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Abstract

The main purpose of this paper is to propose and study a two-step inertial anchored version
of the forward-reflected—backward splitting algorithm of Malitsky and Tam in a real Hilbert
space. Our proposed algorithm converges strongly to a zero of the sum of a set-valued maximal
monotone operator and a single-valued monotone Lipschitz continuous operator. It involves
only one forward evaluation of the single-valued operator and one backward evaluation of the
set-valued operator at each iteration; a feature that is absent in many other available strongly
convergent splitting methods in the literature. Finally, we perform numerical experiments
involving image restoration problem and compare our algorithm with known related strongly
convergent splitting algorithms in the literature.
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1 Introduction

Let H be a real Hilbert space, and let A : H — 2" and B : H — H be two monotone
operators. The problem of finding a zero of the sum of A and B also known as the monotone
inclusion problem is defined as

find X € H such that 0 € (A + B)x. (1.1)

We denote the solution set of this problem by (A + B )~ 1(0).

The monotone inclusion is an important problem in optimization as well as in signal pro-
cessing, image recovery, and machine learning. For instance, consider the minimization
problem:

min{ f(X) + g}, (1.2)
xeH

where f : H — (—o0, +00]is proper convex and lower semicontinuous, and g : H — Ris
convex and continuously differentiable. The solutions to (1.2) are solutions to the problem:

find x € H suchthat 0 € (3f + Vg)x,

where 0 f denotes the subdifferential of f and Vg is the gradient of g. Thus, the mini-
mization problem of the sum of two convex functions is a special case of the monotone
inclusion problem (1.1). Problems of the form (1.1) are often solved by splitting algorithms
which involve evaluating A and B separately by means of a forward evaluation of B and a
backward evaluation of A rather than their sum (A + B). These algorithms have undergone
tremendous study which has been motivated by the desire to devise faster, computationally
inexpensive and much more applicable methods. Among these splitting algorithms is the
following forward—backward splitting algorithm (Lions and Mercier 1979; Passty 1979):

Xnt1 = (I + 2A) (x4 — ABx,), n > 1, (1.3)

where I is the identity operator on H and A is a positive constant. This algorithm involves
only one forward evaluation of B and one backward evaluation of A per iteration, and it
is known to converge weakly to a solution of the inclusion problem (1.1) when B is L™!-
cocoercive (which is strict), A € (0, 2L~1), A is maximal monotone and (A + B)~1(0) is
nonempty. Strongly convergent variants of Algorithm (1.3) have been studied under the strict
cocoercive assumption on B in Takahashi et al. (2010); Wang and Wang (2018).

The strict cocoercive assumption on B in Algorithm (1.3) (and its strong convergent variants)
was removed in Tseng (2000), where the author proposed the following forward—backward—
forward splitting algorithm (also known as Tseng’s splitting method):

{yn = (I3 + AA) " (xy — ABxy),

(1.4)
Xn+1 = Yn — AByn + ABxn, n > 1.

The main advantage of this algorithm is that it converges weakly to a solution of (1.1) under
the much more weaker assumption that B is monotone and L-Lipschitz continuous, A €
(0, L™1), A is maximal monotone and (A + B)~1(0) # (. However, its main disadvantage
is that it involves two forward evaluations of B, and this might affect the efficiency of the
algorithm especially when this algorithm is applied to optimization arising from large-scale
problems and optimal control theory, where computations of pertinent operators are often
very expensive (see (Lions 1971)). Strongly convergent variants of Algorithm (1.4) were
studied in Gibali and Thong (2018); Thong and Cholamjiak (2019), and they also have the
disadvantage of requiring two forward evaluations of B.
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This disadvantage was recently overcome by Malitsky and Tam (2020); they proposed the
following forward-reflected—backward splitting algorithm:

1
Xpg1 = (Ig + 2A) " (xy — 2ABx, + ABxp—1), n > 1, € (0, 5L”) . (15)

The main advantage of Algorithm (1.5) is that it requires only one forward evaluation of B
even when B is monotone and Lipschitz continuous. The reflexive Banach space variant of
Algorithm (1.5) was studied in Izuchukwu et al. (2022), and when B is linear, Algorithm (1.5)
has the same structure as the reflected—forward—backward splitting algorithm proposed and
studied in Cevher and Vi (2021). However, due to the computational structure of Algorithm
(1.5) (unlike Algorithm (1.3) and Algorithm (1.4)), its strongly convergent variants are very
rare in the literature despite that in infinite-dimensional spaces, strong convergence results
are much more desirable than weak convergence results.

Recently, fast convergent algorithms for solving optimization problems have been of great
interest to many researchers. On one hand, the anchored extrapolation step is known to be
one of the most important ingredients for improving the convergence rate of optimization
algorithms (see (Qi and Xu 2021; Yoon and Ryu 2021) for details). On the other hand, the
inertial technique which is based upon a discrete analog of a second-order dissipative dynam-
ical system is also known for its efficiency in improving the convergence speed of iterative
algorithms. The one-step inertial extrapolation x, + 9 (x, — x,—1) is the most commonly
used technique for this purpose. It originates from the heavy ball method of the second-order
dynamical system for minimizing a smooth convex function:

&(t) dfx(t) Vf(x@) =0
2Oty O+ VD) =0,

where y > 0 is a damping or friction parameter. Polyak (1964) was the first author to propose
the heavy ball method, Alvarez and Attouch (2001) extended it to the setting of a general
maximal monotone operator. In Bing and Cho (2021), the authors proposed the following
one-step inertial viscosity-type forward—backward—forward splitting algorithm (Bing and
Cho 2021, Algorithm 3.4):

Wy = Xy + WXy — Xp—1),
Yu = (I +2A) " (wy — ABwy),
Zn = Yn — AByn + ABxy,

Xp1 = fxy + (1 —ap)zy, n > 1,

(1.6)

where f is a contraction mapping and ¥, is the inertial parameter. They proved that the
sequence {x,} generated by Algorithm (1.6) converges strongly to a solution of the mono-
tone inclusion problem (1.1) (see also (Bing and Cho (2021), Theorem 3.3), a version of
Algorithm (1.6) without the contraction mapping). In (Suparatulatorn and Chaichana (2022),
Algorithm 1), Suparatulatorn and Chaichana proposed a one-step inertial parallel shrinking-
type algorithm for solving a finite family of monotone inclusion problems. Also, in Alakoya
et al. (2022); Liu et al. (2021); Tan et al. (2022); Taiwo and Mewomo (2022), the authors
proposed and studied one-step inertial algorithms that tackle the particular case, where A is
the normal cone of some nonempty, closed and convex set (i.e., one-step inertial algorithms
that solve variational inequality problems).

However, it was discussed in (Poon and Liang 2019, Section 3) that one-step inertial term
may fail to provide acceleration to ADMM. Let H;, H, C R? be two subspaces such that
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Hi N Hy # . Consider the feasibility problem:
find ¥ € R? such that ¥ € H; N H>. (1.7)
It was shown in [25, Section 4] that for problem (1.7), the two-step inertial fixed point iteration
Xpp1 =T (xp +0(xy — xp—1) +6(xp—1 — xp-2)),

where T := %(1 + QPu, —1NQ2Pu, — 1 )), converges faster in terms of both the number
of iterations and the CPU time, than the one-step inertial fixed point iteration

Xnt1 =T (xn + 0 (xn — Xn—1))- (1.8)

Furthermore, it was shown, using problem (1.7), that the sequences generated by the one-
step inertial fixed point iteration (1.8) converge more slowly than those generated by its
non-inertial version. This shows that the one-step inertial fixed point iteration (1.8) may fail
to provide acceleration. But as discussed in (Liang 2016, Chapter 4), employing the multi-
step inertial, like the two-step inertial term x,, + 9 (x, — x,—1) + B(xp—1 — Xp—2), ¥ > O,
B < 0, could resolve the issue of not providing acceleration. Thus in Combettes and Glaudin
(2017); Dong et al. (2019); Iyiola and Shehu (2022); Li et al. (2022); Polyak (1987), the
authors recently studied multi-step inertial algorithms and showed that multi-step inertial
terms (e.g., the two-step inertial term) enhances the speed of optimization algorithms.

In this paper, we investigate the strong convergence of a two-step inertial anchored variant
of the forward-reflected-backward splitting algorithm (1.5). In other words, we propose a
two-step inertial forward-reflected—anchored—backward splitting algorithm and prove that it
converges strongly to a solution of Problem (1.1). The proposed algorithm involves only one
forward evaluation of the monotone Lipschitz continuous operator B and one backward eval-
uation of the maximal monotone operator A at each iteration; a feature that is absent in many
other available strongly convergent inertial splitting algorithms in the literature. Further-
more, we perform numerical experiments for problems emanating from image restoration,
and these experiments confirm that our proposed algorithm is efficient and faster than other
related strongly convergent splitting algorithms in the literature.

2 Preliminaries

The operator B : H — H is called L-cocoercive (or inverse strongly monotone) if there
exists L > 0 such that

(Bx — By, x —y) > L||Bx — By||> Vx, y € H,
and monotone if
(Bx — By, x —y)>0 Vx,y e H.
The operator B is called L-Lipschitz continuous if there exists L > 0 such that
[Bx — Byl < Lllx — yll Vx,y € H.
Let A be a set-valued operator A : H — 2H  then A is said to be monotone if

o~ o~

X—9,x—y)>0Vx,y€eH, x € Ay, y € Ay.
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The monotone operator A is called maximal if the graph G(A) of A, defined by
G(A) :={(x,X) e Hx H:X € Ax},

is not properly contained in the graph of any other monotone operator. In other words, A is
called a maximal monotone operator if for (x, x) € H x H, we have that (X — 3, x —y) >0
for all (y,y) € G(A) implies X € Ax.

For a set-valued operator A, the resolvent associated with it is the mapping J ){‘ cH — 2"
defined by

JAx) == U+ 2A) '), xeH, »>0.

If A is maximal monotone and B is single-valued, then both J /\A and J. /\A (I3 —AB) are single-
valued and everywhere defined on . Furthermore, the resolvent J)f‘ is nonexpansive.
The following hold in a real Hilbert space H:

2@, 9) = X1 + 19117 — IT = FI* = T+ 31> — IX1* = I91* VE.FeH Q1)
and
11+ 0F = (¢ — )3 — 521> = A+ DRI = ¢ = )IFI* = sIZI* + 1+ 0 — 9)IIF — I

+s(I+ DT =2 = s —)IF-ZI* VX, 5.2€H, t,s € R.
(2.2)

Lemma 2.1 Saejung and Yotkaew (2012) Suppose that {p,} is a sequence of nonnegative
real numbers, {ay} is a sequence of real numbers in (0, 1) satisfying Y oo, oy = 00, and
{gn} is a sequence of real numbers such that

Pn+1 = (1 _Oln)pn + angpn, n = 1.
Iflimsup g,;, < O for each subsequence {p,;} of {p,} satisfying lim inf (Pnl-+1 — Pn,-) >0,
i—00 i—00
then lim p, = 0.
n—oQ

Lemma 2.2 Lemaire (1997) Suppose that A : H — 2™ is maximal monotone and B : H —
‘H is monotone Lipschitz continuous, then (A + B) : H — 2M is maximal monotone.

Lemma 2.3 Maingé (2007) Suppose that {p,} and {r,} are sequences of nonnegative real
numbers such that

Pn+1 = (1 _O(n)pn + Sy 41y, n>1,

where {a,} is a sequence in (0, 1) and {s,} is a real sequence. Let Z;’;l rn < o0 and
sp < apM for some M > 0. Then, {p,} is bounded.

3 Two-step inertial forward-reflected-anchored-backward splitting
algorithm

In this section, we first propose and then study the convergence analysis of the following
algorithm.
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Algorithm 3.1 Let A, > 0, 9 € [0,1), f = 0,8 € (1, 15%) with 1 € (0, }), and
choose sequences {ay,} in (0, 1) and {e,} in [0, 00) such that Z:O:1 e, < oo. For arbitrary
0, x_1, X0, X1 € H, let the sequence {x,} be generated by
Xn+1 = J)él ((xnﬁ + (1 —ap) [xn + 0 (xn — xp—1) + Bxp—1 — xn72)] — A Bxy
—dp—1(1 —ap)(Bxp — Bxy—1)),

foralln > 1, where

: Sloxn—Xn41l ;

A+ en, otherwise.

Algorithm 3.1 is called a two-step inertial forward-reflected—anchored—backward splitting
algorithms since it involves an anchor 9, an anchoring coefficient «,,, a two-step inertial term
and the forward-reflected—backward splitting algorithm (1.5). This algorithm can also be
viewed as a two-step inertial Halpern-type forward-reflected—backward method since it is
based on the Halpern iteration. For more information on the convergence of Halpern-type
methods for solving optimization problems, see, for example, Qi and Xu (2021); Yoon and
Ryu (2021).

Assumption 3.2

(a) A is maximal monotone,

(b) B is monotone and Lipschitz continuous with constant L > 0,

(¢) (A+ B)~1(0) is nonempty,

(d) # and B satisfy 0 < ¥ < 3 (1 -2(3 — 1), 375 (30 —14+2(; —1) < <0.

Remark 3.3 By (3.1), lim, .00 Ay = A, where & € [min{8L™!, A1}, A + e] with ¢ =
Zf’:] e, (see (Liu and Yang 2020)). If ¢, = 0, then the step size A, in (3.1) is similar to
the one in Bing and Cho (2021), which is derived from the paper (Yang and Liu 2019) for
solving variational inequalities.

Lemma 3.4 Let {x,} be generated by Algorithm 3.1 when Assumption 3.2 holds. If lim «, =
n—00

0, then the sequence {xy} is bounded.

Proof LetX € (A+B)~'(0) and u, := a0+ (1 —at,)v,, Where v, = X, + 9 (X, — X,_1) +
B(xp—1 — x,-2). Then

— Ay BX € 1, AX (3.2)
and
Uy — AnBxp — dpy—1(1 — ) (Bxy — Bxy—1) — Xpn41 € AnAXp41. 3.3)
Since A is monotone, we get from (3.2) and (3.3) that
(n — dnBxn — dn—1(1 = &) (Bxy — Bxp—1) — X1 + Ay BX, Xpp1 —X) = 0.
This implies

0 <2{(xp41 —up +ApBxy + Ap—1(1 — o) (Bxy, — Bxy—1) — )‘nBEC\» X- Xnt1)
= 2{xnt+1 — Uy, X — Xn+1) + 220 (Bxy — BX,x — Xp1) + 2hp—1(1 — ap)
<an - an—h;_ xn) + 2)‘-n—l(1 - an)<an — Bxp—1,x, — xn+1>
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= llun — N = %41 — N = (%01 — tn > + 240 (Bxp — BX, X — Xpt1)
+2)\n—1(1 - an)<an - an—l,?_ xn) + 2)\n—l(l - an)<an — Bxp—1,x, — xn+1>,

(3.4)
where the last equation follows from (2.1).
Now, using the monotonicity of B, we get
(Bxn — Bf,f—xrﬁl) < (Bxy — an+1af_xn+l>~ (3.5)

Also, using (3.1), we have

2hp—1(Bxy — Bxp—1, Xp — Xpt1) < 201 |Bxp — Bxp—1 || llxp — Xpq1|l

2)\nfl
=< Slxn — Xn—1lllxn — Xn+1l
An

)\n—l 2 2
== a(uxn—xmn + [Xns1 — X )

n

Using Remark 3.3 and noting that § € (t, 1_72’) we see that lim,,_, oo X;’\—;I(S =4§ < % —t.

An—1

Hence, there exists ng > 1 such that § < % — t Vn > ng. Thus, we obtain that

y”
21 (Baxn = Bxn—1. Xn = Xn41) < (% - r) (0 = 20t + ot = 2al2)- 3.6)
Putting (3.5) and (3.6) in (3.4), we obtain

Ixn41 = RN + 24 (Bxns1 — Bxn, X — Xnp1)

< lun = XN = X1 — wnll® + 22n—1(1 — ap)(Bxy — Bxn_1, % — xp)

F0 = an (5 = 1) (b =50t I+ et = ) ¥ 2 o, (3.7)
From (2.1), we get

lun = XN? = | = %) — vy — DI
= llon — XI* + o llvn — DII* — 20 (vy — X, vy — D)

-2 2 A2 ~12 -2 ~ ~2
= [, — X +an”vn_v” —ayllvy — OlI° — apllvy — X117 + aullv — X7

(3.8)
Replacing X by x,+ in (3.8), we get
2 2., .2 A2 12 2
lun — Xn1lI7 = Nlvn — Xp 117 + o llvg — V17 — @ llvn — V7 — anllvy — Xp1l
ot [0 — x| (3.9)

Now, subtracting (3.9) from (3.8), we obtain

~2 2
lun —X11° = llun — xn+1l
_1_ _A2 A_Az_l_ _ 2_ _A2
= —a)llve —xI” +aullo = %" — (1 — @) |xXp+1 — vall” — dullxp+1 — 017
(3.10)

Using (3.10) in (3.7), we obtain

—~2 ~
lxn+1 — X117 + 200 (BXpt1 — BXy, X — Xp1)

=2 A =~2 2 ~12
= A =a)llvy =XII7 + anllv = %17 = (I = an) [Xnt1 = Vall® = @nllXns1 — 0l
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+2hp—1(1 — o) (Bxy — Bxu—1,% — Xn)
1
+( = an)(5 = 1) (I = 5117 + g = 5a1) ¥ = mo. (3.11)
From (2.2), we get

v, = FI? = [1xn + 9 (tn — Xn—1) + BXn—1 — Xp—2) — %I
= 1+ 9)(x — %) — @ — Bt — %) — Bl — D)7
=1+ Mlxy —%1° — @ — Bllxa—1 — X)* = Bllxa—z —X*
A+ D@ = B)lxn — Xt + BA + D) [lxn — xp—2?
—B@ — B)lxn—1 — xn—2ll*. (3.12)

Also, from (2.1), we get

Ixn1 = vall® = Xn41 = Xnll? = 20001 — Xn, @ G — Xu—1) + PGt — Xn—2))
19 (e — xn—1) + Bt — xn—2) 1
= [%ns1 = X ll? = 20 (Xnp1 — Xy Xn — Xp—1)
—2B(Xnt1 — Xn, Xn—1 — Xn—2) + 02 [xy — X011
+2B0 Xy — X1, Xn—1 — Xn—2) + BlxXn—1 — Xp—2l*. (3.13)

Now, observe that

— 20 (Xp41 — Xn, X — Xp—1) =29 |xp41 — Xnl1Xn — Xpn—1l

O |Xn41 — Xnll? = DFlxw — xp—1 1%, (3.14)

~21B1lxn41 — X | 1Xn—1 — Xn—2]l

—1BIIxn1 = xnl* = 1Blllxn—1 — Xp—2ll*,  (3.15)

21819 1% — Xn-1ll1Xn—1 — Xn—2]|

— 1B %0 — Xn—1 11> = 1BID IXn—1 — Xu—2||*.
(3.16)

—2B{Xp41 — Xp, Xp—1 — Xp—2)

2B0(xp — Xp—1, Xn—1 — Xn—2)

IV IV IV IV IV IV

Putting (3.14), (3.15) and (3.16) in (3.13), we obtain

It = Vall® = X1 — 20l = F X1 — 201 — D llxn — X111
—1BI1xn+1 = XnI* = 1Blxn—1 = Xn—2llI* + 9 xn — x—1 12
—1BIO 120 — xn—1 1> = 1B19 1 X0—1 — Xn—2ll* + B2l Xn—1 — Xp—2ll*
=1 =9 = [BDIxns1 — xu > + @F — O — HIBDIIxn — xu—1 |12
+(B* — 18] — HIBDIIxn—1 — xn—2l*. 3.17)

Now, putting (3.12) and (3.17) in (3.11), we obtain
Ia+1 = F% + 22 (Bxus1 — Bxy, ¥ = Xut1)

= (= a4+ Da = FI2 = @ = Bllxa—t =TI = Bllxa— — |2
+A+ D)@ = Bl — 501 I+ B+ D)y = 20212 = B@ = B)lln—1 — x0-2]]
o1 = 1% = (1 = ) [ (1= 2 = 1BD I = %all? + 92 = @ = BIBD xs = o1

+(B2 = 11 = 91BDIa—1 = ¥a—2l?] = @l = DI + 2201 (1 = )
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. 1
X (Bxy — Bxn—1,% — Xxn) + (1 — an)<5 - r) (Ixn = Xn—1 1% + X1 — xa1l%)

= (= a0+ Dl = FI2 = @ = Bllxa-t =TI = Bllxa— — I
Q29 = B = 9B + D 1BDIxn — xu—1 1> + (B + 1BI? — D) xu—1 — xu2]
—(1 =9 = 1BDI%a1 = %all? + 21 (B = Bt ¥ = )|

A 2 1 2 2
Fo v = %117+ (1 — o) E_t (”xn_xn—ln +||xn+1_xn||)vnzn0-

This implies that

%041 — ®N = Dllxn — RN = Bllxn—t — TN + 240 (Bxps1 — Bxy, X — Xpi1)
1 ~ ~
(1= 1Bl = 9 = 5 + Dl — 2l < (1= @) I = FI% = It = F
—Bllxn—2 _EC\HZ + 24— 1(Bxy — BX,—1, X — Xy)
1 .
(1= 1Bl = 9 = 5 +Dllxn = xa-1 2] + a1 = 712
1
+(1 — ay) [2(5 —1)+30 — 1+ (1+ (Bl — ﬂ)] %0 — Xa—111?
+(1 = an) [IBI+ 1819 — BT xn—1 — Xa—2l* = (1 — aty)
x[nxn — ®I* = Hlxn—1 — X* — Bllxn—z — TN + 2hp—1 (Bxy — Bxp—1, X — xp)
1 2
(A= 1B1 =9 = 5 + Dl = x|

1 A
- (2(5 ~0+30 — 1+ 1+ (Bl - /3)) (-1 = -2l = s = 501 17) ] + el = 712

1
—(I—an) [— (2(5 —0+30 -1+ 0 +9)(Bl - /3)) —(BI+ 18IV — ﬂﬁ)] llxn—1

—Xn_2l* V1 > no. (3.18)

Seter == — (23 =0 +30 — 1+ (1 +)(Bl— B)).c2i=1-30 —2(3 —1) = 2|B| -
20|B| + B + 20 and p, =[x, — XII* — P [lxn—1 — XI|* — Bllxn—2 — XI1* + 2An—1 (Bx, —
Bxp—1,X —xz) + (1 = || =¥ — % + Ollxn — xn—1||2 +cllxn—1 — xn—2||2- Then, (3.18)
becomes

Pnt1 < (I —ap)pn +ay ”ﬁ - f”z - —ae2llxp—1 — xn—2||2 VYn > ng. (3.19)
Next, we show that ¢y, ¢ are positive and p, is nonnegative. From Assumption 3.2 (d),
30 —142(3 —1) < 0.Thus, 5755 (39 — 1+ 23 — 1)) < 3755 39 — 142G — 1) < B,

which implies that 30 — 1 +2 (3 —¢) —28 — 298 < 0.
Since |8| = —fB, we obtain

30—1+2<%—z)+|ﬁ|—ﬁ+ﬁ|ﬂ|—ﬁﬁ<o, (3.20)

which implies that ¢; > 0.
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Now, using 51 (39 — 1+ 2(3 — 1)) < B, weobtainthat 1 -39 —2(5 —1)+3B+4p0 > 0.
Since |B| = —B, we get

1—319—2(%—t)—2|,3|+/3—2|ﬁ|19+2ﬂ19>0. (3.21)

Hence, ¢p > 0.
On the other hand, since § < 0 and ¢; > 0, we get for all n > nog, that

Pn = Ixn — %1% = 901 — X1 + 24n—1 (Bxp — Bxy—1, % — x,)

1
A =11 =0 = 5 +Dlx — xp1l?

e e An—1 e
> vy — X7 = O lxuer — XN — ; 8 (Ixn — xu—1 I + llxy — XN?) + (1 = |B] =
n

1 2
_5 + t)”xn - xnfl”
> Jlxn — FU* = 9 (2l1x0 — Xn—11* + 2[1x — TUI?)
1
-zt
(3-1)

1 —~2 1 2
= (1 - 20 - (5 —t>> len = X117 4 (1 = 1] = 39 = 2(5 = D) %0 = Xn—1

1 ~2 1 2
Z\ =30 =\ g —1) )l =XIT (1= 1Bl =30 =2{ 5 =1 ) ) lIXn = Xna[I”.

(3.22)

~ 1
1Xn — Xn—1 12+ llxn = XN2) + (1= 1Bl — 9 — 5 + 0l —xp-1l?

Since # < § (1 —2(5 — 1)), we get 30 —1+2(3 —1) < 0. Thisimply that 1 -39 —(; —1) >
0,and 39 —142(5—1) < 5745 3P —142(3—1)) < B.Hence, —|B| =30 +1-2(5—1)) > 0.
Therefore, we get from (3.22) that p, > O for all n > ng. Using these facts in (3.19), we
obtain that {p,} is bounded. It then follows from (3.22) that the sequence {x,} is indeed
bounded, as claimed. m}

We now state and prove the convergence theorem of this paper.

Theorem 3.5 Let {x,} be generated by Algorithm 3.1 when Assumption 3.2 holds. If
limy— 00y = 0and Y oo | oy = 00, then {x,} converges strongly to Pa+B)-1(0)0-

Proof LetX = P4 p)-1(9)0. Then by (2.1), we get

iy — XN = llan(d — %) + (1 — )Wy — D)2
= a2 —FI* + (1 — @) llvn — TN + 20, (1 — ) (D — X, v, — X)
(3.23)

Again, using (2.1), we get

2 PATES 2 2 2 ~
luy — xn1lI” = an”v_anH + (1 =) Mvn — X1 II” + 20, (1 — @) (0 = Xt 1, Uy — Xpp1)
2 ~12 2 2 A
> a, ”xn+l - UH + (1 - O[n) ||xn+1 - vn” - 2an(1 - Oln)”er—l - U” ”xn+l — Un ”
2 A2 2 2
> oy llxnp1r — O + (1 — @)~ l1xn1 — vall” = 200 (1 — a) M [[xp1 — v ll, (3.24)

where M := sup|lx,+1 — 0| which exists due to the boundedness of {x,} proved in
n>1
Lemma 3.4.
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Now, using (3.23) and (3.24) in (3.7), we see that

Ixn1 — XN + 220 (BXps1 — BXp, ® — Xp1)
<aplld =312+ (1 — an)?[lvp — T + 200 (1 — ) (D — X, vy — X)
— (g llxnr1 — 017 + (1 = @) X1 — vall* — 200 (1 — ) M |01 — vall)
+2001(1 — ap){Bx, — Bxp_1, X — x,)

1
(=) (5 = 1) (10 = 2t 12+ st = xal?)
< (1 — o) (v = RN + 220—1(Bxp — Bxp_1.X — X))
Foty (nlld = T +2(1 — @) (D = %, v — %) +2(1 — ) M X541 — vall)

1
—( =)t = vnll® + (= @) (5 = 1) (10 = Xt 17 + g1 = xall?) Vo = o

(3.25)
Next, putting (3.12) and (3.17) in (3.25), we obtain
g1 =TI + 20 (Bt — B, T — Xng)
= (= a1+ D)ty = FI2 = @ = Blla—t = FI = Bllxa—z — 7
(U + D)@ = B)lln = xu1 1 + B+ D) — 22|
—B = Bllu—t = xu2? + 2eao1 (Ba = Bxu1, ¥ = )|
ety (enl]d =TI + 201 = o) (9 =T, vy = T) + 201 = €)M [lxs1 = va])
—(1 = )[4 =9 = BDInst = 5alP + 0% = 9 = DIBD 5 — x|
+(82 = 1Bl = D1BD %1 — ¥a2]
F = an (5= 1) (o = 50117+ Lt = lP)

This implies that

a1 = 1% = 0lbin =TI = Blln—1 =TI + 2 (Brag1 — B, T — 1)
1
+(A =18l =0 = 2 + Dl — xnll®
= (= an)[ I = FI2 = D%y = FI? = Bllxn—2 = FI? + 221 (Bn = By1, ¥ = xa)
1 2
(1= 1Bl =9 = 5 +0lxn = %1 ]
et (@15 = F17 + 201 = @) (5 = F, v =) +2(1 — )M 101 = vnl)
1
+(1 = an) [2(§—t)+217—ﬂ—1>‘/3— L+ 1l +9% ~ —anwz—ﬁ—mﬂn]
2 2 2 2
on = xu— 112 + (1 = ) [ B2 = B2 = (1 = 0a)(B% = 11 = #181] Iotn—1 — a2
= (1 =) Iotn = FI? = Dlbtu—t = 1P = Blln—z = I + 21 (B — Byt ¥ — )

1
+(1 =181 = # = 2+ Dlln — X 12
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—(2(%—I)+219—ﬁ—z‘/‘ﬂ—1+|ﬂ|+192—(1—an)(192—79—73|/3|)>

(h6a1 = 2020 = w0112 |
ot (anlld = FI2 4201 = ) (5 = %, vy = %) + 201 = @) Mlbng1 = vall)
o EPYRIDY a2 o2 - 2 .
(—an)[1 =20 =25 = 1)+ B +208 = |8 = 52 = 9+ (1 = a)(@* 9 — 9|5
+(1 = an) (B2 = 1B = 918D |1 = ¥a—2l> ¥n = no.
That is,
h41 = (1 —apt, + ongn — a- Oln)dn”xn—l _xn—2||2 Vn > ny, (3~26)

where d, = 1 =20 =2 — ) + B +20 — 1Bl — B2 — 02 + (1 — a)(®? — ¥ —
P18 + (1 — ) (B2 = 1Bl — P1BD. tn =[x — N> = D llxn—1 — X[1* = Bllxn—2 — X +
20n—1(Bxp — Bxp—1,X — xn) + (1 = [B] = ¥ — % + 0 lx, — xn—1||2 + cnllxXn—1 _xn—2||2,
a=—-[2G-D+29-B-9B—1+|Bl+0*— (1 —a)(@®@* -9 —?|B)] and g, =
o0 _f”2 +2(1 —ay)(v — X, Up _f) +2(1 —a) M| xp41 — vnll.

From (3.20), we have 1 — 3¢ — 2(% —1t)—|Bl+ B —v|B]+ 9B > 0, which implies that

lim ¢, = lim—[2(%—t>+219—ﬁ—19ﬁ—1+|ﬁ|+192—(1—an)(02—§—19|/3|)i|

n—oo n— 00

1—30—2(%—1)—|/3|+/3—19|/3|+19/3>0.

Thus, there exists n; > ng such that ¢, > 0 for all n > ny. Also, from (3.21), we have
1-30 —2(% —1) = 2Bl + B —2|B|? + 29 > 0, which implies

1
lim dn:nlggo[l—zﬁ—2<5—z)+ﬁ+2ﬁﬂ—|ﬁ|—/32—ﬁ2

n—oo

(1= @) =9 = 1B + (1 = ) (B — 1] = 218) |
=1 —3@-2(%—0 218 + B = 2|Bl0 + 289 > 0.

There exists ny > ng such that d,, > 0 for all n > n,. Therefore,
tht1 < (I —ap)ty + augn, Yo > ny. (3.27)

Let {#,,;} be a subsequence of {#,} such that liminf;_, o (fni-H — tn,-) > 0. Then, it follows
from (3.26) that

tim sup [(1 = atn, ), 120, 1 = X, 21’
11— 00

< lim sup [(tn,- - tn,-+1) + oy, (CIn,- - tn,-)]

i—00

< —liminf(t,,41 — t,;) < 0.
11— 00
Since lim; o0 (1 — a0, )dy; > 0, we get

l
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Thus,
lim vy, — xp 11 = lim |9 (xp; — Xn;—1) + BXn—1 — Xp;—2) | = 0. (3.29)
1—> 00 11— 00

Using (3.28) and (3.29), we obtain

Bim xp, 41 — vy, || = 0. (3.30)
11— 00
Since lim,,_, oo o, = 0, we get
lim |Jup, — vy, | = lim oy, |0 — vy, || = 0. 3.31)
11— 00 11— 00

Using (3.30) and (3.31), we obtain

im lup; — xp; 411l = 0. (3.32)
1—> 00

From (3.28) and the Lipschitz continuity of B, we find that

1

im [|Bx,,+1 — Bx,, | = 0. (3.33)
—00

In the light of Lemma 3.4, we see that {x,, } is bounded. Thus, we can choose a subsequence
{xnl.j} of {x,,} such that {xn,.j} converges weakly to some x* € H, and

limsup(d — ¥, x;, — %) = lim (0 =%, x,;, = %) = (0 =X, x*—3X). (3.34)
Now, consider (u, v) € G(A + B). Then )Lnl.j (v— Bu) € A,,,.j Au. Using this, (3.3) and the
monotonicity of A, we find that
<)\ni.(v — Bu) —Up; + Ap; Bxp, + )\ni,—](l - an,-.)(an,-. - an,-.—l) + Xn; 41, U
J J J J J J J J J

_xn,'jJrl) > 0.

Thus, using the monotonicity of B, we obtain

1
(v, u — xnij+1> > 7<)\n,-,. Bu + un,-,. - )Ln,-/, an,-/ - )\n,-,.—l(l - O‘ni,.)
i J J J J
J
(Bx"ij - an,-jfl) - xn,'j+1s u— xnj+l)
= (Bu — ani/-—Fls u— xn,-j+l> + (an,'/.—H - an,-j s u— xnij+l>
)‘nfjfl 1 1
— oy )(Bxy 1 — Bx,, ,u— xp,
M ( "’j)< ni; 1 ni; n,‘/.+l> +

'

(un,'. — Xn; +1, U _xn;.+l>
nij J J J

)Ln,- —1

J

= (an,-j+l - an;j , U — xnij+l) + (I- an,-].)<an[/.71 - Bx"fj U — xn,'j+1)

ni;

1
+7<un,‘j - xl’l,'j+lv u— xn,‘j+l)- (335)

ni

As j — o0 in (3.35), we obtain, using (3.32) and (3.33), that (v, u — x*) > 0. By Lemma
2.2, A + B is maximal monotone. Hence, we get that x* € (A + B)~10).

Since X = P44 p)-1(p)D, it follows from (3.34) and the characterization of the metric
projection that

limsup(d — X, x,;, —X) = (0 — X, x* —X) <0. (3.36)
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Using (3.29), (3.30) and (3.36), we obtain that lim sup;_, ., g»;, < 0. Thus, in view of the
condition ZZO:I o, = 0o, Lemma 2.1 and (3.27), we see that lim,,_, , #, = 0. This together
with (3.22) imply that {x, } converges strongly to X = Py B)_l(o)f), as asserted. O

The step size defined in (3.1) makes it possible for Algorithm 3.1 to be applied in practice
even when the Lipschitz constant L of B is not known. However, when this constant is known
or can be calculated, we simply adopt the following variant of Algorithm 3.1:

Algorithm 3.6 Let ) € (0, ﬁ), ¥ € [0, 1), B <0, and choose the sequence {a,} in (0, 1).
For arbitrary 0, x_1, xo, x| € H, let the sequence {x,} be generated by

Xn+1 = J)f‘(anﬁ + (1 —apn) [xn + 0 — xp—1) + B(xp—1 — xn—2)]
—ABx, — A(1 — a)(Bxp, — Bx,_1)), n > 1.

Remark 3.7 Using arguments similar to those in Lemma 3.4 and Theorem 3.5, we can estab-
lish that the sequence {x, } generated by Algorithm 3.6 converges strongly to P4 g)-1()0-

Remark 3.8 (a) We obtained strong convergence results for Algorithm 3.1 without assuming
that either A or B is strongly monotone (a condition that is quite restrictive). Rather,
we modified the forward—-reflected—backward splitting algorithm in Malitsky and Tam
(2020) appropriately to obtain our strong convergent results.

(b) Compared to Izuchukwu et al. (2023), we proved the strong convergence of Algorithm 3.1
using the double inertial technique.

Remark 3.9 A more careful examination of Algorithm 3.1 and it convergence analysis can
help us to relax the Lipschitz continuity on B to uniform continuity (see, for example (Thong
et al. (2023), page 1114). In a finite-dimensional space, B can even be continuous (see
(Izuchukwu and Shehu 2021, Section 3)). However, as seen in these papers, this relaxation
may be achieved with the cost of having strict restrictions on the stepsize {1, } (e.g., through
some linesearch techniques). Therefore, we intend to investigate these restrictions in detail
in a different project in the future.

4 Numerical illustrations

In this section, using test examples which originate from image restoration problem, as well as
an academic example, we compare Algorithm 3.1 with other strongly convergent algorithms
(Alakoya et al. 2022, Algorithm 3.2), (Bing and Cho (2021), Algorithm 3.3 and Algorithm
3.4) and (Tan et al. 2022, Algorithm 3.4).

Example 4.1 We consider the image restoration problem:
min {||Df — &[5 + A%}, (4.1)
xeRm

where A > 0 (we take A = 1), X € R™ is the original image to be restored, ¢ € RY is the

observed image and D : R” — R is the blurring operator. The quality of the restored
image is measured by

SNR = 20 x log, (ﬂ> ,

£ — x*l2

where SNR means signal-to-noise ratio, and x* is the recovered image.
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Table 1 Numerical results for Example 4.1

Algorithms Tire Cameraman MRI
CPU SNR CPU SNR CPU SNR

Algorithm 3.1(8 = 0) 2.1539  23.8161 3.5081 27.1814 1.2041 22.2532
Algorithm 3.1(8 < 0) 2.0619 249034  3.3771 28.2117 1.0834  23.4239
Alakoya et al. (2022) (Alg. 3.2) 29932 226727  3.7837  23.9715 1.5632  21.1304
Bing and Cho (2021) (Alg. 3.3) 3.0416  21.4362  3.7878  23.8642 1.5637  20.5384
Bing and Cho (2021) (Alg. 3.4) 3.1237  21.5359  3.8655  22.0838 1.4766  21.9832
Tan et al. (2022) (Alg. 3.4) 3.0428  22.2126  3.9859  23.0429 1.4453  20.6924

Table 2 Numerical results for Example 4.2 with e = 10~/

Algorithms Case 1 Case 2 Case 3 Case 4
CPU Iter CPU Iter CPU Iter CPU Iter

Algorithm 3.1(8 = 0) 0.1112 19 0.1190 21 0.1121 20 0.2221 18
Algorithm 3.1(8 < 0) 0.0117 14 0.0113 16 0.0122 15 0.1164 13
Alakoya et al. (2022) (Alg. 3.2) 1.0159 74 1.0153 82 1.0152 78 1.1153 70
Bing and Cho (2021) (Alg. 3.3) 1.0137 66 1.0143 73 1.0151 70 1.1138 63
Bing and Cho (2021) (Alg. 3.4) 1.0118 31 1.0124 35 1.0118 33 1.1117 30
Tan et al. (2022) (Alg. 3.4) 1.0149 88 1.0168 101 1.0146 95 1.1150 85

For the implementation, we take xo = 0 € R"*" andx_; = x; =1 € R™*N and use
the following image found in the MATLAB Image Processing Toolbox:

(a) Tire Image of size 205 x 232. To create the blurred and noisy image (observed image),
we use the Gaussian blur of size 9 x 9 and standard deviation o = 4.

(b) Cameraman Image of size 256 x 256. We use the Gaussian blur of size 7 x 7 and standard
deviation o = 4.

(c) Medical Resonance Imaging (MRI) of size 128 x 128. We use the Gaussian blur of size
7 x 7 and standard deviation o = 4.

Example4.2 Let H = L(R) := {x = (x1,x2, ..., X;,...), x; € R: Z;’il |xi|? < oo} and

1
Il = (52 1xi1%)?  Vx € b(R).
Define A, B : [, — [, by

Ax = (2x1,2x2, ..., 2%, ...), Vx € [

and

_ <x1+|x1| x2+ x| X+ x|
Bx :=

], Vv l.

Then, A is maximal monotone and B is Lipschitz continuous and monotone with Lipschitz
constant L = 1.
For the implementation, we take the starting points:
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# —%— Algorithm 3.1 (3<0)
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~+— Tan and Cho (Alg. 3.3)
Tan and Cho (Alg. 3.4) | 7
Tan et al (Alg. 3.4)
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Fig. 1 Numerical results for Tire
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Algorithm 3.1 (3=0) bk
—%— Algorithm 3.1 (3<0)
@1 —S— Alakoya et al (Alg. 3.2)
25+ ——+— Tan and Cho (Alg. 3.3)

20

5

Tan and Cho (Alg. 3.4) {39
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Fig.2 Numerical results for Cameraman
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Case 2: xo_(% %
Case 3: xo—(l 3
Case 4: xo = (1, %

E\w ﬁ\w

—-M'—

9

), x—1 =x1 = (5,
'),X_1=X1 (
), X =X =

) X1 = X]

(2,
=3,

Original Tire

Alg.3.1(beta=0)  Alg.3.1(beta<0)

Original Cameraman

Alg.3.1(beta=0)

-lk\'— \D\Jk
00\»—' M‘oo
N

16 64 )

335 T35 "

R o)
16° 64>

During the implementation, we make use of the following:

e Algorithm 3.1: Ao
02,9 =0.12,8 =
e Alakoya et al. (2022) (Alg. 3.2): 0 = 0.12, A1 = 0.3, u = 0.25, oy,

= 0.1, A
{0, —0.01}.

16 _ 1 _ 1
(n+l)]'l ’ g}’l — @n+D*’ f(x) - jx'

e Bing and Cho (2021) (Alg. 3.3): 0 = 0.12, 41 = 0.3, & = 0.25,
0.5(1 — ay), €n =

@ Springer f bMA
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Fig.3 Numerical results for MRI
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Fig.4 The behavior of TOL,, for Example 4.2 with € = 1077 Top Left: Case 1; Top Right: Case 2; Bottom

left: Case 3; Bottom Right: Case 4
@ Springer f DMAC



351 Page 18 of 20 C. lzuchukwu et al.

e Bing and Cho (2021) (Alg. 34): 6 = 0.12, 4 = 0.3, ;1 = 0.25, 0y = 599855 € =
1 1
@3’ fx) = 3x.
o Tan et al. (2022) (Alg. 34): t = 0.12,u = 0259 = 03,0 = 15,0, =
008 o = 0.5(1 — o), €y = 00 g, = 16
3nt25000° ¥n = Y- n)y€n = G708 = GoprTe

We then use the stopping criterion; TOL,, := 0.5||x,—J A(x,—Bxp) ||2 < € forall algorithms,
where € is the predetermined error.
All the computations are performed using Matlab 2016 (b) which is running on a personal
computer with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00 Gb-RAM.

In Tables 1 and 2, “Iter” and “CPU” mean the CPU time in seconds and the number of
iterations, respectively.

Remark 4.3 Figures 1, 2, 3 can be seen clearly (or understood better) by looking at the graphs
of “SNR” vs “Iteration number (n)”, and Table 1. Note that the larger the SNR, the better the
quality of the restored image.

5 Conclusion

We have proposed a two-step inertial forward-reflected—anchored—backward splitting algo-
rithm for solving the monotone inclusion problem (1.1) in a real Hilbert space. We have also
proved that the sequence generated by this algorithm converges strongly to a solution of the
monotone inclusion problem. This algorithm inherits the attractive features of the forward—
reflected—backward splitting algorithm (1.5), namely it involves only one forward evaluation
of B even when B is not required to be cocoercive. However, unlike the forward-reflected—
backward splitting algorithm (1.5), our algorithm converges strongly. Numerical results show
that the proposed algorithm is efficient and faster than other related strongly convergent split-
ting algorithms in the literature. We remark that our proposed algorithm involves a restrictive
condition on {e, }; for example, the sequence {%} does not satisfy this condition. Therefore,
we intend to relax the restriction on {e, } in our ongoing projects.
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