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Abstract

In this paper, we introduce a new inertial Tseng’s extragradient method with self-adaptive
step sizes for approximating a common solution of split equalities of equilibrium prob-
lem (EP), non-Lipschitz pseudomonotone variational inequality problem (VIP) and fixed
point problem (FPP) of nonexpansive semigroups in real Hilbert spaces. We prove that the
sequence generated by our proposed method converges strongly to a common solution of
the EP, pseudomonotone VIP and FPP of nonexpansive semigroups without any linesearch
procedure nor the sequential weak continuity condition often assumed by authors when solv-
ing non-Lipschitz VIPs. Finally, we provide some numerical experiments for the proposed
method in comparison with related methods in the literature. Our result improves, extends
and generalizes several of the existing results in this direction.

Keywords Split equality problems - Equilibrium problem - Variational inequalities -
Nonexpansive semigroup - Inertial technique - Self-adaptive step size
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1 Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The variational
inequality problem (VIP) is defined as follows: Find x € C such that

(Ax,y —x) =0, Vy eC, (1.1)
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where A : H — H is an operator. We denote by VI(C, A) the solution set of the problem
(1.1).

Definition 1.1 Let A : H — H be a mapping. Then, A is said to be

(i) L-co-coercive (or L-inverse strongly monotone), if there exists a constant L > 0 such
that
(Ax — Ay, x —y) = L|Ax — Ay||*, ¥x,y € H,

(ii) Monotone, if
<Ax —Ay,x—y) >0, Vx,yeH.

(iii) Pseudomonotone, if
(Ay,x —y) 20 = (Ax,x—y) >0, Vx,y € H,

Note that (i) = (ii) = (iii) but the converses are not always true.

A central problem in nonlinear analysis is the VIP, which was first introduced indepen-
dently by Fichera [18] and Stampacchia [51]. It plays an important role in the study of several
important concepts in pure and applied sciences such as mechanics, neccessary optimality
conditions, operations research, systems of nonlinear equations, among others (see [19, 25,
62]). Many authors have analyzed and studied iterative algorithms for approximating the
solution of the VIP (1.1) and other related optimization problems, (see [2, 10, 20, 27, 36, 41,
52, 56], and the references therein).

Under certain conditions, there are two common methods used in approximating the
solution of the VIP (1.1). These methods are the projection method and the regularized
method. To use these methods, a certain level of monotonicity is required for the cost operator.
In this work, our main focus is on the projection method. Several authors have proposed and
studied projection type algorithms for approximating the solutions of VIP (1.1) (see [1, 13,
14, 22, 30, 43, 60] and other references therein).

Tseng [57] introduced and studied Tseng’s extragradient method for approximating the
solution of the VIP (1.1). The proposed method is defined as follows:

yn = Pe(xp — LAxy)
Xp1 = Yn — AMAy, — Axy), Yn >0,

where A is monotone, L-Lipschitz continuous and A € (0, %) The author obtained a weak

convergence result under the assumption that VI(C, A) # @.
The equilibrium problem (EP) was introduced by Blum and Oettli [7] and they defined it
as follows: Find x € C such that

®(x,y) =0, VyeC, (1.2)

where C is a nonempty, closed and convex subset of a real Hilbert space Hand ® : CxC — R
is a bifunction. A point x € C that solves this problem is called the equilibrium point. We
denote the solution set of EP (1.2) by £ P(®). The EP (1.2) has received a lot of attention
from several authors due to its application to problems arising in the field of optimization,
economics, physics, variational inequalities, among others (see, for example, [39, 42, 47, 53]
and other references therein). Several authors have analyzed and proposed various iterative
algorithms for approximating the solution of the EP and other related optimization problems,
(see, for example, [24, 40, 46] and other references therein).
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Let H;, H> and H3 be real Hilbert spaces. Let C, Q@ be nonempty, closed and convex
subsets of H; and Hj, respectively. Let 1 : H; — H3 and F> : Hy — H3 be bounded
linear operators. The split equality problem (SEP) is defined as follows:

Find x € C and y € Q such that F1x = F,y. (1.3)

The SEP which was first proposed by Moudafi [37] allows asymmetric and partial relations
between the variables x and y. It is used in numerous practical problems such as game theory,
medical image reconstruction, partial differential equation, decomposition method, among
others (see [29, 50]). We denote the solution set of (1.3) by

Qsep :={(x,y) €C x Q| Fix = Foy}.

Several authors have studied several effective methods for solving the SEP (see [50, 58] and
other references therein).

If Hy = H3 and F, = I (I is the identity operator), (1.3) reduces to the split feasibility
problem (SFP) proposed by Censor et al. [12] and defined as follows:

Find x € C such that F1x € Q,

where F| : H; — Hp is a bounded linear operator. One of the most common method for
solving (1.3) is the C Q projection method proposed and studied by Bryne et al. [9]. They
defined it as follows:

{xn+l = Pe(x, — nn}—ik(}—lxn — Fayn)) (1.4)

Ynt+1 = Po(yn + nn]:ik(]:lxn — Fayn)),

where 7, € (e, ﬁ — e), and A r, and Az, are the matrix operator norms ||| and
1 2

72|, respectively. Note that the step size 1, in Algorithm (1.4) is dependent on the operator
norms, which are difficult and sometimes impossible to compute. Several authors have studied
several effective methods for solving SFP (see [50] and other references therein).

Another problem of interest in this study is the fixed point problem (FPP), which is
formulated as follows:

Find x € H such that Tx = x,

where T : H — 'H is a nonlinear mapping. We denote the set of fixed points of 7" by F(T).
Several problems in sciences and engineering can be formulated as the problem of finding
solutions of FPP of nonlinear mappings.

If C and Q are the sets of fixed points of some nonlinear operators, the SEP (1.3) becomes
the split equality common fixed point problem (SECFPP) which is defined as

Find x € F(Ty) and y € F(T>) such that Fix = F,y, (1.5)

where F(T1) # ¥ and F(T>) # ) are the sets of fixed points of 77 and 7>, respectively, 77 :
‘H1 — Hjp and T : Hy — Hp are nonlinear mappings and F : H1 — H3, F> : Ho — H3
are bounded linear operators.

If Hy = H3 and F, = I, then the SECFPP (1.5) reduces to the following split common
fixed point problem (SCFPP) introduced by Censor et al. [11]

Find x € F(Ty) such that Fix € F(T>).

Several authors have studied and proposed effective methods for solving SCFPP (see [49]
and other references therein).
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The SECFPP was first studied by Moudafi et al. [37]. They introduced the following
simultaneous iterative method for solving the SECFPP

{xn+l =Ti(xy — 7']nj:l*(:":l)cn — Fayn)) (1.6)

Ynt1 = Toyn + 7711]:;(]:1)(71 — Fayn)),

where n, € (e, ﬁ - e), AF, and Az, are the spectral radius of F|F; and F; 7>,
respectively, and 77 and 7> are firmly quasi-nonexpansive mappings. We also observe that
the step size of Algorithm (1.6) depends on the operator norms. Hence to implement Algo-
rithm (1.6), one has to compute the operator norms of F; and F, which are difficult to
compute. Several authors have studied and proposed modifications of Algorithm (1.6) for
better implementation (see [36, 37, 64] and other references therein).

Recently, Lopéz et al. [32] studied and proposed a method for estimating the step size
which does not require prior knowledge of the operator norms for solving the SFP. Dong et
al. [17] and J. Zhao [63] also proposed new choices of step size which do not require prior
knowledge of the operator norm for solving SECFPP. Zhao [63] studied the SEP and presented
the following step size which guarantees convergence of the iterative method without prior
knowledge of the operator norm of F and F,

2| Frxn — Fayull?
Ny € (0, m 5 n 2).
”]:1 (Fixn — F2y)ll= + ”]:2 (Frxn — F2yw)ll

The main purpose of this work is to find a common element of split equalities of the VIP, EP
and common fixed point of nonexpansive semigroups. Several algorithms have been proposed
for approximating the common solution of VIP, EP and FPP due to the applications it has on
mathematical models whose constraints can be expressed as VIP, EP and FPP. Particularly,
finding common solution problems has application in signal processing, network resource
allocation, image recovery, among others (see [26, 33, 34] and other references therein).

Recently, Latif and Eslamian [31] studied and introduced a new algorithm for finding a
common element of split equalities of EP, monotone VIP with Lipschitz operator and fixed
point problem of nonexpansive semigroups satisfying the uniformly asymptotically regularity
(u.a.r) condition in Hilbert spaces. The authors obtained strong convergence result for the
proposed algorithm. However, their proposed algorithm has certain drawbacks. For instance,
their method requires computing two projections each per iteration onto C and Q, which
makes it computationally expensive to implement. Moreover, the associated cost operators
for the VIP are required to be monotone and Lipschitz continuous and the step size of the
algorithm depends on the Lipschitz constants of these operators. In addition, the authors
needed to impose the uniformly asymptotically regularity condition on the nonexpansive
semigroups to obtain their result. All of these drawbacks limit the scope of application of
their proposed method.

The inertial technique has been employed by several authors to increase the convergence
rate of iterative methods. Polyak [45] studied the convergence of the following inertial extrap-
olation algorithm

Xpt1 =X + o1 (X — Xp—1) — 2 Ax,, Vn >0,

where o and «, are two real numbers. Recently, there has been an increased interest in
studying inertial type algorithm (see [2, 5, 6, 23, 28, 59] and other references therein).

£a
=0 0
©5
ow

@ Springer

Ty



An Inertial Iterative Algorithm for Approximating Common Solutions ... 625

Motivated by the above results in the literature and other related results in this direction,
we propose and study an inertial Tseng’s extragradient algorithm for the SEP for finding
a common element of solution of the EP, VIP and common fixed point of nonexpansive
semigroups with the following features:

(i) Different from other existing methods for finding a common element of the solution
of the EP, VIP and fixed point problem of nonexpansive semigroups, our method only
requires that the underlying operator for the VIP be pseudomonotone, uniformly contin-
uous and without the weak sequential continuity condition often used in the literature.
Also, we do not need to assume the u.a.r condition employed by authors in the literature
to obtain our strong convergence result.

(ii) Different from other existing methods in the literature for solving non-Lipschitz VIP,
our method does not require any linesearch technique but rather uses an easily imple-
mentable self-adaptive step size technique that generates non-monotonic sequence of
step sizes. Also, our method only requires one projection each per iteration onto the
feasible sets C and Q.

(iii) Our method employs the inertial extrapolation technique to increase the rate of conver-
gence (see [4-6] and other references therein).

(iv) The proof of our strong convergence result does not rely on the usual “two cases
approach" widely used in many papers to prove strong convergence results.

Finally, we provide some numerical experiments for our proposed method in comparison
with the related method in the literature to show the applicability of our proposed method.
The rest of the paper is organized as follows: In Section 2 we present some definitions
and lemmas needed to obtain the strong convergence result. In Section 3, we present our
proposed method and discuss some of its important features. In Section 4, the convergence
of our method is investigated and in Section 5, we present some numerical experiments of
our method in comparison with a related method in the literature. We conclude in Section 6.

2 Preliminaries

In this section, we recall some lemmas, results and definitions which will be required in
subsequent sections to obtain our strong convergence result. Let 7 be a real Hilbert space
with inner product (- -), and associated norm || - || defined by ||x|| = /{x, x), Vx € H. We
denote the strong and weak convergence by “—” and “—", respectively. Also, we denote
the set of weak limits of {x,} by w(x,), that is

we(x,) == {x € H : x,,—x for some subsequence {x, } of {x,}} .

Definition 2.1 Let 7 : H — H be a mapping. Then, 7 is said to be
(i) L-Lipschitz continuous, if there exists a constant L > 0 such that
ITx —Tyll <Llx—yl, Vx,y €H;

if L € [0, 1), then T is called a contraction,
(ii) Uniformly continuous, if for every € > 0, there exists § = §(¢) > 0, such that

|ITx —Ty| <€ whenever |x—y| <6, Vx,yeH;
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626 0.T. Mewomo et al.

(iii) Sequentially weakly continuous, if for each sequence {x,}, we have x,—x € H implies
that Tx,—Tx € H;
(iv) Nonexpansive if T is 1-Lipschitz continuous;
(v) Firmly nonexpansive if

ITx — TylI> < llx — yI> = I = T)x — (I = T)ylI*>, ¥x,y € H.

More information on firmly nonexpansive mappings can be found, for example, in [21,
Section 11]. Observe that uniform continuity is a weaker notion than Lipschitz continuity.

Definition 2.2 A one-parameter family mapping 7 = {T'(s) : 0 < s < 400} from H; into
itself is said to be a nonexpansive semigroup if it satisfies the following conditions:

(i) TO)x =x, Vx € Hy;

(1)) T(s+u) =T(s)T (u) forall s,u > 0;
(iii) For each x € H{, the mapping T (s)x is continuous;

@v) ||IT(s)x = T(s)y|l < |lx — y| forall x,y € H; and s > 0.
We denote the common fixed point set of the semigroup 7 by F(7) = {x € C : T(s)x =
x, V¥s > 0}. It is well known that F(7) is closed and convex [8].

Lemma 2.3 [48, 55] Let C be a nonempty bounded closed and convex subset of a real Hilbert

space H. Let T = {T(s) : s > 0} from C be a nonexpansive semigroup on C. Then for all
h >0,

1 [! 1!
lim sup Hf/ T(s)x — T(h)(f/ T(s)xdx)” =0.
t—o00, xeCc ' 1 Jo tJo
Lemma 2.4 [55] Let C be a nonempty bounded closed and convex subset of a real Hilbert
space H. Let {x,} be a sequence and let T = {T(s) : s > 0} from C be a nonexpansive
semigroup on C, if the following conditions are satisfied

(1) xp—x;

(i) lim sup,_, o, limsup,,_, o |7 ($)xy — xu|| = O,
then, x € F(T).

It is well known that if D is a convex subset of H, then T : D — H is uniformly
continuous if and only if, for every € > 0, there exists a constant M < +oo such that

ITx = Tyll < M|x — yll + €. Vx,y e D. @.1)
For the proof of (2.1), see [61, Theorem 1].

Lemma 2.5 [38] Let H be a real Hilbert space, then the following assertions hold:

(D) 20, y) = IxI? + Iy l? = llx = yII> = lx + yI> = [xI? = IyI?, Vx,y € H;
@) llax+ 1 —a)y|> =alx?+ A —)y? —ad —a)|x —ylI*, Vx,y € H, a € R;
3) llx+yI> < x> +2(y,x + ), Vx,y € H.

Lemma 2.6 [16] Assume that A : H — H is a continuous and pseudomonotone operator.
Then, x is a solution of (1.1) if and only if (Ay,y —x) >0, Vy € C.

Lemma 2.7 [35] Let H be a real Hilbert space and C be a nonempty closed and convex subset
of H. If the mapping h : [0, 1] — H defined as h(t) := A(tx + (1 — t)y) is continuous for
all x,y € C (i.e. h is hemicontinuous), then M(A,C) := {x € C : (Ay, y — x) >0, Vy €
C} C VI(C, A). Moreover, if A is pseudo-monotone, then VI(C, A) is closed, convex and
M(C,A)=VIC, A).
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Recall that for a nonempty, closed and convex subset C of H, the metric projection denoted
by Pc, is a map defined on H onto C which assigns to each x € H, the unique point in C,
denoted by Pcx such that

|lx — Pex|| = inf{||x — y|| : y € C}.

Lemma 2.8 [21] Let C be a closed and convex subset of a real Hilbert space Hand x, y € H.
Then

(i) |Pex — Peyll® < (Pex — Py, x — )5
(i) [|Pex — ylI* < llx — ylI> — llx — Pex]|%.

Assumption 2.9 [7] Let ® : C xC — R be a bifunction satisfying the following assumptions:

1) ®(x,x) =0, Vx € C;

2) & is monotone, i.e., ®(x,y) + ®(y,x) <0, Vx € C;

3) Foreachx,y,z €C, limsup,_,o®(tz+ (1 —1t)x,y) < ®(x,y);
4) Foreachx € C, y — ®(x,y) is convex and lower semi continuous.

Lemma 2.10 [15] Let @ : C x C — R be a bifunction satisfying Assumption 2.9. For any
r > 0and x € 'H, define a mapping Ur¢’ : H — C as follows

1
U?(x):{zeC : @(Z,y)+;<y—z,z—x>20, VyeC}.

Then, we have the following

(N U,‘b is nonempty and single valued;
2) U,.CD is firmly nonexpansive;
3) F(Urq)) = E P (D) is closed and convex.

Definition 2.11 Assume that T : ‘H — H is a nonlinear operator with F(T) # #. Then
I — T is said to be demiclosed at zero if for any {x,} in H, the following implication holds:

xp—=xand (I —T)x, >0 — x e F(T).

Lemma 2.12 [54] Suppose {)\,} and {0,} are two nonnegative real sequences such that
Al S An+ P, Yn = 1.

IF Y00 < 00, then limy_so0 Ay exists.

Lemma 2.13 [3] Let {a,} be a sequence of non-negative real numbers, {y,} be a sequence
of real numbers in (0, 1) with conditions ZZOZI Vo = 0o and {d,} be a sequence of real
numbers. Assume that

a1 < (1 —yw)an + yudy, n > 1.

If limsupy_, oo dn, =< O for every subsequence {a,} of {a,} satisfying the condition
liminf_ oo (@ny4+1 — an,) = 0, then lim, .o a, = 0.

Lemma 2.14 [44] Each Hilbert space H satisfies the Opial condition, that is, for any sequence
{x,} with x,—x, the inequality liminf,_, o ||x, — x|| < liminf,_ ~ ||x, — y|| holds for
everyy € H withy # x.

>h.m.,g @ Springer
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3 Proposed Method

In this section, we present our proposed method and discuss its features. We begin with the
following assumptions under which our strong convergence result is obtained.

Assumption 3.1 Suppose that the following conditions hold:

(a) The feasible sets C and Q are nonempty, closed and convex subsets of the real Hilbert
spaces H1 and Ha, respectively.

(b) A:Hy — Hjand B : Hy — Hj are pseudomonotone and uniformly continuous.

(¢c) The mapping A : H1 — Hji and B : Hy — Ha satisfies the following property:
whenever {x,} C C, x,—x*, one has ||Ax*|| < liminf,_,  |Ax,| and whenever
{xn} C Q, xy,—x*, one has || Bx*|| < liminf,_  ||Bx,||, respectively.

(d) Fi:Hy — Hzand F> : Hy — H3 are bounded linear operators.

() 1 :CxC— R, &;: 9 x Q — Rare bifunctions satisfying Assumption 2.9 and ®,
is upper semi continuous in the first argument.

®) 7, ={Ti(s) : 0 <s <oo}and T = {Trh(u) : 0 < u < oo} are one-parameter
nonexpansive semigroups on Hj and Ho, respectively.

(g) The solutionsetl’ ={x € EP(®))NVIC,ANF(1,), ye EP(P)NVI(Q, B)N
F(Tp) : Fix = Fay} # 0.

(h) {an} C (0,1), 220:1 o, = 4oo, limusa, = 0, 0 < liminf, o B <
limsup, , ., Bn <1, 0 <liminf, . y» <limsup,_, ., ¥n < L.

(i) Let{e,}and{¢,} be positive sequences such that lim,,_, o ;—’; = 0andlim,,_, » i—’; =0,
respectively.

() Let{o,}and{j,} be nonnegative sequences such that Z:il o, < +ooand Z;’;l Un <
—+o00, respectively, {t, 1}, {tn.2} C (0, +00),liminfr, 1 > O, liminfr,> > 0.

Algorithm 3.2 Step 0: Choose sequences (B}, 1, (Yoo, 160} and {T,}52 | such that
the conditions from Assumption 3.1 (h)-(@i) hold. Select an initial point (xg, yo) € H1 X Ha,
letn >0, a; €(0,1),i=1,2,A21>0,p1 >0,0 >0, T >0andsetn :=1.

Step 1: Given the iterates x,—1, yo—1 and x,, y, for each n > 1, choose 6, such that
0 <6, <0, and 1, such that 0 < 1, < T,, where

g {mi“{e’ ||x,,—€)"cn7.n} if Xn # Xn-1

0 otherwise.

(3.1

Step 2: Compute
w, = — an)(xn + Op (X, — xnfl))

and
o =1~ an)(Yn + T (yn — Yn—l))~

Step 3: Compute

in = Wy — nn}—l*(}—lwn — Fo¢n),
On = Ur(,li]lzn»

uy, = Pe(dn — AnAdy),
Up = Uy — An(Aup — Ady),

1 1
Xt = (1= Buon + o / Ti(s)vn ds
0

n,1
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and
1 H n_¢n” T
PO {m An +“"} if Aun # Adn 3.2)
A+ 0, otherwise.
Step 4: Compute
. n } .
min {7, —2— _
T, = { [ Y0 =yn—1ll i yn #.y” ! (3.3)
T otherwise.
Step 5 Compute
kn = @n + nnf;(]:lwn — F2n).
Step 6: Compute
Wn = Urq;zzkn,
Sp = PQ(Wn — pnBYr),
by = sy — pp(Bs, — Byry),
1 2
Vo1 = (1 — Vn)bn + Vni/- T>(u)b, du
2 Jo
and
min | 2lls—vall -, } if Bsy # B
it = {nBsn—Bwn P ¥ty ¥f By 7 B (3.4)
Pn + n otherwise,

where the step size 1, is chosen such that for small enough € > 0,

2| Frwn — Fogu ”2
77n S €, * 2 ) 2 — €],
175 (Frwn — Fagn) |7 + | F7 (Frwy, — Faga) |l

if Flw, # Fagy,; otherwise, n, = n.
Set n :=n + 1 and go back to Step 1.

Remark 3.3 The step sizes generated in (3.2) and (3.4) are allowed to increase per iteration.
This reduces their dependence on the initial step sizes. When 7 is large enough the step size
may not increase. We assume that Algorithm 3.2 does not terminate in a finite number of
iterations.

Remark 3.4 By conditions (h) and (i), from (3.1) we observe that
6
lim 6,|x, —x,—1]| =0 and lim —=||x, — x,_1|| = O. (3.5)
n— 00 n—00 oy,

Similarly, from (3.3) we have
. . T,
lim ||y, — yo—11l =0 and lim — ||y, — y,—1]| = 0.
n—00 n—00 oy

Remark 3.5 We note that condition (c) of Assumption 3.1 is weaker than the sequentially
weakly continuity condition.

We present an example which satisfies condition (c) of Assumption 3.1.
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Example 3.6 Let A : £>(R) — £>(R) be an operator defined by
Ax™ = x*||x*||, Vx* € £s.

Suppose that {x,,} C €2(R) such that x,,—~x*. Then, by the weakly lower semi-continuity of
the norm we obtain

x|l < liminf [[x, .
n—-4o00o
Thus,
[AX* | = |x*]|© < (11m1nf||xn ||) < liminf||x,||* = liminf||Ax,|.
n—+0o n—+o0o n—-+00
Hence, A satisfies condition (c) of Assumption 3.1.

Remark 3.7 Since the sequences of step sizes generated by the algorithm in (3.2) and (3.4)
are well defined and the limits lim,,_, oo A, and lim,,_, » p, exist (see Lemma 4.1). Then, the

limit
)»2 2

lim (1 - ;a1> —1-da?>0. (3.6)
n—o00 n+l

. )L2 2
Thus, there exists ng, > 0 such that for all n > ng,, we have (1 — Ag“' ) > 0.
n+1

Similarly, we have that

2.2
a
lim (1-22%2) —1-a2 >0, 3.7)
n—o0 pz
n+1
. 0242
and there exists ng, > 0 such that for all n > ng,, we have (1 — p’;—2> > 0. Now, we set
n+1

no = max{nog,, no, }.
Remark 3.8 From the definition of 7, that is,

20| Frwn — Fanll?
Nn € | €, ¥ P * 7 €
||~7:2(]:1wn_-7:2§0n)” +||f1(f]wn_F2¢n)||

we have
O+ O 175 Frun = Faon) P + 17 (Frun — Foon)l?] < 20F 1w, = Fagull®
Expanding the last inequality, we have
o - €[ 175 (Frwn = Fagu) I + |17 (Frwn = Fagull)?]

< (21F1wn = Fonl® = ma[ 175 Fr, = Fag) I + |} (Fiwn = Faon)]). (38)

4 Convergence Analysis

Lemma 4.1 Let {1,} and {p,} be sequences generated by Algorithm 3.2. Then, we have
lim, 00 Ay = A, wWhere A € [min{%‘l, MbL AL+ b1], b = Z;’;l oy for some K1 > 0 and
lim, 00 pn = p, Where p € [min{%, o1}, p1+ b2l by = Y 02 jun for some Ko > 0.

9%y
2
<

-0
°x
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Proof Since A is uniformly continuous, we obtain from (2.1) that for any given € > 0,
there exists a constant M < 400 such that ||Au,, — Ag, || < M||u, — ¢n|| + €. Thus, when
Auy, — A¢y # O forall n > 1 we have

alluy — ¢ull < aylluy — oull . aylluy — ¢nll _a

|Auy — Agull = Mlluy — @ull +€ = (M + ) llup — @l Kl!
where € = min{eq ||u, — ¢n|| : n € N} for some €; > 0 and K1 = M + €;. Hence, from
the definition of X,11, the sequence {A,} is bounded below by min{l"(—'l, A1} and above by
A1 + b1. By Lemma 2.12, it follows that lim,,_, o A,, denoted by A = lim,_, 5 A, exists.
Clearly, we have A € [min{%‘l, A}, A1+ b1l
Similarly, we have lim, . p, = p, and p € min{l%, o1}, p1 + ba. O

Lemma4.2 Let {(xn, yn)} be a sequence generated by Algorithm 3.2 under Assumption 3.1.
Then

lzn = x* 1% + llkn — Y*I1 < llwn — x| + llgn — y*II1*.
Proof Let (x*, y*) € I'. Then, by applying Lemma 2.5, we have
lzn = x* I =lwn — m FF(Frwn — Fagn) — x*|?
=lwn — x*|I> + I T (Frwn — Fa@)lI* = 20 (wn — x*, Ff (Frw — Fagn))
=llwn — I + ;I FF (Frwn — Fag)lI* = 20a (Frw, — Fix*, Frw, — Fagn)
=llwn — x*II* + mp |75 (Frwn — Fa@) I = nall Frwy — Fix*||?
= |l Fiwn — Fagull> + mall Fagn — Fix*||. (4.1)

Similarly, we have
e = Y*I? =llgn + 10 F3 (Frwn — Faga) — y*II?
=llgn — y*I> + 02155 (Frwn — F20) 1> = null Fagn — F2y* 112
— MullFrwn — Fagull® + nall Frwn — Foy*|1%. (4.2)
Adding (4.1) and (4.2), we have
lzn = x* 1% + Ik — ¥
=llwn =17 + llga = I + 03[ 17 (Frwn — Fan) |2
+ 175 Frwn = Fag)IP] = ma[ 171w = Fix* 12 + 1 P00 = Foy* 1]
= 2, 11wy = Faul® + [ | Frwn = Fay* I + | Fagn — Fi* .
By (3.8) and the fact that F1x* = F,y*, we have
lzn = x* 1% + lkn — y*|?

=llwy — x* 2+ llgn — y*1* — na [2”?1 wy — Fagu?

= (17 Frwn = Faga) I + 175 (Fiw, - fzwn)Hz)]

=y = X1+ llow = I = 1 - €[ 175 (Frn = Fagn)l? + 17 Frwn — Fagn)l]

< llwy = x* I + llga — y*I1%, (4.3)
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which is the desired result. ]

Lemma4.3 Let {(xn, yn)} be a sequence generated by Algorithm 3.2 under Assumption 3.1.
Then

A2a2
2 2 2 1 2
lvw = x* 17 < llzn = x*1I7 = llzn — ¢ull” — (1 - }\Z lltn — ¢l

n+1

and

2.2
p;,a

160 — y*I1* < lkn — y* 1% = llkn — Yull* — (1 -= 2) llsn — Wl
n+1

Proof Let (x*, y*) € T. Since U;f 111 is firmly nonexpansive, it follows from Lemma 2.8 that

2 ® 2 2
n — ™17 = U zn — x*N < llzn — x™17 = llza — ¢ull” (4.4)

Tn,1
Similarly, we have
1 — y*11* = 1UL2kn — y*I| < Ikn — y* 1> = llkn — ¥ul*.

From (3.2), we obtain

dmil = min{ atllup — oull A +Un} < aylluy — onll 7
|Aun — Adul |Aun — Adul|
which implies that
ai
|Aup — Ayl < lun — @nll, Vn =1 4.5)
)\n+1
Similarly, we have
ap
| Bs, — BI//n” = s — WV!”v Vn>1
n+1

From the definition of v, in Step 3 and Lemma 2.5, we have
lon = x* 1 <llun — An(Atty — Agpy) — x*||
=llun — X1 + 25 | Aty — A | — 220 (Atty — Ay, up — x*)
=llgpn — x* 17 + llttn — Gull* + 20un — G, — x)
+ 0 Ay — Agll* — 200 (Auty — Adpy, up — x*)
=llpn — x* 1> + lun — $nll* = 2(tn — b n — b)
+ 2un — Gty — X) = 2hn (Atty — Ay, U — x*) + As || Ay — Adpy |
=llpn — x*1* = llun — > + 2(tn — G un — x*)
— 20 { Aty — A,y — X*) + Ap || Aty — Ay (4.6)
Since u, = Pc(¢pn — Ay Ady) and x*™ € C, we obtain from the characteristic property of Pc

that
(U — bn + Ay Ay, uy — x*> <0.

This implies that
(Un — Pn, n — X*) < =X (Agp, up — x™). “@.n

£
-0
°x

ow
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Also since u, € C and x* € T we have
(Auy, u, —x*y >0, Vn>0. (4.8)
Applying (4.4), (4.5), (4.7) and (4.8) in (4.6), we obtain

lvn — X112 <l — x* 1> = llun — dull®
— 20 (A, tty — X*) — 20 (Atty — A, ty — x*) + 22| Ay — Ay |
=lpn — x*I* — Nt — Gull> = 20 (Att, uy — x*) + 221 Auy — Agy |1

2
a
<lgn — x*1* = llun = ¢ull* + Ay ——llun — pul*
n+1
A2a?
=llzn = x*I° = llzn — @ull> = [ 1 = 5 | llun — éull*. (4.9)
)‘n+1

Following the same line of argument, we have

2 2
_ P9
2

Hm—fﬁﬂm—fWﬂm—%W—G »m—ww, (4.10)

pn+1

which completes the proof. O

Lemma 4.4 Let {(xy, yn)} be a sequence generated by Algorithm 3.2 satisfying Assumption
3.1. Then {(xy, y,)} is bounded.

Proof Let x* € TI". From the definition of w,, and Lemma 2.5, we have

llwy _X*” = [[(I = o) (X + O (X — Xp—1)) _X*”
= [[(I — o) (X — x*) + (=)0, (xy — x4—1) — (X,,X*H

< (1 —ap)llxn — x| + (I — an)Oullxn — xp—1ll + anllx™||

6,
= (I —ay)llxn _x*” +an|:(1 _an)al||xn — X1l + ||X*||] 4.1

n

By (3.5), we have

. 0” * *
tim [ (1= @)= 15 = 5t |+ 1] = 7]
n— 00 [o7%

Thus, there exists a constant M > 0 such that (1 — “")% lxn — xp—1 |l + |x*|| < M, for all
n € N. Thus, from (4.11) it follows that

lwp = x*1 < (1 = ) lxn — x| + ctn M1
Consequently, we have
lwn = x> < (1 = @) llan = x* 7 + 200 (1 = ) Millxy —x*[| + apMi. (4.12)
Following similar procedure, we have

lgon — ¥*I17 < (1 = a)?llyn — y*1? + 200 (1 — ) Mallyy — y* Il +02M3.  (4.13)
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Adding (4.12) and (4.13), we obtain
lwn = x*1% + llgn — »* I
(1 = e[ Itn = ¥ 17 + lya = I ]
+ 20, (1 = ) (Mo = 1|+ Mally = y*1) + @2 (M3 + M)
(1 = a6 = x*12 4 1y = ¥*1?]
o+ 2, (M1 5, = X1+ Mally = ¥°1) + o (M7 + M)

=(1 = e[ ll%a = I + 3w = 12| + atnen, (4.14)

where ¢, = 2(M1 ||x, — x*|| + M2y, — y*|I) + M? + M3. From STEP 3, and by applying
Lemma 2.5, (4.9) together with Remark 3.6, we have

1 In,1 2
s =5 =1 = Bun + o [ TG unds —2°
n,1 JO

‘ 2

1 In,1 2
—/ Ti(s)vpds — x*
In,1 Jo

:H(l = Bu)(op — x*) + ﬁn(i /(.)tml Ti(s)vpds — x*)

=1 = Bo)llvg — x* 11> + Ba

1 tn,l 2
= Bn(1 = By) 7/ Ti(s)vpds — vy
tn,l 0

=(1 — B)llvw — x*II* + Ba

1 th.1 1 1 2
[ Ty(s)onds — — | Ty (s)x*dsH
a1 Jo n,1 Jo

= Bu(1 = Bn)

1 n,1 2
—/ Ti(s)vyds — vy
n,1 Jo

<(1= B llvw = x* |7 + Ballvy — x* |7 = Bu(1 = Br)

1 In,1 2
—/ Ty (s)vpds — vy
n,1 Jo

=llvy —x*1* = Ba(1 = Bn)

1 In1 2
b / Ti(s)vpds — vy
In,1 Jo

22a?
<z =1 = Nz = all® = (1= 2570 )l —
n+1
1 In1 2
= Ba(1 = Bn) 7/ Ti(s)vpds — vy (4.15)
In1 Jo

<llzn — x*)1%. (4.16)

Similarly, from STEP 5, and by applying Lemma 2.5, (4.10) together with Remark 3.6, we
have

2 2 2 pza% 2
Iy = 312 <lew = Y12 = T = vl = (1= 2522 )15, =
'On-H

1 th2 2

- Vn(l - Vn) : / Tr(u)b,du — b, 4.17)
n, 0

<Ilkn — y*II%. (4.18)
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From (4.3), (4.14), (4.16) and (4.18), we have
301 = X 1% 4 1yngr — Y < 2w — 5517 + ke — y*I?
< llwn — X1 + llgn — y*II?
= (=)l = x* 12+ Il = 51| + caci

2 2
<max {lx, —x* "+ llya — ¥*II%, cn}

< max {[lxy — 217+ 1y = Y*1%, cny)-
Thus, { (x4, y»)} is bounded. Consequently, {z,}, {va}, {k,} and {b,} are also bounded. O

Lemma4.5 Let {(xn, y,,)} be a sequence generated by Algorithm 3.2 under Assumption 3.1.
Then,

Ixn1 = X1 + lynsr — ¥*II2
=(1 = )|l = ¥12 + Iy = ¥*12] + ey
= 1o - € 175 (Frwn = Fagn) I + I} (Frwn — Fagu) ]
2242 pzaz
— llzn = ull* = 1kn — Yull* — (1 - 1) ltn — Gull> — (1 — 22 ) sw — Y ?

n+1 Prt1
I,

1 In,1 1 2
= Bu(l = Bl — / T1(s)vads — va > — yu(1 — Vn)llff Ty (u)budu — by |1,
In,1 Jo 2 Jo

where dy = 1201 = a)llxn = 2™l Gllxn = Xnt ]l + Gllan = 1l - G lln = 201 +
2l Mwn = Xt L+ 200, X = e 1)1+ 1200 = o) [l yn = Y g 1n = yn—1ll + Tallyn —
Yn—tll g 0yn = a1+ 205%Ml@n = Yt 4+ 207%, ¥ = yu1)]-
Proof Let (x*, y*) € I'. From Lemma 2.5 and the definition of w,,, we have
lwn — X*HZ =11 — o) (e — X*) + (I — )0 (X — Xn—1) — anx*HZ
5”(1 — o) (X, _x*) + (1 — 0y)0, (xp — xn71)||2 +2an(_x*, Wy _x*)
<1 —an)? [l — ¥ 4 2(1 = o) 10 — x* 110 — Xn—t | + 0 160 — X1 |12

+ 20, (—x", wy — xpg1) + 20 (—xF, xppp —xF)

%
< —ap)llxn — x*llz + oy [2(1 —ap)llx, — x*”al”xn |
n

On
+ Onllxn — xn—11l - — llxn — xn—1l
n

20w — e [+ 2065, 6 = o). (4.19)
Following the same line of argument, we have

T
low = "1 <1 = et)lyn = Y17 + ea 201 = @n)llyn = 3 1= 130 = Y-
n

T
+ Tullyn — yu—1ll - all\yn — Yt L+ 205 Ml@n = Yusrll + 203", y* — )’n+1)j|4
n
(4.20)
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Adding (4.19) and (4.20) we have
lwn = <12 + llgn = Y17 = (1= ) [l = 1P + Wy = 5*IP] + ey, 421)
From (4.3), (4.15), (4.17) and (4.21), we have

2 2
41 = X017 + [yn1 — ¥
2.2

Asa
<z =1 o k= 1% = e = @l = o = Yl = (1 = 357 e =
n+l1
2,2 1 In,1
= (1= 21y = vl = a1 = ol [ Ty = P
Pyl In,1 Jo
1 In,2
=l [ Bwb.du b2
In2 Jo

=l = x*12 4 lgw = Y12 = - €[ 15 (Frwn = Fag) P + 1} (Fru, = Faon)|?]
2242 p2a2

— lzn = Bl = ko = ¥l = (1= 551 Yl = @ll® = (1= 2522 ) s — vl
)‘n+1 n+l1

t".

1 In,1 1 2
= Bn(1 = Bl — f Ti(5)vnds — vall* — yu(1 — J/n)llff o (u)bydu — by ||
1 Jo 2 Jo

= A= a5 =1 + o = ¥ I2] + ctadl

— - €| I3 (Frwn = Foon) P + 177 (Frun = Fag) ] = lzw = $ul = lkn = Yl

hnai 2 Paa3
= (1= 237 Yl = gl = (1= 5
At Pnt1

Ylisn = vl

2

1 In,1 1
= Bn(1 _ﬁn)Hi/ Ti(s)vuds _Un||2 — (1 _Vn)Hi/ T (u)bndu —bn||2,
In,1 Jo In2 Jo
which is the required result. O
Now we are in a position to state the main result of this work.

Theorem 4.6 Let {(xy, yn)} be a sequence generated by Algorithm 3.2 such that Assump-
tion 3.1 holds. Then, the sequence {(xy, yn)} converges strongly to (x, y) = Pr(0x,, 02,) €
.

Proof Let (x,y) = Pr(Ox,,0x,) € I'. Then, it follows from Lemma 4.5 that
st = 22+ Dyner = 912 < (=@l = 512+ lyn = FI12] +enda,  422)

where dy = [2(1 = an)llxn — F G xn = Xnll + 6 llxn = xu1ll - G lxn = xua | +
2012 Mwn = Xt |4+ 2(F, £ = x0T+ 1200 =) lyn = S 2150 = Yn—1ll+ Tall yn = yu—11l-
Eivn = Yn—tll + 2090@n = Yns1ll +2(3, 9§ — ynt1)]. Now, we claim that the sequence
{llx, — x| + llyn — ¥|1} converges to zero. To show this, by Lemma 2.13 it suffices to show that
lim supy_, o, dy, < 0 forevery subsequence {||x,, —X ||+ lyn, — ¥} of {llxp —X | +1ly2 — Y}
satisfying

liklgioréf ((1%nger = Zl 4+ 1Yy = I) = (%0, = XU+ Iym, = I11)) = 0. (4.23)
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Suppose that {||x,, — X|| + [l ys, — P11} is a subsequence of {||x, — X[/ + ||y, — Y|} such that
(4.23) holds. Again, from Lemma 4.5, we obtain
oy - €[ 15 (Frn, = Faon) |2+ 17 (Frun, — Faga) I

+ 1z, = B I1* + Mg — Y 112

k?a% pzva%
+ (1 - )\r;k )”unk - ¢nk ”2 + (1 - nzk )”Snk - 1//n/( ”2

Nf+1 Nf+1

1 Tny |
+:3nk(1 _lgnk)llti/ Tl(S)Unde—UnkHz
0

Nk, 1

1 t”k,2 )
Ty (L= )l —— / Ty (W) by dit — by |
tnip JoO

~

<(1 = e[ = 17+ Dy = F12] = [Waggs = 212+ Uiy = F12] + et
From (4.23) and the condition on o, we have
Bim (i, - €[ 175 (Frwn, = Fagu) P + 15 (Frwn, = Faou) ]
+ 1z, = Gy I1* + kg — Y 112

kzva% p2 a%
+ (1 - ):;k )””nk - ¢’nk”2 + (1 - nzk )Hsnk - %kllz

Ng+1 Ng+1

1 t”k.l
+ B (1 = Bu) I / Ti(5)Vnds — v, |I*
tﬂk,l 0
1 Ing o 5
=yl [ @by — by ) =
tnkg 0

From (3.6), (3.7) and the conditions on the control parameters, we have

lim [[zp, — @n | =0, lim ||k, — Y, Il =0, Iim flup, — @yl =0, lim [lsp, — ¥ | = 0,
k— o0 k—o00 k—o00 k—o0
(4.24)
) Ing o . g1
lim / T (uw)bydu — by, | =0, lim / T\ (s)vpds — vy | =0.
k— o0 l‘nk'2 0 k—o00 tﬂk,l 0
(4.25)

Also, we have
lim (175 (Frwy, = Fagu) I + 17 (Frion, = Fagn) 2] = 0
which implies that
klirlgollff(fl Wy — F20n ) =0,

lim || 7} (Fiwy, — Fagn)ll = 0,
k—o00

lim [|Frwy, — F2¢n, |l = 0.
k—o00

e @ Springer



638 0O.T. Mew

omo et al.

From the definition of z,, , k,, and the previous inequality we have

lzn, — Wi | = My 17} (Frwg, — Foagu) Il = 0, as k — oo.
lkny — @ni I = 0y |15 (Fiwy, — Fagn )l = 0, as k — oo.

Also, from the definition of v, , b,, and (4.24), we have

Ang @1
”Unk — Upy | = Ang ”Aunk - Ad’nk | <

Mk+1
Pni A2

”bnk — Sny | = Pny ||BS”k - Bl//nk I <

N+1

From (4.25) and Lemma 2.3 we have

vn, — T1(W)vy, |l <

1 t"k,l
Uy — / T1(s)vp,ds ”
! 0

Nk, 1

(4.26)

ltn, — @dn, |l = 0, ask — oo.

182, — Yl = 0, as k — oo.

1 Ing1 1 Tny 1
+ f T1(5) v ds — Ty (v) / nm%wH
ni.1 JO nk,1 JO
1 Iny |
+ ”Yﬁ(v)t L/. T1(5)vnds — Ti (0)un, | — 0. as k — oo
ng,1 J0

Similarly, we have

lim ||b,, — T2(b)by, || = 0.
k— o0

From the definition of x,,, and (4.25), we have

1 g1
e = ol = 1 = Bt + B [ Tiunds v,
0

ng.1

1 Inge 1
—_— T1(s)vp,ds — vy,
0

[nk.l

— 0, ask — oo.

= IBnk

Similarly, we have
kIHI;OHYnkH - bnk ” =0.
Now, from Step 2 and by Remark 3.4, we get

”wnk — Xng =1 ank)(xnk + enk (xnk - xnkfl)) — Xny I
= ”(1 - ank)(-xnk - xnk) + (1 - Olnk)enk (xnk - xnkfl) — Oy Xny ”

<({1- ank)Hxnk — Xny I+ - O‘zzk)enk ”xnk — Xnp—1 Il + Uy ”xnk I — 0,

Similarly, we have

lim [l¢p, — yn, Il = 0.
k— 00
From (4.24)—(4.29) we have
kli?;o”xnk - ¢nk ” = O, kli>nolo”xnk+l - wl’lk ” = 0, kli>11;o”ynk+1 - ‘Pnk ” =0.
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k — oo.
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(4.29)
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From (4.28) and (4.30) we have

kli)ngollxnk+1 — x|l = 0. 4.31)
Similarly, from (4.29) and (4.30)

lim {|yp,,, — ynill = 0. (4.32)

k—o00

To complete the proof, we show that w,, (xn, y,,) C I', where w,, (xn, y,,) is the set of weak
limits of {(x,., ya)}. Since {(x, y,)} is bounded we have that wy, (x4, y») is nonempty. Let
(x*, ¥*) € we(xn, yn) be an arbitrary element. From (4.26), (4.28) and (4.29) we have
x* € we(x,) and y* € wy,(y,). Then there exists a subsequence {x,,} of {x,} such that
X, —x*ask — oo. Since limy— oo |Xn, — @y, Il = 0, we have that ¢,, ~x* € C ask — oo.
From the characteristic property of P¢, we have

(x —ung, Gpp — A AQny —up,) <0, x €C,

which implies that

1
— (¢nk —Upy, X — unk> < (A(bnk, X — unk>, Vx eC.
)Lnk
Consequently, we have
1
r (¢nk — Up, X — unk> + <A¢nk, Uny — ¢nk> =< (A¢l’lk! X = ¢nk> , YxelC. (433)
ng

Applying the fact that limy_, o [|¢n, — tn, |l = 0 and limg_, 0 A, = A > 0 to (4.33), we
have

0 < lim inf (Adng, x — ), Vx €C. (4.34)
— 00

Also, we have that

(Aunk» X — unk) = <Aunk - A¢nk’ X — ¢nk> + (A¢nk, X — ¢nk> + <Aunk, d)nk - ”nk> .

Since A is uniformly continuous on H and limg— oo |, — Un, ||, we have

lim [|[Agy, — Auy |l =0. (4.35)
k— 00
From (4.34)—(4.35), we have
0 < liminf (Auy,, x —un,), Vx €C. (4.36)
k— 00

Let {5x} be a sequence of positive numbers such that 8341 < 6k, Vk > 1 and §; — Oask —
oo. Then, for each k > 1, we denote by Ny the smallest positive integer such that

(Altn;, % — ) + 8 = 0, ¥j = Ny, 4.37)

where the existence of Ny follows from (4.36). We have that { Ny} is increasing since {5x}

is decreasing. Furthermore, since {u,,} C C we can suppose Auy, 7# 0 (otherwise, uy, is
. A
a solution) and we set foreach k > 1, hy, = "A:%. Then we have that (Auy,, hy,) =
k

1 for each k > 1. Thus, by (4.37), we have that

(Aupn,, x + Sghy, —un,) >0,
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which implies by the pseudo-monotonicity of A that
(A(x + 8hn), x + Skhy, —up,) > 0. (4.38)

Since u,, C C, the sequence {u,, } converges weakly to x* € C. If Ax* = 0, then x* €
VI(C, A). On the contrary, we suppose Ax™ # 0. Since A satisfies condition (c), we have

0 < [|Ax*|| < liminf || Auy, ||.
k— 00

Since {uy,} C {u,,}, we obtain that

5 lim supé

. . k k—00

0 < lim sup ||§xhn, || = lim sup < ) < — =
k00 ! k—oo \ Atz |l hkn_l)gfllAunk Il

Therefore, limy_ o |6chn, || = 0. Letting &k — oo in (4.38) gives
(Ax,x —x*) >0, Vx eC,

which implies by Lemma 2.7 that x* € VI(C, A). By similar argument, we have that y* €
VI(Q, B).

Now, to show that x* € F(7;) and y* € F(7p). On the contrary, we suppose that
Ti(v)x* # x* and T>(b)x* # y* for all v > 0 and b > 0. Then, it follows from the Opial
condition of Hilbert space and from (4.27) that

liminf||v,, — x*|| < liminf||v,, — 77 (v)x*|
k— o0 k—o00
< tim inf{ on, = Ti @) v ||+ I Ti @)vn, = Ty )]}
k—o00

< timinf { vy, — 71 @)vn, Il + v, = 271}
k—o00

= liminf|lv,, — x*|,
k— 00

which is a contradiction. Thus, it follows that T} (v)x™ = x* for all v > 0 which implies that
x* € F(1,). Similarly, y* € F(7p).

Next, from (4.24) we have thatlimy_, oo |, — 2, || = limg_s 00 ”U’(II:,:,IZ”k —zZn |l =0, and
since z,, —x* it follows from the demiclosed property of nonexpansive mappings that x* €
E P(®1). Similarly, we have that y* € E P(®»). Since Fix* — Foy* € wy,(Frw, — Fagn),
it follows from the weakly lower semi-continuity of the norm that

|F1x* — Foy*|| < liminf|| Fjw, — Fo@all = 0.
n—oo

Hence, we have that (x*, y*) € I'. Since (x*, y*) € ww(x,,, y,,) was chosen arbitrarily, it
follows that w,, (xn, yn) C I'. To conclude, we show that

lim sup((;?, X — xnk+1> + <)7, y— ynk+1>) <0.

k—00

By the boundedness of {(x,,, yn,)}, it follows that there exists a subsequence { (xnkj s Y))
of {(xy,, yn,)} which converges weakly to some (x, X) € H, and such that

fim ({2, % = o, )+ (5, 9 = g, ) ) = timsup(({£, £ =) + (5, 5 =y ). 4.39)

Jj—>00 k—00

£
-0
°x

ow
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From (4.39) and the fact that (x, ) = Pr(0x,, Ox,) € I' we have

lim sup((i, X —xnk) + ()7, y- ynk))

k—o00
:/gn;o«f )%_x”kj>+<§’ y_y”k.f»
=&, 2%+, y-3) <0 (4.40)

From (4.31), (4.32) and (4.40), it follows that

limsup(()?, x —Xnk+1)+(}77 )A’_ynkJrl))

k—o00
=lim sup(()?, X - xnk> + (ﬁ, y— ynk>)
k—0c0
=(, 2—x)+ (3, y-y)=o0. (4.41)
Thus, by (4.30) and (4.41) we have lim sup; _, c?nk < 0.Now, applyingLemma2.13 to (4.22)
we have {||x, — x| + ||y, — J||} converges to zero, which implies that lim;,— oo ||x, —X| = 0
and lim,—  ||yx — Y|l = 0. Therefore, ({x,}, {y,}) converges strongly to (x, y). |

5 Numerical Experiment

In this section, we discuss the numerical behavior of our method, (Proposed Alg.) Algo-
rithm 3.2 in comparison with the method in Appendix A proposed by Latif and Eslamian

——+— Latif & Eslamian Alg. (x )
4 —O— Latif & Eslamian Alg. (y,)
—A— Proposed Alg. (x)
——%—— Proposed Alg. (y,)

10’

*

Errors

1 i

10°
10° 10 102
Iteration number (n)

Fig.1 Example 5.1: Case 1
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——+— Latif & Eslamian Alg. (x)
—©— Latif & Eslamian Alg. (y,))
10" —A— Proposed Alg. (x,)
———— Proposed Alg. (y,)

Errors

. .
10° 10 102
Iteration number (n)

Fig.2 Example 5.1: Case 2

[31] (Latif and Eslamian Alg.), which is the only related result we could find in the literature.
We plot the graph of errors against the number of iterations in each case of both examples

102 ¢
—+— Latif & Eslamian Alg. (x)
é —6— Latif & Eslamian Alg. (yn)
10" £ —A— Proposed Alg. (x)
———— Proposed Alg. (yn)

*
10°

107

Errors

1072

107

107

10° 10" 102
Iteration number (n)

10°

Fig.3 Example 5.1: Case 3
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using |x,11 —xp| < 107* and ||x,41 — x,|| < 10~* in Example 5.1 and Example 5.2 respec-
tively as the stopping criterion. The numerical computations are reported in Figs. 1, 2, 3, 4,
5, 6,7, and 8 and Tables 1 and 2 with all implementations performed using Matlab 2021 (b).

In our computation, we choose § = 3.5, Tt =244, A1 =15, p1 =18, a1 =0.8,a2 =
0.9, Enzgn:my anzzfﬁv ﬂn:%v J/n:%a Pn = n:(nl_,’(_)?)z’n:
0.5,rp1=28,1r2=35,1t,1 =4.5,1,2=5.5,5s =u = 1.5. For Appendix A, we choose
o =085 G, =Ky =¢. & =8 = 3.

Example 5.1 Let H; = Hy = H3z = R the set of all real numbers with the inner product
(x,y) =xy, Vx,y € Rand induced norm |-|. Forr; > 0, i = 1, 2, consider C = [—10, 10]
and Q = [0, 20]. We define the bifunction ®; : C xC — Rand ®; : O x @ — R as follows:

U (u) =

“ , Vx el
! 3r1 +1

and

v
U2 (v) = o ee
Let F1x = 2x and Fox = Sx which implies that F{'x = 2x and F;x = 5x. Next we define
A:Hy - Hjpas Ax = 2x and B : Ho — Hy as Bx = 3x. We define the mappings
Ti(s) : R - Rand Th(u) : R — R as follows; T1(s)x = 10~x and Th(u)y = 10~ 24y,
Clearly, we observe that Tj (s) and 75 () are nonexpansive semigroups.

We choose V| = xg, V> = yg and consider the following cases for the numerical experi-
ments of this example.

Case 1: Take (xq, yo) = (—13.5,8.0) and (x1, y;) = (5.7, —=9.1).

Case 2: Take (xg, yo) = (15.1,7.9) and (x1, y;) = (6.4, 81.3).

102 ¢
——+— Latif & Eslamian Alg. (x)
é —6— Latif & Eslamian Alg. (y,)
10" F —A— Proposed Alg. (x))
———— Proposed Alg. (yn)

Errors

10° . !
10° 10’ 102
Iteration number (n)

Fig.4 Example 5.1: Case 4
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——+— Latif & Eslamian Alg. (xn)
—6&— Latif & Eslamian Alg. (yn)
A —~A— Proposed Alg. (x,)
——k— Proposed Alg. (yn)

107

10-4 1
10° 10 10°
Iteration number (n)

Fig.5 Example 5.2: Case 1

——— Latif & Eslamian Alg. (xn)
—&— Latif & Eslamian Alg. (yn)
—A— Proposed Alg. (x))
—%— Proposed Alg. (y,)

107

10 .
10° 10 10?
Iteration number (n)

Fig.6 Example 5.2: Case 2
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100F
—+— Latif & Eslamian Alg. (x_)
A —6— Latif & Eslamian Alg. (y,)
—A— Proposed Alg. (x)
———— Proposed Alg. (yn)
10”

10°

10 :
10° 10" 10°
Iteration number (n)

Fig.7 Example 5.2: Case 3

100f
i —+— Latif & Eslamian Alg. (x)
—&— Latif & Eslamian Alg. (yn)
—A— Proposed Alg. (x))
—%— Proposed Alg. (y,)
1074

107

10 .
10° 10 10?
Iteration number (n)

Fig.8 Example 5.2: Case 4
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Table 1 Numerical Results for Example 5.1

Case 1 Case 2 Case 3 Case 4

Iter. CPUTime Iter. CPUTime Iter. CPUTime Iter. CPU Time
Latif & Eslamian Alg. 86 0.0085 86 0.0062 89 0.0084 88 0.0064
Proposed Alg. 3.2 64 0.0132 64 0.0078 64 0.0093 64 0.0018

Case 3: Take (xq, yo) = (10.9, —11.8) and (x1, y1) = (—37.2, 26.8).
Case 4: Take (xg, yo) = (—14.9, —9.8) and (x1, y1) = (—25.2, —17.7).

Example5.2 Let H; = Hp = Hz = (L[R),| - |l2), where L(R) = {x =
(X1, %25 ey Xy o), X € R0 2 x> < 4ool, llxll2 = /(% %] and
(x,y) = Z?ilxiyi for all x € ¢p(R). For r; > 0, i = 1,2, we define the sets
C:={x ety : x|l <1}and Q := {y € £, : |yl < 1}. Let 7| : Hi — Ha,
Fr» : Hy — M3 be defined by Fix = % and Frx = %x respectively which implies
that 7'y = % and 5y = 25—y Clearly, F; and F, are bounded linear operators. We
define ®; : C xC — Rand &, : @ x Q@ — R by &;(x,y) = (Lix,y — x) and
®y(x,y) = (Lax,y — x), where L1x = 3 and Lox = 7. Observe that ®; and ®; sat-
isfy Assumption 2.9. After simple calculation and applying Lemma 2.10, we obtain

Ut = . ¥xeC.

ry +
and

Uy = -2V vye o,
2 r+2 ’
Let A : H; — H; be defined by A(x1, x2, x3,...) = (xle_“‘lz, 0,0,...)and B : Hy — H»
as B(xy,x2,x3,...) = (lee_xlz, 0,0, ...). Clearly, we see that A and B are pseudomono-
tone mappings. We define the mappings 71(s) : R — R and 7>(u) : R — R as follows;
Ti(s)x = 107x and Th(u)y = 10_3”y. Clearly, we observe that Ty (s) and T»>(u) are
nonexpansive semigroups.
We choose V| = xg, V> = yo and consider different initial values as follows:

Case 1: xo = (%,%, é,...), Yo = (%,%,%,...); X1 = (%,é,%,...), yi =

11 1 .
(39,375

N _ 1 1 1 _ 1 1 1 _ 1 1 1
Case 2: x0 = (3.5 78>+ 20 = (ozg)s X1 = (=35 —18: )
— (11 _1 )

V1= 3560 18> \ ,3 X S s S O ]
Case 3: X0 = (g’ %’ ﬁ? )5 y0 - (ga ﬁv_%a )7 X1 = (_ja §7_T77 ),
_ 1 1 1 .

V1 —(§7g,ﬁ, 3

3 3 3 5 5 5 1 1 1
Case 4: xo = (g7ﬁa§, ), Yo = (@ﬁ,g, ), x1 = (gaﬁ,%» ), V1 =

6 Conclusion

In this paper, we studied the split equalities of the VIP, EP and FPP of nonexpansive
semigroups. We introduced a Tseng’s extragradient method with self-adaptive step size for

9%y

-0
°x
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Table 2 Numerical Results for Example 5.2

Case 1 Case 2 Case 3 Case 4

Iter. CPUTime Iter. CPUTime Iter. CPUTime Iter. CPU Time
Latif & Eslamian Alg. 72 0.0134 72 0.0192 72 0.0147 72 0.0073
Proposed Alg. 3.2 58 0.0211 58 0.0171 58 0.0263 58 0.0100

approximating a common solution of the split equalities of the VIP, EP and FPP of nonex-
pansive semigroups in the framework of real Hilbert spaces when the cost operator of the VIP
is pseudomonotone and non-Lipschitz. Without the sequential weak continuity condition on
the cost operator, we obtained a strong convergence result of our proposed method. While the
cost operator is non-Lipschitz, our algorithm does not involve any linesearch procedure and
our strong convergence result was obtained without the usual “two cases approach" widely
used in many papers. Finally, we presented some numerical experiments of our proposed
method in comparison with a related method in the literature to show the applicability of our
method. Our result improves, extends and generalizes several other results in the literature.

Appendix A Algorithm 1 of Latif et al. [31]

Choose sequences {B,}7 |, {an )00 |, {84} ; such that 8, 4 e, 48, = 1. Select initial point

x0 € Hi, yo € Ha, let > 0. Setn := 1.

in = Xn — ﬁn]:ik(}—lxn — Fayn),
¢ = Urc,lillzn,

up = Pe(pn — snAdy),

Pn = PC(d)n - §nAun)7

Xn+1 = a Vi + ‘i:npn + 6, Th (S)pn
kn = yn + ﬂn}—;(}—lxn — F2Yn)s
Wn = rcf,zzkn,

Sp = PQ(wn _KnBWn),

I, = PQ(‘/’n — knBsy),

Yn+1 = anVa + Enly + 8u T2 (w)ly,

where the step size 1, is chosen such that for small enough € > 0,

2||Fixn — Fayall® _6}
I3 (F1xn — Fay) I + 177 (Fixn — Fayn) 12 ’

v, € |:6,

if F1x, # Fryn; otherwise, ¥, = 1.
Setn :=n + 1 and go back to Step 1.
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