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Abstract

In this article, we investigate monotone and Lipschitz continuous variational inclusion
problem in the settings of Hadamard manifolds. We propose a forward—backward
method with a self-adaptive technique for solving variational inclusion problem. To
increase the rate of convergence of our proposed method, we incorporate our iterative
method with double inertial steps and establish a convergence result of our iterative
method under some mild conditions. Finally, in order to illustrate the computational
effectiveness of our method, some numerical examples are also discussed. The result
present in this article is new in this space and extends many related results in the
literature.
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1 Introduction

Let I be a nonempty, closed geodesic convex subset of a Hadamard manifold
P, T,PP be the tangent space of P at x € P and TP be the tangent bundle of PP. The
variational inclusion problem (VIP) is to find X € P such that

0 € dX + U7X, ey

where ® : K — TP is a single-valued vector field, ¥ : K — 2P is a multi-
valued vector field and 0 denotes the zero section of 7P. We denote the solution set
of (1) by 2. The variational inclusion problem has received much attention due to its
various applications in signal processing, image recovery and statistical regression,
(see [3, 13, 44, 47, 49]). It is known that several optimization problem such as convex
optimization problem can be translated into finding a zero of a maximal monotone
operator defined on a Hilbert space M. The problem of finding a zero of the sum of two
(maximal) monotone operators is of fundamental importance in convex optimization
and variational analysis (see [1, 19, 26, 33, 43, 52]). For solving VIP (1), the forward—
backward splitting method (FBM) (see [13, 28, 29, 48]) is usually employed and is
defined in the following manner: g; € M and

Gir1 = (I +r9) (g — rdqr), k> 1, 2)

where r > 0, W : M — 2M is a set-valued operator and ® : Ml — M is an operator.
In this case, each step of iterates involves only with & as the forward step and W as the
backward step, but not the sum of operators. The FBM defined in (2) above requires one
of the operators to be inverse strongly monotone. This assumption imposed on one of
the operators is very difficult to meet the practical problems. In order to dispense with
the condition, many authors have introduced several iterative methods. For instance,
Tseng [48] introduced the following forward-backward—forward method which is a
two-step iterative scheme as follows:

wy = (I + W)~ MU — 1 @),
Gk+1 = wg — 1 (Pwi — Pgp),

3)

where the step size {ry} can be updated by Armijo linesearch methods. When the
mapping & is Lipschitz continuous and the mapping W is maximal monotone, (3)
converges weakly to a solution of VIP in the settings of real Hilbert spaces.

In 2019, Shehu [41] extended Tseng’s splitting method to the settings of real Banach
spaces. He proposed the following iterative method for approximating solution of VIP
in a 2-uniformly convex Banach space [E which is also uniformly smooth as follows:
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q1 € E,
we = LY T T g — re®@aqp). o
Gi+1 = Jwg — r(Pwg — Ogp), Vk > 1,

where ®@ : E — E is monotone and L-Lipschitz continuous, Jr‘i’ = +nrnw) ' Jis
the resolvent of W and J is the duality mapping from E to E* (E* is the dual of E).
He obtained a weak convergence result.

In 1964, Polyak [38] introduced the inertial extrapolation method which is a useful
tool for speeding up the rate of convergence of iterative methods. The idea of inertial
extrapolation method was inspired by an implicit discretization of a second-order in-
time dissipative dynamical system, so-called heavy ball with friction. The heavy ball
friction is a simplified version of the differential system describing the motion of a
heavy ball that rolls over the graph f and that keep rolling under its own inertia until
friction stop it at a critical point of f. This nonlinear oscillation with damping, which
is called the "heavy ball with friction" system, has been considered by several authors
from the optimization point of view, establishing different convergence results and
identifying circumstances under which the rate of convergence is better than the one
of the first-order-steepest descent method (see [4, 6, 38]). Alvarez and Attouch [5]
introduced and constructed the heavy-ball method with the proximal point algorithm
to solve a problem of maximal monotone operator. They defined their method as
follows:

q0, q1 € M,
Wi = qr + O (qr — qk—1), (5)
qr1 = I +reW) g, V=1,

o0
where {6} C [0, 1) and {ry} is nondecreasing with Y_ O¢llgx — gk—1]| < oo. They
k=1
established that the sequence generated by (5) converges weakly to a zero of the mono-
tone operator W. In 2003, Moudafi and Oliny [32] introduced the following inertial

proximal point method for finding the zero of the sum of two monotone operators:

wi = gk + % (qk — qk—1), ©)
Grt1 = (I +re W)~ wg — re®gy), k > 1.

They obtained a weak convergence theorem provided that r;, < % with L being the

o

Lipschitz constant of ® and Y 6llgx — gxk—1l < oo holds. Polyak [37] explored
k=1

the potential of enhancing the convergence speed of numerical iteration methods for

solving optimization problems by incorporating multistep inertial extrapolation steps.
However, it is important to note that [37, 39] do not provide an established convergence
analysis or rate of convergence for these multi-step inertial methods. Thus, the use
of two or more inertial terms could guarantee necessary acceleration (see [30]). For
growing interests in this direction (see [1, 2, 24, 51]).
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Recently, Dongetal. [16] introduced the double inertial Mann algorithm and proved the
convergence of the proposed algorithm under some suitable conditions: the algorithm
is given by

2k = qk + Mgk — qr—1),
Yk = qik + (g — qk—1), @)
i1 = (1 — o)zk + T (i),

where T is a nonexpansive mapping, A, 0 € [0, 1] and ¢ € (0, 1).

Very recently, Suantai et al. [45] also considered a double inertial forward—backward
algorithm in the settings of real Hilbert spaces.

Extension of concepts and techniques from linear spaces to Riemannian manifolds
has some important advantages (see [17, 22, 40]). For instance, some optimization
problems with nonconvex objective functions become convex from the Riemannian
geometry point of view, and some constrained optimization problems can be regarded
as unconstrained ones with an appropriate Riemannian metric. In addition, the study
of convex minimization problems and inclusion problems in nonlinear spaces have
proved to be very useful in computing medians and means of trees, which are very
important in computational phylogenetics, diffusion tensor imaging, consensus algo-
rithms and modeling of airway systems in human lungs and blood vessels (see [9—11]).
Thus, nonlinear spaces are more suitable frameworks for the study of optimization
problems from linear to Riemannian manifolds.

Very recently, Khammahawong et al. [20] proposed the following forward—
backward splitting method for solving variational inclusion problem (1) in the settings
of a Hadamard manifold:

0 € g p, P(pr) + W lar) — 5 expy! pr, ®
Pk+1 = expy, (Tk (Tgy, p P(pr) — W(gk))),
where
. ud(pr, qk) } .
min s Teg, if Ty p ®(pr) — Plgr) # 0,
sl = { ITg.pe ®(Pr) — P (g0 P
T, otherwise,
9

and p > 0. They proved that the sequence by their proposed method converges to an
element in 2.

Furthermore, it will be crucial to expand the idea of the double inertial method to
the Hadamard manifold because of the significance of our space of interest and the
importance of the inertial method in dynamical systems.

Motivated by the aforementioned results in linear and nonlinear spaces, we proposed
a forward—backward method together with a double step inertial method for solving
variational inclusion problem in the settings of a Hadamard manifold. We prove that
the sequence generated by our method converges to a solution of VIP (1) without the
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prior knowledge of the Lipschitz constant via a self-adaptive technique. In order to
fasten the rate of convergence of our proposed method, we introduce a double inertial
steps. Lastly, we compare our results with some related results in the literature to show
the performance of our method. To the best of our knowledge, no result on double
inertial steps have been discussed in the settings of nonlinear spaces. Our result extends
and generalizes many related results in the literature.

2 Preliminaries

Let P be an m-dimensional manifold, let x € P and let 7, [P be the tangent space
of P at x € P. We denote by TP = |J,p 7x[P the tangent bundle of . An inner
product R(-, -) is called a Riemannian metric on P if (-, -), : TxIP x TxIP — R is an
inner product for all x € P. The corresponding norm induced by the inner product
Ry (-, -) on TP is denoted by || - ||x. We will drop the subscript x and adopt | - || for
the corresponding norm induced by the inner product. A differentiable manifold P
endowed with a Riemannian metric R(-, -) is called a Riemannian manifold. In what
follows, we denote the Riemannian metric R(-, -) by (-, -) when no confusion arises.
Given a piecewise smooth curve y : [a, b] — P joining x to y (thatis, y(a) = x and
y (b) = y), we define the length /(y) of y by I(y) := fab lly’(t)||dzt. The Riemannian
distance d (x, y) is the minimal length over the set of all such curves joining x to y. The
metric topology induced by d coincides with the original topology on P. We denote
by V the Levi-Civita connection associated with the Riemannian metric [40].

Let y be a smooth curve in P. A vector field X along y is said to be parallel if
V,, X = 0, where 0 is the zero tangent vector. If y" itself is parallel along y, then we
say that y is a geodesic and ||y’| is a constant. If ||y’|| = 1, then the geodesic y is said
to be normalized. A geodesic joining x to y in P is called a minimizing geodesic if its
length equals d (x, ¥). A Riemannian manifold IP equipped with a Riemannian distance
d is a metric space (P, d). A Riemannian manifold P is said to be complete if for all
x € P, all geodesics emanating from x are defined for all t+ € R. The Hopf—Rinow
theorem [40] posits that if P is complete, then any pair of points in P can be joined
by a minimizing geodesic. Moreover, if (IP, d) is a complete metric space, then every
bounded and closed subset of P is compact. If P is a complete Riemannian manifold,
then the exponential map exp, : 7xP — P at x € P is defined by

exp, v = yp(l,x), VvelP,

where y, (-, x) is the geodesic starting from x with velocity v (that is, y,(0,x) =
x and y,(0,x) = v). Then, for any 7, we have exp, tv = y,(f, x) and exp, 0 =
yv(0, x) = x. Note that the mapping exp, is differentiable on 7P for every x € P.
The exponential map exp, has an inverse exp;1 : P — T P.Foranyx, y € P, we have
dx,y)=| exp;1 x|l =l exp;1 v|| (see [40] for more details). The parallel transport
Cyyw).y@ : Ty@P — T,@P on the tangent bundle TP along y : [a, b] — R with
respect to V is defined by

Uy yoyy@v=F®b), Ya,beR andv € T),(yP,
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where F is the unique vector field such that V, ;v = 0 for all t € [a, b] and
F(y(a)) = v.If y is a minimizing geodesic joining x to y, then we write I'y , instead
of I'y y ». Note that for every a, b, r, s € R, we have

-1
Fyove o Tymry@ =Tyep@ and T g o =Ty@.yo)-

Also, I'y b),y(«) 18 an isometry from T, )P to T, »)[P, that is, the parallel transport
preserves the inner product

Ty ).y @@ Tyt @ @)y = (U, V)y@), Yu,ve TP (10)

Below is an example of a Hadamard manifold.

Space 1: Let R" | be the productspace R’} , := {(x1,x2, -+ ,xp) 1 x; e Ry, i =
1,2, ,m}. Let P = (RT_ 4 (-, -)) be the m-dimensional Hadamard manifold with
m

the Riemannian metric (p, ¢) = pTq and the distance d(x, y) = | In il =|In) ’y‘—‘|

i=1
where x, y € P with x = {x;}_, and y = {y;}/_,.

A subset K C P is said to be convex if for any two points x, y € K, the geodesic
y joining x to y is contained in /C. That is, if y : [a, b] — P is a geodesic such that
x = y(a)and y = y(b), then y((1 — t)a +tb) € K for all r € [0, 1]. A complete
simply connected Riemannian manifold of non-positive sectional curvature is called
a Hadamard manifold. We denote by PP a finite dimensional Hadamard manifold.
Henceforth, unless otherwise stated, we represent by X a nonempty, closed and convex
subset of P.

Next, let H (/') denote the set of all single-valued vector fields U : L — TP such
that U(p) € T,P, foreach p € K. Let X'(K) denote to the set of all multivalued vector
fields V : K — 2T such that V(p) € T,P for each p € K, and the denote Dom(V)
the domain of V defined by Dom(V) = {p € K : V(p) # <}.

We state some results and definitions which are needed in the next section.

Definition 1 [50] A vector field U € H(K) is said to be

(i) monotone, if
(U(p), exp,,' q) < (U(q), —exp,' p), ¥V p,q €K,
(i) L-Lipschitz continuous if there exists L > 0 such that
ITpqU(q) —U(p)ll < Ld(p,q), ¥ p,q € K.

Definition 2 [14] A vector field V € X' (K) is said to be

(1) monotone, if for all p, g € Dom(V),

(u,exp,' q) < (v, —exp, ' p), Yu e V(p)andVv e V(g),
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(ii) maximal monotone if it is monotone and ¥V p € K and u € T, /K, the condition

(u.exp, ' q) < (v.—exp, ' p), Y g € Dom(V) and ¥ v & V (q) implies that u € V (p).

Definition 3 [17] Let K be a nonempty, closed and subset of I and {x,,} be a sequence
in P. Then, {x,} is said to be Fejér convergent with respect to C if for all p € K and
neN,

d(xpy1, p) <d(xu, p).

Definition 4 [25] Let V € X (K) be a vector field and xo € K. Then, V is said to be

upper Kuratowski semicontinuous at x if for any sequences {x,} € K and {v,} C TP

with each v, € V(x,), the relations lim v, = vg imply that vy € V (xg). Moreover,
n— o0

V is said to be upper Kuratowski semicontinuous on [ if it is upper Kuratowski
semicontinuous for each x € K.

Lemma 1 [17] Let KC be a nonempty, closed and closed subset of P and {x,,} C P be a
sequence such that {x,} be a Fejér convergent with respect to IC. Then, the following
hold:

(i) Forevery p € K, d(x,, p) converges.

(i) {x,} is bounded.

(iii) Assume that every cluster point of {x,} belongs to IC, then {x,} converges to a
point in K.

Proposition 1 [40]. Let x € P. The exponential mapping exp, : TxP — P is a dif-
feomorphism. For any two points x,y € P, there exists a unique normalized geodesic
Jjoining x to y, which is given by

y(t) = exp, texp;1 y, Vtel0,1]

A geodesic triangle A(p, ¢, r) of a Riemannian manifold PP is a set containing three
points p, g, r and three minimizing geodesics joining these points.

Proposition 2 [40]. Let A(p, q, 1) be a geodesic triangle in P. Then

d*(p,q) +d*(q,r) —2{exp; ' p.exp, ' r) <d*(r,q) (11)
and

d*(p,q) < (exp;1 r, exp;1 q) + (exp;1 r, exp;1 D). (12)
Moreover, if 0 is the angle at p, then we have

(exp,' q.exp,' r) = d(q, p)d(p,r) cost. (13)
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Also,
lexp," ql1* = (exp," . exp,' q) = d*(p. q). (14)

Remark 1 [25]If x,y e Pand v € T, P, then
(v, —exp; ' x) = (v, Ty.rexp; ' y) = (Tr v, expy’ y). (15)
Lemma 2 [21] Let P be a Hadamard manifold and let u, v, w € P. Then,
llexp, ' w — Typexp, ! wl < d(u, v).

Lemma 3 [25] Let xg € P and {x,} C P withx, — xqo. Then, the following assertions
hold:

(1) Foranyy € P, we have exp;n1 y — exp;o1 Xp and expy_1 Xp — exp;1 X0-

(ii) Ifv, € Ty, P and v, — vy, then vy € Ty, P.

(iii) Given u,, v, € Ty, P and ug, vo € Ty, P, if up — uo, then (u,, vy) — (uo, vo).

(iv) For any u € Ty, P, the function F : P — TP, defined by F(x) = I'x x,u for
each x € P is continuous on P.

The next lemma presents the relationship between triangles in R? and geodesic
triangles in Riemannian manifolds (see [12]).

Lemma4 [12]. Let A(x1, x2, x3) be a geodesic triangle in PP. Then, there exists a
triangle A(X1, X2, X3) corresponding to A(x1, x2, x3) such that d(x;, xj+1) = ||X;i —
Xiy1 || with the indices taken modulo 3. This triangle is unique up to isometries of R

The triangle A(xy, X2, X3) in Lemma 4 is said to be the comparison triangle for
A(x1, x2, x3) C IP. The points x1, X, and x3 are called comparison points to the points
x1,xp and x3 in IP.

A function & : P — R is said to be geodesic if for any geodesic y € P, the
composition 2 o y : [u, v] — R is convex, that is,

hoyQu+ (=) <Ahoyw)+ (1 —MNhoy®), u,veR, xel0,l1].

Lemma5 [25] Let A(p, q, r) be a geodesic triangle in a Hadamard manifold P and
A(p',q’, r") be its comparison triangle.

(1) Leta, B,y (resp. o', B, y') be the angles of A(p, q,r) (resp. A(p’, q’, ")) at the
vertices p,q,r (resp. p’, q', r"). Then, the following inequalities hold:

o za =By >y
(ii) Let z be a point in the geodesic joining p to q and 7' its comparison point in the
interval [p', q']. Suppose that d(z, p) = |z/ — p'll and d(Z',q") = |2’ — ¢|.
Then, the following inequality holds:

d(z,r) < I =7l
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Lemma 6 [25] Let xo € P and {x,} C P be such that x, — xq. Then, for any y € P,
we have exp;n1 y — exp;o1 y and exp;1 Xp — exp;l X0.

The following propositions (see [17]) are very useful in our convergence analysis:
Proposition 3 Let P be a Hadamard manifold and d : P x P :— R be the distance
function. Then the function d is convex with respect to the product Riemannian metric.

In other words, given any pair of geodesics y1 : [0, 1] — Pand y, : [0, 1] — P, then
forallt € [0, 1], we have

d(y1(1), y2(1)) < (1 = 0)d(y1(0), y2(0)) + rd (y1(1), y2(1)).

In particular, for each y € P, the function d(-, y) : P — R is a convex function.

Proposition 4 Let P be a Hadamard manifold and x € P. The map ®, = d*(x, y)
satisfying the following:

(1) @, is convex. Indeed, for any geodesic y : [0, 1] — P, the following inequality
holds forall t € [0, 1] :

&>,y () < (1= Dd*(x, y () + 1d*(x, y (1) = 1(1 = d* (7 (0), y (1)).
(2) Dy is smooth. Moreover, 3P, (y) = —2 exp;1 X.
Lemma 7 [18] Let {v,} and {5, } be nonnegative sequences which satisfy
V1 = (1 +8)vy + 8pvp—1, n > 1.

Then,

n
Un1 < M - ]_[(1 +28;), where M = max{vy, v2}.
j=1

o0
Moreover, if Y 8, < +00, then {v,} is bounded.

n=1

Lemma 8 [34] Let {a,}, {¢n} and {B,} be nonnegative sequences which satisfy

an+1 = I+ Bway +@n, n > 1.

o0 o0
If Y By < +ooand Y ¢, < 400, then lim ay exists.
n—od

n=1 n=1
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3 Main Result

In this section, we present an iterative method for solving variational inclusion
problem in the settings of Hadamard manifolds. We state the following assumptions:

Assumption 1

(L1) @ € H(K)is monotone and L-Lipschitz continuous, and ¥ € X' (K) is maximal
monotone.
(L2) The solution set  := (& + ¥)~!(0) is nonempty.
o
(L3) {Ag} is a nonnegative real numbers sequence such that >~ A; < oo.
k=1

Algorithm 1 Self-adaptive method with two inertial steps for variational inclusion
problem. Initialization: Choose py9 > 0, € (0, 1), {or}, {6k} are real positive
sequences. Let qq, q1 € P be arbitrary. Iterative steps: Given the current iterate gy,
calculate qi+1 as follows:

Step 1 Compute

-1
Wk = exp,, (—ak eXp,,” gk—1),

% (16)
Zk = eXPyy, (—Ok eXp,, Gk—1),
and
1 —1
0ely , Plz) + V() — ” exp; " Zk- (17)
If ty = zi, then stop and 1y, € Q. Else, proceed to step 2.
Step 2 Compute
i1 = exp; (ox(Tiz @ (2x) — P (1)) (18)
Update
ud (zx, tr) } .
s Pkt if Doy g @(2) — P (1) #0,
Prs1 = { T4, @ (20) =@ (@) | o
Ok + Ak, otherwise.

19)

Stopping criterion Set k := k + 1 and return to Iterative step 1.

We start by establishing a technical lemma useful to our analysis.
Lemma9 [2, 27] Let {gi} be a sequence generated by Algorithm 1 and the sequence

{ ok} is generated by (19). Then we have that klim or = pand p € | min {%, ,0()}, po+
—00

o
A], where . = Y Ay.
k=0
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Remark 10 It is obvious that the stepsize in Algorithm 1 is allowed to increase from

iteration to iteration and so (19) reduces the dependence on the initial stepsize pp.

Also, since {1t} is summable, we obtain klim Ar = 0. Thus the stepsize A may be
—00

non-increasing when k is large. If 1 = 0, the step size in (1) reduces to the one in
[20].

Theorem 1 Suppose that Assumptions (L1)-(L3) holds and let {q} be a sequence
generated by Algorithm 1. If Y72 | ax < +00 and Y o bk < +00, then

k
() d@k+1,p) < M- [[ A+ 2(e; +0;(1 + a;))), where M := max{d(qi, p),

j=I
d(q2, p)}.

(ii) The sequence {qi} converges to an element in Q2.

Proof Let p € €, then —®(gq) € W(p). Using (16) of Algorithm 1, we get
é exp,;1 2k — Iy 7, @(zk) € W (). By applying the monotonicity of W, we deduce
that

1

<E expy 2k — Dy @ (@1), expy ! p) < (=D (p), —exp, ' 1)
= (®(p). exp, ' 1) (20)
Since ® is a monotone vector field, then
(@(p).exp,’ fr) < (—P (1), exp, ' p). 1)

By combining (20) and (21), we have

1 _ _ _
(E exp; ' 2k — Dy, @ (z0). expy ' p) < (=@ (1), expy ' p).

thus

(exp;, ' zk. exp;. ' p) < (T ®2x) — @ (1), expy, ' p). (22)

Now, for k € N. Let A(zk, tx, p) < P be a geodesic triangle with vertices zg, t
and p and let Az}, 1/, p') C R? be the corresponding comparison triangle, thus
we have from Lemma 5 (ii) that d(zx, p) = llz — p'll, d(t, p) = llt;, — p’|l and
d(t;,z,) = ity — z;ll. Also, let A(gi41, %, p) S P be a geodesic triangle with
vertices gi+1, # and p, then A(g; 41 1. p) S R? is the corresponding comparison
triangle. Hence, we have d(qx+1, p) = lq;y — P'll, d(t, p) = llt — p'll and
d(qr+1, 1) = I qpyq — 1l
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Now,

d*(qi1. p) < Igjey — P17

= llgrsr — tr + 1 — P'II?

=ty — P'I* + I ghy — 4P + 20q4y — 15t — D)

=1t — z) + @ — POIP + iy — 4> + 20q400 — 1o 5 — P

= Ity — 25 I* + Iz = PP + N gppy — 111> + 20t — 24 25 — P)
+20 = ptp = p) =20t — PN+ 2qpyy — ot — P
+ 2t — 3, 1 — 24
— 2t — 2o by — 2p)

=d*(zk. p) — d* (k. 20) + qiy — GI1° + 20 — 2.t — P')
+ 2qpsr — ts . — D)
+2(t — plotg — p) = 2d° (., p)

= d*(z, p) — d*(tk. 20) + I gpsy — ti1* + 20t — 24 tp — 1)
+2(gpyy — Pty — ') = 2d% (1. p). (23)

Let r and 1" be the angles of the vertices #; and 7, respectively. By Lemma 5 (i), we
get r’ > r. Therefore, we obtain from Lemma 4 and (13) that

(ty —zp. t, — ') = |ty — 2|l - Ity — p'licosr’
= d(tx, z1)d (p, tx)cosr’
< d(t, zi)d(p, ty)cosr

= (exp, ' 2. exp;' p). (24)
Following the same argument as in (24), we have
(i1 — Pt — ') = (exp, " qurr.exp, ' ). (25)
Hence, we deduce from (18) that
1971 = 21 < PF T2 @ (@) — P11 (26)
On substituting (24), (25) and (26) into (23), we obtain

d*(qis1, p) < d*(zk, p) — d>(tr, zk) + PFITs 2, D (z1) — D) |
+2(exp;, ' zk. exp;, ! p) — 2d* (1. p)
+ 2(exp;,1 qk+1, exp;1 ). 27
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Using Remark 1, Lemma 2 and (27), we get

d*(qrs1. p) < d* 2k, p) — d (1, 2i0) + PRI Ts, 2 @ (2x) — P> — 2d> (1., p)

+ 2<6Xp;1 qr+1 —Tpy exptj gk+1+Tp g eXPIZI Gk+1> exp;] 1)
+2(expy, " 2k, exp, | p)

= d*(zk. p) — d* (. 21) + PFI T2 @) — D (501> — 2d% (1, p)
+2(exp;, ' 2k expy ! p) +2(exp, ! qiat — Tpuy expy ! qrrt. exp, ' 1)
+2(T p.g expy, ' gt expy, ! 1)

< d(zp, p) — d* (1, 2i0) + PR IT 1,2 @ 2x) — P> — 2d> (1., p)
+20lexp, ! gt — Ty expy’ qertllllexp, ! ol + 2(expy, ' 2k expy! p)

— 2(expy, " qis1. expy ' p). (28)

which also implies that

d*(qir1. p) < d*Gr. p) — d* (1 26) + PEIT s 2 @ (k) — @I — 2d% (1. p)
+2d%(p.i) + 2(eXP,;1 Zks fmp,;1 p)— 2<expt;1 qk+1> eXp,Zl p)
= d* (k. p) — d> (. 2) + PR IT 2 P(2k) — D) |1 + 2(expy ! 2, expy ! p)
—2(exp; qi41.expy, p). (29)

It follows from the definition of gy that exp;1 Gk+1 = Pk (T 7, P(zi) — P (1)).
Using the last inequality, we obtain that

d* (@1 p) < d*@p. p) — A2t 20) + PRIz, @ (i) — @)1 + 2{expy, 'z, expy ' p)
— 20k (T2 @ (2k) — (1), expy. ' p)

= d? (2. p) — d*(tk. 20) + PP I Ts. 2 P(2p) — @10 [1% + 2(expy, ' 2k expy ' p)

+ 201 (@ (1) — Ty @ (20). expy ! p). (30)

By substituting (19) and (22) in (30), we get

2
P
d*(qry1. p) < d* (k. p) — d* (. ) + 1 —pz" d* (i, 20)
k+1

+ 200 (@ (k) — Ty D (i) expy ! p) — 200 (@ (1) — T 5 @ (). expy, ' p)

2
0
=d* @, p) — (1 = 2 52=)d> (4, 2). (31)
Pi+1
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By utilizing the geodesic triangles A(wg, gk, p) C Pand A(gx, gk—1, p) C P with
their respective comparison triangles A(w}, g;, p') € R?. Then, by Lemma 5 (ii), we
have d(wi, qx) = llw, —qll, d(w, p) = [lwy,—p'lland d(qx, gr—1) = g, — g, Il
Similarly, using the geodesic triangles A (zx, wg, p) C Pand A(gk, gk—1, p) C Pwith
their respective comparison triangle A(z}, w}, p') € R%. Then, by Lemma 5 (ii), we
have d(zx, wy) = llzj — will, d(zk, qr) = llzp — qill and d(zx, p) = llzp — p'll-
From step 1 of Algorithm 1, we have that w; = ¢; + ax(q; — q;_,) and z; =
wy, + O (wy, — q;_,), thus

d(wi, p) = |lwy, — p'll
= llgi + (g — g;—) = 'l
<lgp — Pl + ewllgy — gp_y |l
= d(qk, p) + ard(qr, qr—1)- (32)

Similarly, it is easy to see that

d(w, qr—1) = llwy — g4 |
= llgy + ax(qp — q—1) — @1 |l
<Ngr — groy Il + axllgr — g |l
= d(qk, qk—1) + od(qk, qr—1)
= (1 + ax)d gk, qi—1)- (33)

By definition of zi, (32) and (33), we get

d(zk. p) = llzp — 7'l
= |lwy + 6wy, — qi—y) — Pl
< lwy — Pl + Ok llwy, — gy |l
= d(wg, p) + Okd (Wi, qk—1)
< d(qk, p) + od(qr, gr—1) + O (1 + ar)d (qk, gk—1)
=d(qk, p) + (ax + Ok (1 + a))d(qk, Gk—1)- (34)

2
Since lim (1 - ,uzé)—k) = 1 — u? > 0, this implies that there exists N > 0 such
k—o00 Pk+1

o2
that 1 —szz—k >0,Vk>N.
1
From (31) anar (34), we deduce that

< d(zk, p)
< d(gr, p) + (ag + O (1 + ox))d (qk, gr—1)
< d(qk, p) + (o + Ok (1 + ) (d(qr, p) + d(gk—1. P))

= (1 +ar + (1 + ap))d(qk, p) + (ar + (1 + a))d(qr—1, p).
(35)

d(qi+1, p)
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By applying Lemma 7, we obtain that

k

dqier. p) < M- []A +20ej +0;(1+ ). (36)
j=1

where M = max{d(q1, p), d(q2, p)}. Hence, the proof completes.
To establish the second part of the proof, we need to show that {gx} converges

oo oo
to a point in Q. Since Y ax < +oo and Y 6 < +oo, by Lemma 7 and (36),
k=1 k=1

o0
the sequence {gx} is bounded. This also implies that Y oxd(gx, gx—1) < 400 and
k=1
o0
> 6rd(qk, gk—1) < +oo. Using Lemma 8 in (35), we can claim that klim d(qk, p)
— 00

k=1
exists. We have from Lemma 5 (ii) and Proposition 4 that

d*(wi, p) = lwg — p'II?
= llg; + ou(qr —qp_) — P'II*
= [I(1 + @) (g — P)) — gy — PHII
= (1 + o)d*(qr. p) — axd*(qr—1, p) + o (1 + 0)d* (qr. qe—1). (37)

We also consider

d*(we, qe—1) = lwi — gj_, I
= llg; + o(gr — ar_) — g5y I”
= llg; — qe1 1> + 20a; — qi_y- (g — ;1))
+oillgy — qiqII*. (38)

But from (14), we have

(@ — G- G — G < (expy | qr.expy | qr)
= [lexp,,' | qcll®
= d*(qk. gk—1)- (39)

On substituting (39) into (38), we get

d*(wi, qi—1) < d*(qr. qe—1) + 200d>(Gr. qe—1) + @} d*(qr. qi—1)
= (14 o) *d* gk, q—1)- (40)
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We deduce from Lemma 5, (37) and (40) that

d*(zx. p) = 7 — PI1?

= lwi + 0w — g5_) — p'lI?

= 1(1 + 00w}, — q_p) — Oklgi_, — PI

= (14 0 d* (wk, gr—1) — Okd” (qr—1. p) + Ok (1 + O)d” (Wi, Ge—1)

= (1+00((1 + e)d*(qe. p) — axd*(gi—1. p) + o (1 + )d*(qk. qr—1))
— Okd*(qk—1, p) + Ok (1 + 6)d* (wi, qr—1)

< (L +60)(d*(qr, p) + o (d*(qi, p) — d*(qi-1. p)) + (1 + e)d* (qx, gk—1))
— Okd® (q—1, p) + O (1 + 0 (1 + ) >d> (qr, gi—1)

= d*(qr. p) + (0 + (1 + Be) (d*(qr. p) — d*(qi—1. P))
+ o (14 ) (1 + 00d* (qr. qr—1) + (1 + 00 (1 + ) *d* gk, qe—1). (41)

On substituting (41) into (31), we obtain

d*(qi+1, p) < d*(qr, p) + Ok + (1 + 0 a) (d* (qk, p) — d*(qr—1, P))
+ (1 + a) (1 +0)d* (qr, ge—1) + O (1 + 0 (1 + ) *d* (qe, qr—1)

o2
— (1 = w?—5=)d> (1, 20).- 42)
Pict1

The last inequality yields

2
0
(1- u?—pz" )d* (. zi) < d*(qi, p) + O + (1 + O)e) (d*(qe. p) — d*(qi—-1. )
k+1

+ o (1 + o) (1 + 00)d*(qr, qr—1) + O (1 + 00 (1 + a)*d* gk, qi—1)
— d*(qk+1. P)
= (d*(qk. p) — d* (@41, P)) + Ok + (1 + O)a) (d*(qk. p) — d*(qr—1. )
+ o (1 + o) (1 + 00)d* (qr. gi—1) + O (1 + 00 (1 + ) *d* (qe. qi—1)-  (43)

o o0
Since klim d(gx, p)exists, > o < +ooand Y O < +oo. It follows from (43) that
— 0 k=1 k=1

lim d(t, zx) = 0. 44)
k— 00
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Note that

d(w, q) = llw, — gl
= llg; + gy — gp—1) — qil
= axd(qk, gk—1) = 0, k — oo. (45)

From (45), we get

d(zk, qr) = Nz — q;l
= lwy + Ok (wy, — gr_1) — gl
< llwy — qill + Ollgg + (g — ar—1) — G |
< d(wi, qr) + Okd (g, qi—1) + Okod (g, gx—1) — 0, k — oco.  (46)
From (44) and (46), we have
lim d(#, gx) = 0. A7
k—o00

Using (45) and (46), we deduce that

lim d(zx, wy) = 0. (48)
k— o0

Since {gy} is bounded, there exists a subsequence {gy,} which converges to a cluster
point p. Also, from (47), there exists a subsequence {t,} of {fx} which converges
weakly to p € P. By (17), we deduce that

1 _
Tkl = _F[kl’zkl CD(Zkl) - ,O_k exptkll Uy € \I/(t]q). 49)
1

Thus, by applying (44), we have

1 1
li — -1 =l —d(ty,, =0,
Jim Ilexpy, " 2l = lim o (k> 2k)
hence,
li 1 —1 =0 (50)
i, oy &P <4 = O

Since @ is a Lipschitz continuous vector field and z;, — p as [ — oo. Combining
(49) and (50), we obtain

lim Yy, = —T'(P). (51)
[—o0
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Also, using the fact that W is a maximal monotone vector field, so itis upper Kuratowski
semicontinuous. Thus —I"(p) € W (p), which implies that p solves 2. Lastly by
Lemma 1, we obtain that {g;} converges to a point in 2.

4 Numerical Example

Example1 Let Ry = {x e R: x > 0} and P = (R4, (-, -)) be the Riemannian
manifold with Riemannian metric defined by (p, g) = é pq € Riy, p,q e T,P.

The Riemannian distanced : PxP — R, isgivenbyd(x, y) = |In %| forallx, y € P.

Let x € P, then the exponential map exp, : T, — PP is defined by exp, sq = xe’r
for all g € T, P. The inverse of the exponential map, exp;1 : P — T,P is defined
by exp;1 y=xIn )XC for all x, y € PP. The parallel transport is the identity on TP.
Let K= (0,1], ¥ : £ > Rand ® : £ — TP be defined by W(x) = xInx and
®(x) = x(1 + Inx), respectively. Then, ¥ is maximal monotone on C and ® is a
continuous and monotone vector field on . By simple calculation, we obtain that #;
in Algorithm 1 can be expressed as

1
Tk I+pg
th=(— , > 0,
e=(50)™ o

and (® + W)~ 10) = \/lé We choose o = ﬁ, Or = ﬁ, A = ﬁ, n= % and

po = 0.3. We terminate the execution of the process at Ey = d(Xx+1, Xk) = 1073 and
make a comparison of Algorithm 1 with a step inertial and non-accelerated versions
of the Algorithm. We test the convergence of the method with some initial values of
xo and x1. The result of this experiment is shown in Fig. 1.

Casel: xp=0.1andx; =0.18.
CaseII: xo =0.9and x; =0.5.

Example2 Let R}, = {x = (x;,x2,x3) € R® : x; > 0,i = 1,2,3}, P =
(Ri 4 {++)) be the Riemannian manifold with the Riemannian metric is defined by

(p.q) =pG)q", xeRy,, pqe LR, =R
where G (x) is a diagonal matrix defined G(x) = diag(xl_z, X5 2, X3 2). The Rieman-

niand : P x P — R, is defined by

d(x,y) =

3
Zlnzﬁ ,Vx,yeP.
i1

The sectional curvature of the Riemannian manifold P is 0. Thus P = (Ri )
is a Hadamard manifold. Let x = (x1, x2, x3) € P. Then, the exponential map exp, :
TP — P is defined by
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Case | Case ll

—%— Algorithm 3.2
—6— 1-step inertial

—~— Non-accelerated.

—%— Algorithm 3.2
—6— 1-step inertial

——~— Non-accelerated.

10 15 20 25 30 10 15 20 25 30
Number of iterations Number of iterations

Fig.1 Numerical report for Example 2

rL »n r3
exp,(p) = [ x1e*1,xpe*2, x3e™3

forall p = (p1, pp, p3) € T, P. Theinverse of the exponential map, exp;1 P— TP
is defined by

-1 )1 y2 Y3
exp, y=|x1ln—,xIn—=, x3ln—
X1 X2 X3
for all x, y € IP. The parallel transport I'y , : T,[P — T, is defined by

Y1 Y2 Y3
Py,x(p) = <Pl_a pP2—, PS_)
X1 x2 T x3

forall p = (p1, p2, p3) € TxP.Let K = {x = (x;,x2,x3) e P: 0 < x; <1, fori =
1, 2, 3} be the geodesic convex subset of P. Let ® : Ml — TP be defined by

W(x) = (—x1, x2Inx, 3x3), V (x1, x2, x3) € P,
and ® : M — TP be defined by
D(x1, x2,x3) = (x1 +x1Inxy, x2, —3x1 +2x31n2x3), V (x1, x2, x3) € M.
Then, ¥ is maximal monotone vector field on IC and ® is continuous and mono-

tone vector field on K (see [8, Example 1]). By simple calculation, we see that f; in
Algorithm 1 can be expressed as

I
= (tkl Pk, (t7) Tk t,fe3pk> .
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Note that (W + ®)~'(0) = {(1, £, 5)}. Letax = 7. 0 = 53, Mk = ﬁ w=3

and pp = 0.9. We terminate the execution of the process at Ey = d(Xg+1, Xk) = 10~4
and make a comparison of Algorithm 1 with one inertial and a non-accelerated versions

of the Algorithm. The result of this experiment is shown in Fig. 2 for two initial values
of xo and x;.

Case 1: xo =[1.5,1.5,1.5] and x; = [1.3, 1.2, 1.1].
Case 2: xo =[1.8,1.8,1.8] and x; = [1.5, 1.5, 1.6].

5 Conclusion

In this manuscript, we proposed double inertial methods with a forward—backward
method for solving variational inclusion problem in the settings of a Hadamard man-
ifold. We establish a convergence result for solving variational inclusion problem and
illustrate some numerical examples to show the performance of our method in com-
parison with some related ones in the literature. It can be seen from our figures that the
two steps inertial extrapolation method illustrated in our manuscript converges faster

050 Case 1 Case 2
—%— Algorithm 3.2 —%— Algorithm 3.2
045} 4 —6— 1-step inertial —6— 1-step inertial
| £ Non-accelerated. 45— Non-accelerated.
0.40 “ \‘
[ )
035 |4

& AMAAAAL = PN A N
25 30 35 40 45 10 12 14 16 18 20
Number of iterations Number of iterations

Fig.2 Numerical report for Example 2

@ Springer



Self-Adaptive Technique with Double Inertial Steps - - -

that the one step inertial method and the non-inertial iterative method. This result
discussed in this manuscript is new in the settings of a Hadamard manifold.
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