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Abstract

The finite non-commutative and non-associative algebraic structures are indeed one of the special structures for their proba-
bilistic results in some branches of mathematics. For a given integer n > 2, the nth-commutativity degree of a finite algebraic
structure S, denoted by P,(S), is the probability that for chosen randomly two elements x and y of S, the relator x"y = yx”"
holds. This degree is specially a recognition tool in identifying such structures and studied for associative algebraic struc-
tures during the years. In this paper, we study the nth-commutativity degree of two infinite classes of finite loops, which are
non-commutative and non-associative. Also by deriving explicit expressions for nth-commutativity degree of these loops,

we will obtain best upper bounds for this probability.
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Introduction

Every algebraic structure here is non-commutative. A quasi-
group is a non-empty set with a binary operation such that for
every three elements x, y and z of that, the equation xy = z has
a unique solution in the set, whenever two of the three ele-
ments are specified. A quasi-group with a neutral element is
called a loop, and following [5, 1-3], and one may see the def-
inition of Moufang loop satisfying four tantamount relators.
These loops are of interest because they retain main proper-
ties of the groups [4, 5]. During the study of these loops an
interesting class introduced by Chein [6—8] where, for a finite
group G and a new element u, (u € G), the loop M(G, 2) is
defined as M(G, 2) = G U Gu such that the binary operation
in M(G, 2) is defined by:

goh = gh, ifg,heq,

go(hu) = (hgu, ifge G, hu € Gu,
(guw)oh = (gh™Yu, if gu € Gu, h e G,
(gw)o(hu) = h~'g, if gu, hu € Gu.
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These loops are studied for their finiteness property in [5]. It
is obvious that M(G, 2) is non-associative if and only if the
group G is non-abelian.

Following [9], recall the definition of nth-commutativity
degree of an algebraic structure S, denoted by P, (S), which
is the probability that for two elements x and y of S the rela-
tor x"y = yx" holds, for a given integer n > 2. This degree
has been studied mainly for associative algebraic structures
during the years, one may consult Lescot [2], for example.
We here intend to consider two classes of non-associative
algebraic structures and calculate their nth-commutativity
degree, for every integer n > 2. Our considered classes of
loops are M(D,,,,2) and M(Q,n.,2) where, for every m > 3,
D,,, is the dihedral group of order 2m and Q,. is the gen-
eralized quaternion group of order 2. Since these groups
are non-abelian, the considered loops are non-associative
loops. The nth-commutativity degree of these loops will be
calculated in “Main results” section, and the “Conclusion”
section is devoted to study of upper bounds for the calculated
probabilities.

To clear the terminology “nth-commutativity” we have
to mention the difference between this definition and that of
Lescot [2] where, he used this terminology in the study of
multiple commutativity degree of groups.
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Main results

Some preliminaries on groups are needed. Let G be a finite
group and n > 2 be a positive integer. We consider the nth-
commutativity set of G as the following:

C'(G)={(g1,8) €EGXG| g8 =858}

A simple computation shows that for every finite group G,
|C"(G)| = 2|G| — 1. This set will be used in the computation
of P,(G)= % Also we use the presentations
<ab|lad"=b*=(@ab)=1> a n d
<abla® " =1, b*=da*", (ab)* =1 >forthe groups
D,,, and Q,., respectively. Our main results are:

Proposition 2.1 Ler G be a finite non-abelian group and
n > 2 be a positive integer. If M = M(G, 2) is a finite Mou-
fang loop, then

P,(M) = }—1<Pn<6) ELa >

1G]

where a is the number of involutions of G and f is the num-
ber of elements g € G such that g" is involution.
Moreover, if G be of odd order. Then

1 3
P,M) = 7 <Pn(G) + ﬁ)

Two special cases of G where G = D,,,, the dihedral group
of order 2m and G = Q,., the generalized quaternion group
of order 2™, give us two infinite classes of Moufang loops
M(D,,,,2) and M(Q,n,2), where m > 3 is a positive integer.
In fact, we prove the following results about these classes of
loops:

Proposition 2.2 Let M = M(D,,,,2) be a finite Mou-
fang loop, where m > 3, and n be an odd integer and
d = g.c.d(m,2n). Then,

3m+d+5 1 1 .
= + o + o mis odd,
P,(M) =
3m+5 1 1 .
o + ™ + o miseven,
wherer =

m
g.cdmn)’

Proposition 2.3 Let M = M(Q,n,2) be a finite Mou-
fang loop, where m >3, and n be an integer and
d = g.c.d2"',2n). Then,

T+d 1 .
vz 1 nis odd,

P,(M)=14 2 g n = 0 (mod 2"2),
bd LS =427 (mod 272,

om+2 or+4 16

@ Springer

wherer =1,2,...,m—3.

At first, we give certain preliminary results as in the fol-
lowing lemmas:

Lemma 2.4 Let D,,, be a dihedral group, where m > 3, and
n be an odd integer, d = g.c.d(m,n) andr = %. Then

m2+2m+m72, misodd,
|C"(D,,,)| =

2
m? + 2<2m+ '”7), mis even.

Proof Let mbe an odd integer and we know that D,,, = A U B,
where A={l,a,...,a" '} and B={b,ab,...,a" 'b}.
Clearly |A"| = 14 = % =r, and the element 1 € A" com-
mutes with all the elements of D,,, and each other element
of A" commutes with all the elements 1,4, ..., a™ ! € D,,,,.
This implies that there are d X 2m + (r — 1)m) = m> + mTZ
pairs as (a,g8) € AXD,, such that a"g=ga". Also
B'={(@b)' |dbeB, 0<j<m-1}=B and each
element of B commutes with two elements 1 and itself. So
there are 2m pairs as (b, g) € B X D,,, such that b"g = gb".
Consequently,

2
|C"(Dy,,)| = 2m+m* + mT

Now suppose that m be an even integer. Then,
A" = A~ ™ —} and the elements 1,a” € A" are cen-
tral elements. Also, other elements of A” commute with
all of the elements 1,q, ..., a@"~! € D,,,. Thus there are
dQ@2m) + m(r = 2)) = m? + 2m7 pairs as (a,g8) € AXD,,
such that a"g = ga". In addition, B” = B and each ele-
ment a’'b (0 <i < m— 1) of the set B commutes with the
four elements {1,a2 ,a'b,@db}, where 0 <i,j <m— land
li—j| = % So there are 4m pairs as (b, g) € B X D,,, such
that b"g = gb". So we get

2
|C"(D,,,)| = 4m +m® + 2%
U

Lemma 2.5 Let D,,, be a dihedral group, where m > 3, and
n be an even integer, d = g.c.d(m,n) andr = %’ Then,

3m? + 2—':2, ris even,
|IC"(D,,,)| = 2
3m? + mT, ris odd.

Proof Let r be an even integer and we know that
D,,=AUB. Clearly |A"|= % =2=r and the
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elements 1,a" € A" commute with all the elements
of D,, and each other element of A" commutes with
the elements 1l,a,..., a"' €D,,. This implies
that there are dXQQ2m)+ (r—2)m)= m%(r +2)
pairs as (a,g) € AXD,, such that a"g=ga". Also
B" = {(@/b)" |@b€ B, 0<j<m-—1}=Bandeachele-
ment of B commutes with all elements of D,,,. So there are
2m|B| = 2m? pairs as (b, g) € B X D,,, such that b"g = gb".
Consequently,

2
IC"(Dy)| = 2m% + mZ(r +2) = 3m® + 2m”

r r
The proof is similar, when r be an odd integer. ]

Lemma 2.6 Let Q,. be a generalized quaternion group,
where m > 3, and n be an odd integer. Then,

1IC" (@) =27 (3 +2772).

Proof Let n be an odd integer and note that Q,, = AU B,
where A = {1,q,...,a*>" '~} and B = {b,ab, ...,a*" ' ~'b}.
Clearly A"={d"|d €A, 0<j<2"-1}=A.
Obviously the elements 1,4*"" € A" are central ele-
ments in Q,, and each other element of A" commutes
with all the elements 1,a,..., a®" € Q,.. So there
are 2(2™ + ("' =221 =2m(1 +2"72) pairs as
(a,8) € A X Oy, such that a"g = ga". Also B" = B and each
element of B commutes with the four elements in Q,.. This
shows that there are 4(2"~!) pairs as (@, g) € B X Q,. such
that b"g = gb". Hence,

1C7(0a:)1 = 27(14+277%) +4(2) = 27(3+2°7)
O

Lemma 2.7 Let Q,. be a generalized quaternion group,
where m > 3, and n be an even integer. Then,

22m n=0 (mod2"?),
1C" ()| =

3(22m—2)+22m—r—2, n= izr (mod 2m—2),

wherer =1,2,...,m—3.

Proof Ifn = 0 (mod 2"~2),thenQ", = {g" | g € Opn} = {1}.
So,

|Cn(Q2m)| — gmom _ 22m'

Now suppose that n = +2" (mod 2"~?). We know that
0 =AUB. Clearly d=gcd2" "' ,n)= % and
|A"| = 1Al = 21 Also the elements 1, 4> € A" are central
elements in Q,. and each other element of A" commutes

with all the elements 1,4, ...,a%" ="' € Q). So there are

dx (2Q2m) + 2! —2)2m=ly = 22m=r=2 L 222 pairs as
(a,g) € A X O, such that a’g = ga". On the other hand,
for every 0 < j < 2! we have (¢/b)" = b" and b" is equal
to 1 or @*"~, and these elements are central elements in
Q. So there are 2~12" pairs as (b, g) € B X Q. such that
b'g = gb". So we get

|Cn (sz)l — 22m—r—2 + 22m—2 + 2m—12m — 3(22m—2) + 22m—r—2.
]

By results of these lemmas, we get explicit values for
P,(D,,,) and P,(Q,.) as in the following:

Lemma 2.8 Let D,,, be a dihedral group, where m > 3, and
n be an odd integer, d = g.c.d(m,n) andr = %. Then,
misodd,

1 1
+ 2m + 4r’°

B

Pn(DZm) = | | |
i 2(5 + 4—r), mis even.

Proof By Lemma 2.4, and by definition of

= €@yl
P,(D,,) = o We deduce that
m2+2m+¢ 1 1 1 s odd
T_Z+%+;’ misodd,
Pn (D2m) = )
m2+2(2m+%) 1 1 1 .
— =3 + Z(Q + ;), miseven,
and the proof is complete. |

Lemma 2.9 Let D,,, be a dihedral group, where m > 3, and
n be an even integer, d = g.c.d(m,n) andr = g. Then,

+ —, riseven,

AW
2-

Pn(DZWL) =
risodd.

W

1
+4r’

Proof By Lemma 2.5, and by definition of

P,(D,,,) = IC("Z(%;M’ we get the result
3m2+¢ 3 1 .
s 7 + 5,0 Tiseven,
Pn (DZm) '
Im2+ 2 .
= f_¥+4%*’ risodd,
and the proof is complete. 0
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Lemma 2.10 Let Q,. be a generalized quaternion group,
where m > 3, and n be an odd integer. Then,

3 4 2m2

P” (sz ) = om

Proof By Lemma 2.6, and by definition of

P(OQy) = ICZ;%;") |, we deduce that

P42 54
22m = om !

Pn(QZ'”) =
U

Lemma 2.11 Let Q,. be a generalized quaternion group,
where m > 3, and n be an even integer. Then,

P.(O) { 1, n=0 (mod 2’"‘2),
(Do) =4 3 1 _ A —_

2 Tt ym n=x2 (mod2m 2),
wherer =1,2,...,m—3.

Proof By Lemma 2.7, and the definition of
P,(OQyn) = (LSO RS get the result

22m
2m
=1 n=0 (mod2"?),
P”(sz) - 2m—2Y 4 2
32224222 3 1 _ )
22m - Z + 2r+2 ’ n= izr (MOd 2’” )’
wherer=1,2,...,m—3. O

To prove the main propositions, we recall the following
properties of the Moufang loop M = M(G, 2), where G is a
given group. These may be verified easily by considering
the binary operation in M:

(i)  (gu)oh" = h'o(gu)if and only if #*" = 1;

(i)  (gu)"oh = ho(gu)"if and only if h* = 1;

(iii) (gu)"o(hu) = (hu)o(gu)" if and only if (g~'h)> = 1;

(iv) if g"h = hg" then (gu)"o(hu) = (hu)o(gu)" if and only
if W2 = g%

Proof of Proposition 2.1 Let
T={(gh|gheMgh=h"g}. Simplify the binary
operation o in M as the table

o G Gu
G G *G G * Gu
Gu Gu * G Gu * Gu

@ Springer

then it is sufficient to enumerate |71.

: _ _I7
Since P,(M) = 2160

For every pair (g, h) € M, there are four cases:

Case 1: g,h € G. In this case, there are |C,,(G)| number of
elements of the type (g, #) in T.

g€ Guand h € G. Then, g =g,u, g, € G. By
(ii), we conclude that #2 = 1. So, there are exactly
a|Gu| = a|G|number of elements in 7T of the type
(g1u, h).

g€ G and h € Gu. So, h = hju where h; € G.
In this case, we use (i) and deduce that there are
f|G| number of distinct elements in T of the type
(g, h u), because of the validity of the relation
h?” =1

g € Guand h € Gu. So, g = g,uand h = hyu, for
81,h, € G. By using (iii), we confirm the exist-
ence of a|G| number of distinct elements in T of
the type (g,u, hyu), for, (g7 h))* = 1.

Case 2:

Case 3:

Case 4:

Consequently, T has contains |C"(G)| + 2a|G| + |G|
number of elements all together. Hence,
|C"(G)| + 2a|G| + BIG| . 1

4GP )= 3P+

Qa+ p)

P(M) =
(M) I

).

Now if G be a finite group of odd order. Then, a = f =1,
and so

(G 3|G

Proof of Proposition 2.2 By Lemma 2.8, and Proposition 2.1,
we get

2a+ﬂ>

P, (M) = i(Pn(DM) + G

Moreover,

m+d, miseven,

ﬂ =

m+ 1, misodd,
and

m+ 2, miseven,
a =

m+ 1, misodd.
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where d = (m, 2n). So, 11
P,(M) < —,
M) < =
(L 1 1 20m42+0mkd)\ _ 3mid+s 1 1 .
4 (4 + 2m + 4r + 2m > 8m + 16r + 160 THseven,
P,(M) =
it 41 AmtD)) _ 3mi5 1 1 ;
4<4+2<2m+4r>+ 2m > 8m 8r 16’ m is odd.
where, r = ” (Z’m " and the proof is complete. where M = M(Q,n,2) and m > 3is an integer.

Proof of Proposition 2.3 By Proposition 2.1,

)

|G
Since d = g.c.d(2""!,2n), for odd values of n, @ = 2, and
p = d. In this case, Lemma 2.10 gives us:

4+d
+
)
However, for even values of n,a =2 and f =d +2" . In
this case, we use Lemma 2.11 and get,

Pn(M) =

_1+d 1
T oom+2 +E'

P, (M) =

1(3+2m2
4 2m

Proof For n = p?‘pgz ...pzk, we use Remark 3.1-(i) to get
d = g.c.d2",2n) = 2. So,

11

<Lota= o

P,M) < =5

1
—_ 2 =
32(9+ )

O
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1 44d+2"1\ _ 4+d 3 — m—2
1+ s ) sy 2, n =0 (mod 22,
P,M) =
1(3 1 44d42"'\ _ 44d | 15 — Lo m—2
4 (4 + 2r+2 + om ) T om+2 + or+4 + 16° n= 12 (mOd 2 )’
where r = 1,2, ...,m — 3. This completes the proof. Open Access This article is distributed under the terms of the Crea-
tive Commons Attribution 4.0 International License (http://creativeco
mmons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
. tion, and reproduction in any medium, provided you give appropriate
Conclusion

The following remarks are the results of Proposition 2.3. They
give us useful upper bounds for P,(M) where M = M(Q,n, 2).

Remark 3.1 For all integers, n>2 and m >3 let
M = M(Q,.,2)and d = g.c.d(2""!,2n). Then,

(i) For odd values of n, P,(M) < 3—12(9 +d),

(i) For even values of n,
P (M) < 5(16 +d), n=0(Gmod2m2),
P,(M) < 31—2(15 +d), n=+2"(mod2"2), r=1,2,...,m—23.

Remark 3.2 For distinct odd primes p;, ..., p; and positive
i 3 L) i
integers ay, ..., q;, if n =p,'py D then

credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.
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