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Abstract
By the Riccati transformation technique, we study some new oscillatory properties for the second-order dynamic equation

on an arbitrary time scale T: We also establish the Kamenev-type and Philos-type oscillation criteria. At the end, we give

examples which illustrate our main results.
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Introduction

In [25], Kubyshkin and Moryakova considered a second-

order differential–difference equation of delay type

€xðtÞ þ A _xðtÞ þ xðtÞ þ Kðxðt � hÞÞ þWð _xðt � hÞÞ ¼ 0;

ð1:1Þ

where the real constants A; h[ 0; and the functions

K;W : R ! R defined by KðxðtÞÞ ¼ k1xðtÞ þ k2x
2ðtÞ. . .

. . .; and WðxðtÞÞ ¼ w1xðtÞ þ w2x
2ðtÞ. . .. . .8ki;wj 2 R,

respectively. The authors have investigated the oscillatory

solution of Eq. (1.1). Such Eq. (1.1) occur in the modeling

of electronic devices. In this paper, we modify and extend

this work by considering the Eq. (1.1) on the arbitrary time

scales T,

yDDðtÞ þ aðtÞyDðtÞ þ yðtÞ þ Kðyðt � hÞÞ
þ f ðWðyDðt � hÞÞÞ ¼ 0 8t 2 T;

ð1:2Þ

where the functions a : T ! R; f : R ! R; and time scale

T satisfies t � h\t and t � h 2 T8t 2 T; for some posi-

tive real constant h. One can easily see that for some h[ 0,

Eq. (1.1) can be achieved by taking T ¼ R, aðtÞ ¼ A[ 0

and f ðxÞ ¼ x8x 2 R in Eq. (1.2). Equation (1.2) is very

general in nature and techniques from time scale calculus

to analyze it. Equation (1.2) covers not only differential

equations (i.e., T ¼ RÞ and difference equations ði:e:;T ¼
ZÞ but covers more general time scales hZ ¼ fhn : n 2 Zg
for h[ 0;T ¼

S

k2Z
½kðaþ bÞ; kðaþ bÞ þ a� for a; b[ 0;

and T ¼
S

m2Z
fmþ 1

n
: n 2 Ng [ Z, etc. Throughout this

paper, we obtain the sufficient conditions of oscillation for

the dynamic equation (1.2). To the best of our knowledge,

no work has been done regarding the oscillatory behavior

of (1.2) so far.

Following Stefan’s landmark [22], a rapidly expanding

body of literature has sought to unify, extend, and gener-

alize ideas from discrete, quantum and continuous calculus

to an arbitrary time scale calculus. A time scale is an

arbitrary non-empty closed subset of the real numbers

which have the topology that inherits from the real num-

bers with the standard topology. It has applications in

electrical engineering, quantum mechanics, population

dynamic and economics etc [3, 11]. In particular, a time

scale qZ [ f0g; q[ 1 is used in quantum physics, see in

[6, 7]. Many authors have worked on various aspects of

new theory, see in [2, 6, 7, 14, 17, 19, 20, 21, 34] and the
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references therein. These literatures summarize and orga-

nize much of time scale calculus.

Stefan’s theory has attracted the attention of many

researchers on oscillation of second-order linear and nonlin-

ear dynamic equation on time scales. In recent years, many

researchers have focused on oscillation and nonoscillation

criteria of second-order ordinary dynamic equations on time

scales. Several authors have studied the oscillation criteria by

employing the Riccati transformation technique as well as

established the Kamenev-type and Philos-type oscillation

criteria. For more details on such criteria, we refer the reader

to the papers [1, 12, 13, 15, 20, 28, 30–33] and reference

therein. To establish the oscillation criteria, in [24], Kamenev

considered a second-order differential equation

ðpðtÞx0ðtÞÞ0 þ qðtÞxðtÞ ¼ 0 ð1:3Þ

and investigated the following sufficient conditions of

oscillations,

lim sup
t!1

1

tn

Z t

0

ðt � sÞnqðsÞds ¼ 1; for n[ 1: ð1:4Þ

Several authors (e.g., Sun [31], Philos [27]) have extended

the Kamenev’s oscillation criteria to more general criteria

by taking the kernal function ðt � sÞn as the general class of

functions H(t, s), which satisfies some assumptions given

below follow:

The Kernal function H : D ¼ fðt; sÞ : t0 � s� tg ! R

defined as continuous function such that

Hðt; tÞ ¼ 0 for t0 � t;Hðt; sÞ[ 0

for t0 � s\t and
oHðt; sÞ

os
\0 on D;

where
oHðt;sÞ

os
is continuous on D. Furthermore, define a

continuous function h : D ! R such that

oHðt; sÞ
os

¼ �hðt; sÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðt; sÞ

p
; for all ðt; sÞ 2 D:

In [27], Philos obtain the following sufficient conditions,

lim sup
t!1

1

Hðt; t0Þ

Z t

t0

Hðt; sÞqðsÞ � 1

4
h2ðt; sÞ

� �

ds ¼ 1; for t0 � 0 and pðtÞ ¼ 1:

ð1:5Þ

From the conditions (1.4) and (1.5), we conclude that the

Philos-type is more general to Kamenev-type criteria. A

discrete version of differential equation (1.3)

DðrnDxnÞ þ pnxnþ1 ¼ 0 ð1:6Þ

has been discussed by Chen and Erbe [9], for oscillation and

non-oscillation. To harmonize the differential equation (1.3)

and difference equation (1.6), in [12], Del and Kong, and in

[16], Erbe, et al. have considered a following self-adjoint

second-order scalar dynamic equation on time scale T

ðpðtÞxDðtÞÞD þ qðtÞxðrðtÞÞ ¼ 0; ð1:7Þ

and established the oscillation criteria. The problem (1.7) is

not only the extension of results of [9, 24] but to the more

general results on time scales. In addition, several authors

have focused on study of both Kamenev-type and Philos-

type oscillation criteria on the time scales. For example, in

[4], Agwa et al. studied both Kamenev-type and Philos-

type oscillation criteria of the following second-order

nonlinear delay dynamic equation

ðrðtÞgðxðtÞ; xDðtÞÞÞD þ pðtÞf ðxðsðtÞÞÞ ¼ 0; t 2 T; t0 � t:

ð1:8Þ

In [10], Chen et al. considered the second-order dynamic

equation with damping on time scales

ððxDðtÞÞcÞD þ pðtÞðxDðtÞÞc þ qðtÞf ðxrðtÞÞ ¼ 0 ð1:9Þ

and by employing Riccati transformation to established the

sufficient conditions of Kamenev-type as well as Philos-

type oscillation criteria. In [29], Saker have established the

sufficient conditions of oscillation of the following second-

order nonlinear neutral delay dynamic equations on time

scales

ðrðtÞð½yðtÞ þ pðtÞyðt � sÞ�DÞcÞD þ f ðt; yðt � dÞÞ ð1:10Þ

and discussed both Kamenev-type and Philos-type oscil-

lation criteria. In [8], Bohner and Saker have studied the

oscillation criteria for the second-order perturbed dynamic

equation on time scales:

ðrðtÞðxDðtÞÞcÞD þ Fðt; xðrðtÞÞÞ ¼ Gðt; xðtÞ; xDðtÞÞ: ð1:11Þ

In [1], Agarwal et al. modified the dynamic equation (1.11)

and considered the following equation

ðrðtÞðxDðtÞÞcÞD þ Fðt; xðtÞÞ ¼ Gðt; xðtÞ; xDðtÞÞ; ð1:12Þ

and studied the sufficient conditions for oscillation. They

have assumed that there exist two positive rd-continuous

functions p and q such that

1. r : T ! R is a positive and rd-continuous

function and c 2 N is odd ,

2. p; q : T ! R are rd-continuous functions such

that pðtÞ � qðtÞ[ 0 for t 2 T,

3. F : T� R ! R and G : T� R2 ! R are

functions such that uFðt; uÞ[ 0

and uGðt; u; vÞ[ 0 for all u 2 R nf0g; v 2 R; t 2 T,

4. jFðt; uÞj � pðtÞjujc; jGðt; u; vÞj � qðtÞjujc8u 2 R n f0g;
v 2 R; t 2 T.

In [18], Graef and Hill both have investigated nonoscil-

lation solutions of higher order nonlinear delay dynamic

equation on time scales
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ðaðtÞxDðtÞÞD
n�1

þ qðtÞf ðxðgðtÞÞÞ ¼ rðtÞ 8t 2 T; ð1:13Þ

and established the sufficient conditions of non-oscillation.

Recently, Negi et al. [26] considered the second-order

nonlinear dynamic equations with integro forcing term and

deviating argument on time scales

yDDðtÞ þ byDðtÞ ¼ BðtÞyðtÞ

þ HD t; yðtÞ;
Z t

�1
J ðt � sÞHðs; yðsÞÞDs

� � ð1:14Þ

and

yDDðtÞ þ byDðtÞ ¼ BðtÞyðtÞ þWðt; yðtÞ; yðw1ðt; yðtÞÞÞ;
ð1:15Þ

respectively, where b� 0;w1ðt; yðtÞÞ ¼ b1ðt; yðb2ðt; . . .;
yðbm0

ðt; yðtÞÞ . . .ÞÞÞÞ: By the Riccati technique, Negi et al.

have investigated the Kamenev-type oscillation criteria of

both the Eqs. (1.14) and (1.15), respectively.

In this paper, we first deal with two functions Kðyðt �
hÞÞ and WðyDðt � hÞÞ; which play an important role in our

analytical findings. As we see in the above assumption (4),

the absolute value of functions F and G are related with the

absolute value of the unknown function u(t), with the

functions p(t) and q(t), respectively. In Eq. (1.10), Saker

have assumed that the continuous function f : T� R ! R

such that uf ðt; uÞ[ 08u 6¼ 0 and jf ðt; uÞj� qðtÞjucj; where

a nonnegative function q(t) defined on T: In Eq. (1.9),

Chen have assumed function f 2 CðR;RÞ such that

xf ðxÞ[ 08x 6¼ 0 and f ðxÞ� Lx; where L is positive real

constant. In Eq. (1.13), Graef considered the function f 2
CðR;RÞ such that for c[ 0; jf ðxðtÞÞj � jxðtÞjc þ
B for all xðtÞ; 8t 2 T; where A, B are non-negative real

constant. Motivated by the above literature, recently in [26]

Negi et al. have assumed jHDðt; gðtÞ; nðtÞÞj � pðtÞjgðtÞj and

gðtÞHDðt; gðtÞ; nðtÞÞ\0 for gðtÞ 6¼ 0 for the dynamic

equation (1.14), and (1.15) by replacing H to W.

To establish oscillation criteria for (1.2), we need

jKyðtÞj � pðtÞjyðtÞj for yðtÞ 6¼ 0 such that yðtÞKðyðtÞÞ[ 0:

Moreover, there exist a function f 2 CðR;RÞ such that

jf ðWðyDðtÞÞÞj �MðtÞjyDðtÞj as well as

yðtÞf ðWðyDðtÞÞÞ[ 08yðtÞ 6¼ 0 in R; where M(t) is a non-

negative rd-continuous function defined on T. Now we

choose the real coefficients wj; ki such that

ki;wj ¼
0 : if i; j are even natural number ;

þve : if i; j are odd natural number ;

�

and W;K are defined in (1.1), then we obtain the following

relation

jKðyðtÞÞj ¼ jk1yðtÞ þ k3y
3ðtÞ þ � � � j

¼ k1jyðtÞjj1 þ k3

k1

y2ðtÞ; . . .j � k1jyðtÞj;
ð1:16Þ

such that yðtÞKðyðtÞÞ[ 08yðtÞ 2 R; t 2 T: Similarly, we

immediately obtain an inequality

jWðyDðtÞÞj �w1jyDðtÞj 8t 2 T: ð1:17Þ

Now let us consider a function f 2 CðR;RÞ for yðtÞ 2 R

such that f ðWyDðtÞÞ ¼ qðtÞsgnðyðtÞÞjWðyDðtÞÞj; 8t 2 T;

then, from (1.17), we obtain,

jf ðWyDðtÞÞj ¼ jqðtÞsgnðyðtÞÞjWðyDðtÞÞjj
� qðtÞw1jyDðtÞj 8yðtÞ 2 R; 8t 2 T;

where q(t) is non-negative rd-continuous function defined

on T: Thus, we can find such function f 2 CðR;RÞ which

satisfy

jf ðWðyDðtÞÞÞj � qðtÞw1jyDðtÞj; ð1:18Þ

and yðtÞf ðWðyDðtÞÞÞ[ 0; for yðtÞ 6¼ 08t 2 T and qðtÞ is

rd-continuous function defined on T: In Eq. (1.18), abso-

lute value of f related to the absolute value of yDðtÞ8t 2 T:

For simplicity, throughout this paper, we denote

½a1ÞT ¼ ½a1Þ
T
T: In addition, we also need the fol-

lowing assumptions, as follows:

• ðO1Þ Assume a; p : ½t0;1ÞT ! R are positive rd-con-

tinuous functions such that 0\pðtÞ� k1\1 and

qðtÞ :¼ pðtÞ lðtÞ
w1

.

• ðO2Þ
Z 1

t0

1

ezðtÞðt; s0Þ
Dt ¼ 1; where

zðtÞ :¼ aðtÞ
ð1�aðtÞlðtÞÞ [ 0 8t 2 T:

Let us recall that, a solution y(t) of (1.2) is a non-trivial or

yðtÞ 6¼ 0; such that yðtÞ 2 CD2

rd ð½ty;1ÞTÞ for certain ty � t0:

If it is eventually positive or eventually negative, then it

must be non-oscillatory, otherwise oscillatory, i.e., it is

oscillatory if there exists a real sequence, say fang such

that an ! 1 as n ! 1 and yðanÞ ¼ 08n 2 N: Our atten-

tion is restricted to those solutions of (1.2) which exist on

the half-line ½ty;1ÞT and satisfy supfjyðtÞj : t[ t�g 6¼ 0

for any ty � t� and supT ¼ 1:

This paper is organized as follows: In Sect. 2, we give

basic definitions and present some necessary Lemmas. In

the next section, we establish the sufficient conditions of

oscillation of our Eq. (1.2). We further establish the

Kamenev-type and Philos-type oscillation criteria. Some

remarks for the particular case are also discussed. At the

end in Sect. 4, to validation our results, we give an

example. We also discuss the cases when the time scale is

of a particular form.
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Preliminaries

In this section, we present some basic definitions, useful

Theorems and basic facts of time scales.

Definition 2.1 [6]. For t 2 T; forward and backward jump

operators r; q : T ! T are defined by

rðtÞ :¼ inffs 2 T : s[ tg and qðtÞ :¼ supfs 2 T : s\tg;

respectively. The classification of points of time scale T:

For t 2 T; t is called right-scattered if t\rðtÞ; and right

dense if for all t\supT such that t ¼ rðtÞ: Similarly, t is

left-scattered if t[ qðtÞ; and left dense if for all t[ infT

such that t ¼ qðtÞ: The graininess operator l : T ! ½0;1Þ
is defined by lðtÞ ¼ rðtÞ � t.

Remark 2.2 We put inf ; ¼ supT (i.e., rðtÞ ¼ t if T has a

maximum t), sup ; ¼ inf T (i.e., qðtÞ ¼ t if T has a mini-

mum t), where ; is an empty set.

Definition 2.3 [6] A function f : T ! R is called rd-con-

tinuous provided it is continuous at all right-dense points in

T and its left-sided limit exist (finite) at all left-dense points

in T, which is denoted by Crd ¼ CrdðTÞ ¼ CrdðT;RÞ:

We define Tj ¼ T� fng; if T has

a left-scattered maximum n; and Tj ¼ T; otherwise.

Definition 2.4 [6] For a function f : T ! R and t 2 Tj,

we define f DðtÞ, to be a number (provided it exists) with the

property that for any given �[ 0, there exists a neigh-

borhood Z ¼ ðt � d; t þ dÞ
T
T for some d[ 0 such that

½f ðrðtÞÞ � f ðrÞ� � f DðtÞ½rðtÞ � r�
�
�

�
�� �jrðtÞ � rj 8r 2 Z:

Thus, we call f DðtÞ the D or Hilger derivative of f at t.

Theorem 2.5 [6] For the functions g; f : T ! R and

t 2 Tj. The following statements are true:

1. If f is differentiable at t, then f is continuous at t;

2. If f is continuous at t and t is right-scattered, then f is

D-derivative at t and f DðtÞ ¼ f ðrðtÞÞ�f ðtÞ
lðtÞ ;

3. If t is right-dense, then f is differentiable at t iff f DðtÞ ¼
lims!t

f ðtÞ�f ðsÞ
t�s

exists and finite value;

4. If f is differentiable at t, then

f r ¼ f ðrðtÞÞ ¼ f ðtÞ þ lðtÞf DðtÞ;
5. If f and g both are differentiable at t, then a product

fg : T ! R is differentiable at t and

ðfgÞDðtÞ ¼ f DðtÞgðtÞ þ f ðrðtÞÞgDðtÞ
¼ f ðtÞgDðtÞ þ f DðtÞgðrðtÞÞ;

hence,for

t 2 T such that a� t� b; 8a; b 2 T; we have the fol-

lowing facts

Z b

a

f rðsÞgDðsÞDs ¼ f ðbÞgðbÞ � f ðaÞgðaÞ �
Z b

a

f DðsÞgðsÞDs

ð2:1Þ
Z b

a

f ðsÞgDðsÞDs ¼ f ðbÞgðbÞ � f ðaÞgðaÞ �
Z b

a

f DðsÞgrðsÞDs;

ð2:2Þ

6. If gðtÞgðrðtÞÞ 6¼ 0; then f ðtÞ
gðtÞ is differentiable at t and

f

g

� �D

ðtÞ ¼ f DðtÞgðtÞ � f ðtÞgDðtÞ
gðtÞgðrðtÞÞ :

Definition 2.6 [6] A function w : T ! R is regressive if

1 þ lðtÞqðtÞ 6¼ 0; 8t 2 T: Denote the collection of all rd-

continuous functions w : T ! R by R; and

Rþ ¼ fw 2 R : 1 þ lðtÞwðtÞ[ 0 for all t 2 Tg:

Definition 2.7 [6] A function F : T ! R is called an

anti-derivative of f : T ! R; provided

FDðtÞ ¼ f ðtÞ8t 2 T. Then 8a; b 2 T such that a� b,

Cauchy integral is defined by
Z b

a

f ðsÞDðsÞ ¼ FðbÞ � FðaÞ: ð2:3Þ

Definition 2.8 [23] Let T ¼ qZ; we have the relation

f DðtÞ ¼ Dqf ðtÞ; where

Dqf ðtÞ ¼

f ðqtÞ � f ðtÞ
tðq� 1Þ t 6¼ 0

lim
n!1

f ðqnÞ � f ð0Þ
qn

t ¼ 0;

8
>><

>>:
ð2:4Þ

is the q-difference operator.

Remark 2.9 In Definition 2.7, Eq. (2.3) does not hold for

all time scale, for example, in q-calculus (i.e., T ¼ qZ) the

following relation is not correct always :
Z b

a

Dqf ðtÞdqt ¼ f ðbÞ � f ðaÞ. For more detail see page 12

in [5].

Definition 2.10 [6] If w 2 R, then we define a expo-

nential function by

ewðt; sÞ ¼ exp

Z t

s

glðsÞ wðsÞð ÞDs
� �

; 8t 2 T; s 2 Tj;

where ghðzÞ is the cylinder transformation, which is defined

by

ghðzÞ ¼
log ð1 þ hzÞ

h
; : h 6¼ 0;

z; : h ¼ 0:

8
<

:
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Before going to our main section, we first introduce

some necessary lemmas which are crucial for our proofs.

Lemma 2.11 Let y(t) be a non-oscillate solution of (1.2)

and assume that O1;O2; relations (1.16) and (1.18) hold,

then there exists s0 � 0 ; s0 [ t0 such that

yðtÞ[ 0; yDðtÞ[ 0 and yDDðtÞ\0 ð2:5Þ

and

yðt � hÞ[ 0; yDðt � hÞ[ 0 and yDDðt � hÞ\0; on ½s0;1ÞT:
ð2:6Þ

Proof Let y(t) be an eventually positive solution of (1.2).

Then there exists t1 2 ½t0;1ÞT such that yðtÞ[ 0 on

½t1;1ÞT: Let us take t2 2 ½t1;1ÞT such that t2 � t1 þ h;

then we must have yðtÞ[ 0 and yðt � hÞ[ 0 on ½t2;1ÞT:
From equation (1.2) and O1 � O2; (1.16) and (1.18), we

obtain

yDDðtÞ þ aðtÞyDðtÞ� � ðyðtÞ þ pðtÞyðt � hÞ þ pðtÞlðtÞjyDðt � hÞjÞ

� � ðyðtÞ þ pðtÞyðt � hÞ þ pðtÞlðtÞyDðt � hÞÞ

� � ðyðtÞ þ pðtÞyrðt � hÞÞ\0: ð2:7Þ

Since aðtÞlðtÞ\1 and using the above relation, we obtain

yDDðtÞ
1 � aðtÞlðtÞ þ

aðtÞ
1 � aðtÞlðtÞ y

DðtÞ\0; on ½t2;1ÞT;

ð2:8Þ

which is equivalent to

e aðtÞ
1�aðtÞlðtÞ

ðt; s0ÞyDðtÞ
� �D

\0; 8t 2 ½t2;1ÞT: ð2:9Þ

Then e aðtÞ
1�aðtÞlðtÞ

ðt; s0ÞyDðtÞ is an eventually decreasing func-

tion and thus it is eventually of one sign. We claim that it is

eventually non-negative. Let us assume that it is eventually

negative, i.e., yDðtÞ is eventually negative because

ewðt; s0Þ[ 0 as w[ 0, for all w 2 Rþ; then there exist

t2 � t3 and a constant C[ 0 such that

e aðtÞ
1�aðtÞlðtÞ

ðt; s0ÞyDðtÞ�C\0; for all t3 þ h� t4 � t:

ð2:10Þ

Integrating Eq. (2.10) from t4 to t, we obtain

yðtÞ� yðt4Þ þ C

Z t

t4

1

e aðsÞ
1�aðsÞlðsÞ

ðs; s0Þ
Ds:

For sufficiently large t, we obtain a contradiction because

of O2. Therefore, we have

yðtÞ[ 0; yDðtÞ[ 0 and yDDðtÞ\0;

and

yðt � hÞ[ 0; yDðt � hÞ[ 0 and yDDðt � hÞ\0; on ½s0;1ÞT:

h

Lemma 2.12 If (2.5) holds, then for t 6¼ s0; we have

0\GðtÞ� yðtÞ
yrðtÞ � 1; ð2:11Þ

where GðtÞ :¼ t�s0

t�s0þlðtÞ :

Proof For t 6¼ s0; and from (2.5), we obtain

yðtÞ[ yðtÞ � yðs0Þ ¼
Z t

s0

yDðsÞDs[yDðtÞðt� s0Þ: ð2:12Þ

From (2.12) and using (4) of Theorem 2.5, we obtain

0\
t � s0

t � s0 þ lðtÞ :¼ GðtÞ� yðtÞ
yrðtÞ � 1:

Now with the help of Lemmas 2.11 and 2.12, we obtain a

new Lemma as follows, h

Lemma 2.13 If Eqs. (2.5) and (2.11) hold, then for 2s0 � t;

we have

t

2

GðtÞwðtÞ
dðtÞ � ðt � s0Þ

GðtÞwðtÞ
dðtÞ � yðt � hÞ

yrðtÞ � 1; ð2:13Þ

where wðtÞ ¼ dðtÞ y
DðtÞ
yðtÞ is Riccati transformation function.

Proof The relation 2s0 � t can be rewritten as t � s0 � t
2
:

Using (2.6), we obtain

yðt � hÞ � yðs0 � hÞ ¼
Z t�h

s0�h

yDðsÞDs[ yDðt � hÞðt � s0Þ

[ yDðtÞðt � s0Þ;

which implies

t

2
yDðtÞ\yðt � hÞ: ð2:14Þ

From Eqs. (2.14), (2.11) and w(t). Hence, we obtain

t

2

GðtÞwðtÞ
dðtÞ � yðt � hÞ

yrðtÞ � 1:

h

Oscillation criteria

In this section, we establish some sufficient conditions of

oscillation for Eq. (1.2). For s0 2 T:

Theorem 3.1 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exist a D-derivative function
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dðtÞ[ 0 and s0 � 0; t0 � 2s0\t respectively and satisfying

the following

lim sup
t!1

Z t

2s0

FðsÞDs ¼ 1; ð3:1Þ

where

FðtÞ :¼ drðtÞGðtÞ �
dDðtÞ � GðtÞdrðtÞðaðtÞ þ pðtÞ t

2
Þ

� �2

4drðtÞGðtÞ

 !

;

ð3:2Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a nonoscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive solution, i.e., there exists

s0 � t0 such that yðtÞ[ 08t 2 ½s01ÞT: A similar argument

holds for the case when y(t) is an eventually negative

solution. We define a Riccati transformation function such

that

wðtÞ ¼ dðtÞ y
DðtÞ
yðtÞ ; t0 � 2s0\t: ð3:3Þ

D-derivative of Eq. (3.3) w.r.t t, we have

wDðtÞ ¼ dDðtÞ y
DðtÞ
yðtÞ þ drðtÞ yDDðtÞyðtÞ � ðyDðtÞÞ2

yðtÞyrðtÞ

 !

¼ wðtÞ d
DðtÞ
dðtÞ � w2ðtÞ drðtÞyðtÞ

yrðtÞd2ðtÞ
þ drðtÞ

yrðtÞ y
DDðtÞ: ð3:4Þ

From (2.11) and (3.4), we obtain

wDðtÞ�wðtÞ d
DðtÞ
dðtÞ � w2ðtÞGðtÞ d

rðtÞ
d2ðtÞ

þ drðtÞ
yrðtÞ y

DDðtÞ:

ð3:5Þ

To solve the right-hand side of Eq. (3.5), we use Eqs. (2.7),

(2.11) and a relation yDðtÞ[ 0, we obtain

drðtÞ
yrðtÞ y

DDðtÞ� � drðtÞ yðtÞ
yrðtÞ þ pðtÞ y

rðt � hÞ
yrðtÞ þ aðtÞ y

DðtÞ
yrðtÞ

� �

� � drðtÞGðtÞ � drðtÞaðtÞ GðtÞ
dðtÞ wðtÞ � drðtÞpðtÞ yðt � hÞ

yrðtÞ :

ð3:6Þ

From (3.6) and (2.13), we obtain

drðtÞ
yrðtÞ y

DDðtÞ� � drðtÞGðtÞ � drðtÞaðtÞ GðtÞ
dðtÞ wðtÞ

� pðtÞdrðtÞ t
2

GðtÞ
dðtÞ wðtÞ:

ð3:7Þ

Substituting (3.7) into (3.5), we arrive at

wDðtÞ�wðtÞ d
DðtÞ
dðtÞ � w2ðtÞGðtÞ d

rðtÞ
d2ðtÞ

� drðtÞGðtÞ

� drðtÞaðtÞ GðtÞ
dðtÞ wðtÞ � pðtÞdrðtÞ t

2

GðtÞ
dðtÞ wðtÞ:

¼ �drðtÞGðtÞ þ 1

dðtÞ dDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t
2

	 
	 


wðtÞ � drðtÞ
d2ðtÞ

GðtÞw2ðtÞ

¼ �drðtÞGðtÞ

� wðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdrðtÞGðtÞÞ

p

dðtÞ �
dDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t

2

� �� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdrðtÞGðtÞÞ

p

 !2

þ
dDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t

2

� �� �2

4drðsÞGðsÞ : ð3:8Þ

From Eqs. (3.2) and (3.8), we arrive at

wDðtÞ� � FðtÞ; for 2s0\t: ð3:9Þ

Integrating Eq. (3.9) from 2s0 to t, we have
Z t

2s0

FðsÞDs�wð2s0Þ\1: ð3:10Þ

For sufficient large t, we derive a contradiction to (3.1), as

the left-hand side of (3.10) finite, which completes the

proof of our theorem. h

From Theorem 3.1, we may also obtain some results

concerning the oscillation behavior of solutions of

Eq. (1.2).

Corollary 3.2 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exist a D-derivative function

dðtÞ[ 0 and s0 � 0; t0 � 2s0\t, respectively, and satisfy-

ing the following conditions as follows,

lim sup
t!1

Z t

2s0

drðsÞGðsÞDs ¼ 1 ð3:11Þ

and

lim sup
t!1

Z t

2s0

dDðsÞ � GðsÞdrðsÞðaðsÞ þ pðsÞ s
2
Þ

� �2

4drðsÞGðsÞ Ds\1;

ð3:12Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

The next result immediately follows from Theorem 3.1

by different choices of dðtÞ. In particular, we take dðtÞ as
positive constant (say C[ 0), we establish the following

corollary.
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Corollary 3.3 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exists s0 � 0 such that

t0 � 2s0\t; and satisfying the following condition below

lim sup
t!1

Z t

2s0

GðsÞ
4

4 � aðsÞ þ pðsÞ s
2

	 
2
� �

Ds ¼ 1;

ð3:13Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

We introduce one more condition lðtÞ d
DðtÞ
drðtÞ\1 to obtain

a new oscillations criteria for (1.2).

Theorem 3.4 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exist a D-derivative function

dðtÞ[ 0 and s0 � 0 such that lðtÞ d
DðtÞ
drðtÞ\1 and t0 � 2s0\t,

respectively, and satisfying the condition

lim sup
t!1

Z t

2s0

1

1 � dDðsÞ
drðsÞ lðsÞ

	 
 GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds ¼ 1;

ð3:14Þ

where

AðtÞ :¼ dDðtÞ
drðtÞ � GðtÞ aðtÞ þ pðtÞ t

2

	 

; ð3:15Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive solution of (1.2), i.e., there

exists t0 � s0 such that yðtÞ[ 08t 2 ½s01ÞT: A similar

argument holds for the case when y(t) is eventually nega-

tive. Now D-differentiate equation (3.3) w.r.t t, we have

wDðtÞ ¼ dðtÞ yDðtÞ
yðtÞ

� �D

þdDðtÞ yDðtÞ
yðtÞ

� �r

: ð3:16Þ

From Eqs. (3.3), (2.11) and (3.16), we obtain

wDðtÞ� dDðtÞ
drðtÞ w

rðtÞ � GðtÞ
dðtÞ w

2ðtÞ þ dðtÞ y
DDðtÞ
yrðtÞ

¼ dDðtÞ
drðtÞ ðwðtÞ þ lðtÞwDðtÞÞ � GðtÞ

dðtÞ w
2ðtÞ þ dðtÞ y

DDðtÞ
yrðtÞ :

ð3:17Þ

To solve the right-hand side of Eq. (3.17), we replace drðtÞ
by dðtÞ in (3.7). We obtain

dðtÞ yDD

yrðtÞ � � GðtÞdðtÞ � aðtÞGðtÞwðtÞ � pðtÞ t
2
GðtÞwðtÞ:

ð3:18Þ

Substituting (3.18) into (3.17), we arrive at

wDðtÞ� dDðtÞ
drðtÞ ðwðtÞ þ lðtÞwDðtÞÞ � GðtÞ

dðtÞ w
2ðtÞ

� GðtÞdðtÞ � aðtÞGðtÞwðtÞ � pðtÞ t
2
GðtÞwðtÞ;

which is equivalent to

1 � dDðtÞ
drðtÞ lðtÞ

 !

wDðtÞ� � GðtÞdðtÞ þ AðtÞwðtÞ � GðtÞ
dðtÞ w

2ðtÞ

¼ �GðtÞdðtÞ þ dðtÞA2ðtÞ
4GðtÞ �

ffiffiffiffiffiffiffiffi
GðtÞ
dðtÞ

s

wðtÞ � AðtÞ
2

ffiffiffiffiffiffiffiffi
dðtÞ
GðtÞ

s !2

� � GðtÞdðtÞ þ dðtÞA2ðtÞ
4GðtÞ : ð3:19Þ

Since
dDðtÞ
drðtÞ lðtÞ\1: So dividing (3.19) by 1 � dDðtÞ

drðtÞ lðtÞ; we

arrive at

wDðtÞ� � 1

1 � dDðtÞ
drðtÞ lðtÞ

	 
 GðtÞdðtÞ � dðtÞA2ðtÞ
4GðtÞ

� �

:

ð3:20Þ

Integrating Eq. (3.20) from 2s0 to t. Therefore, we have

Z t

2s0

1

1 � dDðsÞ
drðsÞ lðsÞ

	 
 GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds�wð2s0Þ

� wðtÞ\wð2s0Þ\1:

For sufficiently large t, we derive a contradiction to (3.14),

as the left-hand side of above relation finite, which com-

pletes the proof of our theorem. h

Theorem 3.5 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exist a D-derivative function

dðtÞ[ 0 and s0 � 0; t0 � 2s0\t, respectively, and satisfy-

ing the following condition,

lim sup
t!1

Z t

2s0

dðsÞGðsÞ �
dDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s

2
Þ

� �2

4dðsÞ

 !

Ds ¼ 1;

ð3:21Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive solution of (1.2) i.e., there

exists t0 � s0 such that yðtÞ[ 08t 2 ½s01ÞT: A similar

argument holds also for the case when y(t) is eventually

negative. Now from equations (2.7), (3.3) and (3.16), we

obtain
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wDðtÞ� dDðtÞ
drðtÞ w

rðtÞ � dðtÞ
ðdrðtÞÞ2

ðwrðtÞÞ2 þ dðtÞ y
DDðtÞ
yrðtÞ :

ð3:22Þ

From (3.18), we have

dðtÞ yDD

yrðtÞ � � GðtÞdðtÞ � aðtÞGðtÞwðtÞ � pðtÞ t
2
GðtÞwðtÞ:

ð3:23Þ

Substituting (3.23) into (3.22), we arrive at

wDðtÞ� � dðtÞGðtÞ þ dDðtÞ
drðtÞ w

rðtÞ � dðtÞ
ðdrðtÞÞ2

ðwrðtÞÞ2

� GðtÞ aðtÞ þ pðtÞ t
2

	 

wðtÞ:

ð3:24Þ

From (3.3), (2.11) and yDDðtÞ\0, we obtain a relation

below,

wðtÞ� dðtÞ
drðtÞw

rðtÞ: ð3:25Þ

Substituting (3.25) into (3.24), which yields

wDðtÞ� � dðtÞGðtÞ þ dDðtÞ
drðtÞ w

rðtÞ

� dðtÞ
ðdrðtÞÞ2

ðwrðtÞÞ2 � dðtÞ
drðtÞ GðtÞ aðtÞ þ pðtÞ t

2

	 

wrðtÞ;

ð3:26Þ

which is equivalent to

wDðtÞ� � dðtÞGðtÞ þ
dDðtÞ � dðtÞGðtÞ aðtÞ þ pðtÞ t

2

� �� �

drðtÞ

wrðtÞ � dðtÞ
ðdrðtÞÞ2

ðwrðtÞÞ2:

ð3:27Þ

By following the similar steps of Eqs. (3.8) and (3.9),

Eq. (3.27) become

wDðtÞ� � dðtÞGðtÞ þ
dDðtÞ � dðtÞGðtÞ aðtÞ þ pðtÞ t

2

� �� �2

4dðtÞ :

ð3:28Þ

Integrating Eq. (3.28) from 2s0 to t. Therefore, we have

Z t

2s0

dðsÞGðsÞ �
dDðsÞ � dðsÞGðsÞ aðsÞ þ pðsÞ s

2

� �� �2

4dðsÞ

" #

Ds

�wð2s0Þ\1:

ð3:29Þ

For sufficiently large t, we derive a contradiction to (3.21),

as the left-hand side finite,which completes the proof of our

theorem. h

In view of Theorem 3.5, we immediately obtain fol-

lowing corollary.

Corollary 3.6 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exist D-derivative function

dðtÞ[ 0 and s0 � 0; t0 � 2s0\t, respectively, and satisfy-

ing the following conditions,

lim sup
t!1

Z t

2s0

dðsÞGðsÞDs ¼ 1 ð3:30Þ

and

lim sup
t!1

Z t

2s0

dDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s
2
Þ

� �2

4dðsÞ Ds\1;

ð3:31Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Remark 3.7 In view of Theorems 3.4 and 3.5, we obtain

various sufficient conditions of oscillation of Eq. (1.2) by

taking different choice of dðtÞ.

To present our next theorems, we first introduce Saker’s

result [29] as follows

ððt � sÞN ÞDs � �Nðt � rðsÞÞN�1 � 0 for

N [ 1 and rðsÞ� t:
ð3:32Þ

By using an integral averaging technique of Kamenev-type,

we present some new oscillation criteria of (1.2).

Theorem 3.8 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exist D-derivative function

dðtÞ[ 0 and there exists N [ 1 and all sufficiently large

s0 � 0; t0 � 2s0\t such that

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞNFðsÞDs ¼ 1; ð3:33Þ

where

FðtÞ :¼ drðtÞGðtÞ �
ðdDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t

2

� �
Þ2

4drðtÞGðtÞ

 !

:

ð3:34Þ

Then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive function, i.e., there exists t0
such that yðtÞ[ 08t 2 ½t01ÞT: A similar argument holds
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also for the case when y(t) is eventually negative. From

Eq. (3.9), we have

FðtÞ� � wDðtÞ; for 2s0 � t:

Multiplying above relation by ðt � sÞN and then integrating

from 2s0 to t. we obtain
Z t

2s0

ðt � sÞNFðsÞDs� �
Z t

2s0

ðt � sÞNwDðsÞDs: ð3:35Þ

By comparing the right-hand side of (3.35) with Eq. (2.2),

we have

�
Z t

2s0

ðt � sÞNwDðsÞDs ¼ ðt � 2s0ÞNwð2s0Þ

þ
Z t

2s0

ððt � sÞN ÞDswrðsÞDs:
ð3:36Þ

From Eqs. (3.32), (3.35) and (3.36), we arrive at
Z t

2s0

ðt � sÞNFðsÞDs�ðt � 2s0ÞNwð2s0Þ: ð3:37Þ

Thus

1

tN

Z t

2s0

ðt � sÞNFðsÞDs� ðt � 2s0ÞN

tN
wð2s0Þ;

for 2s0 � t:

ð3:38Þ

Taking lim sup as t ! 1 both sides of Eq. (3.38), we have

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞNFðsÞDs\1: ð3:39Þ

Thus, we derive a contradiction to (3.33), which completes

the proof of our theorem. h

Corollary 3.9 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exists D-derivative function

dðtÞ[ 0; and for N [ 1, and all sufficiently large s0 � 0;

such that t0 � 2s0\t and satisfying the conditions below,

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN drðtÞGðtÞDs ¼ 1; ð3:40Þ

and

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN
ðdDðtÞ � GðtÞdrðtÞðaðtÞ þ pðtÞ t

2
ÞÞ2

4drðtÞGðtÞ
Ds\1;

ð3:41Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Theorem 3.10 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exists D-derivative function

dðtÞ[ 0 such that lðtÞ d
DðtÞ
drðtÞ\1. For N [ 1 and all

sufficiently large s0 � 0; t0 � 2s0\t and satisfying the

condition below,

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN

1 � dDðsÞ
drðsÞ lðsÞ

	 
 GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds ¼ 1;

ð3:42Þ

where A(t) is given by (3.15). Then, Eq. (1.2) oscillates on

½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive function, i.e., there exists t0
such that yðtÞ[ 08t 2 ½t01ÞT: A similar argument holds

for the case when y(t) is eventually negative. From

Eq. (3.20), we have

1

1 � dDðtÞ
drðtÞ lðtÞ

	 
 GðtÞdðtÞ � dðtÞA2ðtÞ
4GðtÞ

� �

� � wDðtÞ for 2s0 � t:

Multiplying above relation by ðt � sÞN and then integrating

from 2s0 to t, we obtain

Z t

2s0

ðt � sÞN

1 � dDðsÞ
drðsÞ lðsÞ

	 
 GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds�

�
Z t

2s0

ðt � sÞNwDðsÞDs:

ð3:43Þ

By following the similar steps of Eqs. (3.35)–(3.37),

Eq. (3.43) become

Z t

2s0

ðt � sÞN

1 � dDðsÞ
drðsÞ lðsÞ

	 
 GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds�ðt � 2s0ÞNwð2s0Þ:

ð3:44Þ

Thus, we have

1

tN

Z t

2s0

ðt � sÞN

1 � dDðsÞ
drðsÞ lðsÞ

	 


GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds� ðt � 2s0ÞN

tN
wð2s0Þ:

ð3:45Þ

Taking lim sup as t ! 1 in Eq. (3.45), we obtain

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN

1 � dDðsÞ
drðsÞ lðsÞ

	 


GðsÞdðsÞ � dðsÞA2ðsÞ
4GðsÞ

� �

Ds\1:

ð3:46Þ
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Thus, we derive a contradiction to (3.42), which completes

the proof of our theorem. h

Theorem 3.11 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exists a D-derivative func-

tion dðtÞ[ 0: For N [ 1 and all sufficiently large s0 � 0;

t0 � 2s0\t; and satisfying the condition below

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN

dðsÞGðsÞ �
dDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s

2
Þ

� �2

4dðsÞ

 !

Ds ¼ 1;

ð3:47Þ

Then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive function, i.e., there exists t0
such that yðtÞ[ 08t 2 ½t01ÞT. From Eq. (3.28) and fol-

lowing the similar steps of Eqs. (3.35)–(3.39), we easily

obtain a following relation

1

tN

Z t

2s0

ðt � sÞN

dðsÞGðsÞ �
dDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s

2
Þ

� �2

4dðsÞ

 !

Ds� 1 � 2s0

t

� �N
wð2s0Þ\1:

ð3:48Þ

For all sufficiently large t, we derive a contradiction to

(3.47). h

Corollary 3.12 Assume that O1;O2, relations (1.16) and

(1.18) hold. Moreover, if there exists a D-derivative func-

tion dðtÞ[ 0: For N [ 1 and all sufficiently large s0 � 0;

t0 � 2s0\t and satisfying the following conditions below,

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN dðsÞGðsÞDs ¼ 1; ð3:49Þ

and

lim sup
t!1

1

tN

Z t

2s0

ðt � sÞN
dDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s

2
Þ

� �2

4dðsÞ
Ds\1:

ð3:50Þ

Then, Eq. (1.2) oscillates on ½t01ÞT:

Our next aim to establish the Philos-type oscillation

criteria for (1.2). We define some elementary assumptions

as follows:

For any number g 2 R; we define positive and negative

parts, gþ and g�, respectively, of g by

gþ :¼ maxf0; gg and g� :¼ maxf0;�gg:

Assume that the rd-continuous functions H; h : D ! R;

where D ¼ fðt; sÞ; t0 � s0 � tg such that

Hðt; tÞ ¼ 0;Hðt; sÞ[ 0 and HDsðt; sÞ\0; t0 � s\t

ð3:51Þ

and HDsðt; sÞ (D-derivative w.r.t second variable) is rd-

continuous function.

Theorem 3.13 Assume that O1;O2, relations (1.16),

(1.18) and Eq. (3.51) hold. Moreover, if there exist D-

derivative function dðtÞ[ 0 and s0 � 0, t0 � 2s0\t,

respectively, and satisfying the following conditions below,

HDsðrðtÞ; sÞ þ HrðrðtÞ; sÞ
dðtÞ

dDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t
2

	 
	 


¼ � hðt; sÞ
dðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HrðrðtÞ; sÞ

p

ð3:52Þ

and

lim sup
t!1

1

HðrðtÞ;2s0Þ

Z rðtÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞ � ðh�ðt; sÞÞ2

4drðsÞGðsÞ

 !

Ds¼1;

ð3:53Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive function, i.e., there exists t0
such that yðtÞ[ 08t 2 ½t01ÞT: A similar argument holds

for the case when y(t) is eventually negative. We have

defined Riccati transformation function in (3.3). Now from

(3.8), we have

wDðtÞ� � drðtÞGðtÞ þ 1

dðtÞ

dDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t
2

	 
	 

wðtÞ

� drðtÞ
d2ðtÞ

GðtÞw2ðtÞ for 2s0 � t:

ð3:54Þ

Multiplying Eq. (3.54) by HrðrðtÞ; sÞ i.e., HðrðtÞ; rðsÞÞ;
and then integrating from 2s0 to rðtÞ; we obtain
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Z rðtÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞDs�

�
Z rðtÞ

2s0

HrðrðtÞ; sÞwDðsÞDs

þ
Z rðtÞ

2s0

HrðrðtÞ; sÞ

1

dðsÞ dDðsÞ � GðsÞdrðsÞ aðsÞ þ pðsÞ s
2

	 
	 

wðsÞ

�

� drðsÞ
d2ðsÞ

GðsÞw2ðsÞÞDs:

ð3:55Þ

From (2.1), we obtain the right-hand side of (3.55) as

follows

�HðrðtÞ; 2s0Þwð2s0Þ þ
Z rðtÞ

2s0

HDsðrðtÞ; sÞ þ HrðrðtÞ; sÞ
dðsÞ dDðsÞ � GðsÞdrðsÞ aðsÞ þ pðsÞ s

2

	 
	 
� �

wðsÞDs

�
Z rðtÞ

2s0

HrðrðtÞ; sÞ d
rðsÞ
d2ðsÞ

GðsÞw2ðsÞDs: ð3:56Þ

Substituting (3.52) into (3.56), we arrive at

Z rðtÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞDs

�HðrðtÞ; 2s0Þwð2s0Þ þ
Z rðtÞ

2s0

h�ðt; sÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HrðrðtÞ; sÞ

p

dðsÞ wðsÞ � HrðrðtÞ; sÞ d
rðsÞ
d2ðsÞ

GðsÞw2ðsÞ
 !

Ds:

ð3:57Þ

which is an equivalent to

Z rðsÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞDs�HðrðtÞ; 2s0Þwð2s0Þ

þ
Z rðtÞ

2s0

ðh�ðt; sÞÞ2

4drðsÞGðsÞDs

�
Z rðtÞ

2s0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HrðrðtÞ; sÞdrðsÞGðsÞ

p

dðsÞ wðsÞ � h�ðt; sÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
drðsÞGðsÞ

p

 !2

Ds:

ð3:58Þ

Implies that

Z rðtÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞDs�HðrðtÞ; 2s0Þwð2s0Þ

þ
Z rðtÞ

2s0

ðh�ðt; sÞÞ2

4drðsÞGðsÞDs:

ð3:59Þ

Dividing (3.59) by HðrðtÞ; 2s0Þ , we obtain

1

HðrðtÞ; 2s0Þ

Z rðtÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞ � ðh�ðt; sÞÞ2

4drðsÞGðsÞ

 !

Ds�wð2s0Þ\1:

ð3:60Þ

for sufficiently large t. Thus, we derive a contradiction to

(3.53). h

Corollary 3.14 Assume that O1;O2, relations (1.16),

(1.18) and Eq. (3.51) hold. Moreover, if there exist D-

derivative function dðtÞ[ 0 and s0 � 0, t0 � 2s0\t,

respectively, and satisfy the following conditions below

HDsðrðtÞ; sÞ þ HrðrðtÞ; sÞ
dðtÞ

dDðtÞ � GðtÞdrðtÞ aðtÞ þ pðtÞ t
2

	 
	 


¼ � hðt; sÞ
dðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HrðrðtÞ; sÞ

p
;

ð3:61Þ

lim sup
t!1

1

HðrðtÞ; 2s0Þ

Z rðtÞ

2s0

HrðrðtÞ; sÞdrðsÞGðsÞDs

¼ 1 and lim sup
t!1

1

HðrðtÞ; 2s0Þ

Z rðtÞ

2s0

ðh�ðt; sÞÞ2

4dðsÞGðsÞ Ds\1:

ð3:62Þ

Then, Eq. (1.2) oscillates on ½t01ÞT:

Theorem 3.15 Assume that O1;O2, relations (1.16),

(1.18) and Eq. (3.51) hold. Moreover, if there exist D-

derivative function dðtÞ[ 0 and s0 � 0; such that

lðtÞ d
DðtÞ
drðtÞ\1 and t0 � 2s0\t, respectively, and satisfy the

conditions below

HDsðrðtÞ; sÞ þ HrðrðtÞ; sÞ
1 � dDðtÞ

drðtÞ lðtÞ
	 
AðtÞ

¼ � hðt; sÞ
1 � dDðtÞ

drðtÞ lðtÞ
	 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HrðrðtÞ; sÞ

p
;

ð3:63Þ

and
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lim sup
t!1

1

HðrðtÞ; 2s0Þ

Z rðtÞ

2s0

HrðrðtÞ; sÞGðsÞ � ðh�ðt; sÞÞ2

4GðsÞ

 !

dðsÞ
1 � dDðsÞ

drðsÞ lðsÞ
	 
Ds ¼ 1;

ð3:64Þ

where A(t) is given by (3.15). Then, Eq. (1.2) oscillates on

½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive function, i.e., there exists t0
such that yðtÞ[ 08t 2 ½t01ÞT: A similar argument holds

for the case when y(t) is eventually negative. We have

defined Riccati transformation function in (3.3). Now from

(3.19), we have

1 � dDðtÞ
drðtÞ lðtÞ

 !

wDðtÞ� � GðtÞdðtÞ þ AðtÞwðtÞ

� GðtÞ
dðtÞ w

2ðtÞ;

which can be written as

GðtÞdðtÞ
1 � dDðtÞ

drðtÞ lðtÞ
	 
 � � wDðtÞ þ AðtÞ

1 � dDðtÞ
drðtÞ lðtÞ

	 
wðtÞ

� GðtÞ
dðtÞ 1 � dDðtÞ

drðtÞ lðtÞ
	 
w2ðtÞ:

ð3:65Þ

Multiplying Eq. (3.65) by HrðrðtÞ; sÞ and then integrating

from 2s0 to rðtÞ; we have

Z rðtÞ

2s0

HrðrðtÞ; sÞGðsÞdðsÞ
1 � dDðsÞ

drðsÞ lðsÞ
	 
 Ds�

�
Z rðtÞ

2s0

HrðrðtÞ; sÞwDðsÞDs

þ
Z rðtÞ

2s0

HrðrðtÞ; sÞAðsÞ
1 � dDðsÞ

drðsÞ lðsÞ
	 
wðsÞDs

�
Z rðtÞ

2s0

HrðrðtÞ; sÞGðsÞ
dðsÞ 1 � dDðsÞ

drðsÞ lðsÞ
	 
w2ðsÞDs: ð3:66Þ

From (3.63), (3.66) and by following the similar steps of

Eqs. (3.56)–(3.59), we obtain

Z rðtÞ

2s0

HrðrðtÞ; sÞGðsÞdðsÞ
1 � dDðsÞ

drðsÞ lðsÞ
	 
 Ds�HðrðtÞ; 2s0Þwð2s0Þ

þ
Z rðtÞ

2s0

dðsÞðh�ðt; sÞÞ2

4 1 � dDðsÞ
drðsÞ lðsÞ

	 

GðsÞ

Ds:

ð3:67Þ

Dividing Eq. (3.67) by HðrðtÞ; 2s0Þ; we obtain

1

HðrðtÞ; 2s0Þ

Z rðtÞ

2s0

HrðrðtÞ; sÞGðsÞ � ðh�ðt; sÞÞ2

4GðsÞ

 !

dðsÞ
1 � dDðsÞ

drðsÞ lðsÞ
	 
Ds\wð2s0Þ\1:

ð3:68Þ

For sufficiently large t, we derive a contradiction to (3.64),

which completes the proof of our theorem. h

Theorem 3.16 Assume that O1;O2, relations (1.16),

(1.18) and Eq. (3.51) hold. Moreover, if there exist D-

derivative function dðtÞ[ 0 and s0 � 0, t0 � 2s0\t,

respectively, and satisfying the following conditions below

HDsðt; sÞ þ Hðt; sÞ
drðtÞ dDðtÞ � GðtÞdðtÞðaðtÞ þ pðtÞ t

2
Þ

	 


¼ � hðt; sÞ
drðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðt; sÞ

p
;

ð3:69Þ

and

lim sup
t!1

1

Hðt; 2s0Þ

Z t

2s0

Hðt; sÞdðsÞGðsÞ � ðh�ðt; sÞÞ2

4dðsÞ

 !

Ds ¼ 1;

ð3:70Þ

then, Eq. (1.2) oscillates on ½t01ÞT:

Proof Assume to the contrary that (1.2) has a non-oscil-

latory solution. Let y(t) be a non-oscillatory solution of

(1.2). Then, without loss of generality, we assume that

y(t) is an eventually positive function, i.e., there exists t0
such that yðtÞ[ 08t 2 ½t01ÞT. We have defined Riccati

transformation function in (3.3). Now multiplying

Eq. (3.28) by H(t, s) and integrating from 2s0 to t, we have

following relation
Z t

2s0

Hðt; sÞdðtÞGðsÞDs� �
Z t

2s0

Hðt; sÞwDðsÞDs

þ
Z t

2s0

Hðt; sÞ
ðdDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s

2
ÞÞ

drðsÞ wrðsÞDs
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�
Z t

2s0

Hðt; sÞdðsÞ
ðdrðsÞÞ2

ðwrðsÞÞ2Ds: ð3:71Þ

From (2.2) and (3.51), we obtain
Z t

2s0

Hðt; sÞdðsÞGðsÞDs�Hðt; 2s0Þwð2s0Þ

þ
Z t

2s0

HDðt; sÞ þ Hðt; sÞ
ðdDðsÞ � dðsÞGðsÞðaðsÞ þ pðsÞ s

2
ÞÞ

drðsÞ

 !

wrðsÞDs

�
Z t

2s0

Hðt; sÞdðsÞ
ðdrðsÞÞ2

ðwrðsÞÞ2Ds: ð3:72Þ

From Eqs. (3.69), (3.72) and by following the similar steps

of Eqs. (3.35)–(3.39), we obtain a new relation

1

Hðt; 2s0Þ

Z t

2s0

Hðt; sÞdðsÞGðsÞ � ðh�ðt; sÞÞ2

4dðsÞ

 !

Ds�wð2s0Þ\1;

ð3:73Þ

for sufficiently large t. Thus, we derive a contradiction to

(3.70), which completes the proof of our theorem. h

Corollary 3.17 Assume that O1;O2, relations (1.16),

(1.18) and Eq. (3.51) hold. Moreover, if there exist D-

derivative function dðtÞ[ 0 and s0 � 0, t0 � 2s0\t,

respectively, and satisfying the following conditions below,

HDsðt; sÞ þ Hðt; sÞ
drðtÞ dDðtÞ � GðtÞdðtÞ aðtÞ þ pðtÞ t

2

	 
	 


¼ � hðt; sÞ
drðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðt; sÞ

p

ð3:74Þ

and

lim sup
t!1

1

Hðt; 2s0Þ

Z t

2s0

Hðt; sÞdðsÞGðsÞDs

¼ 1 and lim sup
t!1

1

Hðt; 2s0Þ

Z t

2s0

ðh�ðt; sÞÞ2

4dðsÞ Ds\1;

ð3:75Þ

then, Eq. (1.2) oscillates on ½t01ÞT: We can easily see that

Eq. (1.2) in its general form involves differential equation

and different types of difference equations depending on

the choice of the time scale T.

Remark 3.18 When T ¼ R; Eq. (1.2) become second-

order linear delay difference equation:

y00ðtÞ þ aðtÞy0ðtÞ þ yðtÞ þ Kðyðt � hÞÞ þ f ðWðy0ðt � hÞ ¼ 0;

ð3:76Þ

where we have rðtÞ ¼ t; lðtÞ ¼ 0; gDðtÞ ¼ g0ðtÞ and
Z b

a

gðtÞDt ¼
Z b

a

gðtÞdt:

Remark 3.19 When T ¼ Z; Eq. (1.2) become second-

order linear delay difference equation:

D2yðtÞ þ aðtÞDyðtÞ þ yðtÞ þ Kðyðt � hÞÞ þ f WðDyðt � hÞÞð Þ ¼ 0;

ð3:77Þ

where we have rðtÞ ¼ t þ 1; lðtÞ ¼ 1; gDðtÞ ¼ DgðtÞ and
Z b

a

gðtÞDt ¼
Xb�1

t¼a

gðtÞlðtÞ ¼
Xb�1

t¼a

gðtÞ:

Remark 3.20 When T ¼ h0Z; h0 [ 0; Eq. (1.2) become

second-order linear delay difference equation with step size

h0

D2
h0yðtÞ þ aðtÞDh0yðtÞ þ yðtÞ þ Kðyðt � hÞÞ
þ f ðWðDh0yðt � hÞÞÞ ¼ 0;

ð3:78Þ

where we have rðtÞ ¼ t þ h0; lðtÞ ¼ h0; f DðtÞ ¼ Dh0 f ðtÞ and
Z b

a

f ðtÞDt ¼
X b

h0�1

l¼ a
h0
f ðlh0Þh0:

For a function

f ðWðxDðtÞÞÞ ¼ qðtÞsgnðxðtÞÞjWðxDðtÞÞj 8x 2 R;

where qðtÞ ¼ lðtÞ
w1pðtÞ 8t 2 T; we would like to illustrate our

results by means of the following examples.

Example

Let us consider a second-order non-linear dynamic equa-

tion on time scale T:

yDDðtÞ þ 1

t
yDðtÞ þ yðtÞ þ

X1

n¼1

kð2n�1Þðyðt � hÞÞð2n�1Þ

þ 2
lðtÞ
w1t2

sgnðyðtÞÞ
X1

m¼1

wð2m�1ÞðyDðt � hÞÞð2m�1Þ

�
�
�
�
�

�
�
�
�
�
¼ 0:

ð4:1Þ

In view of Corollary 3.3, we choose the parameters as

follows: dðtÞ :¼ 1; aðtÞ :¼ 1
t
; pðtÞ :¼ 2

t2
; 8kn;wm 2

Rþ such that 0\pðtÞ� k1\1; k2nþ1 [ 0; k2n :¼ 0 and

w2m :¼ 0;wð2m�1Þ [ 08n;m 2 N respectively. Also 0\
lðtÞ\t� s0\ t for all t[ 2s0; s0 � 2: Thus, we have
1
2
�GðtÞ\1: Therefore, it is easy to verify that the condi-

tions O1;O2, (1.16), (1.18) and (3.13) hold. The parameters

also satisfying the following conditions below:

Z t

2s0

GðsÞ � GðsÞ
ðaðsÞ þ pðsÞ s

2
Þ2

4

 !

Ds�
Z t

2s0

1

2
� 1

s2

� �

Ds

[
7

16
ðt � 2s0Þ ! 1 as t ! 1:

ð4:2Þ
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When lðtÞ ¼ 0; we have

Z t

2s0

GðsÞ � GðsÞ
ðaðsÞ þ pðsÞ s

2
Þ2

4

 !

ds ¼
Z t

2s0

1 � 1

s2

� �

ds

[
3

4
ðt � 2s0Þ ! 1 as t ! 1:

ð4:3Þ

Now by the above parameters and conditions (4.2) and

(4.3), we establish some examples on different time scales

as follows.

Example 4.1 For T ¼ Z; a second-order non-linear dif-

ference equation

D2yðtÞ þ 1

t
DyðtÞ þ yðtÞ þ

X1

n¼1

kð2n�1Þðyðt � hÞÞð2n�1Þ

þ 2
sgnðyðtÞÞ
w1t2

X1

m¼1

wð2m�1ÞðDyðt � hÞÞð2m�1Þ

�
�
�
�
�

�
�
�
�
�
¼ 0:

ð4:4Þ

Where h ¼ 1 s0 ¼ t0 ¼ 2 such that

½2;1ÞT ¼ f2; 3; 4; . . .g; 0:5\k1 ¼ 1; k2nþ1 ¼ 1
ð2nþ1Þn and

wð2m�1Þ ¼ 1
ð2m�1Þ! 8n;m 2 N: We have 0\lðtÞ ¼ 1\t � 2

for all 4\t 2 f5; 6; 8; . . .g and 0:5\GðtÞ\1: Thus O1 �
O2; (1.16) and (1.18) hold. It is easy to calculate that for

each t 2 ½2;1ÞZ; we have
Z 1

2

1

enðtÞðt; 2ÞDt ¼
Z 1

2

e�1
t
ðt; 2ÞDt ¼

Z 1

2

exp

Z t

2

log 1 � 1

s

� �

Ds

� �

Dt ¼
Z 1

2

Yt�1

l¼2

1 � 1

l

� �

Dt

¼
Z 1

2

1

t � 1
Dt ¼ 1:

Therefore O2 and Eq. (4.2) hold. Hence (4.4) oscillates on

½2;1ÞT ¼ f2; 3; 4; . . .g:

Remark 4.2 Similarly, for T ¼ h0Z; h0 [ 0;, etc., there

exists s0 � 0 such that (4.1) oscillates on ½t0;1ÞT.

Example 4.3 For T ¼ R; a second-order non-linear dif-

ferential equation

y00ðtÞ þ 1

t
y0ðtÞ þ yðtÞ þ

X1

n¼1

1

ð2n� 1Þn ðyðt � hÞÞð2n�1Þ ¼ 0:

ð4:5Þ

Thus for each t 2 ½2;1ÞR; we obtain O2 holds, as follows
Z 1

2

1

enðtÞðt; 2Þ dt ¼
Z 1

2

e�1
t
ðt; 2Þ dt

¼
Z 1

2

exp

Z t

2

� 1

s
ds

� �

dt ¼
Z 1

2

2

t
dt ¼ 1:

Therefore, from Eq. (4.3) and in view of corollary 3.3, we

conclude that (4.5) oscillates on ½2;1Þ:

Conclusion

The oscillation of a function is a number that quantifies

how much a function varies between its extreme values as

it approaches infinity or some other point. It is very

important qualitative property of a function. There are

many criteria for oscillations, out of which two important

are Kamenev and Philos type. In this present work, we

have established such criteria for Eq. (1.2). First we have

proved Lemmas 2.11–2.13 and then used Riccati trans-

formation technique to establish the main result. We have

obtained some new conditions for the oscillations. It is also

important to note that the results presented in this paper are

not valid for T ¼ qZ: The reason is given in the Remark

2.9. We have also constructed few examples for some time

scale T; i.e., T ¼ R;T ¼ Z and T ¼ h0Z to illustrate the

results.
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