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Abstract

In the beginning, we describe the fuzzy inner product space and the fuzzy Hilbert space. Our goal is to use the fuzzy reproduc-
ing kernel method to solve the second-order fuzzy boundary value problem. The fuzzy convergence analysis of introduced
method is discussed in detail. We present some examples in the end.
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Introduction

Reproducing kernel method is one of the most basic methods
for approximation. In doing so, our main goal is to solve
fuzzy boundary value problems using fuzzy reproducing
kernel methods. We discuss the convergence of our proce-
dure using the concept of fuzzy distance. At the end, there
are some examples. We describe the fuzzy reproducing ker-
nel method (FRKM for short) for solving the following fuzzy
boundary value problem:

{ Y () + mx)y (x) + n(x)y(x) = f(x)

O0<x<1,

0 =0, y(1)=0, (b
here, f(x) is a fuzzy function. The functions of m(x) and n(x)
are ordinary and continuous. The process of doing this paper
is as follows: In the part of preliminaries, the fundamental
concepts that have been used in later sections are presented.
In “Fuzzy reproducing kernel space” section, we have
defined the fuzzy reproducing kernel (FRK for short). Fuzzy
inner product spaces and fuzzy reproducing kernel spaces
have been introduced. Also, the solution to Eq. (1.1) is given
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with the initial boundary value conditions. In “Fuzzy con-
vergence analysis” section, we bring the fuzzy convergence
theorem. In the next section, we give some examples for
a better understanding. At the end of this work, we bring
the results. For more information on the reproducing kernel
method and fuzzy convergence, see [1-3, 11].

Preliminaries

We introduce the primary definitions of the generalized
Hukuhara difference, generalized Hukuhara derivative,
Hausdorff distance and fuzzy continuous function. For defi-
nition of the fuzzy number and a-level set see [10].

Remark 2.1 We assume that in the whole of this paper the
generalized Hukuhara difference exists. We denote general-
ized Hukuhara difference by egH'

Definition 2.2 [5] Let x and y be two fuzzy numbers in R,
where Ry is the set of all fuzzy numbers. If the exists a
fuzzy number as z that satisfies in follows condition, then the
generalized Hukuhara difference (gH-difference for short)
is defined as

Dx=y+z

or(i)y=x+(-1)z. 2.2)

x@gHyzzé{

where (i) and (ii) are both valid if and only if z is a crisp
number.
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Definition 2.3 [4] Let x, y, z, w are fuzzy numbers and
p € R. Define the Hausdorff distance as in [9]:

D : Ry xR - RTU{0}

D(x,y) = Sup,eo.1; max{|x~(a) — y~(@)x*(a) — y"(a)|}
By [13], we have:

Dx®z,y ®z2) = D(x,y),

D(4x, Ay) = |A|D(x, y),

Dx®y,z®&w) <Dx,z) + Dy, w),

Dx©y,z6w) <D(x,z)+ D(y,w), until x©y and
7 © w are available.

o=

In the above features, © is the Hukuhara difference. It is
equaltoz&y=xiff x@y =z
In the following, we denote the Hausdorff distance by D.

Definition 2.4 [14] Let f : (a, ) — Ry be a fuzzy-valued
function. In this case, the generalized Hukuhara derivative
of fat x, € (a, f) is defined as

fxo + ) O fxp)

3

2.3)

Jon¥o) = ll—{%

If fg’H(xO) € Ry satisfying (2.3) exists, fis called generalized
Hukubhara differentiable (gH-differentiable for short) at x;,

Definition 2.5 [7] Let f : [a, f] - Ry be a fuzzy-val-
ued function. In this case, f at x;, € [a, f] is continuous if
Ve > 0,36 > 0 : D(f(x),f(xy)) <&, when x € [a, f] and
|x — x| < 6. If fis continuous for all x, € [a, f], then fis a
fuzzy continuous on interval of [a, f].

Fuzzy reproducing kernel space

We will introduce the FRKM to solve the fuzzy boundary
value problems. Initially, we create the fuzzy reproducing
kernel space (FRKS for short) W™[0, 1], while each fuzzy
function satisfies in the y(0) = 0 and y(1) = 0.

Definition 3.1 (Fuzzy absolutely continuous function) If f(x)
is a fuzzy function on [e, f], and {(«;, ﬁi)}:.’=1 is a set of dis-
joint open intervals (a;, §;) C [a, f].

If for all £, there is a 6, which has no relation with n, such
that ZZ=1 D (B).f(ay)) < efor ZZ=1(ﬁk — a;) < 6, then fix)
is a fuzzy absolutely continuous function (FACF for short)
on [a, b].

Definition 3.2 Define the fuzzy space W™[0,1] as
W™[0,1] = {y(x)|y is a fuzzy function, yg;_l)(x) is a FACF,
y(g'fl)(x) € 12[0,1],1%[0,1] is a

fuzzy space,
¥(0) =0, y(1) = 0}.

@ Springer

We define the fuzzy inner product (FIP for short) in this
space as

m—1 1
3.2 = D VR0 0O & / el
=il : 0o F (3.4)
(m) . m
Zgy (Odx; - y,z€ WO, 1],
where (y, z),, is the fuzzy inner product in the fuzzy space
W0, 1]. Also, fuzzy norm in this space is defined as

Il = Vs Y m

Definition 3.3 Define the fuzzy space W'[0,1] as
W'[0,1] = {y(®)|y is a fuzzy function, y(x) is a FACF,
y:gH(x) e L*[0,1], L*[0, 1]is a fuzzy space }. We define the
FIP in this space as

1
(.21 =y0) 0 20) & / Y@ O 2y (0dx; v,z € WO, 1],
0

(3.5)
where (y, z), is the fuzzy inner product in the fuzzy space
w'o, 1].

Definition 3.4 Define the fuzzy space L*[0, 1] as

1
L%[0,1] = {y(x)|y is a fuzzy function, / YA (x)dx < oo}.
0

(3.6)
We define the FIP in this space as

1
W2 = / yx) @ z(xdx;  y,z € L0, 1], (3.7)
0

where (y, z),. is the fuzzy inner product in the fuzzy space
L7[0,1].

Definition 3.5 If define

{Fofdm = FI, = DA(F, 0).

fewm"o,1], we

Using definition 3.1 in [8], we can deduce Lemmas 3.6
and 3.8 .

Lemma 3.6 Suppose that F(R, F(R)) is a vector space over
R. Also, the FIP in the fuzzy space L*[0,1] on F(R, F(R))
is a mapping as{., .);» : F(R,F(R)) X F(R, F(R)) — F(R),
with this property for each k € F(R) and all functions
fi-50.15 € F(R, F(R)), satisfies the following conditions:

L Afi +h. 502 = 50 © (i)
2. <kf1 ’f2>L2 = kOCl ’f2>L2’
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(102 = (oS )i

(fiofidee > 0,

if fi # 0, then inf,e o {f1./1), >0,
(fi-fi)2 = 0iff f; = 0.

SARN A

Proof To prove, we need to apply the fuzzy integral prop-
erties, the concept of the Hausdorff distance and the fuzzy
norm.

L {f @5 = fy (( @) Of;) =
INGRIDYA (]?2 Of) = 1.3 ® (oo f5)12
<f]1 Do f3)e = 1/0 (i &1) 0f) =

NRCTAX:- A (lfz 0 f3) = (1.3 ® (2. f5) 12

2. <k Qf]]’f2>L2 =/, kOfi0f)) =
ko /0 (fl Ofg) =k0O (fpfa)LL

3. (fishode = Jy hof) = [y (hof) = fide

4. Since (fi.f)2 = Iill> = D*(f;,0)>0 , we have
(isfide > 0.

5. If{f\.fi)2 > O, then[(f;,f; )21, > O. Therefore, we have
[fio S0y (fiofi)E] > O and inf (f, f;); > 0.

6. Since (f,.f;);2 = 0, we have |f; ||> = 0 and D?(f;,0) = 0.
Hence, f; ©,4 0 = 0. It follows that f; = 0.

Conversely, if f;, =0, then f; egHO =0. Thus,
Ilfy ©gu Oll = 0. Since D*(f,,0) = 0, we have (f,.f, )2 = 0.
Corollary 3.7 The vector space F(R, F(R)) with a FIP in the

form of {fi, fo)12 = fol fi®) © f,(x)dx is called a fuzzy inner
product space (FIPS for short).

Lemma 3.8 Suppose that F(R, F(R)) is a vector space over
R. Also, the FIP in the fuzzy space W'[0, 1] on F(R, F(R))
is a mapping as {.,.); : F[R,F(R)) X F(R, F(R)) - F(R),
with this property for each k € F(R) and all functions
fi.f5.1z € F(R, F(R)), satisfies the following conditions:

(i +h. 50 = fiofsh @ (o
(kf1. ot = k{120

(fr-fon = oo fides

(i fid1 >0,

if fi # 0, then inf,co 11(f1-/1); > 0.
(fiofixy = 0iff f; =0.

A

Proof To prove, we need to apply the fuzzy integral con-
cepts, the Hausdorff distance and the fuzzy norm.

L (i ®ffi) = HLO) BLO0) OLO) @ [, (f, ®f,) Of, =
[0 OL0SLO)OLO)S [, of)® [, of) =
(i-501 ® (501 1 o

2. (kOfi.a)1 =k O £0) Olfz(/o) EB,fO kof of)=
kO H0)OLHO)®KO [, (; 0f) =k (f,(0) ©/(0)
® [, (f, 0£,)) =kO (fi.fo); o

3. (fl’f%>l/:fl,(0) 0 LO0)® [ (f, ©f,) =10) ©f(0)
® /o L0 = il

The remaining proofs follow from the previous lemma.
Corollary 3.9 The vector space F(R, F(R)) with a FIP in the

form(fi.f2)1 = £1(0) © /,(0) & folfl/(x) @fz/(x)dx is called a
FIPS.

In the following, assume that (.,.),, is the fuzzy inner
product in the fuzzy space W™[0, 1]. Also, ||.|| is the fuzzy
norm.

Definition 3.10 A fuzzy sequence {(%,,a,)} in a FIPS
(W™[0,11,¢(.,.),,) is a fuzzy convergent if there is a fuzzy
function & € W™[0, 1] such that lim,,_, , ||k, S,y hll = 0 or
lim,_, , D(h,, h) = 0, in which ||A]| = \/(h, h).

Definition 3.11 A fuzzy sequence ({(h, @,)} in
a FIPS (W™[0,1L,¢.,.),,) is a fuzzy Cauchy if
Ve > 0,3M >0 : Vm,n > M, we have||h,, O.n h,|l <€, in

which ]| = /(I k).

Definition 3.12 The FIPS (W™[0, 1], (., .),,) is a fuzzy com-
plete if each fuzzy Cauchy sequence in W™[0, 1] is a fuzzy
convergent.

Definition 3.13 The FIPS is a fuzzy Hilbert space (FHS
for short), while it is a fuzzy complete in the fuzzy norm

llxll = v/ (x. %),

Corollary 3.14 The FIPS (W™[0, 11,¢.,.),,) is a FHS, when it
is a fuzzy complete in the fuzzy norm||.|| = v/{., )

Definition 3.15 We consider H as a FHS, with FIP
(f1 (), f>(x)), in which f,(x) and f£,(x) belong to H. If there
is a fuzzy function such as R (x) € H, where every f;(x)
satisfies the condition (f; (x),R () =£1(), then R (x) is
called the FRK of H. Also, FHS of H is called the FRKS.

The exact and approximate solutions

Definition 3.16 (Fuzzy Hilbert adjoint operator) Assume
that H, and H, are fuzzy Hilbert spaces, and L : H; — H,is
a fuzzy bounded linear operator, then L* : H, — H, is the
fuzzy Hilbert adjoint operator, while for each x; € H; and
X, € Hy, we have (Lx, x,)y, = (x;, L"x, )y, Where (., ) is
the FIP in the FHS of H,, in which i =1,2.

Definition 3.17 (Fuzzy Gram—Schmidt process) Given an

arbitrary basis @, @,, ..., @, for a FIPS, if all the gH-dif-

ferences are present, the fuzzy Gram—Schmidt process con-

structs by the fuzzy orthogonal basis A}, A,, ... ,A,:
Step 1 Let A} = @,

Step 2 L _ (@1, 92)

ep2LletAy = @) Oy —— -

1
oy lI> ™7

@ Springer
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(@1, ©3) In this case, @,(x) = L,R (t)|,—, , where L, is the fuzzy opera-
Step 3 Let 3= 3 O Wq)legH tor L that applies to the function of 7.
<§01’(P2) By the fuzzy Gram-Schmidt process, we ortho-
(®, Ogn o2 P ®1:93) . .
llo,l s (@1, @,) normalize the sequence {g;(x)}° and we get
(@1, 0,) ) #2 Ogn IPAE Pr the fuzzy orthonormal system {g; (x)} 2, that is,
92 S W%” P00 = X' B, (B> 0,i=1,2,...), where §; are
coefficients of Gram—Schmidt orthonormalization and
{@:(0)}2, is a fuzzy orthonormal basis of the fuzzy space
w™o0, 1].
Step n Let A =¢, O <A1’¢">Ae . .
n n e A 12 e Theorem 3.19 Assume that the solution of equation of
(Ar, @,) (A1, @) (1.1) is unique. The exact solution of this equation is as
4,112 727 7 A, g2 T Y®) = X2 Yy B (5)@,(x).

By normalizing A, ...,A, vectors, we can obtain the
fuzzy normal orthogonal vectors of the form as follows:

o
A

P =

Ah‘Tz:

1
— — A, ...
1A, I 4, "

The fuzzy orthonormal function system {¢;(x)}2, of the

fuzzy space W™[0, 1] will be obtained by fuzzy Gram—

Schmidt orthogonalization process of {¢p,(x)}2
o)=Y, 1 B @i (x), where f; are orthogonahzatlon coef—

ficients given as f , p.=—, and
1 gyl " dy
)Zk_] by for j<i, while
1
di = ||(Pi||2_ ;(_1 i e = (@i @) » and {@;(0)}2,

the orthonormal system in the space W[0, 1].

Definition 3.18 We consider {;(x)}32, as a fuzzy orthonor-
mal system, we have:

i #J;

_ 0
(@:(x), @;(x)) = { | i) (3.8)

where 0 and 1 are fuzzy numbers.

Assume that Ly(x) = y" (x) + m(x)y (x) + n(x)y(x) in the
equation of (1.1). In this case, L : W"[0,1] = W'[0, 1] is
a fuzzy bounded linear operator. We take 6;(x) = R, (x) and
@;(x) = L*6,(x) where R, (x) is the FRK. Also, L*is the fuzzy
adjoint operator of L. Using the concepts of the FRK, for each
y(x), the following equality is true:

(@), 6;(0) = (y(x), R, (x)) = y(x)). (3.9)
Regarding the above and using the properties of R, (¢), we get

((x), @;(x)) = (y(x), L*6,(x)) = (Ly(x), 6;(x)) = Ly(x;), i€N.
(3.10)
Moreover,
@,(x) = (@,(1), R (1)) = (L"5,(1),
(3.11)

R() = (5,(0). LR(1)) = LR(D)],_.,

@ Springer

Proof Suppose that y(x) is the solution of equation of (1.1)
given that {@;(x)}2 is a fuzzy orthonormal system. In this
case, the following equalities are true:

Y0 = ) (), B0 ()

i=1

= 2<y(x>, 2 B @u)(x)

= Z Z B {y(x), @1 (x))@;(x)

1 k=

[i

8

i

= Z Bidy(0), L 8,(0)) ;%)

(3.12)

Bi{Ly(x), 6,(x));(x)

1]
EMS
ﬁ

Bu(Ly(x), R, (2));(x)

1]
M8
T

BuLy(x)p;(x)

1]
N \gk:
T

P ) @;(x),

Il
—_
~
Il
—_

where (., .) is the fuzzy inner product. Also, the approximate
solution of (1.1) is as

%0 = DY Buf (c);0).

i=1 k=1

(3.13)
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Fuzzy convergence analysis
Here, we examine the fuzzy convergence.

Lemma 4.1 Ler (W™[0,1],(.,.),,) be a FIPS. Also,
y(x) € W0, 11. In this case, there is a constant n such that

L. Iy(;c)ISnIIy(x)IIm,
2. YOIl < ally@ll,, k=1,2,....,m=1).

Proof Using the property of the FRK in the Definition 3.15,

we have y(x) = (¥(.), R,(\)),,- Also, by Lemma 3.2 in [8], we

can conclude that |y(x)] = [(v(), R,()) ] < YOI IR Ol

Therefore, there is a constant n such that [y(x)| < n|[y||,.
Also, y(gk})l(x) = (y(), R®()},,. In this case,

D@ = 16O, RPO),|

< YOLMIRE Ol < mellyl (4.14)
(k=1,...,m—=1).
Hence, it is enough to suppose n = max ., {7 }. O

Corollary 4.2 By Definition 3.10, a fuzzy sequence {(y,, @,,) }
ina FIPS (W™[0, 11,(., .),,) is called a fuzzy convergent when
there is a fuzzy function y, in the fuzzy space W™[0, 1] such
that

’}gg’ 1y, ©gn ¥l = 0. (4.15)

where y is an exact solution and y, is an approximate solu-
tion of (1.1).

Theorem 4.3 The approximate solution y,(x) is uniformly
fuzzy convergent. Also, forallk = 1,2, ... ,m — 1, the deriva-
tives yO(x) are all uniformly fuzzy convergent.

Proof If y(x) be solution of equation of (1.1) in the fuzzy
space W™[0, 1], then we have:

|yn(x) egl—l y(-x)| = |<yn() egl—l y()’Rx(»l

< 1Y) Sgn YOIIR, Ol (4.16)
<M|1y,() g YOI
and
YP0) Qg Yy = 1(34() Qi Y, RO O)
< 1y, () Ogn YOIIRP O (4.17)

<N YO O YOI, (k=1,2,....,m—1).

Hence, it is enough to suppose N = max,;,,_; {N; } where
M, N > Oare constants. If lim,_, , [|y,(.) Oy y()Il = 0, then
the approximate solution y,(x)(resp. y*(x)) is uniformly
fuzzy convergent to the exact solution y(x)(resp. yg;)l(x)).

To solve examples of “Examples” section, by [6], we
need to define the space W3[0, 1] and the inner product in
this space as W3[0, 1] = {y(x)|y"is an absolutely continuous
function, y" (x) € L2[0, 1], y(0) = 0, y(1) = 0}.

(v, 2) = ¥(0)z(0) + ¥ (0)z (0) + ¥ (0)z" (0)

1 " " 3 (4.18)
+/ y (x)z (x)dx;y,z € W[0,1].
0

In this case, reproducing kernel R, (u) is as

IR,(u) = Zle cmu=l, u<v,
R(w) = (4.19)

R, (u) = 21'6:1 du=t, uzv.

where c¢;(v) and d;(v) are obtained by the following
relationships:

d'[R,(v) 3 d'rR (v)

—, 1=0,1,...,4; (4.20)
ou' ou'
(-1)° PROT) _PROTN 421
ou’ ou’ v @20
and
d'R (0 >R (0
V(. ) —(—1)2"—‘(.) =0, i=12
ou’ oud—i
>R (1)
— =0 = 1,2;
d o : = (4.22)
R,(0) =0;
R,(1) = 0.
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Thus, the representation of the reproducing kernel in
W3[0, 1]is as

Example 5.2 Suppose the equation of boundary value is as

%u(—l +VO=2 4+ v+ 3u(=2 4+ v — 2 (=4 + )2 +V), u<v;
R,(u) = (4.23)
—%(—1 (=812 — 2u(—6 — 3v +12) + 12(=6 = 3v +12)), w3 v
Therefore,
%u(—l +V)(=12v 4+ 6v% — 6uv + 3uv? + 8u? + 2uPv — uPV?), wu < v;
R, (u) = 4.24)
%v(—l + u)(8v? — 12u — 6uv + 2uv® + 61% + 3u®v — u>V?), u>v.
O { y' (x) +200e*y (x) + 300 sin(x)y(x) = f(x), O0<x<1,
y0)=0, »1)=0,
5.27)
where f(x) = 2sinh(x) + x cosh(x) + 200e*(cosh(x) + x sinh(x)—
Examples cosh(1)) + 300 sin(x)(x cosh(x) — x cosh(1)). Then, we simply

Here are some examples to better understand. In the follow-
ing examples, taking into account the reproducing kernel
space W"[a, b] and the reproducing kernel in this space and
applying the reproducing kernel method, the exact solution
of the equation is obtained. Also, we can obtain the approx-
imate solution of this equation using the exact solution.
Using the method presented in this paper (i.e, reproducing
kernel method), taking:
b—a

dx =

x;=a+ (i— 1)dx, , i=L2,...,n. (525

n—1
we can simply discuss about |y(x) — y,(x)|, for every positive
n, in the different reproducing kernel spaces. This process
is similar to [12].

Example 5.1 We consider the following boundary value
problem. Then, we find its exact solution.

{ y' () + 200e*y (x) + 300 sin(x)y(x) = f(x), 0<x< 1,
y0)=0, y1)=0,

(5.26)
where f(x) = sinh(x) + 200e*(cosh(x) — sinh(1)) + 300 sin(x)
(sinh(x) — xsinh(1)). The exact solution is given by
y(x) = sinh(x) — x sinh(1).

@ Springer

see that the exact solution is as y(x) = x cosh(x) — x cosh(1).

Example 5.3 If the boundary value problem is as

{ v (x) + 200e*y (x) + 300 cos(x)y(x) = f(x), O0<x<1,
y0)=0, y1)=0,

(5.28)
where f(x) = sinh(x) + 200e*(cosh(x) — sinh(1)) + 300 cos
(x)(sinh(x) — xsinh(1)), then the exact solution is as
y(x) = sinh(x) — x sinh(1).

Conclusion

In this paper, the definitions of fuzzy Cauchy, fuzzy com-
plete and fuzzy inner product were studied. Moreover, we
presented the solution of fuzzy second-order two-point
boundary value problem by the fuzzy reproducing kernel
method. We had a lot of limitations compared to the real
state, and all the lemmas and the theorems were not easily
verifiable. The basis for what we did was based on the exist-
ence of the gH-differences.
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