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Abstract
The finite non-commutative and non-associative algebraic structures are indeed one of the special structures for their proba-
bilistic results in some branches of mathematics. For a given integer n ≥ 2 , the nth-commutativity degree of a finite algebraic 
structure S, denoted by Pn(S) , is the probability that for chosen randomly two elements x and y of S, the relator xny = yxn 
holds. This degree is specially a recognition tool in identifying such structures and studied for associative algebraic struc-
tures during the years. In this paper, we study the nth-commutativity degree of two infinite classes of finite loops, which are 
non-commutative and non-associative. Also by deriving explicit expressions for nth-commutativity degree of these loops, 
we will obtain best upper bounds for this probability.
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Introduction

Every algebraic structure here is non-commutative. A quasi-
group is a non-empty set with a binary operation such that for 
every three elements x, y and z of that, the equation xy = z has 
a unique solution in the set, whenever two of the three ele-
ments are specified. A quasi-group with a neutral element is 
called a loop, and following [5, 1–3], and one may see the def-
inition of Moufang loop satisfying four tantamount relators. 
These loops are of interest because they retain main proper-
ties of the groups [4, 5]. During the study of these loops an 
interesting class introduced by Chein [6–8] where, for a finite 
group G and a new element u, (u ∉ G) , the loop M(G, 2) is 
defined as M(G, 2) = G ∪ Gu such that the binary operation 
in M(G, 2) is defined by:

goh = gh, if g, h ∈ G,

go(hu) = (hg)u, if g ∈ G, hu ∈ Gu,

(gu)oh = (gh−1)u, if gu ∈ Gu, h ∈ G,

(gu)o(hu) = h−1g, if gu, hu ∈ Gu.

These loops are studied for their finiteness property in [5]. It 
is obvious that M(G, 2) is non-associative if and only if the 
group G is non-abelian.

Following [9], recall the definition of nth-commutativity 
degree of an algebraic structure S, denoted by Pn(S) , which 
is the probability that for two elements x and y of S the rela-
tor xny = yxn holds, for a given integer n ≥ 2 . This degree 
has been studied mainly for associative algebraic structures 
during the years, one may consult Lescot [2], for example. 
We here intend to consider two classes of non-associative 
algebraic structures and calculate their nth-commutativity 
degree, for every integer n ≥ 2 . Our considered classes of 
loops are M(D2m, 2) and M(Q2m , 2) where, for every m ≥ 3 , 
D2m is the dihedral group of order 2m and Q2m is the gen-
eralized quaternion group of order 2m . Since these groups 
are non-abelian, the considered loops are non-associative 
loops. The nth-commutativity degree of these loops will be 
calculated in “Main results” section, and the “Conclusion” 
section is devoted to study of upper bounds for the calculated 
probabilities.

To clear the terminology “nth-commutativity” we have 
to mention the difference between this definition and that of 
Lescot [2] where, he used this terminology in the study of 
multiple commutativity degree of groups.

http://crossmark.crossref.org/dialog/?doi=10.1007/s40096-018-0274-0&domain=pdf
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Main results

Some preliminaries on groups are needed. Let G be a finite 
group and n ≥ 2 be a positive integer. We consider the nth-
commutativity set of G as the following:

A simple computation shows that for every finite group G, 
|Cn(G)| ≥ 2|G| − 1 . This set will be used in the computation 
of Pn(G) =

|Cn(G)|
|G|2  . Also we use the presentations 

< a, b ∣ am = b2 = (ab)2 = 1 >  a n d 
< a, b ∣ a2

m−1

= 1, b2 = a2
m−2

, (ab)2 = 1 > for the groups 
D2m and Q2m , respectively. Our main results are:

Proposition 2.1  Let G be a finite non-abelian group and 
n ≥ 2 be a positive integer. If M = M(G, 2) is a finite Mou-
fang loop, then

where � is the number of involutions of G and � is the num-
ber of elements g ∈ G such that gn is involution.

Moreover, if G be of odd order. Then

Two special cases of G where G = D2m , the dihedral group 
of order 2m and G = Q2m , the generalized quaternion group 
of order 2m , give us two infinite classes of Moufang loops 
M(D2m, 2) and M(Q2m , 2) , where m ≥ 3 is a positive integer. 
In fact, we prove the following results about these classes of 
loops:

Proposition 2.2  Let M = M(D2m, 2) be a finite Mou-
fang loop, where m ≥ 3, and n be an odd integer and 
d = g.c.d(m, 2n). Then,

where r = m

g.c.d(m,n)
.

Proposition 2.3  Let M = M(Q2m , 2) be a finite Mou-
fang loop, where m ≥ 3, and n be an integer and 
d = g.c.d(2m−1, 2n). Then,

Cn(G) = {(g1, g2) ∈ G × G ∣ g1g
n
2
= gn

2
g1}.

Pn(M) =
1

4

(
Pn(G) +

2� + �

|G|
)
,

Pn(M) =
1

4

(
Pn(G) +

3

|G|
)
.

Pn(M) =

⎧
⎪⎨⎪⎩

3m+d+5

8m
+

1

16r
+

1

16
, m is odd,

3m+5

8m
+

1

8r
+

1

16
, m is even,

Pn(M) =

⎧⎪⎪⎨⎪⎪⎩

7+d

2m+2
+

1

16
, n is odd ,

4+d

2m+2
+

3

8
, n ≡ 0 (mod 2m−2),

4+d

2m+2
+

1

2r+4
+

5

16
, n ≡ ±2r (mod 2m−2),

where r = 1, 2,… ,m − 3.

At first, we give certain preliminary results as in the fol-
lowing lemmas:

Lemma 2.4  Let D2m be a dihedral group, where m ≥ 3, and 
n be an odd integer, d = g.c.d(m, n) and r = m

d
. Then

Proof  Let m be an odd integer and we know that D2m = A ∪ B , 
where A = {1, a,… , am−1} and B = {b, ab,… , am−1b} . 
Clearly |An| = |A|

d
=

m

d
= r , and the element 1 ∈ An com-

mutes with all the elements of D2m and each other element 
of An commutes with all the elements 1, a,… , am−1 ∈ D2m . 
This implies that there are d × (2m + (r − 1)m) = m2 +

m2

r
 

pairs as (a, g) ∈ A × D2m such that ang = gan . Also 
Bn = {(ajb)n ∣ ajb ∈ B, 0 ≤ j ≤ m − 1} = B and each 
element of B commutes with two elements 1 and itself. So 
there are 2m pairs as (b, g) ∈ B × D2m such that bng = gbn . 
Consequently,

Now suppose that m be an even integer. Then, 
|An| = |A|

d
=

m

d
= r and the elements 1, ar ∈ An are cen-

tral elements. Also, other elements of An commute with 
all of the elements 1, a,… , am−1 ∈ D2m . Thus there are 
d(2(2m) + m(r − 2)) = m2 + 2

m2

r
 pairs as (a, g) ∈ A × D2m 

such that ang = gan . In addition, Bn = B and each ele-
ment aib (0 ≤ i ≤ m − 1) of the set B commutes with the 
four elements {1, a

m−2

2 , aib, ajb} , where 0 ≤ i, j ≤ m − 1 and 
|i − j| = m

2
 . So there are 4m pairs as (b, g) ∈ B × D2m such 

that bng = gbn . So we get

	�  □

Lemma 2.5  Let D2m be a dihedral group, where m ≥ 3, and 
n be an even integer, d = g.c.d(m, n) and r = m

d
. Then,

Proof  Let r be an even integer and we know that 
D2m = A ∪ B  .  C lear ly  |An| = |A|

d
=

m

d
= r  and  the 

�Cn(D2m)� =
⎧
⎪⎨⎪⎩

m2 + 2m +
m2

r
, m is odd,

m2 + 2

�
2m +

m2

r

�
, m is even.

|Cn
(
D2m

)| = 2m + m2 +
m2

r
.

|Cn
(
D2m

)| = 4m + m2 +
2m2

r
.

�Cn
�
D2m

�� =
⎧
⎪⎨⎪⎩

3m2 +
2m2

r
, r is even ,

3m2 +
m2

r
, r is odd .
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elements 1, ar ∈ An commute with all the elements 
of D2m and each other element of An commutes with 
the  e lements  1, a,… , am−1 ∈ D2m  .  This  impl ies 
t h a t  t h e r e  a r e  d × (2(2m) + (r − 2)m) = m

m

r
(r + 2) 

pairs as (a, g) ∈ A × D2m such that ang = gan . Also 
Bn = {(ajb)n ∣ ajb ∈ B, 0 ≤ j ≤ m − 1} = B and each ele-
ment of B commutes with all elements of D2m . So there are 
2m|B| = 2m2 pairs as (b, g) ∈ B × D2m such that bng = gbn . 
Consequently,

The proof is similar, when r be an odd integer. 	�  □

Lemma 2.6  Let Q2m be a generalized quaternion group, 
where m ≥ 3, and n be an odd integer. Then,

Proof  Let n be an odd integer and note that Q2m = A ∪ B , 
where A = {1, a,… , a2

m−1−1} and B = {b, ab,… , a2
m−1−1b} . 

C l e a r l y  An = {ajn ∣ aj ∈ A, 0 ≤ j ≤ 2m−1 − 1} = A  . 
Obviously the elements 1, a2m−2 ∈ An are central ele-
ments in Q2m and each other element of An commutes 
with all the elements 1, a,… , a2

m−1

∈ Q2m . So there 
a re  2(2m) + (2m−1 − 2)2m−1 = 2m(1 + 2m−2) pa i r s  a s 
(a, g) ∈ A × Q2m such that ang = gan . Also Bn = B and each 
element of B commutes with the four elements in Q2m . This 
shows that there are 4(2m−1) pairs as (a, g) ∈ B × Q2m such 
that bng = gbn . Hence,

	�  □

Lemma 2.7  Let Q2m be a generalized quaternion group, 
where m ≥ 3, and n be an even integer. Then,

where r = 1, 2,… ,m − 3.

Proof  If n ≡ 0 (mod 2m−2) , then Qn
2m

= {gn ∣ g ∈ Q2m} = {1} . 
So,

Now suppose that n ≡ ±2r (mod 2m−2) . We know that 
Q2m = A ∪ B  .  C l ea r ly  d = g.c.d(2m−1, n) =

2m

2r+2
 and 

|An| = |A|
d

= 2r+1 . Also the elements 1, a2r ∈ An are central 
elements in Q2m and each other element of An commutes 
with all the elements 1, a,… , a2

m−1−1 ∈ Q2m . So there are 

|Cn
(
D2m

)| = 2m2 + m
m

r
(r + 2) = 3m2 +

2m2

r
.

|Cn
(
Q2m

)| = 2m
(
3 + 2m−2

)
.

|Cn
(
Q2m

)| = 2m
(
1 + 2m−2

)
+ 4

(
2m−1

)
= 2m

(
3 + 2m−2

)
.

�Cn
�
Q2m

�� =
⎧
⎪⎨⎪⎩

22m, n ≡ 0 (mod 2m−2),

3(22m−2) + 22m−r−2, n ≡ ±2r (mod 2m−2),

|Cn
(
Q2m

)| = 2m2m = 22m.

d × (2(2m) + (2r+1 − 2)2m−1) = 22m−r−2 + 22m−2 pairs as 
(a, g) ∈ A × Q2m such that ang = gan . On the other hand, 
for every 0 ≤ j ≤ 2m−1 we have (ajb)n = bn and bn is equal 
to 1 or a2m−2 , and these elements are central elements in 
Q2m . So there are 2m−12m pairs as (b, g) ∈ B × Q2m such that 
bng = gbn . So we get

	�  □

By results of these lemmas, we get explicit values for 
Pn(D2m) and Pn(Q2m) as in the following:

Lemma 2.8  Let D2m be a dihedral group, where m ≥ 3, and 
n be an odd integer, d = g.c.d(m, n) and r = m

d
. Then,

Proof  By Lemma 2.4 ,  and by def in i t ion  of 
Pn(D2m) =

|Cn(D2m)|
(2m)2

 , we deduce that

and the proof is complete. 	� □

Lemma 2.9  Let D2m be a dihedral group, where m ≥ 3, and 
n be an even integer, d = g.c.d(m, n) and r = m

d
. Then,

Proof  By Lemma 2.5 ,  and by def in i t ion of 
Pn(D2m) =

|Cn(D2m)|
(2m)2

 , we get the result

and the proof is complete. 	� □

|Cn
(
Q2m

)| = 22m−r−2 + 22m−2 + 2m−12m = 3
(
22m−2

)
+ 22m−r−2.

Pn

�
D2m

�
=

⎧
⎪⎨⎪⎩

1

4
+

1

2m
+

1

4r
, m is odd,

1

4
+ 2(

1

2m
+

1

4r
), m is even.

Pn

�
D2m

�
=

⎧
⎪⎪⎨⎪⎪⎩

m2+2m+
m2

r

4m2
=

1

4
+

1

2m
+

1

4r
, m is odd,

m2+2(2m+
m2

r
)

4m2
=

1

4
+ 2(

1

2m
+

1

4r
), m is even,

Pn

�
D2m

�
=

⎧
⎪⎨⎪⎩

3

4
+

1

2r
, r is even,

3

4
+

1

4r
, r is odd.

Pn

�
D2m

�
=

⎧
⎪⎪⎨⎪⎪⎩

3m2+
2m2

r

4m2
=

3

4
+

1

2r
, r is even,

3m2+
m2

r

4m2
=

3

4
+

1

4r
, r is odd,



30	 Mathematical Sciences (2019) 13:27–32

1 3

Lemma 2.10  Let Q2m be a generalized quaternion group, 
where m ≥ 3, and n be an odd integer. Then,

Proof  By Lemma 2.6 ,  and by def in i t ion  of 
Pn(Q2m) =

|Cn(Q2m )|
(2m)2

 , we deduce that

	�  □

Lemma 2.11  Let Q2m be a generalized quaternion group, 
where m ≥ 3, and n be an even integer. Then,

where r = 1, 2,… ,m − 3.

Proof  By Lemma 2.7,  and the def ini t ion of 
Pn(Q2m) =

|Cn(Q2m )|
22m

 , we get the result

where r = 1, 2,… ,m − 3 . 	� □

To prove the main propositions, we recall the following 
properties of the Moufang loop M = M(G, 2) , where G is a 
given group. These may be verified easily by considering 
the binary operation in M: 

(i)	� (gu)ohn = hno(gu) if and only if h2n = 1;

(ii)	� (gu)noh = ho(gu)n if and only if h2 = 1;

(iii)	� (gu)no(hu) = (hu)o(gu)n if and only if (g−1h)2 = 1;

(iv)	� if gnh = hgn then (gu)no(hu) = (hu)o(gu)n if and only 
if h2 = g2.

P r o o f  o f   P r o p o s i t i o n  2 . 1   L e t 
T = {(g, h) ∣ g, h ∈ M, ghn = hng} . Simplify the binary 
operation o in M as the table 

o G Gu
G G *G G * Gu
Gu Gu * G Gu * Gu

Pn

(
Q2m

)
=

3 + 2m−2

2m
.

Pn

(
Q2m

)
=

2m
(
3 + 2m−2

)
22m

=
3 + 2m−2

2m
.

Pn(Q2m) =

{
1, n ≡ 0

(
mod 2m−2

)
,

3

4
+

1

2r+2
, n ≡ ±2r

(
mod 2m−2

)
,

Pn

�
Q2m

�
=

⎧
⎪⎨⎪⎩

22m

22m
= 1, n ≡ 0

�
mod 2m−2

�
,

3(22m−2)+22m−r−2

22m
=

3

4
+

1

2r+2
, n ≡ ±2r

�
mod 2m−2

�
,

Since Pn(M) =
|T|

(2|G|)2 , then it is sufficient to enumerate |T|. 
For every pair (g, h) ∈ M , there are four cases: 

Case 1:	� g, h ∈ G . In this case, there are |Cn(G)| number of 
elements of the type (g, h) in T.

Case 2:	� g ∈ Gu and h ∈ G . Then, g = g1u , g1 ∈ G . By 
(ii), we conclude that h2 = 1 . So, there are exactly 
�|Gu| = �|G| number of elements in T of the type 
(g1u, h).

Case 3:	� g ∈ G and h ∈ Gu . So, h = h1u where h1 ∈ G . 
In this case, we use (i) and deduce that there are 
�|G| number of distinct elements in T of the type 
(g, h1u) , because of the validity of the relation 
h2n
1

= 1.
Case 4:	� g ∈ Gu and h ∈ Gu . So, g = g1u and h = h1u , for 

g1, h1 ∈ G . By using (iii), we confirm the exist-
ence of �|G| number of distinct elements in T of 
the type (g1u, h1u) , for, (g−1

1
h1)

2 = 1.

Consequently, T has contains |Cn(G)| + 2�|G| + �|G| 
number of elements all together. Hence,

Now if G be a finite group of odd order. Then, � = � = 1 , 
and so

Proof of Proposition 2.2  By Lemma 2.8, and Proposition 2.1, 
we get

Moreover,

and

Pn(M) =
|Cn(G)| + 2�|G| + �|G|

4|G|2 ) =
1

4
(Pn(G) +

(2� + �)

|G| ).

Pn(M) =
|Cn(G)| + 3|G|

4|G|2 ) =
1

4

(
Pn(G) +

3

|G|
)
.

Pn(M) =
1

4

(
Pn

(
D2m

)
+

2� + �

|G|
)
.

� =

⎧
⎪⎨⎪⎩

m + d, m is even,

m + 1, m is odd,

� =

⎧
⎪⎨⎪⎩

m + 2, m is even,

m + 1, m is odd.
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where d = (m, 2n) . So,

where, r = m

g.c.d(m,n)
 and the proof is complete.

Proof of Proposition 2.3  By Proposition 2.1,

Since d = g.c.d(2m−1, 2n) , for odd values of n, � = 2 , and 
� = d . In this case, Lemma 2.10 gives us:

However, for even values of n, � = 2 and � = d + 2m−1 . In 
this case, we use Lemma 2.11 and get,

where r = 1, 2,… ,m − 3 . This completes the proof.

Conclusion

The following remarks are the results of Proposition 2.3. They 
give us useful upper bounds for Pn(M) where M = M(Q2m , 2).

Remark 3.1  For all integers, n ≥ 2 and m ≥ 3 let 
M = M(Q2m , 2) and d = g.c.d(2m−1, 2n) . Then, 

(i)	� For odd values of n, Pn(M) ≤
1

32
(9 + d),

(ii)	� For even values of n, 

Remark 3.2  For distinct odd primes p1,… , pk and positive 
integers �1,… , �k , if n = p

�1
1
p
�2
2
… p

�k
k

 , then

Pn(M) =

⎧
⎪⎨⎪⎩

1

4

�
1

4
+

1

2m
+

1

4r
+

2(m+2)+(m+d)

2m

�
=

3m+d+5

8m
+

1

16r
+

1

16
, miseven,

1

4

�
1

4
+ 2

�
1

2m
+

1

4r

�
+

3(m+1)

2m

�
=

3m+5

8m
+

1

8r
+

1

16
, m is odd.

Pn(M) =
1

4

(
Pn

(
Q2m

)
+

2� + �

|G|
)
.

Pn(M) =
1

4

(
3 + 2m−2

2m
+

4 + d

2m

)
=

7 + d

2m+2
+

1

16
.

Pn(M) =

⎧⎪⎨⎪⎩

1

4

�
1 +

4+d+2m−1

2m

�
=

4+d

2m+2
+

3

8
, n ≡ 0 (mod 2m−2),

1

4

�
3

4
+

1

2r+2
+

4+d+2m−1

2m

�
=

4+d

2m+2
+

1

2r+4
+

5

16
, n ≡ ±2r (mod 2m−2),

⎧⎪⎨⎪⎩

Pn(M) ≤
1

32
(16 + d), n ≡ 0 (mod 2m−2),

Pn(M) ≤
1

32
(15 + d), n ≡ ±2r (mod 2m−2), r = 1, 2,… ,m − 3.

where M = M(Q2m , 2) and m ≥ 3 is an integer.

Proof  For n = p
�1
1
p
�2
2
… p

�k
k

 , we use Remark 3.1-(i) to get 
d = g.c.d(2m−1, 2n) = 2 . So,

	�  □
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Pn(M) ≤
11

32
,

Pn(M) ≤
1

32
(9 + d) =

1

32
(9 + 2) =

11

32
.
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