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Abstract Solving the quadratically constrained quadratic programming (QCQP)
problem is in general NP-hard. Only a few subclasses of the QCQP problem are
known to be polynomial-time solvable. Recently, the QCQP problem with a non-
convex quadratic objective function over one ball and two parallel linear constraints
is proven to have an exact computable representation, which reformulates the origi-
nal problem as a linear semidefinite program with additional linear and second-order
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cone constraints. In this paper, we provide exact computable representations for some
more subclasses of the QCQP problem, in particular, the subclass with one second-
order cone constraint and two special linear constraints.

Keywords Linear conic program - Semidefinite program - Nonconvex quadratically
constrained quadratic program - Second-order cone

1 Introduction

The quadratically constrained quadratic programming (QCQP) problem can be ex-
pressed as

inf xT Agx +2bL x + co

CQP 1
st. xeF (QCQP) W

where the feasible domain F £ {x € R"|xT A;x +2bTx +¢; <0, i =1,--- ,my,
xTij +2b]Tx +cj=0, j=my+1,---,my +my} with A;, A; € §", the space
of real symmetric square matrices of order n, b;, b; € R", the n-dimensional real
space,and ¢;,¢c; €R,i=0,1,--- ,my, j=my+1,---,my +my. This problem has
been extensively studied and proven to be NP-hard even if all of the constraints are
linear (Ref. [10]). For the convex QCQP problem, it can be reformulated as a linear
second-order cone programming problem and then solved in polynomial time using
interior point methods (Ref. [9]). For the nonconvex QCQP problem, only some sub-
classes are known to be computable. Here, “computable” means a problem can be
solved within an arbitrary precision level in polynomial time. In the literature, linear
constraints, second-order cone constraints and semidefinite constraints are commonly
used to construct an equivalent representation of a given QCQP problem. When the
equivalent problem is polynomial-time solvable and the size of such a representation
is polynomial in terms of the size of the original problem, then we say it is a “com-
putable representation.” Computable representations of QCQP with F being defined
by one nonconvex quadratic inequality constraint, or by one strictly convex/concave
quadratic equality constraint, or by one convex quadratic inequality and one linear
inequality can be found in Sturm and Zhang [13]. Moreover, the computable rep-
resentation in [13] also works for the QCQP with F being defined by two convex
quadratic inequality constraints sharing the same Hessian matrix. Kim and Kojima
[7] proposed a semidefinite representation and a second-order cone representation
for QCQP problems whose matrix formulations have coefficients being uniformly al-
most OD-nonpositive. (A real symmetric matrix is OD-nonpositive if its off-diagonal
elements are nonpositive.) Furthermore, Ye and Zhang [14] provided a semidefinite
representation for three subclasses of the QCQP problem with two quadratic con-
straints: (i) one of the two constraints in the SDP relaxation is not binding, (ii) the
two constraints and the objective function are all in the homogeneous form, and (iii)
one is an elliptic constraint and the other is a linear complementarity constraint.
Recently, Burer and Anstreicher [2] showed an exact computable representation of
QCQP with one elliptic constraint and two parallel linear constraints. However, the
computable representation of QCQP problems with two binding elliptic constraints
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Exact representation of QP over SOC 109

or one second-order cone constraint is still unknown. (Note that having a second-
order cone constraint is equivalent to having one quadratic constraint and one linear
constraint, not merely one quadratic constraint.)

In this paper, we will show computable representations of QCQP problems with
the following feasible domains:

e F={(x,y) eR" xR | ||x|| < a +a2Tx+a3Ty,a1 —I—a2Tx+a3Ty>a4>O}
with a; € R, ap e R, a3 € R"2 and a4 > 0.

o F={(x,y) eR"xR™ | ||x|| <ai+ajx+ajy,as>a+a,x+ajy>as >0}
witha; € R, ap e R™, a3 €e R" and a5 > a4 > 0.

The above representations generalize the ball constraint and the second-order cone
constraint. As a corollary, one can obtain the computable representation of the widely
used second-order cone constraint ¢/x + d > ||Ax + b|| with [ < cTx +d < u,
in which c e R",d,l,u € R, A € R™*" and b € R™. In particularly, when F =
{(x0,x) € R x R"||lx|| < xo}, the computable representation derived in this paper
answers the question in Proposition 8.7 of [3]. Another motivation is that, in [4],
a QCQP problem can be reformulated as a QCQP problem over an intersection of
several second-order cones or several semidefinite constraints. However, computable
representations for such problems are not known. In our paper, we take the first step
to handle such problems, i.e., one second-order cone constraint.

Another advantage in our paper is the use of second-order cone in the linear conic
relaxation. In most literature, given a quadratic constraint, only the straightforward
SDP relaxation is used. For example, a second-order cone constraint is relaxed to

0
1 T I n+2
— <
1 , .[y Y}\O’ |:y v eSY

where S_'ffz is the set of positive semidefinite matrices of order n + 2 and M| e M>
being defined by tr(M IT M>), the trace of M IT M. This formulation is only a relax-
ation. By adding an additional constraint y € SOC(n), with SOC(n) £ {(xo, x) €
R x R*||lx|| < xo}, a tight representation can be obtained. Such an advantage has al-
ready been observed by several scholars recently (see [2, 5, 8, 13, 14]). In our paper,
new results are based on such observation and the authors suggest that more atten-
tion be paid to the second-order cone constraint while constructing a linear conic
relaxation.

In our derivation of computable representations, we adopt the concepts of copos-
itive cone and cone of nonnegative quadratic functions which have been extensively
used in recent studies. In [13], given a nonempty set 7 C R”, the copositive cone
over F is defined by

HDy = {MeS"x"Mx >0,Vx € F}. 2)

Its dual cone is

HD% =cl conefxx” € §"|x € F}, A3)
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110 Q. Jinet al.

where “cl” means the closure and “cone” stands for the conic hull of a set (the small-
est convex cone containing the given set). The cone of nonnegative quadratic func-
tions over F is defined by

T
Dfﬁ{MeSHJZMQE ;&}>QVxef}. 4)

Its dual cone has the formulation of

T
D}:clcone{ box Ti| es"t!

X XX

xe}"}. 4)

The above four cones are all closed convex cones. They are related through the fol-
lowing set:

Hfzd{ﬁ}ekﬁlxﬁef¢>0} (6)
Sturm and Zhang [13] proved that
Dy =HDy, and D= HD;‘#. @)

They also showed that the QCQP problem has the same objective value as that of the
following linear conic programming problem:

T
inf |:CO b0i| 94

bg Ap
(LCoP) ®)

s.t. Y =1

YED}

and that of its dual
sup o
co b o 0
s.t. |:b0 A00:| - |:0 0j| € D]: (LCOD) (9)
ocelR

Burer’s copositive representation [ 1] worked on formulating the set Dj__ N{Y Y =1}
with F = {x e R"|Ax = b, x € {0, 1}"*} under a key assumption of

xelyeR"Ay=b,y20} = xe{yeR"0<y<1}.

Burer [3] and Eichfelder and Povh [5] further extended the results to the case that
F ={x]Ax = b, x € K} with K being a closed convex cone. Their results can be used
to construct the corresponding D*}-. Based on [3] and [5], Burer and Dong [4] used
the cone of nonnegative quadratic functions over the Cartesian product of several
second-order cone constraints to represent some QCQP problems, which has been
mentioned before.
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Exact representation of QP over SOC 111

In the rest of the paper, some commonly used notation and properties of the cone
of nonnegative quadratic functions are given in Sect. 2. An exact computable rep-
resentation of the QCQP problem with one second-order cone constraint and two
special linear constraints is provided in Sect. 3. Some concluding remarks follow in
Sect. 4.

2 Notations and Properties

Given a nonempty set 7 C R”, the cones Dr, D;_-, ‘HDr, ’HD*}-, and the set H r are
respectively defined by (2)—(6). In this section, we first study the properties of these
cones and then provide some useful tools for the proofs in Sect. 3.

2.1 Properties of D, D%, HD and HD
From [13], we have the next property.

Lemma 1 [13] Given a nonempty set F C R", we have the following facts: (i) Hr
is a closed cone; (ii) Dy = HDy ,; (iii) D = ’HD%}_; (iv) D and D are dual to
each other.

The closure operator in the definition of HD?%- and D% is not desirable since it
may be difficult to handle in an optimization problem. In some cases, the closeness
requirement is automatically fulfilled without applying the closure operator. The next
two lemmas provide necessary and sufficient conditions to omit the closure operator
from the definition of HD and D’ respectively.

Lemma 2 Given a nonempty set F CR", HDY} = cone{xx” € S8"|x € cIF} if and
onlyifclitx e R"|x e F,t 20} ={tx e R*|x e clF,t > 0}.

Proof Tt is clear that cone{xx” € S"|x € clF} C HD;_- and {tx € R"|x € clF,
t>0}Ccl{tx eR"|x € F,t > 0}.

[“Only if” part] If HD = cone{xx” € 8"|x € clF}, then, for any y € cl{tx €
R*|x € F,t >0}, we have y = lim;_, ;oo x’ where x! € {tx e R"|x € F,t > 0}. De-
fine Y = yy” and X’ = x/(x")T. Then ¥ =1lim;_, ;o0 X' € HD’. From our assump-
tion, ¥ € cone{xx” € S"|x € clF} and the rank of Y is only 1. Therefore, ¥ = Axx”
for some A > 0 and x € cl’F. This means that y = k%i e{tx e R"|x eclF,t > 0}.
Hence cl{tx e R*|x € F,t >0} = {tx e R"|x eclF,t > 0}.

[“If” part] If cl{tx e R*|x € F,t > 0} = {tx € R"|x € clF, t > 0}, then, for any
Y € HD?, we have Y = lim; 400 Y! where Y! € cone{xx” € 8"|x € F} for all i.
Notice that each Y’ can be decomposed as Yi = Z;.izl(k;xi-/)(ki.xij)T with r; <

. .. . n(n+1)
nstl) A, >0and x"/ € F, foralli, j. Let X' € R"™ > be defined such that the

first 7; columns of X' are formed by ()»i.xij ), j=1,---,r;, and the rest of columns

are all zeros. Since ¥ = lim;_, 4 Y and Y = X1(XHT, we have limi_>+oo(Xi °
n(n+1)

X' =1im;_, ;oo tr(Y?) = tr(Y). Therefore, {X'} is a bounded sequence in R"* "~ 2
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112 Q. Jinet al.

and there exists X which is the limit of a subsequence of {X’}. Hence ¥ = XXT.
Notice that each column of X is an element of cl{rx € R"|x € F,t > 0}. From cl{tx €
R*|x € F,t >0} = {tx € R"|x € cl.F}, each nonzero column of X can be denoted as
ijj with A ; > O and x/ € clF. Consequently, Y = XXT e cone{xx” € S"|x € clF}
and HD% = cone{xx” € §"|x € clF}. O

Remark 1 Given a set F C R", noticing that Hr is a closed cone, hence we
have D% = HDj, = cone{yy’ € S"tly e Hr} = conv{yy? € "y e Hr} =
{32 ¥y ()T € 8"y’ € Hp). Therefore, showing M € D’ is equivalent to show-
ing M =3, y'(y")T for some y; € Hz.

Remark 2 Tt was noticed in [6] that Lemma 1 of [13] does not always hold. Here we
provide a necessary and sufficient condition for that Lemma. One may also check
that Lemma 4 and Corollary 5 of [6] can be derived from our Lemma 2.

1 XT n 3
T] € §"|x e clF} if and

X XX

Lemma 3 Given a nonempty set F C R", ’D;- = cone{[
only if F is a bounded set.

Proof Since D% = HD;"_(f and Hr = cl{t[}c] |x € F,t >0}, we only need to prove
that Hz = {['] e R""!|x/1 € cIF,t > 0} U {0} if and only if F is bounded. Obvi-
ously, {[{] e R"*!|x/r € cIF, 1 > 0} U {0} C Hrr.
[“If” part] When F is bounded, for any y = [;] € Hr, we have y = lim; , {0 '
1

where y! = [jf,-] with #/ > 0 and & € F. (i) If = 0, then lim/_, o0 #' = 0. Since
F is bounded, the sequence {’t‘—;} is bounded. Therefore, x = lim;_, 4 i ’t‘—; =0,1i.e.,

y=0. (ii) If r > 0, then, since {)t‘—l-i} is bounded, there exists a z € clF being the limit
of a subsequence of {)t‘—;}. Hence x = lim;_, ;o0 1* )t‘—,l =tz,ie,ye{[[]eR"|x/t e
clF, 1 > 0}. Therefore, Hr = {[1] e R"™|x/t € cIF, 1 > 0} U{0}.

[“Only if” part] If F is unbounded, then there exists a sequence {z'} in F such
that lim;_, 4~ ||zi || = +o00. Without loss of generality, we may assume that none of

these vectors is zero. Since the surface of the unit ball is closed and bounded, there

z

[ _

such subsequence, i.e., we can assume that z = lim;_ 4o ”i—,u # 0. Now define y' =
i 1/11Z¢ . i 10 0

[;l] = [zi//l:\zzf‘h]' We have lim;_, y o0 V' = [Z] € Hr. However, [Z] ¢ {[;] eR™lx/t e

clF, 1 > 0} U {0}. Therefore, Hx # {[[] e R"!|x/1 € clF,1 > 0} U {0}.

Together with Lemma 2, we have D7 = cone{[; x’;TT] € §"|x € clF} if and only
if Hr= {[;] e Rl x/t € cI.F, t > 0} U {0}, which is equivalent to saying that F is

bounded. O

exists z such that a subsequence of {5~} converges to z. We can replace {z'} by

As we can see, the cone of nonnegative quadratic functions and its dual cone
posses the following monotonic properties:
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Exact representation of QP over SOC 113

Lemma 4 [f 7| C Fp C R", then D}}] - ’D}z and DF, 2 Dg,. Moreover, for any
given F CR", D% c ST € Dy

Proof The proof follows directly from the definitions (2)—(5). O

Given a set K, we use K* to denote its dual set, which is a closed convex cone.
The next lemma will be needed in Lemma 6 and later proofs in Sect. 3.

Lemma 5 (Corollary 16.4.2 in [12]) If Ky, ---, Ky are nonempty closed convex
cones in R", then
K * s
(ﬂ K,) _ CI(Z K)
i=1 i=1
If there exists a common point of the relative interior of each K;,i =1, --- , s, then

(0) ()

Together with Lemma 4 and Lemma 5, we have the next result.

Lemma 6 If F = Ule Fi € R" and each F; is nonempty, then Dy = ﬂle Dy,
and DY = Zle D%

Proof From Lemma 4, we have Dy C Dy, fori =1, ---, k. Consequently, D C
ﬂle Dg,. Now if M € ﬂle Dg,, then, from M € Dr,, we know M e [ XTT] >0

1
X XX
fe g ; 1T k L
or each x € F;, which means M e [x xxT] >0 for all x € | J;_; Fi = F. Therefore,
M € Dy and Dy 2 (i_, D,. Consequently, Dr = (_, Dr.

Notice that Dy, is a closed convex cone and Dy, 2 Sj’_‘“, i=1,---,k. From

Lemma 5, we have Y %_, Dy = (N, Dr)* = Dp)* = D% O

When F = F; x R™ for some positive integer m, D can be expressed by D;_-l
and one additional semidefinite constraint as in the next lemma.

Lemma 7 Given a nonempty set F1 C R" and let F = F1 x R™, then

Ar AT L4n+
D}:{[Az Aﬂe&" " A eD |
Proof Let
T
K:{[gi ﬁﬂe&‘f’”’” AleD*fl}.
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114 Q. Jinet al.

Since HF =Hr, x R™ and

inT

wi Tt .
o[

[H eHr=Hgr, me},

we have ¥ = Y, [“{][”{]T = [Y‘ YZ‘T] € S}f””’, for any ¥ € D%, and Y| =

vt dLy! o1

Youlwh e DY . Therefore, Y € K and D C K.

T
Moreover, if ¥ = [};,‘2 );,23] €K, thenY € SJ]:F”J“’" and Y € D . We can find de-

compositions Y| = PPT = BBT, where P € RUTM*k for some k > 0 with each
column of P lying in Hz, and B € RUFWX" with r = rank(Y;). Furthermore, we
have r < k and P = BQ for some Q € R"*K being of full row rank. Since Y is
positive semidefinite, there exists R € R such that YZT = BR. Hence

y— BBT BR| [ BBT BR[O 0
“|RTBT ys | |RTBT RTR 0 Ys—RTR|"

Notice that Y e S}f”m if and only if ¥3 — RTR € S7. (Otherwise, 7 =
[_B(BTEB)ARE] e RUHHm with 57 (Y3 — RT R)v < 0 disproves the positive semidef-
initeness of Y due to the fact that z'Yz = o7 (Y3 — RTR)o < 0.) Clearly,
[0 0 ] € D%. We now prove that [R?BT BR ] € D%. Since BBT = ppT =

0Yv;—RTR BT RTR
BQOT BT, we have

00" =(B"B)"'B"(BQQ"B")B(B"B)”"
=(B"B) 'B"BB"B(B"B) ' =1,

LetU = RTQ, then
PIrP1" _[PPT PUT] [ BBT BR
vjlul WPt vuT|T |RTBT RTR|

T
Notice that each column of [5] is in Hz. Hence [ R?gf 25 z)] € D’ This leads to

Ye D;_- and K C Dj_-. Together with D} C K, we have D}- =K. O

Burer [3] proved that when F = {x € L € R"|Ax = b} with K being a closed
convex cone, then

Din{resiy=1}={r= L] cprc st A =b

F 1 x X K= diag(AXAT)=bob
where diag(M) is a vector with [diag(M)]; = M;;,i =1,--- ,n,and b o b is a vector
with [b o b]; = bl.z, i=1,---,m. Here we give a more general result on D} and the

proof is similar to that of Burer [3].
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Exact representation of QP over SOC 115

Lemma 8 Given Fo CR", AcR"™ " and be R", if F={x e Fy | Ax=b}isa
nonempty set and Hyr = Hzx, N {[f(] e R" Y Ax =1b}, then

T
X X 1
D;z{yz[x X}epjfogs"+

Ax = xb
diag(AXAT)=x(bob)|"

Proof Define

T
ge{u[ﬁ xX}eD*fogS”“

Ax = xb
diag(AXAT)=x(bob) [~

. T .
Since [xl ;;T] € G for any x € F and G is a closed convex cone, we have D;- cgq.

For the reverse direction, it is sufficient to show that every ¥ € G can be repre-
sented as
i i\T
y=3 50"
i

with y € Hr. As we can see that

D, =cone{yy’ e S"y e Hz )= {Zyi(yi)T eSSty e H]:O}_
i

For any Y € G, we have

Y=2i:yi(yi)T :; E]E]T

with & >0 and [i] € H,. We claim that: (i) if & = 0, then 2’ satisfies that Az’ =0
and [3] € Hr; (i) if & > 0, then x' = 7' /£ satisfies that Ax' = b and [i] eHr.
Since Y € G, we have

(Terp-gee
and

(30060 = S asa(ae ()7 147) = X0« (4)

i i

Consequently,
(2{:5%5) o (;S’Az’) = (Xi:(s")2> Xi:(Azi) o (A7).

By the Cauchy-Schwarz inequality, the equality sign holds if and only if there exists
ad € R™ such that £'§ = Az forall i.
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116 Q. Jinet al.

When £/ =0, we have Az’ = 0. From the assumption on H, we know that [ZO,] e
‘H~ and Claim (i) holds.
When &' > 0, we only need to prove that § = b. Notice that

(Z(Ej)2>b =Y ¢ A = <Z(§j)2)8.

J J J

Since &/ > 0, the above equation leads to 8 = b. This proves Claim (ii).
From Claims (i) and (ii), we have Y € D} and G C D}. Together with D’J‘,} cg,
we have D} =G. O

Remark 3 When Fy is a closed convex cone or a closed bounded set, the assumption
on Hz always holds. Consequently, the study on the representation of D% can be
simplified to the one of D;_-O.

Remark 4 According to Lemmas 2, 6, 7 and 8, when deriving computable represen-
tations, (i) showing M € D% is equivalent to showing M =Y_; y'(y')" for some
vi € Hx; (2) if F is the union of several sets, we could treat them separately; (3) we
could focus on the set without linear equality constraints (under certain conditions)
and free variables. These properties will simplify the proof of the computable repre-
sentation.

2.2 Some Useful Results

In this subsection, we introduce some results used in the proofs in Sect. 3.

Firstly, three observations can be made here: (i) Given a nonempty set 7 C R”
and a closed convex cone K C Sfr] , if D;_- C K, in order to prove D~ = IC, we only
need to prove that K’ £ KN {Y € " jtr (Y) <1} C D%. (i) Given ¥ = Yl 4 y?
with Y, Y1, Y2 #0,Y € K and vylLy2eKc S”+1 a convex combination of Y can

be obtained by reformulating ¥ = ttrr(();,)) ARE ttrr((l;)) 7% with Z!' = ;r((g M)yl e K and
_ u®)

= wrd Y2 e KC'. (iii) Since K’ is a bounded closed convex set, the task of proving
K' c D’ can be reduced to proving that every extreme point of K is contained in
D%
The next lemma characterizes the property of the extreme points for an SDP fea-
sible set.

Lemma 9 [11] Consider an SDP feasible set, for some integer p > 0 and A"V € S"J
i=1,---,m,j=1,---,p,let

p

Fé{(xl,~--,Xp)eSi‘ X .-

AV o X/ = l,i:l,-n,m}.

If (X', ..., XP) is an extreme point of F andr; =rank(X/), then 27:1 rirj+1) <
2m.
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Exact representation of QP over SOC 117

In order to investigate the second-order cone constraint through the above lemma,
we need its equivalent SDP representation.

Lemma 10 [2] Given zg € R and z € R", let

I
Arrow(z0, z) = |:on" ¢ ]
z 20

and r = rank(Arrow(zo, 2)). Then ||z|| < zo if and only if Arrow(zo, 2) € S"H In
addition, if ||z|| < zo, then one of the following three cases holds: (i) (zo, z) = 0 and
r=0; )|zl =z0 > 0and r =n; (iii) ||z|| <zp and r =n + 1.

The next result about rank-one decomposition will be used repeatedly in later
proofs.

Lemma 1l Let X € S} bea nonzero matrix and rank(X) = r. For any vectora € R",
if Xa#0, then X' = X — X““ ES” and rank(X) =r — 1.

Proof Let X = YTY. The first claim can be proved by noticing that (u” Xu) x
(@”Xa) = |Yul®|Yal? > (Yu)T (Ya))?> = u” Xa)?, for any u € R".

Obviously, rank(X’) > r — 1. The second claim can be proved by noticing that (i)
any u in the null space of X is also in the null space of X’; (ii) a is in the null space
of X’ but not in the null space of X. O

3 QCQP with One Second-Order Cone Constraint
In this section, we focus on the exact computable representation of the QCQP prob-
lem whose domain is defined by one second-order cone constraint and some special
linear constraints.

Our first result deals the QCQP problem whose domain is specified by one second-

order cone constraint and one special linear constraint.

Theorem 1 Given a nonempty set F = {(x,y) €e R" x R™ | ||x|| <a; + a2 x +
a3 v, ay +a2x+a3y as >0} witha; e R, a, e R", a3 e R™ and aq > 0, let

Cl = [0 In| 0]7

@ Springer



118 Q. Jinet al.

Then we have

x xT T IC\Uei|| <a’Uei, U
Dr={Uu=|x x Wl |es"™"| e@i -clc)>0, ,
y W r b Ue; >0,aTUb> |C1UB|

M — 2 C3 = daerb” +bel) — (eyyl CT + Caypriel)
Dr=c{MeS"™H2|  _ Tl 4 CyynbT) e SLMT2,
AL Ao 20,91, Y2 € SOC(ny)

Moreover, the corresponding problems of QCQP and LCoP defined in (1) and (8),
respectively, have the same optimal value.
If there exists (x, y) € R™ x R"2 such that || x| < a; —i—azT)_c +a3T§ and ay +a2T)E +

a_q)T)_) > au, then Dr can be simplified as

M —21C3 — Ma(erb” +bel) — (ery] CT + Caypie])
D]__ =IMe Sl+"|+n2 _ (bw.zTCZT + CszbT) e S_l,'_+nl+n2,

A1, A2 20,91, Y2 € SOC(ny)
Moreover, the corresponding dual problem LCoD (as defined in (9))

sup o

(&) bT o 0 T T
s.t. |:b() AO()] — |:0 Oi| —AC3— )»2(6117 +b€1)

(10)
— (w1 ] + Cayne]) = (b0 €T + Coyab”) e S

o €R, A1, A2 20,91, Y2 € SOC(ny)

attains the same optimal value as that of the original problem QCQP.

Proof Define

x xT T alUey = |C Uel,
K2{u=|x x Wwl|eS™"™™| Ue@a” —clcy) >0,
y W Y bTUe >0,aTUb > ||C UD|

It is clear that D}- CcK.
To prove K C D%, it is sufficient to show that all the extreme points of K’ £ K N

{UeS L4ni+n; | tr U < 1} belong to D}. In other word, for each nonzero extreme
point of X’, we need to find a rank-one decomposition with all elements falling in
Hr.

We first prove that

{(t.x, ) €Ry x RN x R™ | x| S art +afx +al y,

a1t+a2Tx+a3Ty>a4t,t>0}§H}-.
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t
If + > 0, then [)y‘x] € F and hence [x] € 'Hr. Otherwise, if + = 0, since F is not
y

; 0 1
empty, there exists [ § ] € F. One can verify that [x] + %[fg] € Hz. When k goes to
y h]
0
infinity, its limit [x ] € Hr. Therefore, the above inclusion holds true.
)7
Next, we let U be a nonzero extreme point of X' and consider the follow-
ing five cases for a complete proof: (i) x = 0; (i) x > 0, a’ Ue; = ||C1Ue||
and aTUb = ||C Ub||; (iii) x > 0, a"Ue; > ||CiUe;|| and a” Ub = |C,Ub||; (iv)
x>0,alUe; =||CiUe|| and a’Ub > ||C1Ub|; (v) x >0, aTUe; > ||C Uey]||
and a’Ub > ||C,UD|.
0
For case (i): 1t is clear that the corresponding [fo] = 0. Furthermore, since U°
[XO (WO)T

70 30 | must be an

is an extreme point of k', the corresponding matrix Z° £
extreme point of

LE ZZ[X WT]GS_T*"z rZ< 1’[ ] [2]22’1 Xii,
v (21" Z[2] > I1Xby + W7 bs |

We will discuss three subcases: ZO[Z] =0, [¢ 3] Zo[bz] 1X%, + (WThs| >0
; 3
and [©2]" 2°[12] > 11Xy + (WO)T b3).
When Zo[bi] = 0, from Proposition 3 of [13], we can always find a rank-one
decomposition Z° = >z 1(z))T satisfying

a r a ny

[ai] Z()" [ai] > ;(13)2
Since Z° is positive semidefinite and [bz]TZO [Zi] = 0, we have (zi)T[Z§] =0 for
all i. One can verify that Z0 =", (fr)zé (;r')ng (z'(z)7T)] and ([rﬁ Z@HhHeL
for all i. From the fact that Z° is an extreme point of £, then Z° = ‘r Z (z zH7T) for
all i, ie., rank(Z%) = 1. Let Z° = z0G:")7, then U = [ 3] $]" andO:a U
bT[ ] Notice that

Consequently, [ ] eHr ie,U%€ D%
When [jg] 2121 = 11X%; + (W) b > 0, let z £ Z°[}2]. Noticing that

oot [ [ ] o et
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we know V £ 70 — xzzT is positive semidefinite for some A > 0. We can rewrite the
above equation as

ZO_trV trZOV +)»sz tr 9 T
T wz0\ v wz0\ 77 )

tarxtwhliya wz 24X WHT1 2 0z’ T 1
Let Z 7[W1 vl ]fWV and Z 7[W2 v ]fﬁzz.ThentrZ
tr Z2 =tr Z° < 1. One can verify that:

Since 2 = 20[32] = [V,  and Z2[2) = S22 [2)e = [3 0], we
have

T 0 T 0 ni

a j|a2| _0Z7 [ap 0 m|a|l tZ 0 2
Z - AN > 3 (X0 — a2

[as} [03} trV [03} ( « )|:a3} trV Z( )

az Tzz by thzo az TZo by || b2 TZo by
as b3 Iz a3 b3 || b3 b3
wZ® o o7 T | b2

= ()0l (<7 2])

| X252+ (W2) 1|

’

and

T 0 T
az 1|02 tZ7|ay 0 T\ | b2
V4 = — Z°— A
[m] [bs] trV [613} ( “ )[ln
_ tr Z°

X%, + (WO) s | (11|22 ke
Y 2 : b3 b3

= | X'br+ (W) 3.
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Therefore, Z' and Z? are all in £. Since Z° is an extreme point of £, then Z° = Z! =

0 0
7% ie,70= trTZ 72zl Letu® 2 ["2] £ [ /[r(ZO)Z], then U = uo(uo)T. Notice that
T,

0
u y

VAN
bTuo—aTuo—azu +a3T ?,: 2l 7072
Z as

t Z
=\ X2+ (W) 3] = [t

Consequently, we have u° € Hz and U € D
When [“2] Z0 [bZ] > | X%, + (WO)T bs]|, we know that (29, S, 59, 59), where

T
b
S92 Arrow ([az] ZO|: 2i|, X%, + (WO)Tb3> )
as b3
0 0 04 |@
sp21—twZz’ and )2 [@] |: ] E X,

is an extreme point of

z=[X WT],
N (Z,S,Sl,sz)6811+'12x Wy T 1 ay
= SR, xR, wZ+si=1[g] Z[o]-s2="1 X,

S =Arrow([2§]TZ[b3], Xby + WTb3)

From Lemma 9, let rz = rank(Z°), rg £ rank(S%), r; £ rank(s?), = rank(sg).
Then

rz(rz+ D +rss+D+r@r1+1)+r@+1) <4+ 01+ D(ng +2).

T
Since rs =ny + 1, by Lemma 10, we have rz = 1 and 70 = [ ][ ,] with asz/ +

041047 ’0 0
aly’ > ||x'|l. Consequently, U° = [ /][x;] Noticing that bT[x:] = aT[x:] >
y y y y

0
I/l we have [ | € Hyrand U° € D
y/

Therefore, we have shown that our claim holds for case (i).

e1e| Uo

For case (ii): Since x > 0, we have U # 0. Define U! £ v T, and U2 £

UY — U'. From Lemma 11, we know U? is positive semidefinite.

Tyo .
When U2q = 0, we have 0 = U?qa=U% — uerl, ie., U% and UOel are

7770
€1 U%;
linearly dependent. Therefore, U 0p = U% — asU%; is also linearly dependent on
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UO_trUl trUOU1 +trU2 trU0U2
T U\t U! tr U0\ tr U?

. 0 0
and one can verify that g Zl U' € K'. To see %U 2 € K/, we only need to show

U? € K. From U?a = U%e; =0, we have a’ U?e; > ||C1U%e|| and b7 U?e; > 0.
Notice that

U%/. Rewrite

U?e(aa” —CTCy)=(U"-U") e (aa” —C[C1)=U"e (aa” —C]Cy) >0.

From U?a = 0, we have tr (C1U2C1T) = 0. Consequently, C\U*=0,qa"U%*» =0
and C{U%b = 0. Hence U? € K and wUZ 12 e K. Since U is an extreme point in

tr U?
. 0 0 ..
K/, either U2 =0 or U® = %U‘ = %U? Noticing that U'e; = U%; #£0 =
UVl UO .
U?ey, we must have U2 =0 and U% = U =%.From U'ek, one can verify
1 1

erl

Vel Ue
When U2a # 0, we have a” U?a # 0. Let U3 & % and U* 2 U2 - U3 =
U%—yU!— U3, From Lemma 11, we know U?> and U* are both positive semidefinite.

From tr (C,U*CT) >0, we have

that is in H.r and, therefore, U° € D*}-.

(aTUza)[tr (ClUOCIT) —aTUOa]
> (aTUza)[tr (Cl(U1 + U3)C1T) —aTUOa]

C1U%; |2 eTU% 2
:(aTUza)4” IT 01” +HC1U0a— ; 5 C1U%,
e; Ul¢; e; U%;
— (aTUZa)(aTUOa)
Tr/0 0 2 Tyrr0
Uval|C1U 2es U a
_aUalCiUe] +] 0% - Z——TUu’cT C,U°%
el UV el UV
- (aTUZa)(aTUOa)
Trs/0 Trr0 N2 Trs/0
a' U a)(e; U a 2e; U"a
! T)(Ol L ental? - A——elv'cl 1% — (a" U %)’
e; UPey e; UV

z(aTUOa)(elTan)z 2¢TU%
B el UPe el UV,

elTUOClTC1U0a + ||C1U0b+a4C1UOe1 ||2

- (aTUOb + a4aTUOe1)2

T 770 Tr70 \2 T770
a' Ua)(e; U%a 2ey U"a
( ey Ula)”™ _ 2ey eluicl v

=2
elTUOel elTUOel

+ 2a4e1TU0C1TC1UO(a —agey) — 2a4(aTUOel)aTU0(a — agey)
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_ 2(aTUOa)(e1 a)e1 U%a — aser) ZEITUO(CI — agey) TUO
erl erl

crcU%
=2-"1——((a"U%)(e] U%a) — el U°CT C1U%) > 0.

The above inequality indicates that tr(C; UOCIT) = a’U% if and only if

Tr70
tr(C1U*C 1T ) =0 and [‘21502] and [%TIZSZ] are linearly dependent. Consequently,

T7r70 T770 .
when tr (C;U°CT) = a” U%, we know that [”él 302] and [‘élZOZ] are linearly de-
pendent. Notice that

alU?h=a"U% —a4aTU261 =a’U% >0

aTU?b aTU% eTU% 1aTy0%, T2 2
and [Cleb] = [ClUOb] ~ U, [C]erl]' Hence a’ U“b = ||C1U~b||. Then we can

easily verify that U! and U? are both in K. From
UO_trUl trUOUl +trU2 trUOU2
U0\ U! tr U0\ tr U2 ’

we know U Land %U are both in K. Therefore, U 0yl =

vo elel

TUe, From

UY € K, one can verify that \/% eHrand U e D%
e; U,

Hence we have shown that U° € Dj_- in case (ii).
For case (iii): Welet U' 2 U%bT U and U? £ U° — U with 1 > 0 being a suf-
ficiently small number. One can easily check that U! € JC. When A is small enough,

2 - .. . . T7170 0 aTerl .
U~ is positive semidefinite. From a* U"e; > ||C1U"eq ||, we know that [Conel] 1s

. . . T2 T 70 T 70
an interior point of SOC(n1). Therefore, [Z, ZZZ:] = [2’1502] AT UOel)[aC goi]
is also in SOC(n1) when A is small enough, i.e., a’ U%e; > ||C1U?e1||. We can also

see that

U?e(aa” —CIC)=(U"-U") e (aa” —CTC\)=U"e (aa” —CTCy) >0,
bTU%e; =bTU%; — A(bTUD)bTU% >0, and
a’U?b=(1-1(bTU))a”U% > | (1 — 1(6TU))C1U%| = || C1U?b|.

Therefore, we have U? € K. Since U is an extreme point of K, we know U° =

0
gglUl U U U2, However, a” Ul = W04 U ey = "UIA (BT U0%))(a" U%) x

= %/\(bTerl)llclUObH = %nclu e1] = |IC1U°%; ]|, which contradicts to

aTU%; > ||C U ||. This shows that no extreme point of K exists in case (iii).
For case (iv): The proof is similar to that of case (iii).
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For case (v): Let

x xT yT
U=|xxwT|,
U, 81, 82,51, 82,83) € ywry
L= S}r+nl+"2 X S}fn‘ X ij"‘ « | S1 =Arrow(a’ Uey, C\Uey),
R, xRy x Ry S» = Arrow(a Ub, C1UD),
si=U e (aal — ClTCl),
s2=bTUel,53=1—trU

Since U is an extreme point of X', we can see the correspondlng O, S?, Sg , sl,
sz,s3) is an extreme point of £”. From Lemma 9, let rU rank(UO),rS1 £

rank(SO), rs, = rank(Sg), r = rank(s?), rn = rank(sz) and 3 = rank(sg), then we
have

rgy(ru +1D) +rs (rs; + 1) +rs,(rs, + D) +ri(ri + D) +ro(r2 + 1) +r3(r3 + 1)
<2(np+1)(ny +2)+6.

Based on the assumption for (v), we have aTU%; > |C,U%;| and aTU% >
IC,U%||. Lemma 10 implies that rg, =rs, =1 4 ny. Then the above inequality
becomes

rgu+D)+ri+D)+rn+1)+ri303+1)<6

If ry = 1, then one can easily verify that U 0¢ D;-. If ry = 2, we show that U 0
cannot be an extreme point of K'. In this situation, r; =r, =r3 =0, i.e., s? = sg =
3 = 0. From aTU%; > 0and a’ U% > 0, we have U # 0 and U # 0. Define
0 T770

1 & UletegU

vt = elTerl
and rank(U?) = 1. Since sg =bTU%; =0, we have U?b = U% # 0. Therefore,

2 UbTU? _ U%bTUC oy 0_ UlerefU° | yOppTy? 0
U =m0 = 5100, This means U" = T, + S o0 . Notice that U"b
and U, are linearly independent. (Otherwise, 0 # bTU = tbTU%, = 0 for some

. . . 0
T # 0, which causes a contradiction.) One can further verify that % U' and g Zz U?

are all in K’ and U° is the convex combination of these two distinct points which
means U cannot be an extreme point of K.
From the discussion of the above five cases, we have K C D;_- and hence K = D}.
We now prove the dual part. Notice that

and U2 £ U% — U'. From Lemma 11, U? is positive semidefinite

Dy =8, n{U | a"Ue; > |C1Uei |} N {U | U o (aa” —CTCy) =0}
N{U |b"Ue; >0} n{U | a" Ub > C1UB|}.
From Lemma 5, its dual is
SR U [aTUe = IC U eI}

Dy =cl +{U | U o (aa” —CTCy) =0}
+{U | b"Uer =08 +{U | a" Ub > || CUD|}*
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M —51C3 — ha(erb” +bel) — (e1y{ C; + Carie])
=cl | MeST byl €] + Cayab?) e 5T,
A2 = 0,91, Y € SOC(n1)

Then it follows from Sturm and Zhang [13] that QCQP, LCoP and LCoD all have the
same optimal value.

We now prove the second half of the theorem. If there is (x, y) € R"! x R"2 such
1 _
that [|%]| < a) +al% +al'§ and a) + al & + al § > ay, then let it 2 [x] and U 2

y
@i’ . In this way, U € S{7"2, CyUe; € intSOC(n1), U o C3 > 0, b7 Uey > 0 and
CoUb € intSOC(ny). Let U’ 2 U + T114n,4ny, T > 0. When 7 is sufficiently small,
we know U’ is an interior point of D;_-. Therefore, using Lemma 5, the closure can
be removed from D and the rest of the claims becomes true. O

Remark 5 From the above proof, we see that an optimal extreme solution of the
problem LCoP can lead to an optimal solution of the original problem QCQP through
the explicit rank-one decomposition. Hence we have an exact solvable representation
of the QCQP problem whose domain is defined by one second-order cone constraint
and one special linear constraint.

When a4 = 0, Theorem 1 can be simplified as follows.

Corollary 1 Given a nonempty set F = {(x,y) e R" xR™ | || x|| < a; +a2Tx +a3Ty}
witha; € R, ap e R", a3 e R"2 and a4 = 0. Let

o2 of df]

Ci2[0 I, Ol

e1 21,0, ,0) eRI+m+n2,
Czé[a CIT] and
C3éaaT—C1TC1.

Then we have

x x0T
Di=iU=|x x w7 |esintm
y W Y

ICUei|l <a’Ue,Ue(aa” —CTCi) >0, t,

Dy =cl{M e S | M —3Cs — (19" C] + Coype] ) e S,
A20,v € SOC(H])}

Moreover, the corresponding QCQP and LCoP have the same optimal value.
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If there exists (x,y) € R" x R"2 such that ||x|| < aj + azTJE + a{&, then we have
Dy ={M eS| M —1C3 — (e1y T CT + Cryrel) e ST,
A=20,¢ € SOC(m)}.
Moreover, the corresponding problem LCoD

sup o

co bl
st |00 —[" 0}—/\C3—(ellﬁTC2T+C2¢elT)eSf””Jr"Z (1D
by Ap 0 0

ceR,AZ20,% €SOC(ny)
attains the same optimal value as that of the original QCQP.

Proof 1t is sufficient to show that the three constraints in D’ of this corollary imply
the five constraints in the D} of Theorem 1 when as = 0. Let b £ a — ase; = a.
From U e (aa” —CICy) > 0and

T a'Ua dfucT

a 1 14+n
Ula cT]= esS,™,

[Cl} o ] [Can C1UC1T:| *

we have (a’Ua)? > (a"Ua)w(C,UCT) > w(CUaa’ UCT) = ||C1Ua|?. This
shows a’ Ub > ||C Ub||. The constraint of bT Ue; > 0 is obvious. Therefore, all
the five constraints in the D’J‘,} of Theorem 1 are satisfied. O

Notice that the domain F defined in Theorem 1 is an unbounded set. The next the-
orem provides an exact computable representation of the QCQP problem whose do-
main consists of one second-order cone constraint with both lower and upper bounds.

Theorem 2 Given a nonempty set F = {(x,y) e R x R™ | ||x|| <a; + asz +
a3Ty,a5 > a +a2Tx+a3Ty > a4 > 0} with a1 € R, ap e R", a3 € R"? and as >
ag > 0. Let

aTé[al aZT a3T],
b2a—age,

b2 ase; —a,

e A 1,0, ,O)T €R1+n1+i12’

Cl = [0 In| 0]7
C2[a €]

C;2aa” - Cy.
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Then we have

PR b>|C1Ub|, el Ub >0,
Dr=iU=|x Xx W7 esf’“*’” TUb>||C1Ub||,e1TUb>O, :
y W Y

bTUb>0,U e (aa” —CI'C))>0
M — 7 C3 — da(erb” +bel) — 13(e1b” + bel)
— by C; + Coynd?)
— (Y] C + CaynabT) e SYTH2,
A1, A2, 43 20,91, Y2 € SOC(ny)

Dy =cl{MeSHmtn

Moreover, the corresponding QCQP and LCoP have the same optimal value.
If there is (x,y) € R" x R" such that | x|| < a; + azT)E +a3T)7 and as > ay +
aQTJE +a3Ty > ay, then
M — 1 C3— )»g(ele + bET) — )»3(6113T + l;elT)
— by C] + Cayn ")
— (Y] CT + CrynbT) e ST,
A1, A2, 43 20, Y1, Y2 € SOC(n)

Dr={MeSHmm

Moreover, the corresponding problem LCoD
sup o
co bl o 0 T T T T
s.t. [bo AOO} - [0 0] —2C3 —ha(e1b” +bef ) —r3(erb” + bef)

- (b’#lTCZT + Czlﬁle) — ([;szcg + C2¢2ET) c S_%_+nl+n2,
0 €R, A1, A2, A3 20, Y1, Y2 € SOC(n1)

(12)

attains the same optimal value as that of the original QCQP.

Proof Define

X T Ub>|C\Ub|l, el Ub >0,
x wT e:si*’“*"2 aT b>|C1Ub|, el Ub >0,
W >

Y bTUb>0,U e (aa” —CTCy)>0

Ka2ly=

o= X

It is clear that D} cK.

To show KC € D7, it is sufficient to prove that all the extreme points of K'2Kn

{UeS L4ni+n; | tr U < 1} belong to D}. In other word, for each nonzero extreme
point of X', we can find a rank-one decomposition with all elements being in H x.
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We first prove that

{(t,x,y) eRy x R™ x R"2 | ||x|| §a1t+a2Tx+a3Ty,

a5t>a1t+asz+a3Ty>a4t>0}EH]:.

t
If 1 >0, then [}//] € F and [+ | € Hy. If t =0, then x =0 and al y =0. Since F
y
_ 0 1
is nonempty, there exists [{] € 7. One can verify that [2] + %[?] € Hr. When k
o J
goes to infinity, its limit [O] € H . Therefore, the above inclusion holds true.

Next, we need to consider five cases for a complete proof: (i) x = 0; (ii) x > 0,
a’Ub=||C\Ub| and a” Ub = ||C,Ub|; (iii) x > 0,a” Ub > ||C1Ub|| and a” Ub =
IC1UB|; (iv) x >0, a’ Ub=||C Ub| and a” Ub > ||C,Ub|; (v) x >0, a’ Ub >
|C1Ub| and a’ Ub > ||C1UD||. Let U° be a nonzero extreme point of X'

For case (i): Corresponding to U 0 £0, we have (x9, y9) = 0. Therefore,
aTU%, = bTU% = bTU%; = 0. From a7 U% > 0 and a7 U = a_5aTUOel —
alU% = —a"U% <0, we know U% = 0. Consequently, U% = U% = 0. From
U%e (aa” — CT'Cy) = —t(C1UCT) = —tr X° < 0 we have X* =0 and W = 0.
Furthermore, since UY is an extreme point of K', the matrix Y 0 must be the extreme
point of the set

LAY eSPlrY <1,a] Yaz =0}
and it is a rank-one matrix, i.e., Y* = y0(y9)7
0
ud 2 [ %], then we have U° = 4127 . Notice that u° € ‘Hr and U%e D;_-.
y -

For Case (ii): When U% = 0, we have e U% = T U((as — as)e; — b) > 0,
which means that U% # 0. Define U' £ Ugé’?},go and U2 2 U — U'. Then we
have

for some y° € R"2 with a3T y9=0. Let

U?e(aa’” —C]C1)=U"e (aa” — T Cy) >0.

We can check all the required conditions in K to verify that U', U? € K. Since U°

is an extreme point of ', we have Ul=u'= UE;S?;TO%/U. From U e ‘Hr, we know
U e Dz

When U% = 0, similar to the situation of U% = 0, we can show that U° =

01,57 770
I
— 01,7770

When U% # 0 and U°b # 0, define U' £ S2270- and U2 £ U0 — U, We first
consider that U?b = 0. In this case, U% = Z; ZEZ U%b. Noticing that U%h = U?b =0
and

U%e(aa” —CTC1) =0 (aa” —CTCy1) >0,

we have U, U2 € K. Since U° is an extreme point of X', we have U=yl =

%. Noticing U% € Hz, we have U° € D% Then we consider that U?b 0.
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A 2,,T 12
—(a4Uh +asU%b) = L -asU%h # 0. Let U3 £ Laa U

and U* £ U? — U3 U0 U'! — U3. From Lemma 11, U% is positive semidefinite.
Therefore,

In this case, U%a =

U0 e (C1TC1) = (Ul + U3 +U4) (C1 Ci) > (U +U ) (CITC1).
Notice that
a"U%a[(U'+ U)o (CTC1) —a"U%]
(U0 — U0 U )y (170, _ UG Vo) g7

0 0
vl (Y bbTU n bTT% bT00%
bTU% alU%a

o (CTCY) —aTUOa:|

_a"U%| U C U BT U%) |?

T ”Cl T ~ (@' Uta)a’ Ul
- “—TU?T(ZZZJ%) +]cival’ - eroZ (BT cT c1U%)
+ % —(a"U%a)a" U%
L R Y
Let 1 £ - “.-and © 2 1) — 1. Then, a = 11b + 12b. From a’ U’ = ||C1U"||

and aT U% = ||C,UD||, we know
|C10%|* = 22, (b7 U°CT €,U%) + t3(a" U%)” — 11" UOCT €U
+unb’u’clcU%
=20, (b"U°CT C1U%) + 73 (a” U°B)* — 71 (a" U%)a" U
+ 1 (a’ U%)a” U%
and
(aTUOa)2 =1 (aTUOb)aTUOa + tzz(aTUOl;)z + t1tz(aTU0b)aTUol;.
Therefore,

a"U2a[(U' + U)o (CTC1) —aU%]
a’U%
=2((a"U%)(a"U%) - b"U CT C1U%) (m — n)
:2((GTU (,l)((lTU b)—bTU C1TC1U CZ)W
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From a” U% = 11a" U + 12aT Ub = 11||C U || + 12 || C, U || = ||C, U |, we
have a” U%a[(U' + U?) o (CT Cy) — a"U%] > 0. Consequently, U° o (CTC)) >
a’U%. The equality sign holds if and only if U* e (CTC1) =0 and the two vec-

tors [‘ggg ] and [C gob] are linearly dependent. This also implies that [C Uob] and

[“TU b] are linearly dependent. From this result, we can verify that U' and U? are

C1U%
07,57
both in /. Since U? is an extreme point in X', we have U° = U'! Ubf%

noticing U € Hz, we have U° € D_’;: This completes the proof of case (ii).

For case (iii): We let U' 2 2xU%bTU? and U? £ U® — U! with A > 0 being
a sufficient small number. One can easily check that U' € K. Notice that when
A is sufficiently small, U? is positive semidefinite. From a” U% > ||C,U"b|, we

Again,

know [%TIZSZ] is an interior point of SOC(ny). Therefore, [‘gg;i] = [%TIZSZ] —
LOTUOB)[E Yob] € SOC(n1) when 1 is sufficiently small, i.e., a” U%b > [ C1U2b]).

We can also see that
U?e(aa” —CIC)=(U"—U") e (aa” —CTC\)=U"e (aa” —CTCy) >0,
bTU%e; =bTU%; — A(bT U b)bTU%; >0 and
atU?b=(1-1(bTU"))a”U% > | (1 — (6T U"b))C1U°% | = || C,U?b|.

Consequently, U? € K. Remembering that U° is an extreme point of K’, we

have U0 = U001 = W U012 However, a” U%% = " U1aT U'b = "U15 (5" U%) x

@Tu%%) = “U ABTU)||CU%)| = 331 |C U'b| = ||C1U ]|, which causes a

contradlctlon to the fact of a’ U% > ||C;U°b||. This means that there is no extreme
point of K’ to be worried about for case (iii).
For case (iv): The proof is similar to that of case (iii).

For case (v): Let
xxT 3T
U: x X WT )
yw Y

(U, 81, 82, 51,52,53,54,85) € | S1 = Arrow(a’ Ub, C1Ub),
LA Sl+n1+n2 > S_l;&-m x Si—&-nl x |5, :Arrow(aTUE, ClUl;),

+
R xRy xR xRy xRy si=Ue(aa’ —ClCy),
S2=bTU61,S3 ZETUel,

S4=BTUb,S5=1—tI‘U

Since UY is an extreme point of K’, the corresponding (U°, S?, Sg, s?, sg, 53, s4, s5)

is an extreme point of £'.
From Lemma 9, letting ry = rank(UO), rs, = rank(S?), rs, = rank(S(z)) and r; £
rank(slp ) (treat nonnegative number as a matrix of order one), i =1, ---, 5, we have

5
ru(ry + D) +rs, (s, + 1) 475, (rsy, + D+ Y ri(ri 4+ 1) <20n1 + D1 +2) + 10.
i=1
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Under the conditions of case (v), we have a’ U% > ||CU%| and a"U% >

IC1 Uol_)||. From Lemma 10, rs; = rs, = 1 + n;. Furthermore, sg = %bTUO(a +

b) > 0 and sg = éET U°(a + b) > 0. Hence the above inequality becomes
ry(ru + D) +ri(r+ 1) +ra(ra+ 1) +rs(rs + 1) <6.

If ry = 1, then one can easily verify that U 0¢ D;_-. If ry = 2, we show that U 0
cannot be an extreme point of X'. In this situation, r| =ry =r5 =0, i.e., s? = 52 =
sg =0. From a’ U > 0 and a” U% > 0, we have U% # 0 and U # 0. Define
Ul & U:f?;ogo and U? £ U% — U'. From Lemma 11, U? is positive semidefinite
and rank(U2) = 1. Since sg =bTU% = 0, we have U?b = U # 0. Therefore,
U? = U;f}l’;zlb-ﬂ = U;;’}[’]TO%]O. This means U° = Ug%’;}go + UE;:};JTO%JO. N_otice that U%
and U are linearly independent. (Otherwise, 0 # b7 U% = b U = 0 for some
T # 0, which causes a contradiction.) One can further verify that g g? U' and g gg U?
are both in K’ and U is a convex combination of these two distinct points. This shows
that U° cannot be an extreme point of X'

After checking all the cases, we know C C D*f and, consequently, IC = D}. The
proof of the rest part of this theorem is similar to that of Theorem 1. We omit it

here. O

Remark 6 The proofs in Theorem 1 and Theorem 2 are similar. Here we provide
an intuitive but less rigorous discussion about these two theorems. Note that b =
ase; —a. When as = 00, then ase; will dominate a in the definition of b. Therefore,
b will be replaced by e and the computable representation in Theorem 2 degenerates
to the one in Theorem 1. However, this approximation will lead to differences in the
proofs such as case (i) in each of them.

As in the previous case, when a4 = 0, the results of Theorem 2 can be simplified.

Corollary 2 Given a nonempty set F = {(x,y) e R x R™ | ||x|| < a; + asz +
a3Ty,a1 +a2Tx +a3Ty <as}witha; eR,a; e R", a3 e R*? and as > 0. Let

aT & [Cl] a2T a3T],

(1>

b2 ase; —a,
Ci12[0 I O]

1 21,0, ,0)7 eRI+m+n2,
Czé[a CIT] and

C;2aa” - Cy.

@ Springer



132 Q. Jinet al.

Then we have

T T — _ _
. X x oy Lintn, [T UB = |C1UBD||, e Ub >0,
y W

% Ue(aa” —C{C))=0

M — 1 C3— )\.Q(E]ET + I;e{)
'D]::C] M681+n1+n2 —(l;l/fTCZT-i-Czlﬁl;T) ES_%_+n]+n2,
A, A2 20,9 € SOC(ny)
Moreover, the corresponding QCQP and LCoP have the same optimal value.

If there is (X, ) € R" x R"™ such that ||X|| < ai +al X +aly and aj +alx +
aST)_) < as, then

M —31Cs = ha(erb” +beT)
Dr=1M e Sltmtm _ (l;I/ITCZT +C21ﬂl;T) eS—L+n1+n2’
AL, r 20,9 € SOC(ny)

Moreover, the corresponding LCoD problem

sup o

co bl o 0 = -
S.t. [bo A00i| — [0 0] — 1 C3— )xz(ele + be; )
(13)
— (by"CI + CybT) e ST,

oceR A, 20,9 € SOC(ny)

attains the same optimal value as that of the original QCQP.

Proof 1t is sufficient to show that the four constraints in D of this corollary imply

the seven constraints in that of Theorem 2, when a4 = 0. Let b £ a — ase; = a. From
Ue(aa” —C]Cy)>0and

T T T
[aT]U[a :|= a"Ua a'"UC; c glm
al [¢f]  |cqua cuer| 7T
we have (a’Ua)? > (a"Ua)r CUCT > r CUaa” UCT = ||C1Ua|?, which
shows that a’ Ub > |C Ub||. From a”Ub > 0 and e} = %(a + b), we have

bTUe = al—SaTU (@ + b) > 0. Moreover, the last constraint is satisfied due to the

fact that 5L Ub = bTUa > 0. Since all of the seven constraints are satisfied, the rest
follows Theorem 2. g

Remark 7 In the literature, a widely used form of the second-order cone constraint is
c’x +d > |Ax + b||, in which c e R”,d € R, A € R"*" and b € R™. In this case,
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the domain F can be equivalently written as F = {(x, yo, y) € R” x R x R™ | yg >
lyll, Ax + b=y, cx +d = yo}. From Lemma 8 and Corollary 1, we have

x X W, Wiy
w:[)’o],W: Wiy Yo Wyf)y ,
Y Wy Wygy ¥

'D;_—— U= |:X wT:| c §2tmtn
_u- 2 . ,
wow s> Iyl Yo=Y, Buw=| ],

diag(BWBT) = [X;b;j”]

where B £ [fr 81_16”]. Therefore, a computable representation is also available for
the domain defined by the second-order cone constraint in the widely used form.

Similarly, one can obtain the computable representation of ¢’ x +d > ||Ax + b||
with! <cTx 4+d <u,in whichc e R",d,l,u e R, A € R"*" and b € R™.

Remark 8 According to Lemma 6, from Theorems 1, 2 and Corollary 2, a bigger set
F={(x,y) e R" x R2|xTx < (a +a2Tx +03Ty)2,a4 <a +asz +a3Ty < as}
with a4, as € R can be treated as the union of several sets discussed in the above
theorems. Consequently, this set F also has a computable representation.

4 Concluding Remarks

In this paper, we have developed an exact computable representation of the QCQP
problem whose feasible domain is defined by one second-order cone constraint and
two special linear constraints. In each case, the representation involves a linear conic
programming problem with linear, second-order cone and semidefinite constraints.
We have shown that finding an optimal extreme solution to such a linear conic pro-
gram can lead to an optimal solution to the original QCQP problem. In particular,
we now know that the problem of optimizing a nonconvex quadratic function sub-
ject to one general second-order cone constraint is computable. We expect the results
obtained will further advance the study of copositive programming problems.
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