Computational and Applied Mathematics (2020) 39:306
https://doi.org/10.1007/540314-020-01332-2

®

Check for
updates

Aggregation operators and VIKOR method based on complex
g-rung orthopair uncertain linguistic informations and their
applications in multi-attribute decision making

Tahir Mahmood'@® - Zeeshan Ali’

Received: 27 April 2020 / Revised: 11 August 2020 / Accepted: 15 September 2020 /
Published online: 30 October 2020
© SBMAC - Sociedade Brasileira de Matemética Aplicada e Computacional 2020

Abstract

Complex g-rung orthopair uncertain linguistic set (CQROULS) is a combination of complex
g-rung orthopair fuzzy set (CQROFS) and uncertain linguistic variable set (ULVS) as a
proficient technique to express uncertain and awkward information in real decision theory.
CQROULS contains uncertain linguistic variables, truth and falsity grades, which gives
extensive freedom to decision makers for taking a decision as compared to CQROFS and their
special cases. In this article, a new concept of fuzzy set, called CQROULS using CQROFS
and ULVS is explored, and this can examine the qualitative assessment of decision makers
and gives them extensive freedom in reflecting their belief about allowable truth grades. Based
on the established operational laws and comparison methods for CQROULSs, the notions
of complex g-rung orthopair uncertain linguistic weighted-averaging aggregation operator
and complex g-rung orthopair uncertain linguistic weighted geometric aggregation operator
are explored. Some special cases and the desirable properties of the explored operators are
also established and studied. Additionally, the notion of VIseKriterijumska Optimizacija I
KOmpromisno Resenje (VIKOR) method based on CQROULSs is explored, with the help
of a numerical example, it is verified and also its comparative study is established. Moreover,
based on the above analysis, we establish a method to solve the multi-attribute group decision
making problems, in which the evaluation information is shown as CQROULNS. Finally, we
solve some numerical examples using some decision making steps and explain the verity and
proficiency of the explored operators by comparing with other methods, the advantages and
graphical interpretation of the explored work are also discussed.
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1 Introduction

Multi-attribute decision making (MADM) is a proficient technique to solve various problems
in our real-decision environment. MADM is used for the purpose of examining to rank the
family of alternatives and to examine the best one. But due to the increase in day by day com-
plexity and difficulty in the environment of the decision-making process, the decision-maker
cannot face much longer these kind of problems, which are in the form of numerical values.
To solve these kind of problems, the theory of fuzzy set was explored by Zadeh (1965),
as characterized by the grade of truth belonging to the unit interval. Atanassove’s (1999)
modified the theory of FS to explore the idea of intuitionistic FS (IFS), contains the grade of
truth and the grade of falsity with the condition that is the sum of both is restricted to the unit
interval. Various scholars have studied and utilized it in the environment of different areas
(Krishankumar et al. 2020; Seker 2020; Zhang et al. 2020a; Demircioglu and Ulukan 2020).
But there are various problems where the sum of the truth and falsity grades is exceeded form
unit interval. For example, when a student is qualified for the Ph.D. test, the group of teachers
who set in the interview and indicates their grade whose in the form of yes is 0.6, and in the
form of nois 0.7. Itis clear that the sum of both is exceeded form unit interval. To address such
types of problems, Yager (2013) presented the Pythagorean FS (PFS) with the condition that
is the sum of the squares of the both is not exceeded form unit interval. The PFS has utilized
in various areas. For example, the divergence measure for PFS was elaborated by Zhou et al.
(2020). Song et al. (2020) presented the Pythagorean fuzzy analytic hierarchy process. The
Chebyshev distance measures for PFS was explored by Chen (2020). Riaz et al. (2020) exam-
ined the TOPSIS method by using the Pythagorean m-polar fuzzy soft sets. Sarkar and Biswas
(2020) established the entropy measure, linear programing and modified technique for ideal
solution by using the PFSs. But these were still a problem, when a group of teaches indicates
their opinion in the form of yes is 0.9 and in the form of no is 0.8, then probably the sum of the
squares of the both is exceeded form the unit interval. For addressing such types of difficulties,
Yager (2016) again explored the g-rung orthopair FS (QROFS) with a condition that is the
sum of g-powers of the truth and falsity grades is not exceeded form unit interval. QROFS
is extensive proficient technique to resolve real-decision activities. QROFS have received
extensive attention form a scholars and various researchers have applied it to in various areas
(Li et al. 2020; Liu and Wang 2020; Tang et al. 2020; Qin et al. 2020; Liu and Huang 2020).

As for the above existing studies, it has been analyzed that they have investigated the
MADM problems under the FS, IFS, PFS, QROFS or its generalizations, which are only able
to deal with the uncertainty and vagueness that exists in preferences given by the decision
makers. None of these models are able to represent the partial ignorance of the data and
its fluctuations at a given phase of time. However, in complex data sets, uncertainty and
vagueness in the data occur concurrently with changes to the phase (periodicity) of the data.
To handle these, Ramot et al. (2002) presented complex FS (CFS), which is characterized
by the grade of truth in the form of complex-valued, whose real and imaginary parts are
belonging to unit interval. Allah and Salleh (2012) modified the theory of CFS is to explore
the idea of complex IFS (CIFS), contains the grade of truth and the grade of falsity in the form
of polar coordinates with a condition that is the sum of the real part (also for the imaginary
part) of the both is restricted to the unit interval. Various scholars have studied and utilized
it in the environment of different areas (Garg and Rani 2020a, b; Ngan et al. 2020). But
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there are various problems where the sum of the real part (also for imaginary part) of the
truth and the real part (also for imaginary part) of the falsity grades is exceeded form unit
interval. For example, when a decision maker gives the grades for yes is 0.7¢/27©7) and
for no is 0.6¢27©-0) Tt is clear that the sum of the real part (also for imaginary part) of the
both is exceeded form unit interval. To address such types of problems, Ullah et al. (2019a)
presented the complex PFS (CPFES) with a condition that is the sum of the squares of the
real part (also for imaginary part) of the both is not exceeded form unit interval. The CPFS
have utilized in various areas (Akram and Naz 2019). But these was still a problem, when a
decision maker indicate their opinion in the form of yes is 0.9¢/27 (9 and in the form of no
is 0.8¢!27(-8) then probably the sum of the squares of the real part (also for imaginary part)
of the both is exceeded form the unit interval. For addressing such types of difficulties, Liu
et al. (2019a, b) explored the complex QROFS (CQROFS) with a condition that is the sum
of g-powers of the real part (also for imaginary part) of the truth and the real part (also for
imaginary part) of the falsity grades is not exceeded form unit interval. CQROFS is extensive
proficient technique to resolve real-decision activities.

It is actually complicated for a decision maker to give directly the quantitative assessment
data, in various real decision problems. For addressing such kinds of complications, the
theory of linguistic variable (LV) was explored by Zadeh (1974) as an efficient technique
to address with complicated and awkward information. Further, various scholars have
modified the theory of LV is to explore uncertain linguistic variable (Xu 2004). The theory of
intuitionistic fuzzy uncertain aggregation operators was explored by Liu and Jin (2012). Liu
et al. (2014) established the intuitionistic uncertain linguistic Bonferroni mean operators. Liu
and Liu (2017) presented the intuitionistic uncertain linguistic partitioned Bonferroni mean
operators. Lu and Wei (2017) explored the Pythagorean uncertain linguistic aggregation
mean operators. Liu et al. (2017) examined the Pythagorean uncertain linguistic partitioned
Bonferroni mean operators. The q-rung orthopair fuzzy uncertain linguistic aggregation
operators was explored by Liu et al. (2019b).

From the above analysis it is clear that, various researchers have utilized the aggregation
operators in the environment of IFS, PFS, and QROFS (Wang et al. 2012, 2019a, b; Xing
et al. 2019a, b; Ullah et al. 2018a, 2020; Ghorabaee et al. 2017; Shen and Wang 2018; Jana
et al. 2020a, b; Liu et al. 2020b; Wang and Zhang 2012; Zhang et al. 2020b, c, d, e; Zhan
et al. 2020a, b; Jiang et al. 2020) to evaluate the ambiguities which occurred in the problem
of MADM. But there is still a problem when a decision-maker provides the information
in the form of groups and say to find the best one, it is very difficult to find the relation
between them especially when it is in the form of two-dimensional information in a single
set. For instance, when a decision maker gives 0.8¢!27(0-7) for complex-valued truth grade,
0.7¢1270-8) for complex-valued falsity grade, and [S‘z, S3] for uncertain linguistic term, then
the existing notions like IFS, PES, QROFS, CIFS, CPFS, CQROFS, and their extensions. For
handling such kinds of problems, the aims of this manuscript are summarized as follows:

1. To present the new CQROULS and their special properties.

The aggregation operators called averaging and geometric aggregation operators based
on CQROULS:s are explored and also studied with their important properties.

3. Moreover, based on the above analysis, we establish a method to solve the multi-attribute
group decision making problems, in which the evaluation information is shown as
CQROULN:E.

4. To explore VIKOR method based on novel CQROULNSs and compare with some other
methods and to examine the reliability and effectiveness of the explored methods.
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5. Finally, we solve some numerical examples using some decision making steps and explain
the verity and proficiency of the explored operators by comparing with other methods;
the advantages and graphical interpretation of the explored work are also discussed.

The purpose of this article is summarized in the following ways: In Sect. 2, we review
the CQROFSs, and the notion of uncertain linguistic variable set (ULVS) and their basic
properties. In Sect. 3, the novel approach of CQROULS is explored, which is the combi-
nation of CQROFS and ULVS is a proficient technique to express uncertain and awkward
information in real decision theory. CQROULS contains uncertain linguistic variable, truth
and falsity grades, which gives extensive freedom to a decision makers for taking a decision
is compared to CQROFS and their special cases. In this article, a new concept of fuzzy set
is called CQROULS using CQROFS and ULVS is explored, and this can examine the qual-
itative assessment of decision makers and gives them extensive freedom in reflecting their
belief about allowable truth grades. In Sect. 4, based on the established operational laws and
comparison methods for CQROULSs, the notions of complex g-rung orthopair uncertain
linguistic weighted averaging aggregation operator and complex g-rung orthopair uncertain
linguistic weighted geometric aggregation operator are explored. Some special cases and the
desirable properties of the explored operators are also established and studied. Additionally,
the VIKOR method based on CQROULSSs are also explored and verified it with the help of
numerical example. In Sect. 5, based on the above analysis, we establish a method to solve the
multi-attribute group decision making problems, in which the evaluation information is shown
as CQROULNS. Finally, we solve some numerical examples using some decision making
steps and explain the verity and proficiency of the explored operators by comparing with other
methods; the advantages and graphical interpretation of the explored work are also discussed.

2 Preliminaries

For better understanding the established work in the next section, we concisely review some
useful notions of CQROFS (Liu et al. 2019a, b; Zadeh 1974) and their operational laws. The
notion of linguistic term set and uncertain linguistic term set are also discussed. Further, the
symbols Xy, i, and n are represented by the universal grade of truth, and the grade of falsity.
Where qSC, §5€ > 1.

Definition 1 (Liu et al. 2019a, 2020a; Zadeh 1974) A CQROFS is of the form:

Q% = {(1gco (). ngeo() : x € Xy} M

i2 i . .
where MQCQ = MQRPE "Wuorr and nQCQ = nQRpe "Q’P, with a conditions:

0< /LQRP(X)+HQ,P(X) 1,0 < Wu ”,(x)+W,,Q”,(x) < 1. Moreover, {gco(x) =

1
25C
)slc> i2n(1—<WZQ1P(x)+W,’}’Q1P(x)>‘I )
p .
e

2aWeorp _

45¢ 45¢
{grre 1 - (MQRP(X)+7IQIP(X) 18

called refusal grade, the complex g-rung orthopair fuzzy number (CQROFN) is represented
W, i2m W,
by Q€€ = (ngco(x), ngce (x)) = ( Worp (xye’ T Mngrr®) nore(x)e ”Q“’(X)>.

Definition2 (Liu et al. 2019a, 2020a; Zadeh 1974) For any two CQROFNs
Q01 = (pgrraie @Y e (0T 101 ) and geO-2

2 W, i2n W,
(,ugmuz(x)el g ”Q’P*Z(X), T]QRP—Z()C)E Wigrp & )>, then
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1.

1

W

4 :2,7( WMQISP () + W;LS%IP , (0)— )
QCQ_IGBCQQCQ_Z _ MQRP 1) +M%RP 2 (0= e WMQIP 1 (X)WMQIP 2 (%) ,
MQRP 1(X)MQRF 5 (%)
(nQRP—I (x)ngrr-2 (X))eizjr(W”Q’P*‘ OWagrp-2 (X))
2.
(1awr s (x)uQR,Lz(x))e[Z”(W“Q”’" Wi rpo (x)),
qSC qS[_' qﬁ
QC0-1gr, Q02 = I W”Q’g’g‘(xHW” 1pa (X)— :
pr
nQRpCI () + n%RP L 0)- . W;IQ,H (x)W,‘{Q,H (x)
UQRF 1(-")’)QRP 5 (%)
3.
sc
sc i2x W} x )
/’LsgCQ—] (x)e Hoco-t
|
chflésc _ e\ ¢ |.
- e o 1=(1=w?S ’
( 45C §SC\ 45C ! noCo-1
1 (1 o () () e
0oco-1

4,

1

55C\ o8
e §5C sc 1271(1 (1 WMQCQ 1(x)) )
sscgeo-1 _ | (1- (1 . MQCQ,,(x)) e

22w
UQCQ (e ece-!

)

Definition 3 (Liu et al. 2_019a, 2020a; Zadeh 1974) For any two CQROFNs
oce-1 = (MQRpfl(x)elan“Q’P*'(X), ﬂQRP—l(x)elananP’l(X)) and Q€92
( HoRrP- Z(X)el nwﬂQ”’ 2() i2”WnQ1P‘2(X)>
given by:

ngrr-2(x)e , the score and accuracy function is

qsc qsc
S(QCQ_I) . (MQRPTL l(x) + WMQ[PTL—l (x) — NQrpre- ](x) - W’791PTL—1 (x))
» B 2
qsc qsc
I:I(QCQ—1> = (MQRPTL )+ W“QIPTL—l ) +0Qppp, (X) + W"QIPTL—I (x))
B 2

Based on the above two notions, the compassion between two CQROFN:Ss is given by:
1.1 §(Q€2-1) > §(Q€2-2), the Q€21 > Q€02

2.1f S(QCQ_I) = S(QCQ_Z), then:
1If H(QC1) > F(QCQ-2), the Q€01 > Q€02
2.1f H(QC21) = H(QC2-2), the Q€O = Q€02

(@)

3

Definition 4 (Xu 2004) For a linguistic term set $ = {$;/j =0, 1, 2, ..., z — 1} with odd
cardinality, where, z is the cardinality of $, and § j is alinguistic variable. A possible linguistic
term set is given by:
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S§ = {S‘o, Si, S, 5'3, Su, 5‘5, 5’6} = {very poor, poor, slightly poor, fair,
slightly good, good, very good} by using the values of z = 7, then z — 1 = 6. The
linguistic terms are expressed by Pythagorean fuzzy sets for five and seven terms. Further,

S= {Sg 10 € R*} is called continuous linguistic term sets if the following conditions are
holds true:

1. The ordered set: S@ < S(p iff 9 <¢;
2. The negation operator: Neg(Sg) = Sy such that ¢ =2z — 6;
3. if@ < ¢, then max(Se, S‘(,,) = S, and min(S‘g, Sw) = Sp.

Definition 5 (Liu and Jin 2012) For an uncertain linguistic variable § = [Sp, S, ],50, S, € §
is the upper and lower limits of § with 0 < 6 < ¢. For any two ULVs §; = [Sgl, Slpl] and
Sy = [S6,, S, ], 85€ > 0, then

S1®S: = [S9l’ Swl] ® [S92’ S«’z] = [Sel+s2—@’ Sw1+<ﬂz—%];
S1®82 = [SOH S(ﬂl] ® [S02, S(ﬂz] = I:SM7 S@];

§5C§, = 55C[S91, S¢1] = |:Sz—z(1—921)ssc’ Szz(l“’z‘)asc:|;

. oSC . . 6SC . .
S(i = [SQI’ S‘Pl] = [S o 58C SZ(]WI)(SSC} .

3 Complex g-rung orthopair uncertain linguistic variables

To improve the quality of the proposed work, in this study, we present the novel approach of
CQROULS and their fundamental operational laws. Basically, the CQROULS is a mixture
of CQROFS and ULS to cope with unpredictable and unreliable information in our day to
day life. Based on the existing notion which is discussed in Sect. 2, the explored approaches
are follow as:

Definition6 A CQROULS is given by

Qcour = {x, ([Socxs Sper) | (RECQVE (x), n9CQUL (x))) : x € R} 4

2T W, 2 W, .
where figco = pgree "ot and noce = ngrre THorr | with
o 45¢ 45¢ p 45¢
a conditions: 0 < /LQRP(X) + nQ,P(x) < 1,0 < WMQ,P(x) + W,,Q,,,
. . - 2T W,
(x) < 1 with a ULV [Spw), Sp(r]- Moreover, {gco(x) = {QRpel Heorr
) 45C 45C q%
1 i2n | 1- WMQ1P(X)+WWQIP(X)

qSC qSC 7 ) .
1 - (MQRP(X) + 'IQIP(X)) is called refusal

grade, the complex g-rung orthopair uncertain linguistic number (CQROFN)
or complex q-rung orthopair uncertain linguistic variable (CQROULV) is

represented by QCQUL = ([Soc)s Socny]s (m9eevt (x), nScout (x))) =
2TWy_p (x)
[SG( ) S ( )] /LQRP()C)@‘ Q s
Xx)s Pe(x) | HQRP()C)elanUQIP (x)
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i27Wy 5 poy )

Definition 7 Forany two CQROULNs Q€2UL~1 = ([$y, (), Spyo ] [ H2*" 1(x)e anQ o
NoRrP-1 (x)e Tolr
i2nW, Ip— 2()c)
_ . . —2(x)e Q
and QCQUL-2 — [Seg(x), Sm(x)]’ #orr-2() i2n W, (X) » then
ngrr-2(x)e QlP=2

1.

[gw(mﬁzm—w’ gw.(x)wzm M]
1

e
CQUL-1 cQUL-2 o i WﬂQ” 1(X)+Wu 2 (0=
_ _ 75 sc
Qe ScouLQ e = (MQRP I(X)"'M RI’ 5 ()= )l e w (X)WNQIP , ()

Hnorpr-1
MQRP 1(X)IJ«QRP 2 (%)

s

i2m (W, Wy, A
(ngre-1(X)ngrP-2 (X))el ﬂ( 1gir-1 OWigrr (t))

[gﬁlmﬁzu) 5 gw(»wzm ],
z z

27 (W, W, ¢
(ngrr-1 () pgre-2 (x))el ”( notr-1 ’Q””*Zm)

coUL-1 cQuUL-2 _ e
Q ®couLQ WUQIP 1 () + Wﬂ 1P 2 ()= )

q%p i2m 45C
UQRP l(x)""?%m’ 2 ()= . Wy;Q,p |(X)qu,p 5 (%)
’IQRP I(X)VIQRP 2 (%)

[gz(w)gsc s gz(m),gsci|,

WSSC ( )
ocouL-1 ugEQ,mm foCo-1 7

. s $SC
45 §SC\ 5C i2n 1—(1—W,‘{QCQ_l (x))
1= (1= o ) e

<

|:gz—z<1—ﬁlz("))ssc’ gz—z(l—“)]z("))ésci|’ B

1 55C\ 45C
sc §5C\ 45C 2w (1—(] W,l oCo-1 (x)) )
1= (1= 1o () e

5S¢
15CQ-1

§5C QCQUL-1 _

(x)

UQCQ 1 (x )

i CQUL-1 ¢ ¢ MorP-1 (X)eiznwﬂg””] (X),
Definition 8 Forany two CQROULNs Q = [So,)> Ser ] P~ )
norP-1 (x)e TolP-1
iZUWMQ”,_Z (x)

_ . . 2(x)e
and Q€QUL-2 — [Sez(x), S(pz(x)]’ Horr=2(x) i

’ the expectation and
27 Wy 1 p_s (%) ’
NorP-2 (x)e Q

accuracy function is given by:

CQUL-1 ¢
S<Q ¢ ) - S(@ @)+ (r))x(u"sc W+W, -3¢ - (x))
L QrprL—1  "QIpPTL-1 QRPTL-1 "QIpTL-1
7

I:I(QCQULfl) — S(9l<x)+</>1(x>) ( asc ) (6)

W, W,
“Qppre—1 Y prp o T "QRPTL V0 prp o @
7
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Based on the above two notions, the compassion between two CQROULN:S is given by:
1. If S(QCQUL—I) - S(QCQUL—Z),the QCQUL-1 o oCQUL-2

2. 1If S(QCQUL l) S(QCQUL72)’ then:

1.If H(QCQUL-T) 5> F(QCQUL=2) the QCQUL-1 5 QCOQUL-2,
2.1f H(QCQUL-1) = H(QCQUL-2) the QCQUL-1 — QCQUL-2,

i2m Wy, (x)
Theorem 1 For any two COROULNs Q€QUL-1 = ([Sgl(x), Se1]s (“QRP Hx)e o ))

W,
noRrP- 1(x)el Wigip-1 )

ol P- 2()‘) Sc_1
27 Wy p z(x) with scalers § ,

P2 W,
CQUL-2 ¢ ¢ MQRP—Z(x)el S
and Q = [S6:005 Sr0]s
norr-2(x)e
85€=2 > 0, then
QCOUL=1gy ., QCQUL-2 = QCOUL=2gy /) QCOUL-1,

QCQUL=1g .y, QCQUL=2 — QCOUL=2g ., QCQUL- I
§SC— I(QCQUL I@CQULQCQUL 2)_5SC roCoUL- Z@CQUL(SSC 1QCQUL-1.
§SC-1QCOUL=Igy ./, §5C~2QCQUL- 1_(Ssc 14 §SC— Z)QCQUL 1.

_ 8SC71 _ BSC—I _ -~
QCoUL-1 ®couLQCOUL2 = (QCOUL g oy QCRUL2)
QCQUL—lﬁsc’l QCQUL—V?SC’2 _ QCQUL—1(5807|+53C71)

ssC—1
5

RcouL

Proof Straightforward.

4 Aggregation operators for CQROULSs

To improve the quality of the proposed work, in this study, we present the aggregation
operators using the CQROULS and also study their special cases. Basically, we explored the
averaging and geometric aggregation and with their weight vector for CQROULS. Based on
the established notions which are discussed in Sect. 3, the explored operators are follow as:

Definition 9 For a collection CQROULNSs QCQUL—j =
: : WORP—j (x)eian“Q’P*-’ &)
[S6,00+ Sp;0]- [ 72 oaw, -« )] J = 1.2 ..., n, the CQROULWA
norr-i(x)e " 'Q!P

operator is given by:

CQROULWA(QCQUL—l, QCoUL-2 .”,QCQUL—n> _ iww—jQCQUL—j @
j=1
where 0% = (ww_l, ov2 a)w_")T denotes the weight vectors with a condition
> oV =1.
Theorem 2 Suppose a collection COROULNs QCQUL—j =

: - Wk ()¢ M rgrr=i )
[Sej(x)’ S‘Pj(x)]’ C j( ) i2nWUQ[P7j (x)’ , J = 1,2, ..., n, the aggregated
Norpr-j(X)e

value of the Eq. (7) is again a COROULN, we have

n

CQROULWA<QCQUL71, gcouL-2 QCQULfn) _ wafj'QCQUij
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§

(-1

-2 ]_[7»:1 (17 -

0,

)wwii P

§

—z[]} (17
. " +5€ oI
45¢ wo=i\ 8¢ 27| =TT (FWMQHLJ- (X)>
<1 - I'LQRP—_/ (x)) e

9j ()

)ww,/» B

w—j i2 e W,ww*j :
l_[;l'=1 naéRPl—j (x)el =t Pagre- )
@)
Proof By using the method of induction, we prove Eq. (8); the steps of the induction is as
follows:
1. For choosing the value of parameter n = 1, then Eq. (8) is hold true.

2. For choosing the value of parameter n = 2 and using def. (7), we have

w1, S

WP QCoUL-1 _

w?2QCQUL-2 _

then
WPl CoUL-1

i2mw

|:Sz—z z—z(l—wlfm)wwil i|’

(-22)

w—1 SC
45C @ q
sc o1 qslc 2 (I(IW;{lel ("‘)) )
(1 - (1 - M(IQRP—] (x)) ) e s
‘7 H W{Uwil
ncéuRPl—l (x)el TolP-l @

S w—2 , S w=2 |,
|: 2z (1- 22" —z(1-29)° :|
(- o |
sc w2\ 45C
4 -2 ﬁ i2n 17(17W;{Q,P72(x))
(1 - (1 - MQRP—Z(X)) ) e >
w—2
w—2 i o (X)
ngkp_z(x)e 'QlP-2
@CQULCU"J?Z QCQUL72
171(17@)” +zfz(l—@)m -
S T w1 e ow—2
N e s
43¢ ¢5¢
sc "1\ 45C 45¢ @72\ ¢5C
(1 — (1= 1 ) ) +(1 — (1= 1) ) -
45¢ 45€
45¢ w1\ ST 45C w72\ ST
1= (1= 1 @) % (1= (1= 1er 2 0) )
qSC qSC
qSC wuv—l qSC qSC wm—2 F
(1 - (1 - WMQ[P—I (x)> ) + (1 - (1 - Wltglpfz (x)) -
45¢ 45¢
45 ¥\ 45T 45¢ @72\ 5T
1= (1= Wig ) x (1 — (1= WG )
we' Tl owe 2 (x))
QlP*l ’IQIP—Z

vl ( wv2 i2”(
Norp-1 X)WQRP_Z(X)E
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S (1 M)”’ 71+z—z(1—ﬁg)wwz—z<l—(l—w)ww4
S~—z(1—q)‘f(){))wwq+z—z(1—‘02f”)wwi2 —z(l—(l—w)wwil

w—l

1- (1 MQRI 1()5)) +1-— (1

(1- (= no )™ ]>(1—(1

1

w—

Wl

w—1 w—2 <
W“éRH (x)rlaémhz (X)E
S ww—1

zfz(lf M) (17

S _
z_z(]_w>ww

qSC oW1
L= (1-ube @) (1

w—1

1-(1 w,lQ,P l(x)) (1—

(
<

(W&) (X)Wll) (X))
n 1 0 2
77 RP— 1(X)UQRP z(x)e ol QIP
S H - wW—J s S ® wW—J s
a=z[15= 1(1* V) =2 [T (1*«)“)
|
= sc AV
(1 By (1w, @) - ZQH(I (i) )
- j=1< — Korp-j x) e >
. 2 Wi
- n“éﬂ{; .(x)eﬂn it Wi @
j= -J

(-

_(l_wzm)“’w

sc
- /‘quRsz (X))

sc o
1-(1- W,ZQ,,L,(X)> +1—(1—
i2m w—1
Ne (2]
(1 — (1= Wig @) ) x (1 -
e

1<1_

45¢
- K QRP-2 (x))

(l_a m)“’w*] (1—52“) )‘”WZ)’
72.,.(1_‘”7‘”)”#.7[ (I_L(”)wwiz)

1

SC

w2
2 q

45 o2
— Hgrr2 (x)) )

45€ v?
Wi i ()
45 o2
(1 - WMQ1P—2 (x))
(X))

w—2
(OW;UQIP 2

P—1

W2,

Hz(X))

W2

wz(X))

ww2> TSC

i
+5€ w72 ¢5C
W/‘QIP—Z ™)

s

The Eq. (8) is truly holds for n = 2. Further we check forn =k

CQROULWA(QCQUL—I, gceur-2
S S
i— 4.]_[

( 0 (x)) W=

L
sc A
(1 - l_[l;:l (1 - :u/qQRP—j(x)) >

k w—j
1_[,-:1 naéRPj—j (x)e
Moreover, we have to check forn = k + 1, then

CQROULWA(QCQUL*I, ocouL-2

e

- CQROULWA(QCQUH, gceuL-2
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(x)
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§ i S

w—
0;@\*
7= z]_[ ( %) z

w?J

HJ 1’IQRP (e
S
zfz<1779k+}(x))

1= (1= i )

e s
oW —k+1
—k+1 (x)e zZﬂWnQ“, e X
'IQRP k+1
N N e oWkt 5
0.0\ PR S M= z (! B
—z[T5, ‘*’f) z—r(1- %) - 7
S

qSL'

SC

<

(1= (=)™

Nej
SC

N

a

P Skt
w—k+l i ”(Hj VW0 S ip—; O S 1 (V)>
l_IJ anRP /(X)WQRP w (X)e e e
S w—j wokil N\
e 1 FZECT 2 S I STC5 D S
" 0 [T 771 z z
=z[Tj=r (1-7% =z 1= w—j k1
wl—[ 1 z ~(1 ) @ )
k (1= 9/'("')) (1 _ 9k+|(x))
Jj= z z
N

-z ]_[’;:1 (l—w)w‘kl +z—z(l—M)ww*k+l -z
sc "
HI;':] (1 - MqQRIL; (x))
sc "
(1 - Hﬁ':l (1 - :quRP—/ (x))
45¢ o
1- H =1 (1 =~ Wigrr (X))

(1 - 1_[1;':1 (1 - WIZ;CIP—/‘ (x))

]—[k

i2m

Wi

1’7QRP /(X)nQRP K+l (x)e

—2[Tj= (“Lm)
« AN

w i\ 35T 27 (1— b (I—Wﬁg,,,_, <x>) )
1- ijl (l - /J‘qQRP—j (x)) e 5

e
i2m Hljc-zl we' ™!

ow—ktl, S

L. ¢5€
w—k+1 qST 27| 1- liWMQ]P—kH (x)

oW—J |»

1

ScouL

(x)

TolP—j

—k+1
277<1,<ﬂk+1<X))“’u K

oW—k+1 S

Q
9!

.

w—k+1
(™)

ey (1) ooy
qSC W=k 45C
[T +(1- (1 K gRrP—k+1 (x)) -
sc Wk f/ﬁ
X <1 - (1 - /‘"[QRI’—kH (x)) )
45€
45 wv=i\ ¢5C 45 o=kt
(1 - WMQIP—/ (x)) +1- (1 - WMQIP—M (X))
45¢
} r =i\ ¢5C 45 =kt
- Hj:l (1 WMQIP —j (X)) x| 1— (1 - WHQIP—kH (x))
e

ww—i
X

(Tl w

w—j
) \*
(.,@) o

qS

S

45C

S('
S(_

45¢
5T

w—j Wkl ’
/J{':l (1 _ W/Z(X>)w _ (1 _ wm?ﬂ)w i

—j k1
Wm)wu ! 1— Wk+l(x))wu '

oW k+l

(1 - /’Lg(l;l’—kﬂ (x))

¢5C w
(1 KR grpks (X))

(1 - Wﬂ;clpfm (x))

e k]
1- (1 - WMQIP—kH (X))

(X))
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S ¥ O wW—k+17?
z— z]_[/ 1 1 )
S oW 7 O] () oW—k+1 ’
=T 1(‘— ) L)
1

w—k+1\ 5T
= <1 - H];:1 ( MQRP ,(x)> (1 - MQRP k+1 (x)) )
I

oW qSC pW—k+1 q3C
2r | 1— = 1(1 WMQIP ](x)) <17WMQ1P—k+1(x)>
e b
: k+| wW—J
w—j i2w W, (x)
l_[];lll U‘ém_j (x)e ofP-i
§ vy

w—j |,
60\ 00\
r—z [Tk i ats TR il
2=zl lj=1 (1— z ) =zl lj=1 (1— B
I<+]

= o Wi\ g
MQRP—/X) €

: K+l ot—J
127'!“,'; ,79”, /()

1
sC

k+1
1_[,+171‘“me,( )e

The result has been proved. Further, we evaluate some properties for CQROULNS like
idempotency, monotonicity and boundedness.

Theorem 3 Suppose a collection CQROULNSs QCQUL-j =
2w WMQIP g (x)

S S porr-i (X)e ,
([Sej(x), Spi)s ( e P27Wy oy () )) j = 1,2, ..., n and QFQUL =

ngrr—j(x)e
i JTW‘L (x)
. . x)e QIP . .
[Socx)s Spwn s #ore (x) aw, oo | | if QECUETI = QUL then
norr(x)e "olP
CQROULWA(QCQUL-1 geoUL=2" QCQUL—n) _ QCOUL,

Proof Suppose QCQUL=/ = QCQUL then by using Eq. (8), we have
COROULWA(QCQUL-, QeoUL=2  geout=r)

w—j 5 S oW—i |s
0,0\ ;@)
—z[1}= ( 7)() z—z]_[;'-zl(l—%>
|

— c @I\ ¢SC
= 1 . n
(1 " () 45 “ W=7\ 75C 12ﬂ(l—]_[j1 (1 WMQ”, ,(x)) )
—Ilj=1 ( — Hgre-; X ) e

w—j
v 2 @ (x)

1_[/ anRP j(x)e j : "ol P-i
S oL S o |,
e
. "
sc o\ 3T 1271<1—]_[ (1 W“ P(x)) )
(1 - l_[’}:l (1 - MCIQRP(X)) )11 e

" T, we' @)
H;:] naQ)RP(X)e "olP

1

g5
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2 W,

. . [,LQRP(X)EI i “Q”’(x) _ ACOUL

= [+ Spew]- n RP()C)el 27Wy 1 p () =Q
Q

The result has been proved.

Theorem 4 Suppose a collection CQROULNS QCQUL—j =
P27 Wy g pj ()

. . Uorr—j(x)e
<[Sej(x), S(pj(x)]7< Qr i

CQUL—xj _
nokrP '(x)elzﬂW”Q”’*f ) and C
Q =J

Lorr()e T htrs ),

. . » . . .

[S6.; 00> Sewjw]s [ 72 (e Mg w | =12 i Soim) = Sos
NokrrP—xj(X)e€

S(pj(x) < S(p*j(x), Uorp—j(X) < UorP—j(X), Wugm ;) = WMQ,P . (¥) and ngre-;
(x) = ngrr—sj(x), WnQ,P ;0 = WnQu» .; (), then

COROULWA (QCQUH, ocouL-2
QCQUL—V!) < CQROULWA (QCQUL—*I’ QCQUL—*Z, o QCQUL—*II)

Proof Based on Eq. (8), we know that
COROULWA(QCQULT, QeoUL2  geout=r)

S Wi s S w—j |,

0 (x) ;0\
7—z ]_[’]-:1 (1— jzx ) 7—z ;'-:1 (l— fzx )
|

_ Y
= s oV SC i2m (l (1 WM ol P-j (X)) )
1- ;:1 (1 - lquRP—j(x)> e ,

w—j

=i 2 WY (x)
1_[/ anRP (e TolP=i
and
CQROULWA(QCQUL—*I’ ocoUL—s2 QCQUL—*n)
S wis § w=j |

e T AN ) @)
=z[Tjoy (1= =3 =z[Tjoy (1-7%
|

_ WW—*] qT
sc W+ SC 27| 1— ] 1 (] WMQIP . (X))
(1 - l_[;%:l (1 - M‘IQRP—*/' (x)) ) e s

w—j
) i2m n?:l W"IH 1P—sj )
1_[] lr]QRP *,(x) Qifm

First, we have to study the uncertain linguistic parts Sg i = Sg* () and Sw w =< Sw* ()
we have

Se w <Se b4j® =>1—S9 ) <1—S9*]<r) =>Zl_[(1—59 (x)) >ZH<1—SM>
z—zH(]—Se(x)>>Z—Zl_[( SM)
Jj=1 ‘
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Hence ng w =< S‘g*j(x), similarly, we can prove that S'(/,j o =< S}/,*j(x). Next, we discuss
the real part of the complex-valued truth grade pgrr—j(x) < pgrr—+j(x), WMQ“,_I. x) <
WMQ”L*J. (x), we have

45C 45C 45¢ 45C
Horp—j (x) = K RP x)=1- MQRP—/(X) >1- M oRP—; (x)
n
sc w
= 1_[ (1 - /’LqQRP—*j (x))
j=1
n ww—j n w—skj

S 1= (1= @) = 1=T] (1= 1y 0)

j=1 j=1

1 _1
n
= (1 =TT(1 - 1wy @)

)—j w—skj

n w
= [1(1= w0
j=1

w—j q w—sj q

ST n N 5T
sc
<|1- 1_[ (1 - H’qQRPf*j (x))

N
j=1 j=1

The imaginary part of the complex-valued truth grade is same. Next, we prove the real part
of ﬂ}lle complex-valued falsity grade ngrr-j (x) > ngrer—+j (x), W,,Q,P,,- (x) > W,;Q,P,*j (x),
we have

n n
Ngrr—i (x) = ngrr— (x) = [ [ 19rr—; (¥) = [ [ nGrrs (x)
j=1 j=1
Hence the expectation values of the
COROULWA(QCQUL-I oCQUL=2 | QCQUL=n) = A and CQROULWA
(QCQUL_*I, QeQUL—x2 QCQUL_*”) = B then by using the Def. (8), we have
If S(QCQUL—I) -~ S(QCQUL—Z), the QCQUL—I -~ QCQUL—Z. If S(QCQUL—I) - S

(QCQUL_Q),then: Ifﬁ(QCQUL—l) > I-VI(QCQUL_Z),the QEQUL-1 o 9CQUL-2 pecquse

Soj(x) = 59*,(x), Spjx) = Sw*ju), Horr—j(X) < porr—sj(x), Wy_,p ;(x) < WuQ,p_*,-
(x) and ngre—j(x) = ngrr—j(x), WnQuLj x) > anuu*,' (x). go by using the above
properties, we have get the result, such that

COROULWA (QCQUH, gQcouL-2.
QCQUL7n> <COROULWA (QCQULf*l, oceuL—s2 QCQULf*n)
The result has been proved.

Theorem 5 Suppose a collection CQROULNs QCQUL—j =

WORP -(x)eian“Q’P*"(x) CQUL—j
& G —=J ’ 5 . . _ -
[S6;0> ;0] ( nQ e W@ | |7 L2, o if Q !
ORP-j
3 i2rW- (@)
. . UWopp i (x)e  HelP=i™’, CQUL—j
Sy- B S,- ]7 Q ! : - and Q+ J =
[ 0; (x)> Zo; (x) néRP*IV(x)eQNWUQIP’j (x)
2T W
: : MéRP—/(X)el "ot (X),
[Sej(x)’ Sw}(x)]’ Ewr () s then
n‘éRP—j (x)e ol
Q*CQUL_./ E CQROULWA(QCQUL?I, QCQUL*Z, e, QCQUL*") E Q+CQUL_./

Proof 1t is clear that
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Sminﬁj(x) =< S@j(x) = Smaxej(x)a S.min(pj(x) = S(pj(x) = Sma,ij(x)v minHQRP*J'
(X) = pore—j(x) = maxpgre—j (x), minWy op ; (X) = Wy p; () < maxWy,p
(x), maxngrer-j(x) > ngre-j(x) > minngrr-j(x) and maxW,,Q”L_/. (x) > W,,Q”L/
(x) = minW, olPi (x), then by using the theorem 3 and theorem 4, such that

COROULWA (QCQULfl, ofouL-2 QCQUL—n>

> CQROULWA (Q*CQUL*I, o-ceuL-2 chQULfn) _ - COUL~j

COROULWA (QCQUL—I’ ocouL-2 QCQUL—n>

< CQROULWA (Q+CQUL—1’ Q+CQUL—2’ o Q+CQUL—VI) — Q+CQUL—j
therefore

—CQUL—j CQUL—-1 ACQUL-2 CQUL-n +CQUL—j
o) < CQROULWA(QCOVET!, QEOUL=2,  gfeUL=n) < g J

The result has been proved.

Remark 1 If we choose the values of imaginary part as zero in Eq. (8), then Eq. (8) is reduced
for g-rung orthopair uncertain linguistic sets. Similarly, if we choose the values of ¢5€ = 2
in Eq. (8), then Eq. (8) is reduced for complex Pythagorean uncertain linguistic sets and if
we choose the values of ¢5€ = 1 in Eq. (8), then Eq. (8) is reduced for complex intuitionistic
uncertain linguistic sets.

Definition 10 For a collection CQROULNs QCQUL—j =
i2n W, .
: ¢ U QRrP—j (x)e " HalP-i © .
[S8;0)> S0 ] oo | | = 1,2, ..., n, the CQROULWG
nQRPﬂ' X)e k

operator is given by:

n ) ww,j
CQROULWG<QCQUL71’ QCouL-2 ”.’QCQULfn) _ 1—[ (QCQUij) ©)
j=1

_ _ T . . ..
where 0¥ = (ww Low=2 ¥ ”) denotes the weight vectors with a condition

Theorem 6 Suppose a collection CQROULNs QCQUL-J =

S S HorP (oye T Mrgrer )
[S6;0)+ Sg;0 ] ( UQ ' (x)eiznwﬂgu’—j (x)’>>, Jj = L2, ..., n, the aggregated
QRP—j
value of the Eq. (9) is again a COROULN, we have
n w—f
CQROULWG(QCQUL”, ofouL-2 QCQUH> -] (chuH)w
j=1
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) oW > S wW—J |
n 0 (x) n w,(V)
=1\ 7z 1=

w-j 2 T, We )
- 1_[;;1 /’Laékplﬁ' (x) = >

/‘QIP J
1

o0\ 75
sc ¥ SC ’2”(1 ITj- 1<1 W”QIP ](X)> )
(1 - 1_[;%:1 (l - anRp_, (x)) ) e

Proof Straightforward. (Similar to Theorem 2).

(10)

Further, we evaluate some properties for CQROULNS like idempotency, monotonicity
and boundedness.

Theorem 7 Suppose a collection CQROULNSs QCQUL-J =

K QRP (e rorr-i

X ) 2 , . couL _

[S6; 0+ Sgye0]- | 7 ° aw, o | = L2 ..., n and Q€U =
ngre-j(x)e Q=i

pore (1)e' 2 Mot @

¢ ¢ RP ’ i OCQUL—j _ HCQUL

[Socs Seen]s {72 irw, ) | | if QECUET = QCCUL then
nokre () Q

CQROULWG(QCQUL-1 gtouL-2" QCQUL—H):QCQUL
Proof Straightforward. (Similar to Theorem 3).

Theorem 8 Suppose a collection COROULNs QCoUL—j =

iZJTW# IP—'(X)

¢ ¢ HLorpr—j(x)e QIP=i ™ .

[SG_/'(X)’ S‘ﬁj(X)], Q J W ® and QCQUL * —
nQRP—j(x)e TQIP—j

HorP ()e T ratr—i &

. ) L ) L .

[Se*j(x), S(p*j(x)], Q o W) w | Ji=12 i Soia) < o,
UQRP xj (X )€

Sei) < Sg,i)» Horr—i(x) < MQRP w1 () Wigrpo () £ Wy pp,; () and ngre-;
(x) = ngrr—xj (x), Wn o (X) = nQ”, .; (X), then

COROULWG (QCQUH, ocouL-2

QCQUL—V!) < CQROULWG (QCQUL—*I’ QCQUL—*Z’ o QCQUL—*n)
Proof Straightforward. (Similar to Theorem 4).

Theorem 9 Suppose a collection COROULNs QCoUL—j =

¢ ¢ HorP '(x)eizﬂw"Q’P ;@ CQUL-j
<[S€j(x)’ S<ﬂj(x)], ( nQ i (x)eiznw,]g”,_] ) ))] = 1,2, ....,n, if O -
QRP-j

lZT[WM_QIP /( ) '
s _
and Q+CoUL-j

§ § MéRP—j (x)e
Gj (x)? ®; (x) _ iZnW,]’ P C(x)
nngfj(x)e ein/
i2n Wt .
. ity 0 e,
[Sej(x)’ $ *(x)] ; 2wy o | | then
nQRP—j(x)e o
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Q—CQUL—j < CQROULWG<QCQUL—1, oceuL-2 QCQUL—n) < Q+CQUL—J'.
Proof Straightforward. (Similar to Theorem 5).

Remark 2 Tf we choose the values of imaginary part is zero in Eq. (10), then the Eq. (10)
is reduced for g-rung orthopair uncertain linguistic sets. Similarly, if we choose the values
of ¢5¢ = 2 in Eq. (10), then the Eq. (10) is reduced for complex Pythagorean uncertain
linguistic sets and if we choose the values of qSC = 1 in Eq. (10), then the Eq. (10) is
reduced for complex intuitionistic uncertain linguistic sets.

4.1 VIKOR method for complex q-Rung orthopair uncertain linguistic MADM
problems

The VIKOR approach, pioneered for multi-attribute optimization problems, concentrate on
ranking the alternatives and considered a compromise solution. The decision making problem,
which can be solve by VIKOR, is express as follows.

Considered the m alternatives and » attributes X1, X», ..., X,, and :41, ;Xz, A :4,, with

respect to weight vectors such that w = (wyq, wa, ..., wn)h, Z;:l w; = 1, the compromise
ranking by VIKOR methods is started with the form of L ,-metric (He et al. 2019).

1

n R*_R b b
L, = . A<b<ooi=12 .. .m 11
" Z[(’ef—R_)} - v

j=1 J

In the VIKOR method, the maximum group utility can be gotten by minS; and minimum
individual regret can be gotten by minS;, where S; = L ;, and S; = Loo,i-

The steps of the VIKOR method is follow as:

Step 1: Computing the virtual positive ideal x;.‘ and the virtual negative ideal x; values

under the attributes A j» we have
xj = maxi(xij),x; = min; (xij) (12)
Step 2: Computing the values of group utility S; and S; , we have
S w; ||R ~ Ryjl

S; = — (13)

’ IR: — R |

, max'w-||R*f—R~||

= — (14)

”Rj - Rj ”

Step 3: Computing the values of Q;,i =1, 2, ..., m, we have
’ 7%

Qi =—— (15)

(55" (s7=57)

where §* = ming($), S~ = max;($), S = mini(S]) and S’ = max,($]), the
symbol v is the balance parameter which can balance the group of utility and individual
regret. There are three possibilities:
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1. Ifv > 0.5 represents the maximum group utility is more than minimum individual regret.

2. Ifv < 0.5 represents the minimum individual regret is more than maximum group utility.

3. Ifv = 0.5 represents the maximum group utility and minimum individual regret are same
importance.

Step 4: Using the values of S, S and Q and ranking the alternatives, then we will obtain
the compromise solution.

Step 5: When we get the compromise solution X (1 in steps 4, then it satisfied the following
two conditions.

Condition 1: Acceptable advantages: Q(X®) — Q(X(V) > Lo where Q(X®@) is the
Q value in the second position of all ranking alternatives produced by the value of Q and m
number of alternatives.

Condition 2: Acceptable stability: Alternative X1 must also in the first position of all
ranking alternatives produced by the values of S or s

If one of the above condition is not met, then we collected the compromise alternatives
and not one compromise solution.

1. If condition 2 is not hold, then we will examine the alternatives X and X@ should be
compromise solution.

2. If condition 2 is not hold, then the maximum M eximane by the formula Q (X (M) ) -0
(x)y <m0 = ﬁ, we examined the alternatives XV, X@ .., X are compro-
mise solution.

Based on the above analysis, we will construct the VIKOR method for CQROULS:s.

4.2 VIKOR method for CQROULSs

Let X = {X, X», ..., X,u} be a collection of m alternatives, A = {;ll, ;Xz, e, ;\m}

be the collection of attributes with respect to weight vectors w = (wj, wa, ..., w,,)h,

Z?’:l w; = 1. The decision matrix for CQROULSs is follow as: R = (erk> ,

nxm
where the Complex g-rung orthopair uncertain linguistic number is represented by erk =
L
WMQIP— Jjk @)

oL oL pk rp—je(X)e > . .
S, Sk s Q . L , the aim of VIKOR method is fol-
6_//( (x) Pk (x) L 2w W77 o (x)
) QIPf_/k
nQRPfjk (x)e

low as:
Step 1: Normalize the decision matrix, there are two types of attribute such as benefits B
and cost C types attributes, the normalized can be done by the following formula;

L L
Rpy = (rjk)

L 2wy 0
. . " (e Qff=yk )
- [SGL Séjk()f)]’ o ‘ (16)

ik (x)? i2n Wk ()
. nIéRP—jk(x)e ZQIP_]k
2 W, ()
L NolP—jk
RL. — (r-L) = [SL SL ] Ngrr-p(e ST (17)
DM 3k ) o n 0k (x) P (x) | . (x)eiznwlfgm—jk(x)

QRP— Jjk
Step 2: Computing the virtual positive ideal x; and the virtual negative ideal x, values

under the attributes A j» we have

X§ =max; (rjlfk),x]: =min; (rjlfk) (18)
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Step 3: Computing the values of group utility S; and S;, we have

diciwi( IR — Rijll
S — j=1 ]( Jj J ) (19)

1
e
(1&; = R71)
max jw; (IR} = Ryl
-
(18 = &7 M)

where ||R;, R;|| represents the distance between two CQROULNS, which is defined as:

S, = (20)

d(Ri,Rj) = |IRi — R}l

L 'MLQRPJSC - MLQRpf,»qSC + nLQRpf,»qSC - nLQRpqusc
2 =1+ WlleP—iqSC - ,fQ”quSC + WWLQIP—:‘ - nLQlP—quC
x (8t - 5%) @n
Step 4: Computing the values of Q;,i =1, 2, ..., m, we have
o - si=sH 17 (s -57) 22)

=" (s —s")

where S* = min;(S;), ST = max;(S;), §* = min,-(SE) and S = max,-(S;), the
symbol v is the balance parameter which can balance the group of utility and individual

regret. There are three possibility:

1. Ifv > 0.5 represents the maximum group utility is more than minimum individual regret.
If v < 0.5 represents the minimum individual regret is more than maximum group utility.

3. Ifv = 0.5 represents the maximum group utility and minimum individual regret are same
importance.

Step 4: Using the values of S, S and Q and ranking the alternatives, then we will obtain
the compromise solution.

Step 5: When we get the compromise solution X (1 in steps 4, then it satisfied the following
two conditions.

Condition 1: Acceptable advantages: Q(X®) — Q(XV) > L. where Q(X®) is the
Q value in the second position of all ranking alternatives produced by the value of Q and m
number of alternatives.

Condition 2: Acceptable stability: Alternative X)) must also in the first position of all
ranking alternatives produced by the values of S or s

Example 1 We take the method from Ref. (Garg et al. 2020) which is a invest selection
problem (Table 1). The investment company want to in with one of the following company
is denoted by X; (i = 1, 2, 3, 4) and measured by four attributes, whose detail is discussed
in Table 7.

The attributes in Table 2, is the form of CQROULNs, with weight vectors w =
(0.35, 0.25, 0.3, 0.1). based on VIKOR method, we solve the following matrix (Table 3).

Step 1: We normalize the Table 2 using the Eqs. (16) and (17), then the new decision
matrix is follow as:
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Table 1 Representation of different attributes

Symbols A A A3 Ay

Representations Anti-risk ability Growth ability Social impact Environment impact

Step 2: We computing the virtual positive ideal x;’f and the virtual negative ideal x; values

under the attributes A ;j using the Eq. (18), then

s

(0 6361271(0 73) 0. 4612”(0 3) 0. 5561271(0 70) 0. 4361271(0 33))

[Sl, SZ]
(O 5561271(0 71) 0. 4261271'(0 34)

[S1. $3].
0 66127‘[(0 62) 0. 4461271(0 39))

* [S2: S4 S3, S4]
= (0 76127'[(0 8) 0. 36127'[(0 22) 0 626127'[(0 88) O 2461271'(0 13)) ’
[53, 54] S3, 54]
(0 876127[(0 86) 0. 1461271(0 13) 0 7561271(0 9) 0. 2461271(0 13))
- [$1. 52]. ( [$1. 83].

Step 3: We compute the values of group utility S; and Sl. using the Eqgs. (19), (20) and
(21), if we ignoring the values of uncertain linguistic terms, then

Step 4: We compute the values of Q;, i =1, 2, ..., m using the Eq. (22), then (Tables 4,
5)

Step 5: Using the values of S, S " and Q and ranking the alternatives, then we will obtain
the compromise solution see Table 5.

Step 6: We obtain the compromise results using the condition 1 and condition 2, such that
Q(X4) = 0, and the second positionis Q(X3) = 0.39,then M D = ﬁ = 4 =0.333,s0
0(X3) — Q(X4) = 0.39 > 0.333 which holds the conditions Q(X3) — Q(X4) > 4_1,but

the alternative X4 is the best ranked by S and S ', which holds the condition 1. By calculating,
we get

0(X3) — 0(X4) =0.39 > 0.333
0(X2) — 0(Xs4) =1>0.333
0(X1) — 0(Xy4) =041 > 0.333

So, the condition 1 holds accurately, therefore by condition 1, X1, X, X3 and X4 are
the compromise solutions. When condition 1 cannot hold, we used condition 2 and solved
the problems. The comparison between the proposed methods and existing methods for
numerical example (1), are discussed in Table 6.

Based on VIKOR methods for existing and proposed approach, the best alternative is 214.
The methods introduced in this manuscript express a wider range of fuzzy information,
and they can ask for the sum of square of real part (Also for imaginary) of membership
degree and the sum of square of real part (Also for imaginary) of non-membership degree is
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Table 4 Values of the group utility  Symbols Values Symbols Values
S 0.22 S| 0.16
S5 0.51 s, 0.26
S3 0.35 S 0.2
S4 0.17 S, 0.14

Table 5 Ranking results of the Table 4

Symbols X X X3 Xy Ranking Compromise solution
N 022 051 035 0.17 24 > 21 > ;3 > 22 X4
, - - - ~
N 0.16 026 02 0.14 Ay> A >A3> A, X4
o 0.41 1 039 0 24 > 23 > 21 > 22 X4
Compromise solution X1, X2, X3, X4

greater than one. Our proposed methods are more general and more effective. Because the
VIKOR methods for CIULS and CPULS are all the special case of the VIKOR methods for
CQROULS. When parameter ¢ = 1 the VIKOR methods for CQROULS reduces the VIKOR
methods for CIULS. When parameter ¢ = 2 the VIKOR methods for CQROULS reduces
the VIKOR methods for CPULS. Besides, our approach is more flexible, and decision makers
can choose different values of parameter ¢ according to the different risk attitudes.

According to the comparisons and analysis above, the VIKOR methods based
on CQROULS proposed in this paper are better than the existing other methods for aggre-
gating the complex intuitionistic uncertain linguistic information and complex Pythagorean
uncertain linguistic information. Therefore, they are more suitable to solve the difficult and
complicated problems.

5 MADM based on CQROULSs

The purpose of this communication is to explore the MADM problem by using the aver-
aging and geometric aggregation operators based on CQROULSS, to improve the quality
of the explore approach. Based on the above analysis, we consider the family of the
alternatives and the family of attributes, whose representations are stated as: Ay =
{Asar—1, Aai—2, -+ Asi—m}> Cat = {Car—1,CaT—-2, ..., CAT—p}. For these informa-

tions, we choose a matrix Rg M= (r/]fk> , whose every entities are in the form of
mxn

CQROF2-TLNs provide by the decision maker Dpr_r (L =1, 2, .., t) for alternatives
Aa—j(j=1,2,3,..,m) and their attributes Car—x(k =1, 2, 3, ..., n), where erk =

i2n Wk ()
. . L ) (x)el "olP—jk ,
§ko s | Herrie ,L =1,2,3, .., I, whose related
Ok (x)* “jk(x) L @) lznwﬁglP—jk(x)
Norp—jk(X)€
Q J

information is given in Sect. 4. The steps of the MADM problem based on CQROULNS are
follow as:
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Step 1: By using the CQROULNS is to construct the decision matrix Ré M= (rj’fk) ,
mxn
and then normalized it with the help of two methods which are discussed below:

1. When the values of attributes Ca7_x, kK = 1, 2, ..., m in the form of benefit kinds, then

I i2r Wk IPijk(x)
L _ (,L _ oL oL M’QRP—jk(x)e Q >
Rpm = (rjk)mxn = [Sé?jk(x>’s<p,~k(x)]’ L AWk @) (23)
UQRP—jk(x)e i

2. When the values of attributes Cao7—_x, kK = 1, 2, ..., m in the form of cost kinds, then

L AW ()
L (L - ‘L NoRrP-jk (x)e Qe >
Rpm = (ij)mxn [Sejk(x)’swjk(X)]’ . P27Wi p_ ) ey
Horp—jk (x)e Q=

Step 2: To integrate the decision matrix, by using the CQROULWA operator or
CQROULWG operator, which is explored below:

COROULWA(QCOVLE gfOUL-k | gfeuL-it)

e TT <1 Hka"‘)>
=2 =1 I
N . 45€ L oL q
1 45 L WL\ 5C i2n ]*HLzl(I*WMQ,p,jk (x))
1- l_[L:I 1- :U’QRP—jk (x) e s

L
woL L or [T, we" ™ T
l_[ll_:l ﬂ“éRpL,/k (x)el Mzt IgiP—jk
(25)
or
COROULWG(Q{OVH QEOUL-IK | gfovi=if)
1 HJ'L’((X) 1 wfklx)
1= z [T | H—
ot L
= 1 ov-L L i27r]_[lL:l wy Ii"—'k (x)
[Tz o rP—jk (x)e QlP=j ,
|
w—L SC
[SC L (2} q
! sc L ot qSLC izn(lfnlel(I*Wlewfjk (X)) )
1—TTpe (1 - 'tiRpf/k (x)> e
(26)

Step 3: With the aggregated values in step 2, we examine the expectation values by using
the Eq. (5).

Step 4: The expectation values, which we obtained in the step 3, rank to all the alternatives
and find the best one.

Step 5: The end.

Example 2 To examine the people of which city is more effected form Coronavirus disease
(COVID-19) in the duration of lockdown. To resolve the issues of security, which city is
more securable form COVID-19 and which is in the dangerous zone and it may be passable
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the effected people form COVID-19 is increases day by day in the duration of lockdown.
For this mission the Pakistan telecom authority (PTA) gives the responsibility of the follow-
ing four cities which is possible to effect the people of that areas form COVID-19, whose
representation is follow as:

Aai—1: Islamabad Areas;

A4i—2: Rawalpindi Areas;

Aai—3: Karachi Areas;

Aai—a: Gilgit Areas.

The information of the effected people form COVID-19 of four cities is collected by the
four attributes, whose representation is follow as:

Car—1: Food distribution during at lockdown;

Cat—2: Water Supply during at lockdown;

Car—3: Electric Supply during at lockdown;

Car—4: Money distribution during at lockdown;

For evaluating these types of problems, we consider the weight vector, whose information
is of the form ¥ = (0.4, 0.3, 0.1, 0.2)T, with a condition Z?:l o¥~J = 1. Addition-
ally, the linguistic terms set is stated by § = { So, S1, $2, S, Sa, 55}. The examining
information is considered in the form of CQROULVs, whose expression is follows: erk =

; L
L ! WMQIP—jk ™)
oL oL IU“QRP—jk(x)e ) .
[Se_,-k(x)’ S(pjk(x)]’ L (x) ian"Lszf,k (x) , L =1,2,3, ., 1. The complex
Norp—jr(X)e '
QRP—j

g-rung orthopair uncertain linguistic decision information is available in Table 7.
The steps of the MADM problem based on CQROULNS are follow as:

Step 1: By using the CQROULNS is to construct the decision matrix Ré M= (rj’fk) ,
mxn
whose information are available in Table 1. Further, we normalized the decision matrix with

the help of two methods which are discussed in Eqgs. (23) and (24), the information of the
normalized decision matrix is discussed in Table 8, which is follow as:

Step 2: To integrate the decision matrix, by using the Egs. (25) and (26) based on the
CQROULWA operator or CQROULWG operator, the aggregated values are discussed below:

Step 3: The aggregated values in step 2, we examine the expectation values by using the
Eq. (5), which is follow as: ) ) _

S(Aai-1) = So5252, S(Aai-2) = So.5565, S(Aai-3) = So.as68, S(Aai—4) = S0.5298,
(for weighted averaging) ] ] ]

S(Aai—1) = So.3866, S(Aai—2) = S0.3698, S(Aai—3) = S0.3484, S(Aai—4) = S0.3835,
(for weighted geometric)

Step 4: The expectation values, which we are obtains in the step 3, rank to all the alter-
natives and we find the best one, which is follow as:

Agi—o = Aaj—a > A1 > Ay—3, (for weighted averaging)

Api—1 > Api—a > Aai—2 > Ay—3, (for weighted geometric).

Form the above discussion, we obtain the result the city Islamabad and Rawalpindi are
more effected form corona various diseases 2019, which is A4;—» and A4;—1, by using
weighted averaging and weighted geometric aggregation operators, which is Islamabad and
Rawalpindi areas. It is required for government of Pakistan to supply the necessities’ of the
people in the duration of lockdown and strictly say to the people of the effected city stay at
home to save our life (Table 9).

Step 5: The end.
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Table 9 By using the Egs. (25, 26), we get the values of weighted averaging and weighted geometric based on
explored ideas

Symbol CQROULWA operator Symbol CQROULWG operator
Aur— $2 83, 55;, A $2.77, 54.131,
Al-1 0.E9€i27[(0' 5) A=l (E.48€i2n (0.54
( 0.18¢127(0.24) ) < 0. 27ei2:'r(0.27) )
Agi_n [83.50. 5], Api—2 [52.95, Sa.41]
0. 506127t(0 5) 0. 498’2”(0 52)
0. 206127T (0. 28) 0. 286’2” (0. 32)
Apr_3 [$2.20. 85], Apr_3 (8172, 84.08].
0.47¢127(059), 0.45¢i27(058)
0. 26el2ﬂ (0. 26) 0. 32612n (0. 26)
Apr_ [$1.48. S5 Api— [S1.28, S, 09
o 0.55¢127(0:60) Al 0.54¢i27 (058
(0276127:(032) ) <03lezzn(o3%) )
45
4
35
o 3
Z2s
w2
x
<15
1
0.5
0
5 2 g2 P g P g P ¥ @ ¥ ¥ ¥
e ® g ¥ & ® g ¥ g ¥ g ¥ g
& ¢ g & ¢ & § & s ¥ g g g
< U] < V] < Q < Qo < Qo < Q
Methods  Liuand Jin [30] Lu and Wei [33] Livetal. [35] Gargand Rani [23] Proposed method Proposed method
for g=2
Axis Title
—p—Seriesl  ——gSeries2 Series3 Series4

Fig. 1 Graphical representation using the information of Table 10

The comparison of the elaborated approach in this manuscript are examined with the help
of some existing operators are discussed in Table 10, whose information is discussed in Table
9, which is stated below.

Form the above discussion, we obtain the result the cities which is more effected form
corona various diseases 2019 are A4;—» and Aa;—1, by using weighted averaging and
weighted geometric aggregation operators, which is Islamabad and Rawalpindi areas. It is
required for government of Pakistan to supply the necessities’ of the people in the duration of
lockdown and strictly say to the people of the effected city stay at home to save our life. The
graphical interpretation of the information, which is discussed in Table 10, are understand
with the help of Fig. 1.

5.1 Advantages and comparative analysis with graphical representations

The CQROULS is a mixture of CQROFS and ULVS is a proficient technique to express
uncertain and awkward information in real decision theory is explored. The advantage of the
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Fig. 2 Graphical representation using the information of Table 12

CQRULS is that it contains the uncertain linguistic variable, truth and falsity grades with a
conditions that is the sum of g-power of the real parts (also for imaginary parts) of the truth
and falsity grades are not exceeded from unit interval. Further, to explore the proficiency
and validity of the established operators based on the novel CQROULVs, we choose some
existing operators based on intuitionistic uncertain linguistic variables (Liu and Jin 2012),
Pythagorean uncertain linguistic variables (Lu and Wei 2017), g-rung orthopair uncertain
linguistic variables (Liu et al. 2019b), complex intuitionistic uncertain linguistic variables
(Special case of the explored operators), complex Pythagorean uncertain linguistic variables
(Special case of the explored operators), and complex g-rung orthopair uncertain linguistic
variables. Further, we choose the complex Pythagorean uncertain linguistic information,
which is discussed in Table 11, and solve it by using some existing methods (Liu and Jin
2012; Lu and Wei 2017; Liu et al. 2019b).

The aggregated values of the normalized decision matrix, whose information is given
in Table 11, are discussed in Table 6. The comparison of the elaborated approach in this
manuscript are examined with the help of some existing operators are discussed in Table 12,
whose information is discussed in Table 11, which is stated below.

Form the above discussion, we obtain the result the cities which is more effected form
corona various diseases 2019 are A 4;_», by using weighted averaging and weighted geometric
aggregation operators, which is Rawalpindi areas. It is required for government of Pakistan
to supply the necessities’ of the people in the duration of lockdown and strictly say to the
people of the effected city stay at home to save our life. The graphical interpretation of the
information, which is discussed in Table 12, are understand with the help of Fig. 2.

Further, we choose the complex g-rung orthopair uncertain linguistic information, which
is discussed in Table 13, and solve it by using some existing methods (Liu and Jin 2012; Lu
and Wei 2017, Liu et al. 2019b).

The aggregated values of the normalized decision matrix for g5¢ = 7, whose information
is given in Table 13, are discussed in Table 14. The comparison of the elaborated approach
in this manuscript are examined with the help of some existing operators are discussed in
Table 14, whose information is discussed in Table 13, which is stated below

Form the above discussion, we obtain the result the cities which is more effected form
corona various diseases 2019 are A 4;_1, by using weighted averaging and weighted geometric
aggregation operators, which is Islamabad areas. It is required for government of Pakistan
to supply the necessities’ of the people in the duration of lockdown and strictly say to the
people of the effected city stay at home to save our life. The graphical interpretation of the
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Fig. 3 Graphical representation using the information of Table 14

information, which is discussed in Table 8, are understood with the help of Fig. 3. For further
improvement of this manuscript, we consider the example from Ref. (Liu and Jin 2012),
and solve it by using the established operator and existing operators, whose discussion is
explained below.

Example 3 This example is taken form Ref. (Liu and Jin 2012), example 5. The authors
have chosen four alternatives and four attributes and their weight vectors is follow as: ®” =
(0.32, 0.26, 0.18, 0.24)T. For these information, the decision matrix which is taken form
Ref. (Liu and Jin 2012) is discussed below. The authors chose the intuitionistic uncertain
linguistic information, which is discussed in Table 15, and solved it by using some existing
methods (Liu and Jin 2012; Lu and Wei 2017; Liu et al. 2019b).

Form the above analysis, its clear that e270.0) — o0 — 1 then with the information of

the Table 15, we converted it to the information of the Table 16, which is in the form of polar
co-ordinates.

The aggregated values of the normalized decision matrix, whose information is given
in Table 16, are discussed in Table 17. The comparison of the elaborated approach in this
manuscript is examined with the help of some existing operators as discussed in Table 17,
whose information is discussed in Table 16, which is stated below.

Form the above discussion, we obtained the result in the cities which is more affected
by COVID-19 are A4;—1 and A4;—2, by using weighted-averaging and weighted-geometric
aggregation operators, which is Islamabad and Rawalpindi areas. It is required by the gov-
ernment of Pakistan to supply the necessities’ of the people in the duration of lockdown and
strictly inform the people of the affected city to stay at home to save their lives. The graphical
interpretation of the information, which is discussed in Table 17, can be understood with the
help of Fig. 4.

From the above discussions, we get the result; our established approach is more refillable
and extensive consistence then existing methods (Liu and Jin 2012; Lu and Wei 2017; Liu
et al. 2019b), due to its constraints. Therefore, the established approaches in this manuscript
are more reliable and more efficient then CIFS and CPFS to cope with uncertain and awkward
information in realistic decision theory.
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Fig. 4 Graphical representation using the information of Table 17

6 Conclusion

Various theories have developed in the environment of fuzzy sets. But, one of the most
important theory is not explored till date, which is effectively dealing with some issues, no
notions deal with such kinds of issues. For instance, when a decision maker gives the complex
g-rung orthopair uncertain linguistic types of information. For coping such kinds of issues,
in this paper, the theory of complex g-rung orthopair uncertain linguistic set (CQROULS)
is a combination of complex g-rung orthopair fuzzy set (CQROFS) and uncertain linguistic
variable set (ULVS) is a proficient technique to express uncertain and awkward informa-
tion in real decision theory is explored. CQROULS contains uncertain linguistic variable,
truth, and falsity grades, which gives extensive freedom to a decision makers for taking a
decision is compared to CQROFS and their special cases. CQROULS can examine the qual-
itative assessment of decision makers and gives them extensive freedom in reflecting their
belief about allowable truth grades. Based on the established operational laws and compar-
ison methods for CQROULSs, the notions of complex g-rung orthopair uncertain linguistic
weighted averaging aggregation operator and complex q-rung orthopair uncertain linguistic
weighted geometric aggregation operator are explored. Some special cases and the desir-
able properties of the explored operators are also established and studied. Additionally, the
VIKOR method based on CQROULSs are also explored and verified it with the help of
numerical example. Moreover, based on the above analysis, we establish a method to solve
the multi-attribute group decision making problems, in which the evaluation information is
shown as CQROULNSs. Finally, we solve some numerical examples using some decision
making steps and explain the verity and proficiency of the explored operators by comparing
with other methods, the advantages and graphical interpretation of the explored work are also
discussed.

In the future, we will evaluate some more aggregation operators (Ullah et al. 2018a, 2020;
Ghorabaee et al. 2017; Shen and Wang 2018), similarity measures (Jana et al. 2020a, b; Liu
et al. 2020b; Wang and Zhang 2012; Wang et al. 2012; Zhang et al. 2020b, c, d, e; Zhan et al.
2020a, b; Jiang et al. 2020), and different methods (He et al. 2019; Garg et al. 2020; Ali and
Mahmood 2020a, b; Jan et al. 2020; Ali et al. 2020; Mahmood et al. 2019; Ullah et al. 2018b,
2019b; Quek et al. 2019) solved by using the complex g-rung orthopair uncertain linguistic
information.
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