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Abstract
In this paper, a new bivariate discrete distribution is defined and studied in-detail, in the so-called the bivariate expo-

nentiated discrete Weibull distribution. Several of its statistical properties including the joint cumulative distribution

function, joint probability mass function, joint hazard rate function, joint moment generating function, mathematical

expectation and reliability function for stress–strength model are derived. Its marginals are exponentiated discrete Weibull

distributions. Hence, these marginals can be used to analyze the hazard rates in the discrete cases. The model parameters

are estimated using the maximum likelihood method. Simulation study is performed to discuss the bias and mean square

error of the estimators. Finally, two real data sets are analyzed to illustrate the flexibility of the proposed model.

Keywords Weibull distribution � Joint cumulative distribution function � Joint probability generating function �
Maximum likelihood estimators

Introduction

Weibull (W) distribution is one of the most important

and well-recognized continuous probability models in

research and also in teaching. It has become important

because if you have right-skewed, left-skewed or sym-

metric data, you can use this distribution to model it.

Moreover, the hazard rate of its can be constant,

increasing or decreasing. That flexibility of W distribu-

tion and its generalizations has made many researchers

using it into their data analysis in different fields such as

medicine, pharmacy, engineering, reliability, industry,

social sciences, economics and environmental. See for

example, Mudholkar and Srivastara [41], Bebbington

et al. [4], Sarhan and Apaloo [49], El-Gohary et al.

[12, 13], El-Bassiouny et al. [9–11], El-Morshedy et al.

[23, 30], Eliwa et al. [19, 21, 2], El-Morshedy and Eliwa

[22], among others.

Sometimes, it is very difficult to measure the life length

of a machine on a continuous scale, for example, on-off

switching machines, bulb of photocopier device, etc. Thus,

several discrete distributions have been derived by dis-

cretizing a known continuous distribution. See for exam-

ple, Nakagawa and Osaki [42], Stein and Dattero [51], Roy

[47, 48], Johnson et al. [31], Krishna and Pundir [35],

Gomez-Deniz and Calderin-Ojeda [27], Farbod and Gas-

parian [26], Nekoukhou et al. [43], EL-Bassiouny and El-

Morshedy [8, 1], El-Morshedy et al. [24], Eliwa and El-

Morshedy [16], Emrah [25], among others.

Unfortunately, we cannot use the previous univariate

models for modeling the bivariate data, and therefore,

several authors aimed to propose bivariate models to dis-

cuss various phenomena in many fields. For bivariate

continuous model, see Jose et al. [32], Kundu and Gupta

[37], Sarhan et al. [50], Wagner and Artur [52], El- Bas-

siouny et al. [6], Rasool and Akbar [46], El-Gohary et al.

[14], Mohamed et al. [40], Eliwa and El-Morshedy

[17, 18], Eliwa et al. [20], among others. Whereas for

bivariate discrete models, see Kocherlakota and Kocher-

lakota [34], Basu and Dhar [3], Kumar [36], Kemp [33],

Lee and Cha [39], Nekoukhou and Kundu [44], Kundu and
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Nekoukhou [38], Eliwa and El-Morshedy [15], El-Bas-

siouny, et al. [7] among others. Although there are a large

number of bivariate discrete models in studies, there still a

needing to propose flexible models to analyze different

types of data. In this paper, we propose a flexible model, in

the so-called the bivariate exponentiated discrete Weibull

(BEDsW) distribution. The proposed discrete model can be

obtained from three independent exponentiated discrete

Weibull (EDsW) distributions by using the maximization

method as suggested by Lee and Cha [39].

The BEDsW distribution

Recently, Nekoukhou and Bidram [45] proposed a new

three parameters distribution called the exponentiated dis-

crete Weibull (EDsW) distribution. The CDF of the EDsW

distribution is given by

FEDsW ðx; a; p; bÞ ¼ ½1� pðxþ1Þa �b; x 2 N�; ð1Þ

where a; b[ 0, 0\p\1 and N� ¼ f0; 1; 2; . . .g. The

corresponding PMF of Equation (1) can be written as

fEDsW x; a; p; bð Þ ¼ ½1� pðxþ1Þa �b � ½1� px
a �b; x 2 N�:

ð2Þ

For integer values of b, Eq. (2) can be represented as

fEDsW x; a; p; bð Þ ¼
X

k¼1

1
ð�1Þkþ1 b

k

� �
½pkxa � pkðxþ1Þa �;

x 2 N�:

ð3Þ

Table 1 presents some discrete distributions which can be

obtained as special cases from the EDsW distribution.

Suppose that Vi; i ¼ 1; 2; 3 are three independently

distributed random variables which Vi �EDsWða; p; biÞ. If
X1 ¼ maxfV1;V3g and X2 ¼ maxfV2;V3g, then the

bivariate vector X ¼ ðX1;X2Þ has the BEDsW distribution

with parameter vectorX ¼ ða; p; b1; b2; b3Þ. The joint CDF
of X is given by

FX1;X2
ðx1; x2Þ ¼ PðV1 � x1;V2 � x2;V3 � minfx1; x2gÞ

¼ FEDsWðx1; a; p; b1Þ
FEDsWðx2; a; p; b2ÞFEDsWðz; a; p; b3Þ

¼
F1ðx1; x2Þ if x1\x2

F2ðx1; x2Þ if x2\x1

F3ðxÞ if x1 ¼ x2 ¼ x;

8
><

>:

ð4Þ

where

F1ðx1; x2Þ ¼ FEDsWðx1; a; p; b1 þ b3ÞFEDsW ðx2; a; p; b2Þ;
F2ðx1; x2Þ ¼ FEDsWðx1; a; p; b1ÞFEDsWðx2; a; p; b2 þ b3Þ

and

F3ðxÞ ¼ FEDsWðx; a; p; b1 þ b2 þ b3Þ

and z ¼ minfx1; x2g: The marginal CDF of Xi, ði ¼ 1; 2Þ
can be written as

FXi
ðxiÞ ¼ PðmaxfVi;V3g� xiÞ ¼ FEDsWðxi; a; p; bi þ b3Þ;

xi 2 N�:

ð5Þ

The corresponding marginal probability mass function

(PMF) to Equation (5) can be proposed as

fXi
ðxiÞ ¼ fEDsWðxi; a; p; bi þ b3Þ; xi 2 N�: ð6Þ

The joint PMF of the bivariate vector X can be easily

obtained by using the following relation

fX1;X2
ðx1; x2Þ ¼ FX1;X2

ðx1; x2Þ � FX1;X2
ðx1 � 1; x2Þ

� FX1;X2
ðx1; x2 � 1Þ þ FX1;X2

ðx1 � 1; x2 � 1Þ:
ð7Þ

Thus, the corresponding joint PMF to Eq. (4) can be

written as

fX1;X2
ðx1; x2Þ ¼

f1ðx1; x2Þ if x1\x2

f2ðx1; x2Þ if x2\x1

f3ðxÞ if x1 ¼ x2 ¼ x;

8
><

>:
ð8Þ

Table 1 Special univariate

models
a b Reduced distribution References

- 1 Discrete Weibull (DsW) distribution Nakagawa and Osaki [42]

2 1 Discrete Rayleigh (DsR) distribution Roy [48]

1 1 Discrete exponential (DsE) distribution Johnson et al. [31]

1 - Discrete generalized exponential (DsGE) distribution Nekoukhou et al. [43]

2 - Discrete generalized Rayleigh (DsGR) distribution Alamatsaz et al. [1]
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where

f1ðx1; x2Þ ¼ fEDsW ðx1; a; p; b1 þ b3ÞfEDsW ðx2; a; p; b2Þ;
f2ðx1; x2Þ ¼ fEDsW ðx1; a; p; b1ÞfEDsWðx2; a; p; b2 þ b3Þ

and

f3ðxÞ ¼ p1fEDsWðx; a; p; b2 þ b3Þ � p2fEDsW ðx; a; p; b2Þ;

with p1 ¼ ½1� pðxþ1Þa �b1 and p2 ¼ ½1� px
a �b1þb3 . Figure 1

shows the scatter plot of the joint PMF of the BEDsW

distribution for various values of the parameters.

As expected, the joint PMF of the BEDsW distribution

can take various shapes depending on the values of its

parameter vector X: Suppose ðXj1;Xj2Þ
� BEDsWða; p; bj1; bj2; bj3Þ for j ¼ 1; . . .; n, and they are

independently distributed. If Z1 ¼ maxfx11; . . .; xn1g and

Z2 ¼ maxfx12; . . .; xn2g, then

ðZ1; Z2Þ�BEDsW a; p;
X

j¼1

n

bj1;
X

j¼1

n

bj2;
X

j¼1

n

bj3

 !
: ð9Þ

The joint survival function (SF) of the random vector X can

be defined as

SX1;X2
ðx1; x2Þ ¼ 1� FX1

ðx1Þ � FX2
ðx2Þ þ FX1;X2

ðx1; x2Þ:
ð10Þ

Thus, the joint SF of the BEDsW distribution is given by

SX1;X2
ðx1; x2Þ ¼

S1ðx1; x2Þ if x1\x2

S2ðx1; x2Þ if x2\x1

S3ðxÞ if x1 ¼ x2 ¼ x;

8
><

>:
ð11Þ

where

S1ðx1; x2Þ ¼ 1� 1� pðx2þ1Þa
h ib2þb3

� 1� pðx1þ1Þa
h ib1þb3

1� 1� pðx2þ1Þa
h ib2

� �
;

S2ðx1; x2Þ ¼ 1� 1� pðx1þ1Þa
h ib1þb3

� 1� pðx2þ1Þa
h ib2þb3

1� 1� pðx1þ1Þa
h ib1� �

and

S3ðxÞ ¼ 1� 1� pðxþ1Þa
h ib3

1� pðxþ1Þa
h ib1
�

þ 1� pðxþ1Þa
h ib2� 1� pðxþ1Þa

h ib1þb2
�
:

If X � BEDsW Xð Þ, then the stress–strength reliability can

be expressed as

PðX1\X2Þ ¼
X

i¼0

1
f½1� pðiþ2Þa �b2

� ½1� pðiþ1Þa �b2g½1� pðiþ1Þa �b1þb3 :

ð12Þ

The joint hazard rate function (HRF) can be written as

hX1;X2
ðx1; x2Þ ¼

h1ðx1; x2Þ if x1\x2

h2ðx1; x2Þ if x2\x1

h3ðxÞ if x1 ¼ x2 ¼ x;

8
><

>:
ð13Þ

where hiðx1; x2Þ ¼ fiðx1;x2Þ
Siðx1�1;x2�1Þ ; i ¼ 1; 2 and h3ðxÞ ¼ f3ðxÞ

S3ðx�1Þ.
The scatter plot of the joint HRF of the BEDsW distribu-

tion is shown in Fig. 2.

It is observed that the joint HRF of the proposed model

can take various shapes depending on the model parame-

ters which makes this model more flexible to fit different

data sets.
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Fig. 1 The joint PMF of the BEDsW distribution for different values of X: a X ¼ ð0:9; 0:9; 0:3; 3:3; 2Þ, b X ¼ ð0:5; 0:9; 0:3; 3:3; 2Þ and

c X ¼ ð0:5; 0:6; 0:3; 3:3; 2Þ
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Statistical properties

The positive quadrant dependent (PQD)
and total positivity of order two (TP2) properties

Assume X � BEDsW Xð Þ, then X1 and X2 are PQD for

some values of x1 and x2 where

FX1;X2
ðx1; x2;XÞ�FEDsW ðx1; a; p; b1 þ b3Þ

FEDsW ðx2; a; p; b2 þ b3Þ:
ð14Þ

Further, for every pair of increasing functions fX1
ð:Þ and

fX2
ð:Þ, we get Cov fX1

ðX1Þ; fX2
ðX2Þf g� 0. Let us recall that

the function � ðp; qÞ : R	 R ! R is said to have TP2

property if � ðp; qÞ satisfies

� ðp1; q1Þ 	 � ðp2; q2Þ �� ðp2; q1Þ 	 � ðp1; q2Þ; ð15Þ

for all p1; q1; p2; q2 2 R. Assume x11; x21; x12; x22 2 N0 and

x11\x21\x12\x22 from X � BEDsW Xð Þ, then the joint

SF of X satisfies the TP2 property for some values of x1
and x2 where

SX1;X2
ðx11; x21Þ 	 SX1;X2

ðx12; x22Þ
SX1;X2

ðx12; x21Þ 	 SX1;X2
ðx11; x22Þ

� 1: ð16Þ

Similarly, when x11 ¼ x21\x12\x22; x21\x11\x12\x22,

etc.

The joint probability generating function (PGF)

If Xs BEDsW(X), then the joint PGF can be expressed

as

Gðu; vÞ ¼ EðuX1vX2Þ ¼
X

i¼0

1 X1

j¼0

PðX1 ¼ i;X2 ¼ jÞuiv j

¼
X1

i¼0

X

j¼iþ1

1 X1

k¼1

X

l¼1

1
ð�1Þkþl b1 þ b3

k

� �
b2
l

� �

pki
a � pkðiþ1Þa

h i
pkj

a � pkðjþ1Þa
h i

uiv j

þ
X1

j¼0

X

i¼jþ1

1 X1

k¼1

X

l¼1

1
ð�1Þkþl b1

k

� �
b2 þ b3

l

� �

pki
a � pkðiþ1Þa

h i
plj

a � plðjþ1Þa
h i

uiv j

þ
X1

j¼0

X1

i¼0

X1

k¼1

ð�1Þjþkþl b1
k

� �
b2 þ b3

j

� �
pjðiþ1Þa

pki
a � pkðiþ1Þa

h i
uivi

�
X1

j¼0

X1

i¼0

X1

k¼1

ð�1Þjþkþl b1 þ b3
k

� �
b2
j

� �
pji

a

pki
a � pkðiþ1Þa

h i
uivi;

ð17Þ

where vj j\1: Hence, different moments and product

moments of the BEDsW distribution can be obtained, as

infinite series, using the joint PGF.

The conditional expectation (COEX) of X1 given
X2 = x2

If Xs BEDsWðX), then the conditional PMF of X1 j

X2 ¼ x2; say fX1jX2¼x2ðx1 j x2Þ; is given by

fX1jX2¼x2ðx1 j x2Þ ¼
f1ðx1 j x2Þ if 0� x1\x2

f2ðx1 j x2Þ if 0� x2\x1

f3ðx1 j x2Þ if 0� x1 ¼ x2 ¼ x;

8
><

>:

ð18Þ
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Fig. 2 The joint HRF of the BEDsW distribution for different values of X: a X ¼ ð1:5; 0:9; 0:3; 0:3; 0:3Þ, b X ¼ ð1:5; 0:5; 0:3; 0:3; 0:3Þ and

c X ¼ ð1:3; 0:5; 0:7; 0:7; 0:7Þ
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where

f1ðx1 j x2Þ

¼
½1� pðx1þ1Þa �b1þb3 � ½1� px

a
1 �b1þb3

� �
½1� pðx2þ1Þa �b2 � ½1� px

a
2 �b2

� �

½1� pðx2þ1Þa �b2þb3 � ½1� px
a
2 �b2þb3

;

f2ðx1 j x2Þ ¼ ½1� pðx1þ1Þa �b1 � ½1� px
a
1 �b1

and

f3ðx1 j x2Þ ¼ ½1� pðxþ1Þa �b1

�
½1� px

a �b1þb3 ½1� pðxþ1Þa �b2 � ½1� px
a �b2

� �

½1� pðxþ1Þa �b2þb3 � ½1� px
a �b2þb3

:

Therefore, the COEX of X1 j X2 ¼ x2; say EðX1 j X2 ¼ x2Þ;
can be expressed as

EðX1 j X2 ¼ x2Þ ¼
X

x1¼0

1
x1fX1jX2¼x2ðx1 j x2Þ

¼
X

x1¼x2þ1

1
x1f1ðx1 j x2Þ þ

X

x1¼0

x2�1

x1f2ðx1 j x2Þ þ x2f3ðx1 j x2Þ

¼ ½1� pðx2þ1Þa �b2 � ½1� px
a
2 �b2

½1� pðx2þ1Þa �b2þb3 � ½1� px
a
2 �b2þb3

X

x1¼x2þ1

1
x1 ½1� pðx1þ1Þa �b1þb3
�

�½1� px
a
1 �b1þb3

�

þ
X

x1¼0

x2�1

x1 ½1� pðx1þ1Þa �b1 � ½1� px
a
1 �b1

� �
þ x2½1� pðx2þ1Þa �b1

�
x2½1� px

a
2 �b1þb3 ½1� pðx2þ1Þa �b2 � ½1� px

a
2 �b2

� �

½1� pðx2þ1Þa �b2þb3 � ½1� px
a
2 �b2þb3

:

ð19Þ

The conditional probability can be used in various areas,

especially, in diagnostic reasoning and decision making.

Table 2 lists the COEX for some specific parameter

selections.

Maximum likelihood (ML) estimation

In this section, we use the method of the ML to estimate the

unknown parameters a; p; b1; b2 and b3 of the BEDsW

distribution. Suppose that, we have a sample of size n, of

the form ðx11; x21Þ; ðx12; x22Þ; . . .; ðx1n; x2nÞf g from the

BEDsW distribution. We use the following notations: I1 ¼
fx1j\x2jg; I2 ¼ fx2j\x1jg; I3 ¼ fx1j ¼ x2j ¼ xjg; I ¼ I1 [
I2 [ I3; I1j j ¼ n1; I2j j ¼ n2; I3j j ¼ n3 and n ¼ n1 þ n2 þ n3:

Based on the observations, the likelihood function is given

by

lðXÞ ¼
Yn1

j¼1

f1ðx1j; x2jÞ
Yn2

j¼1

f2ðx1j; x2jÞ
Yn3

j¼1

f3ðxjÞ:

The log-likelihood function becomes

LðXÞ ¼
X

j¼1

n1

ln g1ðx1j; b1 þ b3Þ
� �

þ
X

j¼1

n1

ln g1ðx2j; b2Þ
� �

þ
X

j¼1

n2

ln g1ðx1j; b1Þ
� �

þ
X

j¼1

n2

ln g1ðx2j; b2 þ b3Þ
� �

þ
X

j¼1

n3

ln ½1� pðxjþ1Þa �b1g1ðxj; b2 þ b3Þ
�

� ½1� px
a
j �b1þb3g1ðxj þ 1; b2Þ

�
;

ð20Þ

where g1ðx; bÞ ¼ ½1� pðxþ1Þa �b � ½1� px
a �b: The ML esti-

mation of the parameters a; p; b1; b2 and b3 can be obtained

by computing the first partial derivatives of (20) with

respect to a; p; b1; b2 and b3, and then putting the results

equal zeros. We get the likelihood equations as in the

following form

Table 2 The COEX for some specific parameter selections

x2 a p b1 b2 b3 EðX1 j X2 ¼ x2Þ

4 0.5 0.1 0.5 0.5 0.5 2.241097519

0.8 0.9 1.5 2.868988850

1.5 2.0 2.5 2.858942779

0.8 0.5 0.5 0.5 0.5 2.677115201

0.8 0.9 1.5 3.519903251

1.5 2.0 2.5 4.010379300

8 0.5 0.1 0.5 0.5 0.5 4.247535832

0.8 0.9 1.5 5.379915398

1.5 2.0 2.5 5.093888413

0.8 0.5 0.5 0.5 0.5 4.740228387

0.8 0.9 1.5 6.098638850

1.5 2.0 2.5 6.230178117
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oL

ob1
¼
X

j¼1

n1 g2ðx1j þ 1;b1 þ b3Þ � g2ðx1j; b1 þ b3Þ
g1ðx1j; b1 þ b3Þ

þ
X

j¼1

n2 g2ðx1j þ 1;b1Þ � g2ðx1j;b1Þ
g1ðx1j;b1Þ

þ
X

j¼1

n3 g2ðxj þ 1;b1Þg1ðxj;b2 þ b3Þ � g2ðxj;b1 þ b3Þg1ðxj;b2Þ
½1� pðxjþ1Þa �b1g1ðxj; b2 þ b3Þ � ½1� px

a
j �b1þb3g1ðxj þ 1; b2Þ

;

ð23Þ

oL

ob2
¼
X

j¼1

n1 g2ðx2j þ 1;b2Þ � g2ðx2j; b1Þ
g1ðx2j;b2Þ

þ
X

j¼1

n2 g2ðx2j þ 1; b2 þ b3Þ � g2ðx2j;b2 þ b3Þ
g1ðx2j;b2 þ b3Þ

þ
X

j¼1

n3 ½1� pðxjþ1Þa �b1 g2ðxj þ 1; b2 þ b3Þ � g2ðxj;b2 þ b3Þ
� �

½1� pðxjþ1Þa �b1g1ðxj;b2 þ b3Þ � ½1� px
a
j �b1þb3g1ðxj þ 1; b2Þ

�
X

j¼1

n3 ½1� px
a
j �b1þb3 g2ðxj þ 1; b2Þ � g2ðxj;b2Þ

� �

½1� pðxjþ1Þa �b1g1ðxj;b2 þ b3Þ � ½1� px
a
j �b1þb3g1ðxj þ 1; b2Þ

ð24Þ

and

oL

oa
¼
X

j¼1

n1 g4ðx1j þ 1; b1 þ b3Þ � g4ðx1j; b1 þ b3Þ
g1ðx1j; b1 þ b3Þ

þ
X

j¼1

n1 g4ðx2j þ 1; b2Þ � g4ðx2j; b2Þ
g1ðx2j; b2Þ

þ
X

j¼1

n2 g4ðx1j þ 1; b1Þ � g4ðx1j; b1Þ
g1ðx1j; b1Þ

þ
X

j¼1

n2 g4ðx2j þ 1; b2 þ b3Þ � g4ðx2j; b2 þ b3Þ
g1ðx2j; b2 þ b3Þ

þ
X

j¼1

n3 ½1� pðxjþ1Þa �b1 g4ðxj þ 1; b2 þ b3Þ � g4ðxj; b2 þ b3Þ
� �

þ g4ðxj þ 1; b1Þg1ðxj; b2 þ b3Þ
½1� pðxjþ1Þa �b1g1ðxj; b2 þ b3Þ � ½1� px

a
j �b1þb3g1ðxj þ 1; b2Þ

�
X

j¼1

n3 ½1� px
a
j �b1þb3 g4ðxj þ 1; b2Þ � g4ðxj; b2Þ

� �
þ g4ðxj; b1 þ b3Þg1ðxj; b2Þ

½1� pðxjþ1Þa �b1g1ðxj; b2 þ b3Þ � ½1� px
a
j �b1þb3g1ðxj þ 1; b2Þ

;

ð21Þ

oL

op
¼
X

j¼1

n1 g3ðx1j þ 1; b1 þ b3Þ � g3ðx1j; b1 þ b3Þ
g1ðx1j; b1 þ b3Þ

þ
X

j¼1

n1 g3ðx2j þ 1; b2Þ � g3ðx2j; b2Þ
g1ðx2j; b2Þ

þ
X

j¼1

n2 g3ðx1j þ 1; b1Þ � g3ðx1j; b1Þ
g1ðx1j; b1Þ

þ
X

j¼1

n2 g3ðx2j þ 1; b2 þ b3Þ � g3ðx2j; b2 þ b3Þ
g1ðx2j; b2 þ b3Þ

þ
X

j¼1

n3 ½1� pðxjþ1Þa �b1 g3ðxj þ 1; b2 þ b3Þ � g3ðxj; b2 þ b3Þ
� �

þ g3ðxj þ 1; b1Þg1ðxj; b2 þ b3Þ
½1� pðxjþ1Þa �b1g1ðxj; ; b2 þ b3Þ � ½1� px

a
j �b1þb3g1ðxj þ 1; b2Þ

�
X

j¼1

n3 ½1� px
a
j �b1þb3 g3ðxj þ 1; b2Þ � g3ðxj; b2Þ

� �
þ g3ðxj; b1 þ b3Þg1ðxj; b2Þ

½1� pðxjþ1Þa �b1g1ðxj; b2 þ b3Þ � ½1� px
a
j �b1þb3g1ðxj þ 1; b2Þ

;

ð22Þ
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where

g2ðx; bÞ ¼ ½1� px
a �b lnð1� px

aÞ;
g3ðx; bÞ ¼ �bxapx

a�1½1� px
a �b�1;

g4ðx; bÞ ¼ �b lnðxÞxapxa lnðpÞ½1� px
a �b�1:

The ML estimation of the parameters a; p, b1; b2 and b3
can be obtained by solving the above system of five non-

linear equations from (21) to (25). The solution of these

equations is not easy to solve, so we need a numerical

technique to get the ML estimators like the Newton–

Raphson method.

Simulation

In this section, we estimate the bias and mean square error

(MSE) for the proposed model parameters using simula-

tions under complete sample. The population parameter is

generated using software ‘‘R’’ package program. The

sampling distributions are obtained for different sample

sizes n ¼ 20; 22; 24; . . .; 200 from N ¼ 1000 replications

for different values of the model parameters. It is very

useful in simulation study for EDsW distribution to know

the following relation: If the continuous random variable

Y has exponentiated Weibull (EW) distribution, say

Y �EWða; k; bÞ; k ¼ � lnðpÞ; then X ¼
½Y� �EDsWða; p; bÞ: So, to generate a random sample from

the EDsW distribution, we first generate a random sample

from a continuous EW distribution by using the inverse

CDF method, and then by considering X ¼ ½Y �; we find the

desired random sample. The empirical results are shown in

Figures 3 and 4 for BEDsW(0.4, 0.5, 0.8, 0.9, 1.3) and

BEDsW(1.1, 0.2, 1.5, 1.5, 0.6), respectively.

It is clear that the bias and MSE are reduced as the

sample size is increased. This shows the consistency of the

estimators, and therefore, the ML method is a proper for

estimating the model parameters.

Data analysis

In this section, we explain the experimental importance of

the BEDsW distribution using two applications to real data

sets. The tested distributions are compared using some

criteria, namely, the maximized log-likelihood (�L),

Akaike information criterion (AIC) (see [29]), and Han-

nan–Quinn information criterion (HQIC) (see [28]).

Data set I: football data

These data are reported in Lee and Cha [39], and it rep-

resents a football match score in Italian football match

(Serie A) during 1996 to 2011, between ACF

Fiorentina(X1) and Juventus(X2). We shall compare the fits

of BEDsW distribution with some competitive models like

BDsE, BDsR, BDsW, bivariate Poisson with minimum

operator (BPomin), bivariate Poisson with three parameters

(BPo-3P), independent bivariate Poisson (IBPo), bivariate

discrete inverse exponential (BDsIE) and bivariate discrete

inverse Rayleigh (BDsIR) distributions. Before trying to

analyze the data by using the BEDsW distribution, we fit at

first the marginals X1 and X2 separately and the

minðX1;X2Þ on these data. The ML estimation of the

parameters a; p and b of the corresponding EDsW distri-

bution for X1, X2 and minðX1;X2Þ are (0.665, 0.059,

22.543), (1.974, 0.716, 1.673) and (0.722, 0.054, 20.223),

respectively. Moreover, the �L values are 31.224, 31.735

and 28.265, respectively. Figure 5 shows the estimated

PMF plots for the marginals X1, X2 and minðX1;X2Þ by

using data set I.

From Figure 5, it is clear that EDsW distribution fits the

data for the marginals. Now, we fit BEDsW distribution on

these data. The ML estimators (MLEs), �L, AIC and

HQIC values for the tested bivariate models are reported in

Table 3.

From Table 3, it is clear that BEDsW distribution pro-

vides a better fit than the other tested distributions, because

it has the smallest values among �L, AIC and HQIC.

oL

ob3
¼
X

j¼1

n1 g2ðx1j þ 1; b1 þ b3Þ � g2ðx1j; b1 þ b3Þ
g1ðx1j; b1 þ b3Þ

þ
X

j¼1

n2 g2ðx2j þ 1; b2 þ b3Þ � g2ðx2j; b2 þ b3Þ
g1ðx2j; b2 þ b3Þ

þ
X

j¼1

n3 ½1� pðxjþ1Þa �b1 g2ðxj þ 1; b2 þ b3Þ � g2ðxj; b2 þ b3Þ
� �

� g2ðxj; b1 þ b3Þg1ðxj; b2Þ
½1� pðxjþ1Þa �b1g1ðxj; b2 þ b3Þ � ½1� px

a
j �b1þb3g1ðxj þ 1; b2Þ

;

ð25Þ
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Figure 6 shows the profiles of the L function, which indi-

cate that the estimators are unique.

Figure 7 shows the estimated joint PMF for BEDsW,

BDsW, BDsR and BDsE distributions by using data set I.

From Fig. 7, it is clear that the BEDsW model is the best

among all tested models, which support the results of

Table 3.

Data set II: nasal drainage severity score

These data are reported in Davis [5], and it represents the

efficacy of steam inhalation in the treatment of common

cold symptoms. We shall compare the fits of the BEDsW

distribution with some competitive models like bivariate

Poisson with four parameters (BPo-4P), IBPo, BDsE,

BDsIE and BDsIR distributions. We fit at first the
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Fig. 3 The biases and MSEs when X ¼ ð0:4; 0:5; 0:8; 0:9; 1:3Þ
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Fig. 5 The estimated PMF for the marginals X1, X2 and minðX1;X2Þ by using football data set

Table 3 The MLEs, �L , AIC

and HQIC values
Model MLEs �L AIC HQIC

BDsE bb1 ¼ 0:652; bb2 ¼ 0:812; bb3 ¼ 0:713 75.4 156.7 157.8

BDsR bb1 ¼ 0:790; bb2 ¼ 0:872; bb3 ¼ 0:905 63.9 133.9 135.1

BDsW bb1 ¼ 0:807; bb2 ¼ 0:882; bb3 ¼ 0:917;bf ¼ 2:125 63.9 133.8 134.8

BPomin bb1 ¼ 1:36; bb2 ¼ 2:10; bb3 ¼ 2:27 64.2 134.4 135.5

BPo-3P ba1 ¼ 1:08; ba2 ¼ 1:38; ba3 ¼ 0:70 64.9 135.8 136.9

IBPo bk1 ¼ 1:08; bk2 ¼ 1:38 67.6 139.2 139.9

BDsIE bb1 ¼ 0:669; bb2 ¼ 0:388; bb3 ¼ 0:514 78.5 163.1 164.4

BDsIR bb1 ¼ 0:493; bb2 ¼ 0:212; bb3 ¼ 0:561 64.1 134.2 135.3

BEDsW 60.8 131.7 133.6

Fig. 6 The profiles of the L function using football data set
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marginals X1 and X2 separately and the minðX1;X2Þ on

these data. The MLEs of the parameters a; p and b of the

corresponding DsEW distribution for X1, X2 and

minðX1;X2Þ are (4.171, 0.981, 0.570), (1.857, 0.692, 1.658)
and (2.906, 0.877, 0.766), respectively. Moreover, the �L

values are 35.868, 37.804 and 34.047, respectively.

Figure 8 shows the estimated PMF plots for the marginals

X1, X2 and minðX1;X2Þ by using data set II.

It is clear that the EDsW distribution fits the data for the

marginals. Now, we fit BEDsW distribution on these data.

The MLEs, �L, AIC and HQIC values for the tested

bivariate models are reported in Table 4.
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Fig. 7 The estimated joint PMFs using football data set
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Fig. 8 The estimated PMF for the marginals X1, X2 and minðX1;X2Þ by using nasal drainage severity score
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From Table 4, it is clear that BEDsW distribution pro-

vides a better fit than the other tested distributions. Figure 9

shows the profiles of the L function.

Figure 10 shows the estimated joint PMF for BEDsW

and BDsE distributions by using these data, which support

the results of Table 4.

Conclusions

In this paper, we have introduced a new five parameters

bivariate discrete distribution, in the so-called the bivariate

exponentiated discrete Weibull distribution. Several of its

statistical properties have been studied, and it is found that

the marginals are positive quadrant dependent. Moreover,

the joint reliability function satisfies the total positivity of

order two for some values of x1 and x2. The maximum

likelihood method has been used to estimate the model

parameters. Simulation has been performed, and it is found

that the maximum likelihood method works quite well in

estimating the model parameters. Finally, two real data sets

have been analyzed, and it is found that the proposed

model provides better fit than other well-known discrete

distributions like bivariate discrete Weibull, bivariate dis-

crete Rayleigh, bivariate discrete exponential, bivariate

Poisson with minimum operator, bivariate Poisson with

three parameters, independent bivariate Poisson, bivariate

discrete inverse exponential and bivariate discrete inverse

Rayleigh distributions.

Table 4 The MLEs, �L , AIC

and HQIC values
Model MLEs �L AIC HQIC

BPo-4P bk1 ¼ 0:262; ba1 ¼ 0:165; bk2 ¼ 0:405; ba2 ¼ 2:97 77.7 163.3 164.7

IBPo bk1 ¼ 1:499; bk2 ¼ 1:367 92.5 190.9 192.3

BDsE bb1 ¼ 0:846; bb2 ¼ 0:792; bb3 ¼ 0:693 88.0 182.0 183.3

BDsIE bb1 ¼ 0:501; bb2 ¼ 0:622; bb3 ¼ 0:383 92.5 190.9 192.3

BDsIR bb1 ¼ 0:262; bb2 ¼ 0:405; bb3 ¼ 0:363 78.7 163.3 164.7

BEDsW 70.8 151.5 153.8

Fig. 9 The profiles of the L function using nasal drainage severity score
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