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Abstract
We establish generic existence of Universal Taylor Series on products Ω = ∏

Ωi

of planar simply connected domains Ωi where the universal approximation holds on
products K of planar compact sets with connected complements provided K ∩Ω = ∅.
These classes are with respect to one or several centers of expansion and the universal
approximation is at the level of functions or at the level of all derivatives. Also, the
universal functions can be smooth up to the boundary, provided that K ∩ Ω = ∅
and {∞} ∪ [C\Ω i ] is connected for all i . All previous kinds of universal series may
depend on some parameters; then the approximable functions may depend on the same
parameters, as it is shown in the present paper.

Keywords Taylor series · Universality · Baire’s theorem · Generic property · Partial
sums · Product of planar domains

Mathematics Subject Classification 32A05 · 30K05 · 30E10

1 Introduction

In [2] and the references therein, one can read about the history of universal Tay-
lor series. The first universal Taylor series was established before 1914 by Fekete

Communicated by Karl-G. Grosse-Erdmann.

B K. Maronikolakis
conmaron@gmail.com

G. Gavrilopoulos
g_gavrilos@yahoo.gr

V. Nestoridis
vnestor@math.uoa.gr

1 Department of Mathematics, National and Kapodistrian University of Athens, Panepistimiopolis,
15784 Athens, Greece

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s40315-021-00392-7&domain=pdf


262 G. Gavrilopoulos et al.

[17]. The existence of a power series
∑∞

k=1 akx
k, ak ∈ R, such that, its partial sums∑n

k=1 akx
k , n = 1, 2, . . . , approximate uniformly on [−1, 1] every continuous func-

tion h : [−1, 1] → R with h(0) = 0 was shown.
In 1945, we have the universal trigonometric series in the sense of Menshov [14].

There exists a trigonometric series
∑∞

k=−∞ akeikx , ak ∈ C, ak → 0 as |k| → +∞,
such that its partial sums

∑n
k=−n ake

ikx , n = 0, 1, 2, . . . , approximate in the almost
everywhere sense every 2π -periodic complex measurable function h : R → C.

In 1951, Seleznev [18] demonstrated the existence of a power series
∑∞

k=0 akz
k ,

ak ∈ C, with zero radius of convergence, such that its partial sums
∑n

k=0 akz
k , n =

0, 1, 2, . . . , approximate uniformly any polynomial on any compact set K ⊆ C\{0}
with connected complement C\K .

In the early 70’s, W. Luh [13] and independently Chui and Parnes [3] demonstrated
the existence of a power series

∑∞
k=0 akz

k , ak ∈ C, with radius of convergence 1, such
that its partial sums approximate any polynomial on any compact set K ⊆ {z ∈ C :
|z| > 1} with connected complement. Grosse - Erdmann showed in his thesis (1987)
[8], using Baire’s Theorem, that the phenomenon is generic in the space H(D) of all
holomorphic functions f on the open unit disk D = {z ∈ C : |z| < 1} endowed with
the topology of uniform convergence on compacta.

In 1996, V. Nestoridis strengthened the result of Luh and Chui and Parnes allowing
the compact set K to meet the boundary of the unit disk [15]. Soon, after the open
unit disk D was replaced by any simply connected domain Ω inC and the set of func-
tions whose Taylor series realized the previously mentioned approximations, called
universal Taylor series, has been proven to be a Gδ and dense subset of the space
H(Ω).

Roughly speaking, it is well known that under some assumptions, the partial sums
of the Taylor expansion of a function f near the center of expansion approximate only
f . But what happens far from the center of expansion? The previously mentioned
results show that generically, they approximate all functions that can be approximated
by polynomials.

More recently [16], it was shown that not only the polynomials P could be approx-
imated on the compact set K by the partials sums SNk , k = 1, 2, . . . but also every
derivative of P can be approximated on K by the corresponding derivative of SNk .

In [1] the authors consider families of universal Taylor series depending on a param-
eter; then the function h to be approximated by the partial sums can depend on the
same parameter. This led to functions of several complex variables; see also [4,5,12].

In the present paper we obtain several extensions of the result in [1] and other
results in the case of several complex variables. We divide the set of variables into
two groups: one group, the set of parameters and a second group, the set of variables
appearing in the Taylor expansion. We also obtain that the universal functions can be
smooth on the boundary, provided that the sets K are disjoint from the closure of the
domain of definition Ω = ∏

Ωi and that the planar simply connected domain Ωi

satisfies that {∞} ∪ [C\Ω i ] is connected; see also [11].
We close by mentioning that the set E of functions which can be approximated

uniformly on the compact set K by polynomials is of interest in the theory of universal
Taylor series. If K ⊆ C, there exists the celebrated theorem of Mergelyan (1952)
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stating that, if C\K is connected, then this set E coincides with A(K ) = {h : K →
C, continuous on K holomorphic on K o}. In several complex variables, the theory
is much less developed. It is true that the set E is included in A(K ), but there is a
smaller function algebra AD(K ), E ⊆ AD(K ) ⊆ A(K ), which is more appropriate
for approximation, [6].

In [6] some sufficient conditions so that E = AD(K ) are given, when K is a product
of compact planar sets. In the present paper we are using this new algebra AD(K ) and
we give its definition in Sect. 2.

The organization of the paper is as follows. In Sect. 2 we give some preliminary
results concerning AD(K ). In Sect. 3 we extend this to several variables [1,12,15]. In
Sect. 4 we strengthen the result of Sect. 3 obtaining approximation for all derivatives.
Finally, in Sect. 5 we extend the result of [11] and we obtain smooth universal Taylor
series in the weak sense.

Our method of proof is based on Baire’s Category Theorem. For its use in analysis
we refer to [9,10].

2 Preliminaries

We present some context from [6] which will be useful later on.

Definition 2.1 [6]. Let L ⊂ C
n be a compact set. A function f : L → C is said to

belong to the class AD(L) if it is continuous on L and, for every open disk D ⊂ C

and every injective mapping φ : D → L ⊂ C
n holomorphic on D, the composition

f ◦ φ : D → C is holomorphic on D.

We recall that a function φ : D → C
n , where D is a planar domain, is holomorphic

if each coordinate is a holomorphic function.
We have the following approximation lemmas:

Lemma 2.2 [6]. Let L = ∏n
i=1 Li where the sets Li are compact subsets of C with

connected complement for i = 1, 2, . . . , n. If f ∈ AD(L) and ε > 0, then there exists
a polynomial p such that supz∈L | f (z) − p(z)| < ε.

Lemma 2.3 [6]. Let L = ∏n
i=1 Li where the sets Li are compact subsets of C with

connected complement for i = 1, 2, . . . , n and I a finite subset of Nn. If f is holo-
morphic on a neighbourhood of L and ε > 0, then there exists a polynomial p such
that

sup
z∈L

∣
∣
∣

∂m1+···+mn

∂zm1
1 · · · ∂zmn

n
( f − p)(z)

∣
∣
∣ < ε

for all m = (m1, . . . ,mn) ∈ I .

Lemma2.2 is part of a result in [6],Remark 4.9 (3). ForLemma2.3 see [6, Prop. 2.8].
We also have the following ([6, Prop. 2.7]):

Lemma 2.4 [6]. Let Ui ⊆ C, i = 1, . . . , n be simply connected domains and U =∏n
i=1Ui . Then, the set of polynomials of n variables is dense in H(U ) endowed with

the topology of uniform convergence on all compact subsets of U.
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264 G. Gavrilopoulos et al.

We now introduce some notation:
Suppose that m = (m1, . . . ,md) ∈ N

d and z = (z1, . . . , zd) ∈ C
d . Then we

denote the monomial zm1
1 · · · zmd

d by zm . Let G ⊆ C
r , Ω ⊆ C

d be open sets and
f : G × Ω → C be a holomorphic function, then, for each w ∈ G and ζ ∈ Ω , we
set

γm( f , w, ζ ) = 1

m1! · · ·md !
∂m1+···+md

∂um1
1 · · · ∂umd

d

f (w, u)

∣
∣
∣
∣
u=ζ

where u = (u1, . . . , ud). Now, let Nk, k = 0, 1, . . . , be an enumeration of Nd then
for each n = 0, 1, . . . we set Sn( f , w, ζ )(z) = ∑n

k=0 ak( f , w, ζ )(z − ζ )Nk where
ak( f , w, ζ ) ≡ γNk ( f , w, ζ ).

3 Universal Taylor Series with Parameters in H(G × Ä)

Let Gi ⊆ C, i = 1, . . . , r , and Ωi ⊆ C, i = 1, . . . , d, be simply connected domains.
We set G = ∏r

i=1 Gi and Ω = ∏d
i=1 Ωi .

More specifically, we could say that a product K = K1 × × · · · × Kd of planar
compact sets with connected complements has property (A) if there exists at least one
index i0 ∈ {1, . . . , d} such that Ki0 ∩ Ωi0 = ∅.

Similarly, for a continuous function h : G × K we could say that it has property
(B) if the function K � z → h(w, z) ∈ C belongs to AD(K ) for any fixed w ∈ G and
the function G � w → h(w, z) ∈ C belongs to H(G) for any fixed z ∈ K .

Definition 3.1 Let Nk, k = 0, 1, . . . , be an enumeration of Nd and μ be an infinite
subset of N. We define Uμ(G,Ω) to be the set of f ∈ H(G × Ω) such that for every

set K =
d∏

i=1

Ki that has property (A) and every continuous function h : G × K → C

that has property (B), there exists a strictly increasing sequence λn ∈ μ, n = 0, 1, . . .,
such that

sup
ζ∈M

sup
w∈L

sup
z∈K

∣
∣Sλn ( f , w, ζ )(z) − h(w, z)

∣
∣ −→ 0 and

sup
ζ∈M

sup
w∈L

sup
z∈M

∣
∣Sλn ( f , w, ζ )(z) − f (w, z)

∣
∣ −→ 0

for every compact subset L of G and for every compact subset M of Ω .

We notice that the class Uμ(G,Ω) can also be defined without the requirement that
the sequence (λn)n∈N is strictly increasing and then the two definitions are equivalent;
see [19].

We also have the following equivalence: A continuous function h : G×K → C has
property (B) if and only if for all compact sets Li ⊆ Gi with C\Li connected for all
i = 1, . . . , r , the restriction of h to the Cartesian product

(∏r
i=1 Li

) × K belongs to

AD

[( ∏r
i=1 Li

) × K
]
. This holds, because, as is proven in [6], a continuous complex
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function defined on a product M = ∏σ
l=1 Ml of planar compact sets Ml belongs to

AD(M) if and only if, for every l ∈ {1, . . . , σ }, the corresponding slice functions
belong to AD(Ml) = A(Ml).

Let Fτ , τ = 1, 2, . . . , be an exhausting family of compact subsets of G and Mp,
p = 1, 2, . . . , be an exhausting family of compact subsets ofΩ , where each one of the
sets Fτ and Mp is a product of planar compact sets with connected complement. We
may also assume that Fτ ⊆ Fτ+1 for all τ = 1, 2, . . . and Mp ⊆ Mp+1 for all p =
1, 2, . . . . It is known that, for each i = 1, . . . , d, there exist compact sets Ri, j ⊆ C\Ωi ,
j = 1, 2, . . . , with connected complement, such that for every compact set T ⊆ C\Ωi

with connected complement, there exists an integer j such that T ⊆ Ri, j . Let Tm be
an enumeration of all

∏d
i=1 Qi , such that there exists an integer i0 = 1, 2, . . . , d with

Qi0 ∈ {Ri0, j : j = 1, 2, . . . } and the rest of the sets Qi are closed disks centered at 0
whose radius is a positive integer.

Let f j , j = 1, 2, . . . , be an enumeration of all polynomials of r+d variables having
coefficients with rational coordinates. For any τ, p,m, j, s, n with τ, p,m, j, s ≥ 1,
n ≥ 0, we denote by E(τ, p,m, j, s, n) the set

{
f ∈ H(G × Ω) : sup

ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn( f , w, ζ )(z) − f j (w, z)

∣
∣ <

1

s

}
,

and by F(τ, p, s, n) the set

{
f ∈ H(G × Ω) : sup

ζ∈Mp

sup
w∈Fτ

sup
z∈Mp

∣
∣Sn( f , w, ζ )(z) − f (w, z)

∣
∣ <

1

s

}
.

Lemma 3.2 With the above assumptions,

Uμ(G,Ω) =
⋂

τ,p,m, j,s

⋃

n∈μ

[
E(τ, p,m, j, s, n) ∩ F(τ, p, s, n)

]
.

Proof For the inclusion

Uμ(G,Ω) ⊆
⋂

τ,p,m, j,s

⋃

n∈μ

[
E(τ, p,m, j, s, n) ∩ F(τ, p, s, n)

]
,

we consider a function f ∈ Uμ(G,Ω) and arbitrary positive integers τ, p,m, j, s.
We shall show that there exists an integer n′ ∈ μ such that f ∈ E(τ, p,m, j, s, n′) ∩
F(τ, p, s, n′). Since f j is a polynomial, it is holomorphic on C

r × C
d . Thus, using

the definition of the class Uμ(G,Ω), we fix a sequence (λn)n∈N, λn ∈ μ, such that

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sλn ( f , w, ζ )(z) − f j (w, z)

∣
∣ → 0 as n → ∞

and

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Mp

∣
∣Sλn ( f , w, ζ )(z) − f (w, z)

∣
∣ → 0 as n → ∞ .
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Thus, there exist positive integers n1, n2, such that

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sλn ( f , w, ζ )(z) − f j (w, z)

∣
∣ <

1

s

for every n ≥ n1 and

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Mp

∣
∣Sλn ( f , w, ζ )(z) − f (w, z)

∣
∣ <

1

s

for every n ≥ n2. By setting n0 = max{n1, n2} and n′ = λn0 we get f ∈
E(τ, p,m, j, s, n′) ∩ F(τ, p, s, n′) which is exactly what we wanted to show.

For the other inclusion, we consider a function

f ∈
⋂

τ,p,m, j,s

⋃

n∈μ

[
E(τ, p,m, j, s, n) ∩ F(τ, p, s, n)

]
.

Let K = ∏d
i=1 Ki have property (A). Let also h : G×K → Cbe a continuous function

that has property (B). Then, for each positive integer τ we have h ∈ AD(Fτ × K );
thus, by Lemma 2.2, there exists a positive integer jτ , such that

sup
w∈Fτ

sup
z∈K

∣
∣h(w, z) − f jτ (w, z)

∣
∣ <

1

2τ
.

Since the above relation does not depend on ζ , it can be rewritten as

sup
ζ∈Mτ

sup
w∈Fτ

sup
z∈K

∣
∣h(w, z) − f jτ (w, z)

∣
∣ <

1

2τ
. (3.1)

By the definition of the sets Tm , there exists a positive integer m0, such that K ⊆ Tm0 .
For each positive integer τ we have

f ∈
⋃

n∈μ

[
E(τ, τ,m0, jτ , 2τ, n) ∩ F(τ, τ, 2τ, n)

]
,

thus, there exists a positive integer λτ ∈ μ, such that

sup
ζ∈Mτ

sup
w∈Fτ

sup
z∈Tm0

∣
∣Sλτ ( f , w, ζ )(z) − f jτ (w, z)

∣
∣ <

1

2τ

and

sup
ζ∈Mτ

sup
w∈Fτ

sup
z∈Mτ

∣
∣Sλτ ( f , w, ζ )(z) − f (w, z)

∣
∣ <

1

2τ
. (3.2)
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Since K ⊂ Tm0 , it follows that

sup
ζ∈Mτ

sup
w∈Fτ

sup
z∈K

∣
∣Sλτ ( f , w, ζ )(z) − f jτ (w, z)

∣
∣ <

1

2τ
. (3.3)

From (3.1) and (3.3) it follows that for each positive integer τ , we have

sup
ζ∈Mτ

sup
w∈Fτ

sup
z∈K

∣
∣Sλτ ( f , w, ζ )(z) − h(w, z)

∣
∣ <

1

τ
. (3.4)

We consider the sequence (λτ )τ∈N. Let L ⊆ G and M ⊆ Ω be compact sets. Then,
there exists a positive integer τ0, such that L ⊆ Fτ0 and M ⊆ Mτ0 . Since the families
{Fτ : τ = 1, 2, . . .} and {Mp : p = 1, 2, . . .} are increasing, it follows that L ⊆ Fτ

and M ⊆ Mτ for any positive integer τ ≥ τ0, therefore, from (3.4), it follows that

sup
ζ∈M

sup
w∈L

sup
z∈K

∣
∣Sλτ ( f , w, ζ )(z) − h(w, z)

∣
∣ <

1

τ
for all τ ≥ τ0

whence it follows that

sup
ζ∈M

sup
w∈L

sup
z∈K

∣
∣Sλτ ( f , w, ζ )(z) − h(w, z)

∣
∣ → 0 as τ → ∞ .

From (3.2), we get

sup
ζ∈M

sup
w∈L

sup
z∈M

∣
∣Sλτ ( f , w, ζ )(z) − f (w, z)

∣
∣ <

1

2τ
<

1

τ
for all τ ≥ τ0

and so

sup
ζ∈M

sup
w∈L

sup
z∈M

∣
∣Sλτ ( f , w, ζ )(z) − f (w, z)

∣
∣ → 0 as τ → ∞ .

Hence, f ∈ Uμ(G,Ω) and the proof is completed. ��

We consider the set Uμ(G,Ω) as a subset of the space H(G × Ω) endowed with the
topology of uniform convergence on all compact subsets of G ×Ω . Since H(G ×Ω)

is a complete metrizable space, Baire’s Theorem is at our disposal. So, if we prove that
the sets

⋃
n∈μ

[
E(τ, p,m, j, s, n) ∩ F(τ, p, s, n)

]
are open and dense in H(G × Ω)

for all positive integers τ, p,m, j and s, then the set Uμ(G,Ω) is a dense Gδ set.

Lemma 3.3 Let τ ≥ 1, p ≥ 1, m ≥ 1, j ≥ 1, s ≥ 1 and n ∈ μ. Then,

(i) the set E(τ, p,m, j, s, n) is open in the space H(G × Ω),
(ii) the set F(τ, p, s, n) is open in the space H(G × Ω).
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268 G. Gavrilopoulos et al.

Proof (i)We shall show that H(G×Ω)\E(τ, p,m, j, s, n) is closed in H(G×Ω). Let
gi ∈ H(G × Ω)\E(τ, p,m, j, s, n), i = 1, 2, . . . , be a sequence that converges to a
function g ∈ H(G × Ω) uniformly on all compact subsets of G × Ω . We shall show
that g ∈ H(G × Ω)\E(τ, p,m, j, s, n) and so it suffices to show that

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn(g, w, ζ )(z) − f j (w, z)

∣
∣ ≥ 1

s
.

Let D be a differential operator of mixed partial derivatives in z = (z1, . . . , zd), then
by the Weierstrass Theorem, we have Dgi → Dg uniformly on all compact subsets
of G × Ω as i → ∞. So, we have

sup
ζ∈Mp

sup
w∈Fτ

∣
∣ak(gi , w, ζ ) − ak(g, w, ζ )

∣
∣ → 0

as i → ∞ for every 0 ≤ k ≤ n. Thus, since the set Tm is bounded, we get

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn(gi , w, ζ )(z) − Sn(g, w, ζ )(z)

∣
∣ → 0

as i → ∞ and so

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn(gi , w, ζ )(z) − f j (w, z)

∣
∣

→ sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn(g, w, ζ )(z) − f j (w, z)

∣
∣

as i → ∞. Since

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn(gi , w, ζ )(z) − f j (w, z)

∣
∣ ≥ 1

2

for all i = 1, 2, . . . we get

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

∣
∣Sn(g, w, ζ )(z) − f j (w, z)

∣
∣ ≥ 1

s

and the proof is completed.
(ii) Following the previous proof, we can show that the set H(G×Ω)\F(τ, p, s, n)

is closed in H(G × Ω). ��
Lemma 3.4 For every integer τ ≥ 1, p ≥ 1, m ≥ 1, j ≥ 1 and s ≥ 1, the set⋃

n∈μ

[
E(τ, p,m, j, s, n)∩ F(τ, p, s, n)

]
is open and dense in the space H(G×Ω).

Proof By Lemma 3.3 the sets E(τ, p,m, j, s, n) ∩ F(τ, p, s, n), n ∈ μ are open.
Therefore the same is true for the union

⋃
n∈μ

[
E(τ, p,m, j, s, n) ∩ F(τ, p, s, n)

]
.

We shall prove that this set is also dense. By Lemma 2.4, it suffices to show that it is
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dense in the set of polynomials of r + d variables. Let g be a polynomial. Let also
F̃ = ∏r

i=1 F̃i , M̃ = ∏d
i=1 M̃i where F̃i , i = 1, . . . , r , are compact subsets of Gi

with connected complement and M̃i , i = 1, . . . , d, are compact subsets of Ωi with
connected complement and ε > 0. We may also assume that Fτ ⊆ F̃ . It suffices to
find n ∈ μ and f ∈ E(τ, p,m, j, s, n) ∩ F(τ, p, s, n), such that

sup
w∈F̃

sup
z∈M̃

|g(w, z) − f (w, z)| < ε.

The set Tm is of the form Tm = ∏d
i=1 Qi , where one of the sets Qi satisfiesΩi ∩Qi =

∅, whichwedenote by Qi0 . Since M̃i0 ⊆ Ωi0 , we have M̃i0∩Qi0 = ∅.For i = 1, . . . , d
with i �= i0 let Bi be closed balls such that M̃i ∪ Qi ⊆ Bi . We define the function
h : F̃ × ∏d

i=1 Si → C, where Si = Bi for i �= i0 and Si0 = M̃i0 ∪ Qi0 , with

h(w, z) = g(w, z) for w ∈ F̃ and z in the product of Bi for i �= i0 and M̃i0 ,

h(w, z) = f j (w, z) for w ∈ F̃ and z in the product of Bi for i �= i0 and Qi0 .

We notice that the functions g and f j are polynomials and thus defined everywhere.
Since h ∈ AD

(
F̃ × ∏d

i=1 Si
)
and the set F̃ × ∏d

i=1 Si is a product of planar compact
sets with connected complement, by Lemma 2.2, there exists a polynomial p(w, z)
such that

sup
w∈F̃

sup
z∈∏d

i=1 Si

|p(w, z) − h(w, z)| < min
{
ε,

1

s

}
.

By the definitions of the function h and the sets Si we get

sup
w∈F̃

sup
z∈M̃

|g(w, z) − p(w, z)| < ε

and

sup
w∈Fτ

sup
z∈Tm

|p(w, z) − f j (w, z)| <
1

s
.

For a fixed ζ0 ∈ Mp, the polynomial p(w, z) can be written in the form p(w, z) =∑∞
k=0 pk(w)(z − ζ0)

Nk where pk are polynomials, such that all but finitely many of
them are identically equal to 0. For i = 1, . . . , d we set

li = max{N (i)
k : Nk = (N (1)

k , . . . , N (d)
k ), pk �≡ 0, k = 0, 1, . . . }.

Let n′ be an integer such that for each k = 0, 1, . . . with N (i)
k ≤ li for i = 1, . . . , d,

we have k ≤ n′. We notice that Sn(p, w, ζ )(z) = p(w, z) for all ζ ∈ Mp and n ≥ n′.
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Thus, by choosing n ∈ μ such that n ≥ n′ we have

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Tm

|Sn(p, w, ζ )(z) − f j (w, z)| <
1

s
and

sup
ζ∈Mp

sup
w∈Fτ

sup
z∈Mp

∣
∣Sn(p, w, ζ )(z) − p(w, z)

∣
∣ = 0 <

1

s
.

This proves that the set
⋃

n∈μ

[
E(τ, p,m, j, s, n) ∩ F(τ, p, s, n)

]
is indeed dense. ��

Theorem 3.5 Under the above assumptions and notation, the set Uμ(G,Ω) is a Gδ

and dense subset of the space H(G ×Ω) and contains a vector space except 0, dense
in H(G × Ω).

Proof The fact the setUμ(G,Ω) is a Gδ and a dense set is obvious by combining the
previous lemmas with Baire’s Theorem. The proof that it also contains a dense vector
space except 0 uses the first part of Theorem 3.5, follows the lines of the implication
(3.3) implies (3.4) of the proof of [2, Thm. 3] and is omitted. ��
We now consider the case where the center of expansion of the Taylor series of f does
not vary but is a fixed point in Ω .

Definition 3.6 Let ζ0 ∈ Ω , Nk, k = 0, 1, . . . , be an enumeration of Nd and μ be an
infinite subset of N. We define Uμ(G,Ω, ζ0) to be the set of f ∈ H(G × Ω) such

that for every set K =
d∏

i=1

Ki that has property (A) and every continuous function

h : G × K → C that has property (B), there exists a strictly increasing sequence
λn ∈ μ, n = 1, 2, . . ., such that

sup
w∈L

sup
z∈K

∣
∣Sλn ( f , w, ζ0)(z) − h(w, z)

∣
∣ −→ 0

and

sup
w∈L

sup
z∈M

∣
∣Sλn ( f , w, ζ0)(z) − f (w, z)

∣
∣ −→ 0

for every compact subset L of G and for every compact subset M of Ω .

We notice that the classUμ(G,Ω, ζ0) can also be definedwithout the requirement that
the sequence (λn)n∈N is strictly increasing and then the two definitions are equivalent;
see [19].

Theorem 3.7 Under the above assumptions and notation, the set Uμ(G,Ω, ζ0) is a
Gδ and dense subset of the space H(G × Ω) and contains a vector space except 0,
dense in H(G × Ω).

Proof Clearly, we haveUμ(G,Ω) ⊆ Uμ(G,Ω, ζ0), soUμ(G,Ω, ζ0) contains dense
Gδ set and thus is dense. If we prove that it can be written as a countable intersection
of open sets in H(G × Ω) then it would be a dense Gδ set itself.
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Let Fτ , Mp, Tm and f j be as previously. For any numbers τ, p,m, j, s, n with
τ, p,m, j, s ≥ 1, n ≥ 0, we denote by E(τ,m, j, s, n) the set

{
f ∈ H(G × Ω) : sup

w∈Fτ

sup
z∈Tm

∣
∣Sn( f , w, ζ0)(z) − f j (w, z)

∣
∣ <

1

s

}
,

and by F(τ, p, s, n) the set

{
f ∈ H(G × Ω) : sup

w∈Fτ

sup
z∈Mp

∣
∣Sn( f , w, ζ0)(z) − f (w, z)

∣
∣ <

1

s

}
.

Following the lines of implication of the proofs of Lemma 3.2 and Lemma 3.3 we can
show that

Uμ(G,Ω, ζ0) =
⋂

τ,p,m, j,s

⋃

n∈μ

[
E(τ,m, j, s, n) ∩ F(τ, p, s, n)

]
.

and that the sets E(τ,m, j, s, n) and F(τ, p, s, n) are open in the space
H(G×Ω) for all τ ≥ 1, p ≥ 1,m ≥ 1, j ≥ 1, s ≥ 1 andn ∈ μ. Thus,Uμ(G,Ω, ζ0) is
aGδ anddense set.Also, byTheorem3.5 and the fact thatUμ(G,Ω) ⊆ Uμ(G,Ω, ζ0),
Uμ(G,Ω, ζ0) contains a vector space except 0, dense in H(G × Ω). ��

Remark 3.8 We have proven that, for a fixed enumeration of Nd , the set of functions
in H(G × Ω) whose Taylor series have the desired universal approximation property
with respect to this enumeration is a dense Gδ set, as described above. Using Baire’s
Theorem, if we consider the set of functions in H(G × Ω) whose Taylor series have
the same universal approximation property with respect to any countable family of
enumerations of Nd , then this is still a dens Gδ set of H(G × Ω). Since the set of
all enumerations of Nd is uncountable, a natural question that arises is whether we
can generalise the result to the chase where all the functions in H(G × Ω) have the
universal approximation property with respect to all enumerations of Nd . The answer
to this question is negative. The proof is similar to a result in [12, Sect. 6].

4 Strong Universal Taylor Series with Parameters in H(G × Ä)

Let Gi ⊆ C, i = 1, . . . , r , and Ωi ⊆ C, i = 1, . . . , d, be simply connected domains.
We set G = ∏r

i=1 Gi and Ω = ∏d
i=1 Ωi .

Definition 4.1 Let Nk, k = 0, 1, . . ., be an enumeration of Nd and μ be an infinite
subset of N. We defineUμ

H (G,Ω) to be the set of f ∈ H(G × Ω) such that for every

set K =
d∏

i=1

Ki that has property (A) and every holomorphic function h : G×V → C

where V is an open set containing K , there exists a strictly increasing sequence λn ∈
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μ, n = 1, 2, . . ., such that

sup
ζ∈M

sup
w∈L

sup
z∈K

∣
∣D

(
Sλn ( f , w, ζ )(z) − h(w, z)

)∣
∣ −→ 0

and

sup
ζ∈M

sup
w∈L

sup
z∈M

∣
∣Sλn ( f , w, ζ )(z) − f (w, z)

∣
∣ −→ 0

for every compact subset L of G, for every compact subset M of Ω and every differ-
ential operator D of mixed partial derivatives in (w, z).

Definition 4.2 Let ζ0 ∈ Ω , Nk, k = 0, 1, . . . , be an enumeration of Nd and μ be an
infinite subset of N. We define Uμ

H (G,Ω, ζ0) to be the set of f ∈ H(G × Ω) such

that for every set K =
d∏

i=1

Ki that has property (A) and every holomorphic function

h : G×V → Cwhere V is an open set containing K , there exists a strictly increasing
sequence λn ∈ μ, n = 1, 2, . . . , such that

sup
w∈L

sup
z∈K

∣
∣D

(
Sλn ( f , w, ζ0)(z) − h(w, z)

)∣
∣ −→ 0

and

sup
w∈L

sup
z∈M

∣
∣Sλn ( f , w, ζ0)(z) − f (w, z)

∣
∣ −→ 0

for every compact subset L of G, for every compact subset M of Ω and every differ-
ential operator D of mixed partial derivatives in (w, z).

Theorem 4.3 Under the above assumptions and notation, the sets Uμ
H (G,Ω) and

Uμ
H (G,Ω, ζ0) are Gδ and dense subsets of the space H(G×Ω) and contain a vector

space except 0, dense in H(G × Ω).

The proof of 4.3 is similar to the proofs of Theorems 3.5 and 3.7 and is omitted. It can
be found in detail in [7], which is a preliminary version of the present article.

Remark 4.4 For Universal Taylor series with parameters with respect to many enu-
merations, we refer to Remark 3.8 and [12, Sect. 6].

5 Universal Taylor Series with Parameters in A∞(G × Ä)

Let Gi ⊆ C, i = 1, . . . , r , and Ωi ⊆ C, i = 1, . . . , d, be simply connected domains.
We set G = ∏r

i=1 Gi and Ω = ∏d
i=1 Ωi . We denote by A∞(G × Ω) the set of

all holomorphic function on G × Ω such that the function Df extends continuously
to G × Ω for all differential operators D of mixed partial derivatives in (w, z) =
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(w1, . . . , wr , z1, . . . , zd). The topology of A∞(G × Ω) is defined by the countable
family of seminorms supw∈G,|w|≤n supz∈Ω,|z|≤n

∣
∣Df (w, z)

∣
∣ where n = 1, 2, . . . and

D varies in the set of all differential operators of mixed partial derivatives in (w, z) =
(w1, . . . , wr , z1, . . . , zd). We notice that for w ∈ ∂G and z ∈ ∂Ω , Df (w, z) is well
defined since Df extends continuously to G × Ω . The space A∞(G × Ω) endowed
with this topology becomes a complete metrizable space and so Baire’s Theorem is
at our disposal. Let also X∞(G × Ω) be the closure of the set of all polynomials in
A∞(G × Ω).

We will say that a set K =
d∏

i=1

Ki has property (C) if Ki ⊆ C are compact sets

with connected complements, and there exists at least one i0 ∈ {1, . . . , d} such that
Ωi0

⋂
Ki0 = ∅.

Definition 5.1 Let Nk, k = 0, 1, . . ., be an enumeration of Nd , μ be an infinite subset
of N and G and Ω be as above. We also assume that the sets {∞}⋃[C\Gi ], i =
1, . . . , r , and {∞}⋃[C\Ω i ], i = 1, . . . , d, are connected. We define Uμ∞(G,Ω) to

be the set of f ∈ X∞(G × Ω) such that for every set K =
d∏

i=1

Ki that has property

(C) and every continuous function h : G × K → C that has property (B), there exists
a strictly increasing sequence λn ∈ μ, n = 1, 2, . . . , such that

sup
ζ∈M

sup
w∈L

sup
z∈K

∣
∣Sλn ( f , w, ζ )(z) − h(w, z)

∣
∣ −→ 0

and

sup
ζ∈M

sup
w∈G,|w|≤l

sup
z∈Ω,|z|≤l

∣
∣D

(
Sλn ( f , w, ζ )(z) − f (w, z)

)∣
∣ −→ 0

for every compact subset L of G, every compact subset M of Ω , every differential
operator D of mixed partial derivatives in (w, z) and every positive integer l.

Definition 5.2 Let ζ0 ∈ Ω, Nk, k = 0, 1, . . ., be an enumeration of Nd and μ be an
infinite subset of N. We define Uμ∞(G,Ω, ζ0) to be the set of f ∈ X∞(G × Ω) such

that for every set K =
d∏

i=1

Ki that has property (C) and every continuous function

h : G × K → C that has property (B), there exists a strictly increasing sequence
λn ∈ μ, n = 1, 2, . . ., such that

sup
w∈L

sup
z∈K

∣
∣Sλn ( f , w, ζ0)(z) − h(w, z)

∣
∣ −→ 0

and

sup
w∈G,|w|≤l

sup
z∈Ω,|z|≤l

∣
∣D

(
Sλn ( f , w, ζ0)(z) − f (w, z)

)∣
∣ −→ 0
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for every compact subset L ofG, every differential operator D of mixed partial deriva-
tives in (w, z) and every positive integer l.

Theorem 5.3 Under the above assumptions and notation, the sets Uμ∞(G,Ω) and
Uμ∞(G,Ω, ζ0) are Gδ and dense subsets of the space X∞(G × Ω) and contain a
vector space except 0, dense in X∞(G × Ω).

The proof of 5.3 is similar to the proofs of Theorems 3.5 and 3.7 and is omitted. It can
be found in detail in [7], which is a preliminary version of the present article.

Remark 5.4 For Universal Taylor series with parameters in X∞(G × Ω) with respect
to many enumerations, we refer to Remark 3.8 and [12, Sect. 6].
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