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Abstract

The aim of this study is to calculate the well-known Laplace and Sumudu transforms of functions in a different way. For our
purpose, we present a computational tool by applying the variational iteration method. The Laplace and Sumudu transforms
of some of the basic functions are also given as illustrations to test the efficiency and reliability of the proposed computa-

tional method.
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Introduction

The variational iteration method (VIM) is one of the pow-
erful mathematical tools to solve various kinds of linear
and nonlinear problems which was proposed by He [1-3].
Besides these, variational iteration method and its modifica-
tions are also used in many areas of mathematics and science
as seen [4—7] and many others. In recent times, Fatoorehchi
et al. [8] have performed the differential transform method
(DTM) to obtain Laplace transform of functions. Also, the
applications of homotopy perturbation (HPM) and adomian
decomposition (ADM) methods for calculating Laplace
transform are seen in the literature [9, 10], respectively.

In that respect, we aim to give a new calculation of
Laplace and Sumudu transforms using the VIM which will
be the first time in the literature. Therefore, we take into
account the two elementary first-order linear ODE:s as follow

6(t) =pb(t) + O(1)
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where p and r are positive constants. We can easily obtain
the analytical solutions of (1) and (2) as below

0(t)e'p’=/(Q(t)e_’”)dt 3)
and

-1 -t
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It is pointed out that if the right-hand side of Egs. (3) and
(4) is considered as definite integration from zero to infin-
ity, then we obtain the Laplace and Sumudu transforms of
the functions Q(¢) from right-hand side of the equations as

G(p) =LIO()] = /0 (Qwe™)dt = [0 5 (5)

HO) =S1001 = [ (00 )ar
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where G(p) and H(r) are the Laplace and Sumudu trans-
form of Q(¢) functions, respectively. Also, L and S denote
the Laplace and Sumudu operator.

Implementation of VIM to solve (1) and (2)

In order to make a basic definition of the VIM, we consider
the following general nonlinear problem

Viu@®] + Nu@®)] = g@) @)
where V is a linear operator, N is a nonlinear operator and
g is a given continuous function. According to the original
VIM, we construct the correction functional as [1-3]

Uyt (1) = 1, () + / M) [V, (1)) + N(ii, (7)) — g(r)]dz, m >0
0
3

Here A is a Lagrange multiplier obtained by the varia-
tional theory [1-3], i, is considered as a restricted variation
[1-3],1.e. i1, = 0. Firstly, we determine the Lagrange mul-
tiplier which can be identified optimally via the variational
theory [1-3]. Then, successive iterations u,,(f),m > 0 are
obtained by using Lagrange multiplier and initial approxi-
mate function u, that satisfies, at least, the initial and bound-
ary conditions with possible unknowns. Consequently,
the exact solution of (7) can be obtained by the following
formula

u(t) = ,ll_r»?c u,, (1) 9

Now, we perform the VIM to solve (1) and (2). By con-
sidering the initial conditions, we can write 6,(f) = 0 and
Jfo@) = 0. If we apply the VIM procedure (7), (8) to (1) and
(2), then Lagrange multipliers A,(7) and /lf(r) are obtained
as below

do(z) = =", A(r) = —e7 ) (10)

Therefore, considering (8), (9) and (10), we obtain the
iteration formula for the VIM solutions of (1) and (2) as
follow, respectively,

0,11 (1) = 6,,(D) = / (e”0[6;,(2) = pb,,(7) = O(v)] )dz
0
(an

fun® =50 [ (o - Lo - Low)] ar

(12)

Here m > 0. By substituting the first iteration of (11) and

(12) to right-hand side of (5) and (6), we obtain the Laplace

and Sumudu transform of Q(¢) functions by means of the
VIM. Namely,
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LIO(O] = G(p) = [e76,(0)]
(13)

14

=00
1=

SI0W0] = H() = [0

Computing the Laplace and Sumudu
transforms via VIM

In this section, Laplace and Sumudu transforms of some of
the frequently used functions, especially used in the applied
sciences, are obtained to show the efficiency and accuracy of
the proposed computational method.

For Laplace transform

Case 1 Let O(t) = ", n > 0. By considering (1), (5) and (13),
it can be written as

L") = [e7'6,0) .2 (15)
where 6, () is obtained from (11) as

e/t
0,(t) = W[F(H )= I'(n+1,pn) (16)

where I'(n), I'(n,t) are the well-known gamma and incom-
plete gamma functions, respectively. Thus, we have the
Laplace transform of Q(¢) = " as

L[] =[e"”<%[1’(n+ D-T'(n+ 14”)])] _
p =0 a7
1 n!
=pn+1 [(n! = 0) = (! —nh)] = P!

Case 2 Let Q(t) = cosh(at),p > a. From (11), we obtain
0,(¢) as following
pept p(eat + e—at) a(eat _ e—at)
Pl —a? 2% — a?) 202 — a?)

Using the (1), (5), (13) and (18), we get the Laplace trans-
form of Q(¥) = cosh(at)

() =

(18)

(a=p)t —(a+p)t
e +e
L[cosh(at)] = P _ P )
Pl —a? 2002 — a?)
a(el@ Pt — g=(atp)ry }’=°°
20 =a) )i (19)
__p_ . D p
pPr-a? P—a® p-a?
__ b
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Case 3 Let Q(r) = e“, p > a. We have the 0, (¢) as

ell — et

0,(n = (20)

—a

By substituting (20) into the right-hand side of (13), the
Laplace transform of Q(¢) = e is obtained as

_ ela—py Y=
L[e‘”]:{—l = }
P4 Ji=o 21
1-0 1-1_ 1 1)
"p—a p—a p-a

Case 4 Let O(7) = tcos(at). From (11), we have the 6, (¢) as

* — a?)e”
(9 + tpa® + p* — a*] cos(ar)
- (P + a?)? 22)
+ [tap® + ta® + 2ap] sin(at)
(P + a?)?

0,(t) =

and put (22) into right-hand side of (13), then we obtain the
Laplace transform of Q(¢) = ¢ cos(at) as following
2_ 2 3 2,2 2
| p-a _[zp + tpa” + p~ — a“] cos(at)
L[t cos(ar)] —{ o TG 1 )
[tap? + ta® + 2ap] sin(at) f=e
ept(pZ + (12)2 =0
2_ 2
_r-e _ _0—
=Grray 0+0-0 (
2

P - P —a
P +a2? (P2 +ad)y

_p-a
S a2
P>+ @) 3

Case 5 Let Q(f) = erf(¢). By considering (1), (5), (11) and
(13), we can easily obtain

epHPTzerf('E’) + erf () epH”TZerf(t + %’)
+

0,(t) = — (24)
p p
and
eTerf(8) + eVerf@) e erfu+ D)
Lierf(1)] =4 - +
p p
=0
—eTerf(2) 0+t eTerf(2)+0-eTerf(2)
= +
p p
=e% (1 - erf(g)) _ e%erfc(g)
p p
(25)

Here erf(t) and erfc(f) are well-known error and comple-
mentary error functions, respectively.
Case 6 Let O(7) = In(¢). Once again using the (11), we
obtain 6, () as
In(t) + e”E\(pt) €’y + e’ In(p)
p p

where y = 0.5772156649 ...1s the Eulers constant and E, (¢)
is a well-known exponential integral defined as

0,() =— (26)

E () = / CT_vdv 7

If the same process is applied as in before, we get

_a—pt _ =00
L[In(»)] ={ ™ In(®) - E,(p1) _rt ln(p)}
p p =0
:—0—0— y — In(p) + In(®) —y — In(pt) + y + In(p)
p p
_Tr- In(p)
p
(28)
For Sumudu transform

Case 1 Let Q(r) =", n > 0. By using (2), (6) and (14), it
can be written as

o0

SI7"] = [e‘f 1 (z)] ZO (29)
where f,(#) is obtained from (12) as
fl(t)=t"ef-<§>_n[l‘(n+1)—F(n+1,§)] 30)

where I'(n), I'(n,t) are the well-known gamma and incom-
plete gamma functions, respectively. Thus, we have the
Sumudu transform of Q(¢) = t* as

st = (| (n+ D=0+ 1£)]):’ an
=r'[(n!'=0)— (n! —nhH] =r'"n!

Case 2 Let O(f) = M 1 > |ar|. From (12), we obtain
f1(?) as following

1
e <2are(”+7)’ —ar+ 1 — agre?a — g2 )

fi)=— (32)

2a(a’r? - 1)

Considering the (2), (6), (14) and (32), we get the
Sumudu transform of Q(¢) = %
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rela= 1 (a=1)t =i [1 - erf( )] [ - ( ) - erf( ))]

1 1=00
§—
2a(a?rr — 1)
=0

__r _ r_ r + 1
1 —r2a? 1-r2a> 2(1-r%a® 2a(l —r?a?)

2(a?r?2 - 1)

_ r _ 1 _ r
2(1 = r2a?)  2a(1 —r2a?) 1—-r2a2

(33)
Case 3 Let Q(f) = ¥, * - >a. We have the f(¢) as
L
fi(0) = ¢ -c (34)
1—ar

By substituting (34) into the right-hand side of (14), the
Sumudu transform of Q(¢) = e is obtained as

S[e?] —{ | — el }tzoo
T=ar ) (35)

1-0 1-1 _ 1

_l—ar_ l—ar

1—ar

Case 4 Let Q(7) = t cos(at). From (12), we have the f; (#) as

a2r3)e£ I+ a’r’t — r*a® + r] cos(at)
(r2a2 +1)? (r?a* + 1)?
[art + ta®r® + 2ar?] sin(ar)

(r?a® + 1)?

f1()_
(36)

and put (36) into right-hand side of (14), then we obtain the
Sumudu transform of Q(¢) = t cos(at) as following

r—a*r [t + a*r?t — a3 + r] cos(at)
(r2a? + 1)? ej(r2a2 +1)2

S[tcos(at)] = {

=00
[2ar? + a®r3t + art] sin(at)
el(rza2 +1)2 =0
_ r—a*r’ —0-0- r—a*r _ r—a*r _
T (at + 1)? a2+ 1?2 (rPa?+1)?
r—a*r
(r2a2 +1)2

(37

Case 5 Let Q(¢) = erf(¢). By applying (2), (6), (12) and
(14), we can easily write

il = ef+4: [erf(t+ %) - erf(%)] —erf(t) (38)

Here erf(?) is a well-known error function. Thus, we obtain
the Sumudu transform of erf(¥) as

@ Springer

et [i-eo( )] o)

where erfc(t) is complementary error function.
Case 6 Let O(f) = In(¢). Once again using the (12), we
obtain f(¢) as

(39)

fl(t)=—ln(t)—efE1<£)—efy_ef m(%) 40)

where y = 0.5772156649...1s the Eulers constant and E, (?) is
a well-known exponential integral defined as in (27). If the
same process is applied as in before, we obtain

Stin(n)] ={—e‘£ In(®) —El<§> ~r=ln G) }::
LORCESIOREI

(41)

=—0-0-7y

=—y+In(r)

which is the Sumudu transform of In(z).
Conclusion

We applied the variational iteration method for computing of
the Laplace and Sumudu transforms of functions by using a
different way. Results clearly show that unlike the literature
and also classical computation, our presented method provides
a powerful and easy calculation and also does not require too
long operations. It is obviously indicated that the Laplace and
Sumudu transforms of many functions, which are not men-
tioned here, can be computed by the VIM easily.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecom-
mons.org/licenses/by/4.0/), which permits unrestricted use, distribu-
tion, and reproduction in any medium, provided you give appropriate
credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.

Appendix: Definition of Sumudu transform

The famous integral transform which is used widely in Math-

ematics and the other disciplines is Laplace transform (see

[11-13]). As the similar meaning, Watugala introduced a new

integral transform for differential equations and engineering

problems called Sumudu Transform [14—-16] as following.
Let T denotes the set of functions as

= {f(t) CIM. 7, > 0, [f(5)] < M+, 1€ (—1) X [0, oo)}
42)
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and Sumudu transform of functions f{¢) over the set of T as
F(u)=S[f() : ul = / fwne™ds, u € (-1,1,) (43)
0
Also, a modified version of the definition of (43) is pre-
sented as

Flu) = / IO e o) (44)
0

u

by Watugala [14-16], Belgacem [17, 18]. Furthermore,
Sumudu transform is applied and improved for many areas
of sciences (see some of [17-241]).
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