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Abstract
A numerical scheme has been developed for solving the system of linear Fredholm integro-differential equations subject to

the mixed conditions using Laguerre polynomials. Using collocation method, the system of Fredholm integro-differential

equations has been transformed to the system of linear equations in unknown Laguerre coefficients, which leads to the

solution in terms of Laguerre polynomials. Moreover, the accuracy and applicability of the scheme have been compared

with Tau method and Adomian decomposition method that reveals the proposed scheme to be more efficient.
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Introduction

There are many branches of science, such as control theory

and financial mathematics, which leads to integro-differ-

ential equations (IDEs). In modern mathematics, IDEs

mostly occur in many applied areas including engineering,

physics and biology [1–6]. The resolution of many prob-

lems in physics and engineering leads to differential and

integral equations in bounded or unbounded domains. For

example, problems occur in coastal hydrodynamics and in

meteorology. The integrals appear in many physical con-

texts, containing the product of orthogonal polynomials or

special functions. For example, the wave functions of the

hydrogen as well as 2-, 3- and, in general, n-dimensional

harmonic oscillator encompassing Laguerre polynomials

and the evaluation of integrals having the product of these

polynomials are essential [7].

In the fields of applied mathematics and scientific

computing, spectral methods [8–10] became popular

among researchers as a robust numerical tool. The

remarkable results are obtained, using the spectral meth-

ods, to solve the problems [11–13] in different fields of

natural sciences. Moreover, system of IDEs found in the

field of science and engineering, such as nano-hydrody-

namics [14], glass-forming process [15], dropwise con-

densation [16], wind ripples in the desert [17], modeling

the competition between tumor cell and the immune system

[18] and examining the noise term phenomenon [19, 20].

Since analytical solutions of such type of problems are hard

to determine, therefore the numerical methods are required.

Many researchers presented numerical methods for system

of IDEs, for instance the Tau method [21], Fibonacci

matrix method [22], Bessel matrix method [23, 24], Ado-

mian decomposition method (ADM) [25], modified

decomposition method [26], Galerkin methods with hybrid

functions [27–30, 38], differential transform method [31]

and the block pulse functions method [32].

The main objective of this paper is to study the concept

of the system of IDEs and manipulate the Laguerre matrix

method for solving the system of linear Fredholm IDEs.

The following system of linear Fredholm IDEs has been

considered
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Xn

k¼0

Xr

q¼1

qkp;qðsÞuðkÞq ðsÞ ¼ fpðsÞ þ
Z b

a

Xr

q¼1

Kp;qðs; tÞuqðtÞdt;

p ¼ 1; 2; . . .; r; 0� a� s� b;

ð1Þ

subject to

Xn�1

q¼0

ðakp;qu
ðqÞ
k ðaÞ þ bkp;qu

ðqÞ
k ðbÞÞ ¼ lk;p; p ¼ 0; 1; . . .; n� 1;

k ¼ 1; 2; . . .; r;

ð2Þ

where uqðsÞ is the unknown and qkp;q; Kp;qðs; tÞ; fpðsÞ are

the known functions defined in the interval [a, b], the

kernel function Kp;qðs; tÞ can be expanded using Maclaurin

series and also akp;q; b
k
p;q; lk;p are real constants.

Taking upðsÞ to be the approximate solution of Eq. (1) in

terms of truncated Laguerre series yields

upðsÞ ¼
XN

n¼0

ap;n LnðsÞ; p ¼ 1; 2; . . .; r; a� s� b; ð3Þ

where ap;n are the unknown Laguerre coefficients, to be

determined for n ¼ 0; 1; 2; . . .;N, and LnðsÞ be the

Laguerre polynomial defined by

LnðsÞ ¼
Xn

k¼0

ð�1Þk

k!

n

n� k

� �
sk; 0� s� b\1:

Matrix relation

The matrix form of Laguerre polynomials LnðsÞ is as

follows

LTðsÞ ¼ HSTðsÞ , LðsÞ ¼ SðsÞHT; ð4Þ

where

LðsÞ ¼ L0ðsÞ L1ðsÞ L2ðsÞ . . . LNðsÞð Þ;
SðsÞ ¼ 1 s s2 . . . sN

� �
;

and

The relation defined in Eq. (3) can be written in matrix

form, as

ðuqðsÞÞ ¼ LðsÞAq; q ¼ 1; 2; . . .; r;

where

Aq ¼ ðaq;0; aq;1; . . .; aq;NÞT:

or from Eq. (4)

ðuqðsÞÞ ¼ SðsÞHTAq; q ¼ 1; 2; . . .; r: ð5Þ

Also, the relation between the matrix SðsÞ and its first

derivative is

Sð1ÞðsÞ ¼ SðsÞB; Sð0ÞðsÞ ¼ SðsÞ; ð6Þ

where

B ¼

0 1 0 . . . 0

0 0 2 . . . 0

..

. ..
. ..

. . .
. ..

.

0 0 0 . . . N

0 0 0 . . . 0

0

BBBBBB@

1

CCCCCCA
:

It follows from Eqs. (4) and (6) that

H ¼

ð�1Þ0

0!

0

0

� �
0 0 . . . 0

ð�1Þ0

0!

1

0

� �
ð�1Þ1

1!

1

1

� �
0 . . . 0

ð�1Þ0

0!

2

0

� �
ð�1Þ1

1!

2

1

� �
ð�1Þ2

2!

2

2

� �
. . . 0

..

. ..
. ..

. . .
. ..

.

ð�1Þ0

0!

N

0

� �
ð�1Þ1

1!

N

1

� �
ð�1Þ2

2!

N

2

� �
. . .

ð�1ÞN

N!

N

N

� �

0

BBBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCCA

:
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SðpÞðsÞ ¼ Sðp�1ÞðsÞB ¼ SðsÞðBÞp; p ¼ 0; 1; 2; . . .; n;

ð7Þ

and thus

LðpÞðsÞ ¼ SðpÞðsÞHT ¼ SðsÞðBÞpHT; p ¼ 0; 1; 2; . . .; n:

ð8Þ

The following recurrence relation is obtained using

Eqs. (5), (7) and (8)

uðpÞq ðsÞ ¼ LðpÞðsÞAq

¼ SðpÞðsÞHTAq

¼ SðsÞðBÞpHTAq; p¼ 0;1;2; . . .;n; q¼ 1;2; . . .; r:

ð9Þ

Hence, the matrices uðpÞðsÞ can be expressed as

uðpÞðsÞ ¼ SðsÞðBÞpHA; p ¼ 0; 1; 2; . . .; n; ð10Þ

where

uðpÞðsÞ ¼

u
ðpÞ
1 ðsÞ

u
ðpÞ
2 ðsÞ
..
.

u
ðpÞ
r ðsÞ

0
BBBBB@

1
CCCCCA
; A ¼

A1

A2

..

.

Ar

0

BBBB@

1

CCCCA
;

SðsÞ ¼

SðsÞ 0 . . . 0

0 SðsÞ . . . 0

..

. ..
. . .

. ..
.

0 0 . . . SðsÞ

0

BBBB@

1

CCCCA

r�r

;

B ¼

B 0 . . . 0

0 B . . . 0

..

. ..
. . .

. ..
.

0 0 . . . B

0

BBBB@

1

CCCCA

r�r

and

H ¼

HT 0 . . . 0

0 HT . . . 0

..

. ..
. . .

. ..
.

0 0 . . . HT

0

BBBB@

1

CCCCA
:

Method of solution

The matrix form of the system defined in Eq. (1) is as

follows

Xn

p¼0

PpðsÞuðpÞðsÞ ¼ f ðsÞ þ IðsÞ; ð11Þ

where

uðpÞðsÞ ¼

u
ðpÞ
1 ðsÞ

u
ðpÞ
2 ðsÞ
..
.

u
ðpÞ
r ðsÞ

0
BBBBB@

1
CCCCCA
; f ¼

f1ðsÞ
f2ðsÞ
..
.

frðsÞ

0
BBBB@

1
CCCCA
;

PpðsÞ ¼

qp1;1ðsÞ qp1;2ðsÞ . . . qp1;rðsÞ
qp2;1ðsÞ qp2;2ðsÞ . . . qp2;rðsÞ

..

. ..
. . .

. ..
.

qpr;1ðsÞ qpr;2ðsÞ . . . qpr;rðsÞ

0

BBBBB@

1

CCCCCA
;

IðsÞ ¼
Z b

a

Kðs; tÞuðtÞdt;

Kðs; tÞ ¼

K1;1ðs; tÞ K1;2ðs; tÞ . . . K1;rðs; tÞ
K2;1ðs; tÞ K2;2ðs; tÞ . . . K2;rðs; tÞ

..

. ..
. . .

. ..
.

Kr;1ðs; tÞ Kr;2ðs; tÞ . . . Kr;rðs; tÞ

0
BBBB@

1
CCCCA
;

I ¼

I1ðsÞ
I2ðsÞ
..
.

IrðsÞ

0
BBBB@

1
CCCCA

and

IpðsÞ ¼
Z b

a

Xr

q¼1

Kp;qðs; tÞuqðtÞ: ð12Þ

Using truncated Taylor and Laguerre series to approximate

the kernel Kp;qðs; tÞ yields

Kp;qðs; tÞ ¼
XN

m¼0

XN

n¼0

ktpqs
mtn and

Kp;qðs; tÞ ¼
XN

m¼0

XN

n¼0

klpqLmðsÞLnðtÞ;
ð13Þ

where

ktpq ¼
1

m!n!

omþnKð0; 0Þ
osmotn

; m; n ¼ 0; 1; 2; . . .;N;

p; q ¼ 0; 1; 2; . . .; r:

Equation (13) can be put into the matrix form, as

Kp;qðs; tÞ ¼ SðsÞKt
pqS

TðtÞ; Kt
pq ¼ ktpq

� �
; ð14Þ

and

Kp;qðs; tÞ ¼ LðsÞKl
pqL

TðtÞ; Kl
pq ¼ klpq

� �
: ð15Þ

Using Eqs. (5) and (15) in Eq. (12) to get the matrix form

of the integral part yields
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ðIpðsÞÞ ¼
Z b

a

Xr

q¼0

LðsÞKl
pqL

TðtÞSðtÞHTAqdt

¼
Xr

q¼0

Z b

a

LðsÞKl
pqL

ðTÞðtÞSðtÞHTAqdt

¼
Xr

q¼0

LðsÞKl
pqQAq;

ð16Þ

such that

Q ¼
Z b

a

LTðtÞSðtÞHTdt

¼
Z b

a

HSTðtÞSðtÞHTdt ¼ HMHT;

where

M ¼
Z b

a

STðtÞSðtÞdt ¼ ðmijÞ; mij ¼
biþjþ1 � aiþjþ1

iþ jþ 1
;

i; j ¼ 0; 1; 2; . . .;N:

Using Eq. (4) in Eq. (16) leads to

ðIpðsÞÞ ¼
Xr

q¼0

SðsÞHTKl
pqQAq: ð17Þ

In order to determine the system of equations in matrix

form, replacing the collocation points defined by

st ¼ aþ b� a

N
t; t ¼ 0; 1; 2; . . .;N; ð18Þ

in Eq. (11), leads to

Xn

p¼0

PpðstÞuðpÞðstÞ ¼ fðstÞ þ IðstÞ

or

Xn

p¼0

PpU
ðpÞ ¼ Fþ I; ð19Þ

where

Pp ¼

Ppðs0Þ 0 . . . 0

0 Ppðs1Þ . . . 0

..

. ..
. . .

. ..
.

0 0 . . . PpðsNÞ

0

BBBB@

1

CCCCA
;

UðpÞ ¼

uðpÞðs0Þ
uðpÞðs1Þ

..

.

uðpÞðsNÞ

0
BBBB@

1
CCCCA
; F ¼

fðs0Þ
fðs1Þ
..
.

fðsNÞ

0
BBBB@

1
CCCCA

and I ¼

Iðs0Þ
Iðs1Þ
..
.

IðsNÞ

0
BBBB@

1
CCCCA
:

Using the collocation points in Eq. (10) yields

uðpÞðstÞ ¼ SðstÞðBÞpHA; t ¼ 0; 1; 2; . . .;N;

p ¼ 0; 1; 2; . . .; r;
ð20Þ

which can be written as

UðpÞ ¼ SðBÞpHA;

where

S ¼

Sðs0Þ
Sðs1Þ
..
.

SðsNÞ

0
BBBB@

1
CCCCA

and

SðstÞ ¼

SðstÞ 0 . . . 0

0 SðstÞ . . . 0

..

. ..
. . .

. ..
.

0 0 . . . SðstÞ

0
BBBB@

1
CCCCA

r�r

;
t ¼ 0; 1; 2; . . .;N;

p ¼ 0; 1; 2; . . .; r:

Substituting the collocation points in Eq. (17) leads to

ðIpðstÞÞ ¼
Xr

q¼0

SðstÞHTKl
pqQAq; t ¼ 0; 1; 2; . . .;N;

p ¼ 0; 1; 2; . . .; r:

ð21Þ

Similarly, substituting the collocation points into the

matrix IðsÞ of Eq. (11) and using Eq. (21) yields

IðstÞ ¼ SðstÞHKlQA; t ¼ 0; 1; 2; . . .;N; p ¼ 0; 1; 2; . . .; r;

ð22Þ

where
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IðstÞ ¼

I1ðstÞ
I2ðstÞ
..
.

IrðstÞ

0

BBBB@

1

CCCCA
;

SðstÞ ¼

SðstÞ 0 . . . 0

0 SðstÞ . . . 0

..

. ..
. . .

. ..
.

0 0 . . . SðstÞ

0

BBBB@

1

CCCCA

r�r

;

H ¼

HT 0 . . . 0

0 HT . . . 0

..

. ..
. . .

. ..
.

0 0 . . . HT

0

BBBB@

1

CCCCA
;

Kl ¼

Kl
11 Kl

12 . . . Kl
1r

Kl
21 Kl

22 . . . Kl
2r

..

. ..
. . .

. ..
.

Kl
r1 Kl

r2 . . . Kl
rr

0

BBBBB@

1

CCCCCA
;

Q ¼

Q 0 . . . 0

0 Q . . . 0

..

. ..
. . .

. ..
.

0 0 . . . Q

0

BBBB@

1

CCCCA
and A ¼

A1

A2

..

.

Ar

0

BBBB@

1

CCCCA
:

Thus, using Eq. (22) in I defined in Eq. (19) gives

I ¼

Iðs0Þ
Iðs1Þ
..
.

IðsNÞ

0
BBBB@

1
CCCCA

¼ SHKlQA: ð23Þ

Hence, from Eq. (19) the fundamental matrix equation of

the system defined in Eq. (1), using Eqs. (20) and (23), is

obtained as under

Xn

p¼0

PpSðBÞpH� SHKlQ

" #
A ¼ F: ð24Þ

rðN þ 1Þ � rðN þ 1Þ and rðN þ 1Þ � 1 are the dimensions

of the respective matrices Pp; S; ðBÞp; H; Kl; Q and

A, F. Moreover, Eq. (24) is written in more instructive

form, as

WA ¼ F; or ðW;FÞ; ð25Þ

where

W ¼ ðwm;nÞ ¼
Xn

p¼0

PpSðBÞpH� SHKlQ; m; n ¼ 1; 2; . . .; rðN þ 1Þ:

The conditions defined in Eq. (2) can be expressed in the

following matrix form

Xn�1

q¼0

a1p;qu
ðqÞ
1 ðaÞ þ b1p;qu

ðqÞ
1 ðbÞ

h i
¼ l1;p;

Xn�1

q¼0

a2p;qu
ðqÞ
2 ðaÞ þ b2p;qu

ðqÞ
2 ðbÞ

h i
¼ l2;p;

..

.

Xn�1

q¼0

arp;qu
ðqÞ
r ðaÞ þ brp;qu

ðqÞ
r ðbÞ

h i
¼ lr;p

or

Xn�1

q¼0

a1qu
ðqÞ
1 ðaÞ þ b1qu

ðqÞ
1 ðbÞ

h i
¼ l1;

Xn�1

q¼0

a2qu
ðqÞ
2 ðaÞ þ b2qu

ðqÞ
2 ðb

h i
¼ l2;

..

.

Xn�1

q¼0

arqu
ðqÞ
r ðaÞ þ brqu

ðqÞ
r ðbÞ

h i
¼ lr;

where

lp ¼

lp;0
lp;1

..

.

lp;n�1

0
BBBBB@

1
CCCCCA

n�1

; apq ¼

a
p
0;q

a
p
1;q

..

.

a
p
n�1;q

0
BBBBB@

1
CCCCCA

n�1

;

bpq ¼

b
p
0;q

b
p
1;q

..

.

b
p
n�1;q

0
BBBBB@

1
CCCCCA

n�1

; p ¼ 1; 2; . . .; r:

or briefly

Xn�1

q¼0

aqu
ðqÞðaÞ þ bqu

ðqÞðbÞ
h i

¼ l; ð26Þ

where
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aq ¼

a1q 0 . . . 0

0 a2q . . . 0

..

. ..
. . .

. ..
.

0 0 . . . arq

0
BBBBB@

1
CCCCCA

r�r

;

bq ¼

b1q 0 . . . 0

0 b2q . . . 0

..

. ..
. . .

. ..
.

0 0 . . . brq

0
BBBBB@

1
CCCCCA

r�r

and l ¼

l1
l2

..

.

lr

0
BBBB@

1
CCCCA

r�1

:

Putting the values of uðqÞðaÞ and uðqÞðbÞ from Eq. (10) into

Eq. (26) yields

Xn�1

q¼0

aqSðaÞ þ bqSðbÞ
� 	

ðBÞqHA ¼ l: ð27Þ

or briefly

VA ¼ l or ðV; lÞ; ð28Þ

where

V ¼
Xn�1

q¼0

aqSðaÞ þ bqSðbÞ
� 	

ðBÞqH

Thus, Eq. (28) is the matrix form of the conditions defined

in Eq. (2). Replacing the augmented matrix in Eq. (28) with

the augmented matrix in Eq. (25) yields

~WA ¼ ~F: ð29Þ

By replacing the nr-rows of the matrix W, the augmented

matrix of the above system can be obtained as under

[23, 33–36]

It is not necessary to replace the last rows of W. For

instance, if the matrix W is singular, then the rows that are

linearly dependent (or have same factors) or all zeros are

replaced. If rank ~W=rank ð ~W; ~FÞ ¼ rðN þ 1Þ, then

A ¼ ð ~WÞ�1 ~F. Thus, upðsÞ can be approximated by Eq. (3).

However, if j ~W j ¼ 0, then a particular solution may be

found; otherwise, the solution will not be possible.

Error analysis

Since Eq. (3) approximates the system defined in Eq. (1),

therefore substituting uqðsÞ by up;NðsÞ; p ¼ 1; 2; . . .; r in

Eq. (1), the resulting equation must be satisfied approxi-

mately, i.e., for s ¼ si 2 ½a; b�; i ¼ 0; 1; 2; . . .

EpðsiÞ ¼
Xn

k¼0

Xr

q¼1

qkp;qðsiÞu
ðkÞ
p;NðsiÞ � fpðsiÞ








�
Z b

a

Xr

q¼1

Kp;qðsi; tÞup;NðtÞdt





 ffi 0; p ¼ 1; 2; . . .; r

ð31Þ

and EpðsiÞ� 10�ki , where ki is a nonnegative integer. If

max 10�ki ¼ 10�k (k positive integer) is prescribed, then

the truncation limit N is increased till the difference EpðsiÞ
at each of the points becomes smaller than the prescribed

10�k[23, 36, 37]. For max 10�ki 6¼ 10�k, the error can be

estimated by the following function

ð ~W; ~FÞ ¼

w1;1 w1;2 . . . w1;rðNþ1Þ ; f1ðs0Þ

..

. ..
. . .

. ..
.

; ..
.

wr;1 wr;2 . . . wr;rðNþ1Þ ; frðs0Þ

..

. ..
. . .

. ..
.

; ..
.

wrðN�nþ1Þ;1 wrðN�nþ1Þ;2 . . . wrðN�nþ1Þ;rðNþ1Þ ; frðsN�nÞ
v1;1 v1;2 . . . v1;rðNþ1Þ ; l1;0

..

. ..
. . .

. ..
.

; ..
.

vr;1 vr;2
..
.

vr;rðNþ1Þ ; l1;n�1

..

. ..
. . .

. ..
.

; ..
.

vnr;1 vnr;2 . . . vnr;rðNþ1Þ ; lr;n�1

0

BBBBBBBBBBBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCCCCCCCCCCA

: ð30Þ

190 Mathematical Sciences (2018) 12:185–195

123



Ep;NðsÞ ¼
Xn

k¼0

Xr

q¼1

qkp;qðsÞuðkÞq ðsÞ � fpðsÞ

�
Z b

a

Xr

q¼1

Kp;qðs; tÞuqðtÞdt ffi 0; p ¼ 1; 2; . . .; r:

The error will be decreasing, if Ep;NðsÞ ! 0, for suffi-

ciently large N.

Numerical examples

Following examples have been considered to examine the

reliability and efficiency of the proposed technique.

Example 1 Consider the system of Fredholm IDEs, as

u
ð2Þ
1 ðsÞ þ u

ð1Þ
2 ðsÞ ¼ 3s2 þ 3s

10
þ 8�

Z 1

0

2stfu1ðtÞ � 3u2ðtÞgdt

u
ð1Þ
1 ðsÞ þ u

ð2Þ
2 ðsÞ ¼ 21sþ 4

5
�
Z 1

0

3ð2sþ t2Þfu1ðtÞ � 2u2ðtÞgdt;

0� s� 1;

ð32Þ

subject to the following mixed conditions

u1ð0Þ þ u
ð1Þ
1 ð0Þ ¼ 1; u1ð1Þ þ u

ð1Þ
1 ð1Þ ¼ 10;

u2ð0Þ þ u
ð1Þ
2 ð0Þ ¼ 1; u2ð1Þ þ u

ð1Þ
2 ð1Þ ¼ 7:

ð33Þ

The analytical solutions are u1ðsÞ ¼ 3s2 þ 1 and

u2ðsÞ ¼ s3 þ 2s� 1.

Solving the system of equations for N ¼ 3 by following

the procedure stated above yields the approximate

solutions u1;3ðsÞ ¼ 3s2 þ 1 and u2;3ðsÞ ¼ s3 þ 2s� 1

which are exactly the same as the analytical one. Table 1

shows the numerical results obtained by the proposed

technique and their comparison with Tau method [21],

whereas Figs. 1 and 2 depict the absolute errors e1;3 and

e2;3 at N ¼ 3 for Example 1.

Example 2 Consider the system of Fredholm IDEs, as

u
ð2Þ
1 ðsÞ ¼ 8

9
þ
Z 1

0

1

3
u1ðtÞ þ

1

4
u2ðtÞ

� �
dt

u
ð2Þ
2 ðsÞ ¼ 6s� s2

18
þ
Z 1

0

s2

6
u1ðtÞ �

s2

3
u2ðtÞ

� �
dt; 0� s�1;

ð34Þ

subject to the following initial conditions

u1ð0Þ ¼ 0; u
ð1Þ
1 ð0Þ ¼ 1

3
; u2ð0Þ ¼ 0; u

ð1Þ
2 ð0Þ ¼ � 1

2
:

ð35Þ

The analytical solution is u1ðsÞ ¼ s2

2
þ s

3
and u2ðsÞ ¼ s3 � s

2
.

Solving the system of equations for N ¼ 3 by following

the procedure stated above yields the approximate solu-

tions u1;3ðsÞ ¼ s2

2
þ s

3
and u2;3ðsÞ ¼ s3 � s

2
which are exactly

the same as the analytical one. Numerical results obtained

by the proposed technique are shown in Table 2, while the

comparison of the maximum absolute errors of the pro-

posed technique with Adomian decomposition method [25]

is keðu1;3Þk1 ¼ 0, keðu2;3Þk1 ¼ 0 and

keðu1;6Þk1 ¼ 0:2� 10�6, keðu2;6Þk1 ¼ 0, respectively.

Example 3 Consider the system of Fredholm IDEs, as

Table 1 Numerical results for Example 1

s Exact Proposed Absolute errors Absolute errors

u1ðsÞ u1;3ðsÞ e1;3ðsÞ Tau method [21]

0 1 1 0 3 9 10-14

0.2 1.12 1.12 0 2 9 10-14

0.4 1.48 1.48 0 1 9 10-14

0.6 2.08 2.08 0 2 9 10-14

0.8 2.92 2.92 0 1 9 10-14

1.0 4 4 0 1 9 10-14

s Exact Proposed Absolute errors Absolute errors

u2ðsÞ u2;3ðsÞ e2;3ðsÞ Tau method [21]

0 - 1 - 1 0 3.1 9 10-14

0.2 - 0.592 - 0.592 0 2.7 9 10-14

0.4 - 0.136 - 0.136 5.55112 9 10-17 2.4 9 10-14

0.6 0.416 0.416 1.11022 9 10-16 2.3 9 10-14

0.8 1.112 1.112 0 2.0 9 10-14

1.0 2 2 0 2.0 9 10-14
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u
ð1Þ
1 ðsÞ ¼ 5s

3
þ
Z 1

0

s

2
u1ðtÞ þ

s

3
u2ðtÞ

n o
dt

u
ð1Þ
2 ðsÞ ¼ 7

6
þ
Z 1

0

u1ðtÞ � u2ðtÞf gdt; 0� s� 1;

ð36Þ

subject to the following initial conditions

u1ð0Þ ¼ 0; u2ð0Þ ¼ 0: ð37Þ

The analytical solution is u1ðsÞ ¼ s2 and u2ðsÞ ¼ s.

Solving the system of equations for N ¼ 2 by following

the procedure stated above yields the approximate solu-

tions u1;2ðsÞ ¼ s2 and u2;2ðsÞ ¼ s which are exactly the

same as the analytical one. Numerical results obtained by

the proposed technique are shown in Table 3, while the

comparison of the maximum absolute errors of the pro-

posed technique with Adomian decomposition method [25]

is keðu1;2Þk1 ¼ 0, keðu2;2Þk1 ¼ 0 and

keðu1;20Þk1 ¼ 0:18� 10�6, keðu2;20Þk1 ¼ 0:123� 10�5,

respectively.

Example 4 Consider the system of Fredholm IDEs, as

u
ð2Þ
1 ðsÞ� su

ð1Þ
2 ðsÞþ2su1ðsÞ¼ 2s3�37s2

12
þ320s

60
þ2

þ
Z 1

0

fs2tu1ðtÞ� st2u2ðtÞgdt�2su
ð1Þ
1 ðsÞþu

ð2Þ
2 ðsÞþu2ðsÞ

¼�5s2�109s

30
�1�

Z 1

0

fstu1ðtÞþ st3u2ðtÞgdt;

0�s�1;

ð38Þ

subject to the following boundary conditions

u1ð0Þ ¼ 3; u1ð1Þ ¼ 2; u2ð0Þ ¼ 1; u2ð1Þ ¼ 1: ð39Þ

The analytical solution is u1ðsÞ ¼ s2 � 2sþ 3 and

u2ðsÞ ¼ � s2 þ sþ 1.

Solving the system of equations for N ¼ 2 by following

the procedure stated above yields the approximate solu-

tions u1;2ðsÞ ¼ s2 � 2sþ 3 and u2;2ðsÞ ¼ � s2 þ sþ 1

which are exactly the same as the analytical one. Numer-

ical results obtained by the proposed technique are shown

in Table 4.

Example 5 Consider the system of Fredholm IDEs, as

0.2 0.4 0.6 0.8 1.0

2. 10 17

4. 10 17

6. 10 17

8. 10 17

1. 10 16

1.2 10 16

1.4 10 16

Fig. 2 Absolute errors e2;3ðsÞ for N ¼ 3

Table 2 Numerical results for

Example 2
s Exact Proposed Absolute errors Exact Proposed Absolute errors

u1ðsÞ u1;3ðsÞ e1;3ðsÞ u2ðsÞ u2;3ðsÞ e2;3ðsÞ

0 0 0 0 0 0 0

0.2 0.086667 0.086667 0 - 0.092 - 0.092 0

0.4 0.213333 0.213333 0 - 0.136 - 0.136 0

0.6 0.38 0.38 0 - 0.084 - 0.084 0

0.8 0.586667 0.586667 0 0.112 0.112 0

1.0 0.833333 0.833333 0 0.5 0.5 0

0.2 0.4 0.6 0.8 1.0

1.0

0.5

0.5

1.0

Fig. 1 Absolute errors e1;3ðsÞ for N ¼ 3
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u
ð2Þ
1 ðsÞ � s u

ð1Þ
2 ðsÞ � u1ðsÞ ¼ ðs� 2Þ sinðsÞ

þ
Z 1

0

fs cosðtÞu1ðtÞ � s sinðtÞu2ðtÞgdt

� 2su
ð1Þ
1 ðsÞ þ u

ð2Þ
2 ðsÞ þ u2ðsÞ ¼ �2s cosðsÞ

þ
Z 1

0

fsinðsÞ cosðtÞu1ðtÞ � sinðsÞ sinðtÞu2ðtÞgdt;

0� s� 1;

ð40Þ

subject to the following initial conditions

Table 3 Numerical results for

Example 3
s Exact Proposed Absolute errors Exact Proposed Absolute errors

u1ðsÞ u1;2ðsÞ e1;2ðsÞ u2ðsÞ u2;2ðsÞ e2;2ðsÞ

0 0 0 0 0 0 0

0.2 0.04 0.04 0 0.2 0.2 0

0.4 0.16 0.16 0 0.4 0.4 0

0.6 0.36 0.36 0 0.6 0.6 0

0.8 0.64 0.64 0 0.8 0.8 0

1.0 1 1 0 1 1 0

Table 4 Numerical results for

Example 4
s Exact Proposed Proposed errors Exact Proposed Proposed errors

u1ðsÞ u1;2ðsÞ e1;2ðsÞ u2ðsÞ u2;2ðsÞ e2;2ðsÞ

0 3 3 0 1 1 0

0.2 2.64 2.64 0 1.16 1.16 0

0.4 2.36 2.36 4:44089� 10�16 1.24 1.24 0

0.6 2.16 2.16 0 1.24 1.24 0

0.8 2.04 2.04 0 1.16 1.16 0

1.0 2 2 0 1 1 0

Table 5 Numerical results for

Example 5
s Exact Proposed Proposed Proposed

u1ðsÞ u1;3ðsÞ u1;4ðsÞ u1;5ðsÞ

0 0 � 1:9984� 10�15 � 1:33227� 10�15 2:3892� 10�13

0.2 0.198669 0.19869 0.198517 0.198669

0.4 0.389418 0.389516 0.388638 0.389419

0.6 0.564642 0.564618 0.563349 0.564646

0.8 0.717356 0.716132 0.717141 0.717369

1.0 0.841471 0.836195 0.846011 0.841529

s Exact Proposed Proposed Proposed

u2ðsÞ u2;3ðsÞ u2;4ðsÞ u2;5ðsÞ

0 1 1 1 1

0.2 0.980067 0.980214 0.978639 0.980066

0.4 0.921061 0.921711 0.917059 0.92106

0.6 0.825336 0.825775 0.83689 0.825337

0.8 0.696707 0.693689 0.783602 0.696719

1.0 0.540302 0.526737 0.8265 0.540404

Table 6 Maximum absolute errors for Example 5

N 3 4 5

e1;N 5:27579� 10�3 4:53959� 10�3 5:80152� 10�5

e2;N 1:35651� 10�2 2:86198� 10�1 1:01691� 10�4
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u1ð0Þ ¼ 0; u
ð1Þ
1 ð0Þ ¼ 1; u2ð0Þ ¼ 1; u

ð1Þ
2 ð0Þ ¼ 0:

ð41Þ

The analytical solution is u1ðsÞ ¼ sinðsÞ and

u2ðsÞ ¼ cosðsÞ.

Solving the system of equations for N ¼ 3; 4; 5 by fol-

lowing the procedure stated above, yields the approximate

solutions:

u1;3ðsÞ ¼ � 1:9984� 10�15 þ 1s� 8:88178� 10�16s2

� 0:163805s3;

u2;3ðsÞ ¼ 1�3:33067� 10�16s� 0:5s2 þ 0:0267372s3,

and

u1;4ðsÞ ¼ � 1:33227� 10�15 þ 1s� 1:33227� 10�14s2

� 0:193214s3 þ 0:0392248s4;

u2;4ðsÞ ¼ 1þ 8:52651� 10�14s� 0:5s2 � 0:294265s3

þ 0:620765s4,

also

u1;5ðsÞ ¼ 2:3892� 10�13 þ 1sþ 4:01457� 10�13s2

� 0:166728s3 þ 0:000337574s4

þ 0:00791926s5,

u2;5ðsÞ ¼ 1:� 8:08242� 10�13s� 0:5s2 � 0:00030213s3

þ0:0431559s4 � 0:00244974s5:

Numerical results are summarized in Tables 5, while 6

shows the maximum absolute errors for Example 5.

Comparison of exact and proposed solutions is shown in

Figs. 3 and 4 for N ¼ 3; 4 and 5, respectively.

Conclusion

In this paper, Laguerre operational matrix approach has been

manipulated to solve the systemof linear Fredholm IDEs. The

scheme converted the system of IDEs, using Laguerre oper-

ational matrices, to a matrix equation that can be solved by

any suitable method. Comparison of the results with other

methods such as Tau method [21] and Adomian decomposi-

tion method (ADM) [25] reveals that the Laguerre approach

has more accuracy. In addition, to get the best approximating

solution of the system, the truncation limit N must be chosen

large enough. It is also to be mentioned that the method is

efficient to determine the solution in closed form, as well.
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