor series realized the previously mentioned approximations, called
universal Taylor series, has been proven to be a G5 and dense subset of the space
H($2).

Roughly speaking, it is well known that under some assumptions, the partial sums
of the Taylor expansion of a function f near the center of expansion approximate only
f. But what happens far from the center of expansion? The previously mentioned
results show that generically, they approximate all functions that can be approximated
by polynomials.

More recently [16], it was shown that not only the polynomials P could be approx-
imated on the compact set K by the partials sums Sy,, k = 1,2, ... but also every
derivative of P can be approximated on K by the corresponding derivative of Sy, .

In [1] the authors consider families of universal Taylor series depending on a param-
eter; then the function & to be approximated by the partial sums can depend on the
same parameter. This led to functions of several complex variables; see also [4,5,12].

In the present paper we obtain several extensions of the result in [1] and other
results in the case of several complex variables. We divide the set of variables into
two groups: one group, the set of parameters and a second group, the set of variables
appearing in the Taylor expansion. We also obtain that the universal functions can be
smooth on the boundary, provided that the sets K are disjoint from the closure of the
domain of definition £2 = [] $2; and that the planar simply connected domain £2;
satisfies that {oo} U [(C\ﬁi] is connected; see also [11].

We close by mentioning that the set E of functions which can be approximated
uniformly on the compact set K by polynomials is of interest in the theory of universal
Taylor series. If K C C, there exists the celebrated theorem of Mergelyan (1952)
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stating that, if C\ K is connected, then this set E coincides with A(K) = {h : K —
C, continuous on K holomorphic on K°}. In several complex variables, the theory
is much less developed. It is true that the set E is included in A(K), but there is a
smaller function algebra Ap(K), E € Ap(K) € A(K), which is more appropriate
for approximation, [6].

In [6] some sufficient conditions so that £ = Ap(K) are given, when K is a product
of compact planar sets. In the present paper we are using this new algebra Ap(K) and
we give its definition in Sect. 2.

The organization of the paper is as follows. In Sect. 2 we give some preliminary
results concerning A p(K). In Sect. 3 we extend this to several variables [1,12,15]. In
Sect. 4 we strengthen the result of Sect. 3 obtaining approximation for all derivatives.
Finally, in Sect. 5 we extend the result of [11] and we obtain smooth universal Taylor
series in the weak sense.

Our method of proof is based on Baire’s Category Theorem. For its use in analysis
we refer to [9,10].

2 Preliminaries

We present some context from [6] which will be useful later on.

Definition 2.1 [6]. Let L C C”" be a compact set. A function f : L — C is said to
belong to the class Ap (L) if it is continuous on L and, for every open disk D C C
and every injective mapping ¢ : D — L C C" holomorphic on D, the composition
fo¢: D — Cisholomorphic on D.

We recall that a function ¢ : D — C", where D is a planar domain, is holomorphic
if each coordinate is a holomorphic function.
We have the following approximation lemmas:

Lemma2.2 [6]. Let L = H?:l L; where the sets L; are compact subsets of C with
connected complement fori = 1,2,...,n. If f € Ap(L) and ¢ > 0, then there exists
a polynomial p such that sup,; | f(z) — p(2)| < e.

Lemma2.3 [6]. Let L = ]_[;-’zl L; where the sets L; are compact subsets of C with
connected complement fori = 1,2,...,n and I a finite subset of N*. If f is holo-
morphic on a neighbourhood of L and ¢ > 0, then there exists a polynomial p such
that

8m1+"'+m;1
SUp | =, (f — P)@)| < ¢
zeL 811 <02,
forallm = (my,...,my) € 1.

Lemma 2.2 is partof aresultin [6], Remark 4.9 (3). For Lemma 2.3 see [6, Prop. 2.8].
We also have the following ([6, Prop. 2.7]):

Lemma24 [6]. Let U; C C,i = 1,...,n be simply connected domains and U =
[T'_, Ui. Then, the set of polynomials of n variables is dense in H(U) endowed with
the topology of uniform convergence on all compact subsets of U.
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We now introduce some notation:

Suppose that m = (m1,...,my) € N and z = (z1,...,2z4) € C?. Then we
denote the monomial z}''---zJ* by z". Let G € C’, 2 < C? be open sets and
f 1 G x £2 — C be a holomorphic function, then, for each w € G and ¢ € £2, we
set

1 am1+~~+md
, W, ) = w, u
(w0 = g )]
where u = (uy, ..., uqg). Now, let N,k = 0,1, ..., be an enumeration of N9 then

foreachn = 0,1,... weset S,(f,w,{)(2) = > j_oar(f,w, {)(z — )Nk where
ak(f’ w, é‘) = yNk(fv w, é‘)

3 Universal Taylor Series with Parameters in H(G x Q)

LetG; C€C,i=1,...,r,and 2; CC,i =1,...,d, be simply connected domains.
Weset G = [[i_, G; and 2 = [, 2.

More specifically, we could say that a product K = K; x x --- x K4 of planar
compact sets with connected complements has property (A) if there exists at least one
index ig € {1, ..., d} such that K;; N £2;, = 9.

Similarly, for a continuous function z : G x K we could say that it has property
(B) if the function K 5 z — h(w, z) € Cbelongs to Ap(K) for any fixed w € G and
the function G > w — h(w, z) € C belongs to H(G) for any fixed z € K.

Definition 3.1 Let N,k = 0, 1, ..., be an enumeration of N¢ and /1 be an infinite
subset of N. We define U* (G, £2) to be the set of f € H(G x £2) such that for every
d

set K = 1—[ K; that has property (A) and every continuous function 2 : G x K — C
i=1

that has property (B), there exists a strictly increasing sequence A, € u,n =0,1,...,

such that

sup sup sup |8y, (f, w, £)(2) = h(w, z)| — 0and
eM welL zeK

sup sup sup |y, (f, w, £)(2) — f(w,2)| — 0
eM wel zeM

for every compact subset L of G and for every compact subset M of £2.

We notice that the class U* (G, §2) can also be defined without the requirement that
the sequence (A, ),eN is strictly increasing and then the two definitions are equivalent;
see [19].

We also have the following equivalence: A continuous function/ : G x K — Chas
property (B) if and only if for all compact sets L; € G; with C\L; connected for all
i =1,...,r,the restriction of % to the Cartesian product (]_[?:1 L,-) x K belongs to

Ap [( ]_[lr: 1 L,-) x K ] This holds, because, as is proven in [6], a continuous complex
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function defined on a product M = [];_,; M; of planar compact sets M; belongs to
Ap(M) if and only if, for every [ € {1,..., o}, the corresponding slice functions
belong to Ap(M;) = A(M)).

Let Fz, T = 1,2, ..., be an exhausting family of compact subsets of G and M,
p =1,2,...,be an exhausting family of compact subsets of £2, where each one of the
sets F; and M, is a product of planar compact sets with connected complement. We
may also assume that F; C Frqqforallt =1,2,... and M), € M, forall p =
1,2,....Itisknownthat,foreachi =1, ..., d, there exist compact sets R; ; € C\£2;,
j =1,2, ..., with connected complement, such that for every compact set T € C\ £2;
with connected complement, there exists an integer j such that ' C R; ;. Let T;, be
an enumeration of all ]_[?:1 Q;, such that there exists an integer ip = 1, 2, ..., d with
Qiy € {Riy,j : j =1,2,...} and the rest of the sets Q; are closed disks centered at 0
whose radius is a positive integer.

Let f;,j =1,2,...,beanenumeration of all polynomials of r +d variables having
coefficients with rational coordinates. For any 7, p,m, j,s,n witht, p,m, j,s > 1,
n > 0, we denote by E(t, p,m, j, s, n) the set

1
{f € H(G x £2) : sup sup sup !S,l(f, w, $)(z) — fj(U),Z)| < —},
(EM ), weF; Z€Ty, s

and by F(z, p, s, n) the set

1
[feHGx2): swp sup sup [Su(f,w, )@ = fw.2)] < -},
(€M) weF; zEM,, s

Lemma 3.2 With the above assumptions,

UM G, 2) = ﬂ U[E(t,p,m,j,s,n)ﬂF(r,p,s,n)].

T,p,m,j,s NEWR

Proof For the inclusion

vhiG.2yc () UIEG. p.m.j.s.mynF(x. p.s.n)],

T,p,m,j,s NEQ

we consider a function f € U*(G, £2) and arbitrary positive integers t, p, m, j, s.
We shall show that there exists an integer n’ € w such that f € E(t, p,m, j,s,n’)N
F(t, p,s,n’). Since fj is a polynomial, it is holomorphic on C" x C4. Thus, using
the definition of the class U*(G, §2), we fix a sequence (A,)neN, Ay € U, such that

sup sup sup |Sy, (f, w,)(@) — fj(w,2)| > O0asn — oo
teMp weFr zeTy,

and

sup sup sup |Skn(f,w,§)(z) - f(w,z)| — 0asn — .
CeEM, weFr zeM),
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266 G. Gavrilopoulos et al.

Thus, there exist positive integers n1, ny, such that

1
sup sup sup |Sy, (f, w,)() — fi(w,2)| < -
CeMpy weFy zeTy N

for every n > n; and

1
sup sup sup S, (f,w,{)(@) — f(w,2)] < -
teM, weF; zeM), s

for every n > np. By setting np = max{nj,n2} and n’ = i,, we get f €
E(t, p,m, j,s,n’) N F(z, p,s,n’) which is exactly what we wanted to show.
For the other inclusion, we consider a function

f e ﬂ U[E(r,p,m,j,s,n)ﬂF(r,p,s,n)].

T,p,m,j,s NEN

LetK = ]_[f:1 K; have property (A). Letalso/ : Gx K — Cbeacontinuous function
that has property (B). Then, for each positive integer ¢ we have h € Ap(F; x K);
thus, by Lemma 2.2, there exists a positive integer j;, such that

1
sup sup |h(w,z) — fj, (w, 2)| < =— .
weF; zeK 2t

Since the above relation does not depend on ¢, it can be rewritten as

1
sup sup sup |h(w,z) — fjf(w,z)| < 7 (3.1
teM; weF; zeK T

By the definition of the sets T}, there exists a positive integer my, such that K C T,,.
For each positive integer T we have

felJE@ t.mo, jr.2t.n) N F(x. 7,21, )],

nep

thus, there exists a positive integer A; € w, such that

1
sup sup sup |Sx, (fsw, 0)(2) — fj, (w, Z)| < 27
teM: weF; ZeTmO T

and

1
sup sup sup [$i (f, w, (@) = f(w, )] < . (3.2)
teM; weFr zeM; T
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Since K C T, it follows that

1
sup sup sup Sy, (f, w, (@) — f. (w,2)| < > (3.3)
reM; weF; zeK T

From (3.1) and (3.3) it follows that for each positive integer T, we have

1
sup sup sup Sy, (f, w, $)(2) — h(w, 2)| < —. (3.4)
CeEM; weF; zeK T

We consider the sequence (A;);en. Let L € G and M C £2 be compact sets. Then,
there exists a positive integer 7o, such that L C F;, and M C M. Since the families

{Fr:t=12,...}and {M), : p =1,2,...} are increasing, it follows that L C F;
and M C M, for any positive integer T > 1, therefore, from (3.4), it follows that

1
sup sup sup |SAT (f, w, )@ — h(w, z)| < —forall t > 19
reM wel zeK T

whence it follows that

sup sup sup [y, (f, w, $)(@) — h(w, 2)| = 0ast — co.
teM wel zeK

From (3.2), we get

1 1
sup sup sup |S,\T(f, w, $)(2) — f(w,z)| < > < —forallt > 19
(eM wel zeM T T

and so
sup sup sup | Sy, (f, w,£)(@) — f(w,2)| > Oast — o0
teM wel zeM
Hence, f € U"(G, §2) and the proof is completed. O

We consider the set U* (G, £2) as a subset of the space H (G x £2) endowed with the
topology of uniform convergence on all compact subsets of G x £2. Since H (G x £2)
is a complete metrizable space, Baire’s Theorem is at our disposal. So, if we prove that
the sets UneM [E(r, p,m,j,s,n)NF(t,p,s, n)] are open and dense in H(G x £2)
for all positive integers 7, p, m, j and s, then the set U* (G, §2) is a dense G set.

Lemma33 Letrt> 1, p>1,m>1,j>1,5>1andn € u. Then,
(i) the set E(t, p,m, j,s,n) is open in the space H(G x §2),
(ii) the set F(t, p, s, n) is open in the space H(G x §2).
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268 G. Gavrilopoulos et al.

Proof (i) We shall show that H(G x )\ E(t, p, m, j, s, n)isclosedin H(G x §2).Let
g € HG x 2)\E(t,p,m, j,s,n),i =1,2,...,be asequence that converges to a
function g € H(G x £2) uniformly on all compact subsets of G x 2. We shall show
that g € H(G x $2)\E(z, p, m, j, s, n) and so it suffices to show that

1
sup sup sup |S, (g, w, () — fj(w,2)| = —.
¢EM) weF; zeTy, s
Let D be a differential operator of mixed partial derivatives in z = (z1, . . ., Z4), then

by the Weierstrass Theorem, we have Dg; — Dg uniformly on all compact subsets
of G x §2 asi — 00. So, we have

sup sup |ax(gi, w,¢) —ax(g, w.¢)| — 0
CeEMp wek;

asi — oo for every 0 < k < n. Thus, since the set T, is bounded, we get

sup sup sup [S,(gi, w, {)(2) — Su(g. w, O)(2)| —> 0

teMp weF; zeTy,

asi — oo and so

Sup Sup Sup ’S"l(gl'v w, ;)(Z) - fj(w’ Z)|
teMp weF; zeTy,
— sup sup sup [S,(g, w. O)(@) — fi(w,2)]

teEM ), weF; zeTy,

asi — o00. Since

1
sup sup sup Sy (gi, w, $)(2) = fj(w, )] = 3
teMp weFr zeTy
foralli =1,2,... we get
1
sup sup sup [S,(g, w, $)(2) = fj(w, )| = ~

teM, weFr zeTy,

and the proof is completed.
(i1) Following the previous proof, we can show that the set H (G x 2)\ F (z, p, s, n)
is closed in H(G x £2). O

Lemma 3.4 For every integer Tt > 1, p > 1, m > 1, j > 1 and s > 1, the set
Une“ [E(t, p.m,j,s,n)NF(z,p,s, n)] is open and dense in the space H(G x §£2).

Proof By Lemma 3.3 the sets E(z, p,m, j,s,n) N F(t, p,s,n),n € [ are open.
Therefore the same is true for the union ., [E(z, p,m, j,s,n) N F(z, p,s,n)].
We shall prove that this set is also dense. By Lemma 2.4, it suffices to show that it is
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dense in the set of polynomlals of r 4 d variables. Let g be a polynomial. Let also
F = [T_, Fi, M = ]_[l | M; where Fj, i = 1,...,r, are compact subsets of G;
with connected complement and M,, i=1,..., d, are compact subsets of £2; with
connected complement and ¢ > 0. We may also assume that F; C F. It suffices to
findn € pand f € E(z, p,m, j,s,n) N F(z, p, s, n), such that

sup sup [g(w, z) — f(w, 2)] < e.
weF zeM

The set Ty, is of the form 7, = ]_[l 1 Qi, where one of the sets Q; satisfies ;N Q; =
@, which we denote by Q;,. Since M;, < £2i,, we have M;j,NQj, =W.Fori=1,...,d
with i # ip let B; be closed balls such that M U Q; € B;. We define the functlon
h:F x ]_[jizl Si — C, where S; = B, fori # ip and S, = Mio U Qi,, with

h(w,z) =g(w,z) forw € F and z in the product of B; for i # ip and A;Iio,
h(w,z) = fj(w,z) forw € F and z in the product of B; for i # ip and Qj,,.
We notice that the functions g and f; are polynomials and thus defined everywhere.
Since h € AD(I:" X ]—[f=1 Sl-) and the set F x ]—[;1=1 S; is a product of planar compact

sets with connected complement, by Lemma 2.2, there exists a polynomial p(w, z)
such that

1
sup  sup  |p(w,z) — h(w, )| < min [g, _}.
weF ze[[L, S K

By the definitions of the function 4 and the sets S; we get

sup sup |g(w, z) — p(w,2)| < ¢
weF zeM

and

1
sup sup |p(w7 Z) _f](ws Z)' < ;

weF, zeTy,
For a fixed ¢y € M, the polynomial p(w, z) can be written in the form p(w, z) =

Z,fio pr(w)(z — Co)N k where py are polynomials, such that all but finitely many of
them are identically equal to 0. Fori =1, ..., d we set

L=max{N : Ne= N, N, pr#£0,k=0,1,...).

Let n’ be an integer such that for each k = 0, 1, ... with N,Ei) <lfori=1,...,d,
we have k < n’. We notice that S,,(p, w, £)(z) = p(w, z) forall{ € M, andn > n'.
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270 G. Gavrilopoulos et al.

Thus, by choosing n € w such that n > n’ we have

1
sup sup sup |S,(p, w, {)(z) — fj(w,2)| < 5 and

teM) weF; zeTy,

1
sup sup sup [Sy(p,w,)(@) — p(w,2)| =0 < —.
teEM), weF; zeM) s

This proves that the set | E(t,p,m, j,s,n)NF(t,p,s, n)] is indeed dense. O

nep [

Theorem 3.5 Under the above assumptions and notation, the set U* (G, $2) is a G
and dense subset of the space H(G x $2) and contains a vector space except 0, dense
in H(G x $2).

Proof The fact the set U* (G, §2) is a Gs and a dense set is obvious by combining the
previous lemmas with Baire’s Theorem. The proof that it also contains a dense vector
space except 0 uses the first part of Theorem 3.5, follows the lines of the implication
(3.3) implies (3.4) of the proof of [2, Thm. 3] and is omitted. O

We now consider the case where the center of expansion of the Taylor series of f does
not vary but is a fixed point in £2.

Definition 3.6 Let ¢y € 2, Ni, k =0, 1, ..., be an enumeration of N9 and W« be an
infinite subset of N. We define U* (G, £2, o) to be the set of f € H(G x §2) such
d

that for every set K = 1_[ K; that has property (A) and every continuous function
i=1

h : G x K — C that has property (B), there exists a strictly increasing sequence

My € w,n=1,2,...,such that

sup sup | Sy, (f, w, £0)(z) = h(w, 2)| — 0

wel zeK

and

sup sup [S;, (f, w, £0)(2) — f(w, 2)| — 0

wel zeM

for every compact subset L of G and for every compact subset M of £2.

We notice that the class U* (G, 2, £o) can also be defined without the requirement that
the sequence (A, ),en is strictly increasing and then the two definitions are equivalent;
see [19].

Theorem 3.7 Under the above assumptions and notation, the set UM (G, $2, o) is a
G5 and dense subset of the space H(G x §2) and contains a vector space except 0,
dense in H(G x $2).

Proof Clearly, we have UM (G, £2) € U*(G, £2, ¢o),so UM (G, £2, {o) contains dense
G set and thus is dense. If we prove that it can be written as a countable intersection
of open sets in H(G x §2) then it would be a dense G set itself.
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Universal Taylor Series in Several Variables... 271

Let F;, Mp, T,, and f; be as previously. For any numbers 7, p,m, j, s, n with
T, p,m,j,s > 1,n>0,wedenote by E(t,m, j, s, n) the set

1
[ren@x2): s sup[s.(fw 0@ - 02| < -},

weF; zeT),

and by F(z, p, s, n) the set

1
{f € H(G x £2) : sup sup |S,(f, w,%0)(2) — f(w,2)] < ;}

weFr zeM)

Following the lines of implication of the proofs of Lemma 3.2 and Lemma 3.3 we can
show that

UG .2.c0= () JlE@m. j.s.mynF p.s.n)].

T,p,m,j,s NEU

and that the sets E(r,m, j,s,n) and F(t, p,s,n) are open in the space

H(Gx$82)forallt > 1,p>1,m>1,j>1,s > landn € u.Thus, U*(G, £2, {y) is
a G anddense set. Also, by Theorem 3.5 and the factthat U* (G, §2) € U*(G, $2, ¢o),
UM (G, £2, ¢y) contains a vector space except 0, dense in H(G x £2). O

Remark 3.8 We have proven that, for a fixed enumeration of N9, the set of functions
in H(G x §2) whose Taylor series have the desired universal approximation property
with respect to this enumeration is a dense G set, as described above. Using Baire’s
Theorem, if we consider the set of functions in H (G x §2) whose Taylor series have
the same universal approximation property with respect to any countable family of
enumerations of N¢, then this is still a dens G set of H(G x £2). Since the set of
all enumerations of N is uncountable, a natural question that arises is whether we
can generalise the result to the chase where all the functions in H(G x §2) have the
universal approximation property with respect to all enumerations of N. The answer
to this question is negative. The proof is similar to a result in [12, Sect. 6].

4 Strong Universal Taylor Series with Parameters in H(G x Q)

LetG; €C,i=1,...,r,and 2; CC,i =1, ...,d, be simply connected domains.
Weset G =[]/, G; and 2 =[], 2.

Definition 4.1 Let Ny, k = 0, 1, ..., be an enumeration of N4 and i be an infinite

subset of N. We define UZ (G, £2) to be the set of f € H(G x £2) such that for every
d

set K = 1_[ K; that has property (A) and every holomorphic functionh : G x V. — C
i=1
where V is an open set containing K, there exists a strictly increasing sequence X, €
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w,n=1,2, ..., such that

sup sup sup | D(S, (f, w, )(2) — h(w,2))| — 0
teM welL zeK

and

sup sup sup |Sy, (f, w, (@) — f(w,2)| — 0
teM weL zeM

for every compact subset L of G, for every compact subset M of §2 and every differ-
ential operator D of mixed partial derivatives in (w, z).

Definition 4.2 Let ¢y € £2, Ny, k = 0,1, ..., be an enumeration of N9 and W« be an
infinite subset of N. We define Uf,(G, £2, o) to be the set of f € H(G x §2) such
d

that for every set K = 1_[ K; that has property (A) and every holomorphic function
i=1

h : G xV — Cwhere V is an open set containing K, there exists a strictly increasing

sequence A, € w,n =1,2,..., such that

sup sup | D(S, (f, w, £0)(2) — h(w, 2))| — 0

wel zeK

and

sup sup [Sy, (f, w, £0)(2) = f(w,2)| — 0

wel zeM

for every compact subset L of G, for every compact subset M of §2 and every differ-
ential operator D of mixed partial derivatives in (w, z).

Theorem 4.3 Under the above assumptions and notation, the sets U Z (G, 2) and
UZ (G, $2, &) are Gs and dense subsets of the space H(G x §2) and contain a vector
space except 0, dense in H(G x 2).

The proof of 4.3 is similar to the proofs of Theorems 3.5 and 3.7 and is omitted. It can
be found in detail in [7], which is a preliminary version of the present article.

Remark 4.4 For Universal Taylor series with parameters with respect to many enu-
merations, we refer to Remark 3.8 and [12, Sect. 6].

5 Universal Taylor Series with Parameters in A*° (G x Q)

LetG; €C,i=1,...,r,and 2; CC,i =1, ...,d, be simply connected domains.
We set G = [[/_; G; and 2 = []%_, £2;. We denote by A®(G x £) the set of
all holomorphic function on G x £2 such that the function Df extends continuously
to G x §2 for all differential operators D of mixed partial derivatives in (w, z) =
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(Wi, ..., Wy, 21, -- -, 24)- The topology of A*(G x £2) is defined by the countable
family of seminorms SUP,, <G jw|<n SUPL12 [z <n |Df(w, z)| wheren =1,2,... and
D varies in the set of all differential operators of mixed partial derivatives in (w, z7) =
(wy, ..., Wy, 21, --.,2q). We notice that for w € G and z € 382, Df (w, z) is well
defined since Df extends continuously to G x £2. The space A*°(G x §2) endowed
with this topology becomes a complete metrizable space and so Baire’s Theorem is
at our disposal. Let also X°°(G x £2) be the closure of the set of all polynomials in

A®(G x £2).
d

We will say that a set K = 1_[ K has property (C) if K; € C are compact sets

i=1
with connected complements, and there exists at least one i € {1, ..., d} such that
-Qio m K,'O =0.

Definition 5.1 Let Ny, k =0, 1, ..., be an enumeration of N9, A be an inﬁnit_e subset
of N and G and £2 be as above. We also assume that the sets {oo} | JIC\G;],i =

1,...,r,and {00} | J[C\£2;],i = 1,...,d, are connected. We define U4 (G, R2) to
d
be the set of f € X°°(G x £2) such that for every set K = l_[ K; that has property
i=1
(C) and every continuous function /2 : G x K — C that has property (B), there exists
a strictly increasing sequence A, € u,n = 1,2, ..., such that

Sup Sup Sup ‘S)»n(f’ w, g)(z) - h(w’ Z)’ — O
teM welL zeK

and

sup sup  sup |D(Sy,(f.w.0)(2) — f(w,2)| — 0
CEM weG,|w|<l zeR,|z|<l

for every compact subset L of G, every compact subset M of §2, every differential
operator D of mixed partial derivatives in (w, z) and every positive integer /.

Definition 5.2 Let ¢y € 2, Ny, k=0,1,..., be an enumeration of N9 and L be an

infinite subset of N. We define UL (G, £2, ¢o) to be the set of f € X°°(G x £2) such
d

that for every set K = 1_[ K; that has property (C) and every continuous function
i=1

h : G x K — C that has property (B), there exists a strictly increasing sequence

A€ u,n=1,2,...,such that

sup sup [y, (f, w, §0)(2) = h(w, 2)| — 0

wel zeK

and

sup sup | D(S, (f, w, 0)(2) — f(w,2))| — 0

weG,|w|<l ze,|z|<!
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for every compact subset L of G, every differential operator D of mixed partial deriva-
tives in (w, z) and every positive integer /.

Theorem 5.3 Under the above assumptions and notation, the sets UL (G, £2) and
UL (G, 2, ¢o) are Gs and dense subsets of the space X>°(G x §2) and contain a
vector space except 0, dense in X*°(G x £2).

The proof of 5.3 is similar to the proofs of Theorems 3.5 and 3.7 and is omitted. It can
be found in detail in [7], which is a preliminary version of the present article.

Remark 5.4 For Universal Taylor series with parameters in X°°(G x §2) with respect
to many enumerations, we refer to Remark 3.8 and [12, Sect. 6].
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