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Abstract This paper describes two new ABS algorithms

based on two-step ABS methods for solving general solu-

tion of full row rank linear systems of equations. For both

of our works, the ith iteration solves the first 2i equations,

but for the second algorithm, we compress the space. We

investigate the numerical stability of our models and a class

of methods having optimal stability is defined. The con-

dition for the residual perturbation to be minimal is also

given. Computational complexity and numerical results

demonstrate that, for our new methods, we need less work

than corresponding two-step ABS algorithms and Huang’s

method. The number of multiplications for these new

schemes is half of the storage needed by the Gaussian

elimination method. Our new version ABS algorithms are

computationally better than the classical Gaussian elimi-

nation method, having the same arithmetic cost, but using

less memory and no pivoting is necessary. The compres-

sion ABS model economizes the space more than the first

algorithm, via deleting the zero rows of the Abaffian matrix

by two in every iteration.

Keywords ABS methods � Two-step ABS algorithms �
New compresion ABS model � Numerical stability �
Optimally stable method

Introduction

ABS methods have been used broadly for solving linear

and nonlinear systems of equations comprising large

number of constraints and variables. In addition, ABS

methods provide a unification of the field of finitely ter-

minating methods for the solution of linear systems of

equations. ABS methods were introduced by Abaffy,

Broyden, and Spedicato initially for solving a determined

or underdetermined linear system and later extended for

linear least squares, nonlinear equations, optimization

problems, Diophantine equations, and fuzzy linear systems

[1, 11, 13]. These extended ABS algorithms offer some

new approaches that are better than classical ones under

several respects. In addition, extensive computational

experience has shown tNow, since two new equations are

hat ABS methods are implementable in a stable way, being

often more accurate than the corresponding initial algo-

rithm. ABS methods can be more effective than some of

the other traditional methods. See more about ABS algo-

rithms in [15–18]. A review of ABS algorithms is observed

in [19]. The basic ABS algorithm works on a system of the

form:

Ax ¼ b; ð1Þ

where A ¼ ½a1; . . .; am�T; ai 2 Rn; 1� i�m; x 2 Rn;

b 2 Rm;m� n:
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There is another notation for (1) as the following form:

ATx ¼ b; ð2Þ

where AT ¼ ½a1; . . .; am�T; ai 2 Rn; 1� i�m; x 2 Rn; b 2
Rm; m� n:

Notice that systems (1) and (2) are equivalent. Matrix

computations are presented in [14]. The basic ABS meth-

ods determine solution of the above systems or signify lack

of its existence in at most m iterates. Amini et al. proposed

two-step ABS algorithms for the general solution of full

row rank linear systems of equations [5, 6]. The purpose of

our paper is to present two new extended two-step ABS

models and study on analysis of error propagation for them.

The structure of this paper is organized as follows: Sect. 2

is devoted to the construction of a new two-step ABS

model for solving general solution of full row rank linear

systems of equations. Rank reducing process is done in two

phases, for per iterate. The first phase helps us to have a

solution for the ith iteration and the next phase leads to

compute general solution of that iteration. In addition, we

state and prove related theorems. We present our first two-

step ABS algorithm for the general solution of full row

rank linear systems of equations in this section. In Sect. 3,

to compress required space, we present our second algo-

rithm, such that the number of rows of the Abaffian matrix

is reduced by two for per iterate. Thus, considering matrix

multiplication, related parameters are selected from proper

dimensions. In Sect. 4, we investigate the stability by the

backward error analysis techniques due to Broyden’s

backward error analysis and Galantai’s method. The errors

in the steps are determined in the terms of projectors

constructable from the conjugate directions. A class of

methods having optimal stability characteristics is defined.

Computational complexity and numerical results are dis-

cussed in Sect. 5, in detail. In Sect. 6, we summarize our

achievements.

A new class of two-step ABS model

The basic ABS algorithm starts with an initial vector x0 2
Rn and a nonsingular matrix H0 2 Rn�n (Spedicato’s

parameter). Given that xi is a solution of the first i equa-

tions, the ABS algorithm computes xi as the solution of the

first iþ 1 equations as the following steps [1]:

1. Determine zi (Broyden’s parameter), so that zTi Hiai 6¼
0 and set pi ¼ HT

i zi:

2. Update the solution by xiþ1 ¼ xi þ aipi, where the

stepsize ai is given by ai ¼ bi�aTi xi
aT
i
pi

:

3. Update the Abaffian matrix Hi by Hiþ1 ¼ Hi �
Hiaiw

T
i Hi

wT
i
Hiai

; where wi 2 Rn (Abaffy’s parameter) is cho-

sen, so that wT
i Hiai 6¼ 0.

Here, we are motivated to study on a method that satisfies

two new equations at a time. We consider the system (1)

under the assumption that A is full rank in row, i.e., rank(A)

= m and m� n. Suppose that m ¼ 2l (if m is odd, we can

add a trivial equation to the system). Take A2i ¼
½a1; . . .; a2i�T; b2i ¼ ½b1; . . .; b2i�T and rjðxÞ ¼ aTj x� bjðj ¼
1; . . .;mÞ: Assume that we are at the ith iteration and xi

satisfies A2ix ¼ b2i. We determine Hi 2 Rn�n, zi 2 Rn and

ki 2 R, so that xi ¼ xi�1 � kiHT
i zi is a solution of the first 2i

equations of the system (1), which is A2ixi ¼ b2i: As a

result, we have rjðxiÞ ¼ 0; j ¼ 1; . . .; 2i: Thus, for j ¼ 2i�
1 and j ¼ 2i, we have

aT2i�1ðxi�1 � kiHT
i ziÞ � b2i�1 ¼ 0;

aT2iðxi�1 � kiHT
i ziÞ � b2i ¼ 0;

(

or equivalently

kiðHia2i�1ÞTzi ¼ r2i�1ðxi�1Þ;
kiðHia2iÞTzi ¼ r2iðxi�1Þ:

(

Suppose that r2i�1ðxi�1Þ 6¼ 0 and r2iðxi�1Þ 6¼ 0. Then, ki
must be nonzero and the above systems are compatible if

and only if we take

ki ¼
r2i�1ðxi�1Þ
ðHia2i�1ÞTzi

¼ r2iðxi�1Þ
ðHia2iÞTzi

; ð3Þ

where r2i�1ðxi�1Þ ¼ r2iðxi�1Þ ¼ r2i�1ðxi�1Þr2iðxi�1Þ. There
are various ways to satisfy (3). We consider the following

model:

1:Choose an appropriate update forHi; sothatHia2i�1 ¼ Hia2i 6¼ 0;

2:Select a vector zi; sothat zTi Hia2i 6¼ 0:

�

Now, since two new equations are considered in each

iterate, we use a rank one update as (4) and another rank

one update as (5). Therefore, we have a new rank two

update for each iterate. Here, we present Hi and Hli satis-

fying the following properties:

Hia2i�1 ¼ Hia2i 6¼ 0; i ¼ 1; . . .; l; ð4Þ

and

Hliaj ¼ 0; j ¼ 1; . . .; 2i: ð5Þ

Now, assume

cj ¼
a2i � aj; j 6¼ 2i;

a2i; j ¼ 2i:

�
ð6Þ
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As relations (4)–(6), we will construct (7) and (8), such that

Hicj ¼ 0; j ¼ 1; . . .; 2i� 1; ð7Þ

and

Hlicj ¼ 0; j ¼ 1; . . .; 2i: ð8Þ

We compute Hiþ1 from Hli , such that the relations (7) and

(8) hold and proceed inductively. We define Hiþ1 ¼ Hli þ
g2iþ1d

T
2iþ1 where g2iþ1; d2iþ1 2 Rn. We need to have

Hiþ1cj ¼ 0; j ¼ 1; . . .; 2iþ 1;

Hlicj ¼ 0; j ¼ 1; . . .; 2i:

�

Therefore, we have

ðHli þ g2iþ1d
T
2iþ1Þcj ¼ 0; j ¼ 1; . . .; 2iþ 1;

Hlicj ¼ 0; j ¼ 1; . . .; 2i:

(

Thus, we must define g2iþ1; d2iþ1 2 Rn in such a way that

Hlicj þ ðdT2iþ1cjÞg2iþ1 ¼ 0; j ¼ 1; . . .; 2iþ 1; ð9Þ

and Hlicj ¼ 0; j ¼ 1; . . .; 2i. The condition (9) is satisfied

for j� 2i� 1 by the induction hypothesis. By taking j ¼
2iþ 1 in (9), we get

ðdT2iþ1c2iþ1Þg2iþ1 ¼ �Hlic2iþ1: ð10Þ

We consider the choice g2iþ1 ¼ �Hlic2iþ1 with

dT2iþ1c2iþ1 ¼ 1; which clearly holds in (10). Now, we define

d2iþ1 ¼ HT
li
w2iþ1 for w2iþ1 2 Rn, such that

wT
2iþ1Hlic2iþ1 ¼ 1: ð11Þ

Later, as Theorem 2.3, we will conclude that the above

system has solution and Hli is well defined. Therefore, the

updating formula for Hi is given by the following:

Hiþ1 ¼ Hli � Hlic2iþ1w
T
2iþ1Hli ; ð12Þ

where w2iþ1 can be any vector satisfying (11). Now, to

satisfy (12) and complete the induction, H1 should be

chosen, so that H1a1 ¼ H1a2 6¼ 0 or

H1c1 ¼ 0: ð13Þ

Let H0 be an arbitrary nonsingular matrix. We obtain H1

from H0 using a rank one update. Take H1 ¼ H0 � u1v
T
1 ,

where u1; v1 2 Rn are chosen, so that (13) is satisfied.

Therefore, we have H0c1 � ðvT1c1Þu1 ¼ 0: The previous

equation is satisfied if we set u1 ¼ H0c1; v1 ¼ HT
0w1; and

we choose w1 2 Rn satisfying the next condition:

wT
1H0c1 ¼ 1: ð14Þ

Clearly, (14) can be held with a proper choice of w1 2 Rn,

whenever a1 and a2 are linearly independent. Thus, we

have a rank one update as follows:

H1 ¼ H0 � H0c1w
T
1H0; ð15Þ

where w1 is an arbitrary vector satisfying (14). To compute

the general solution and update the second phase for the ith

iteration, we introduce a matrix Hli with properties Hlicj ¼
Hliaj ¼ 0; j ¼ 1; . . .; 2i: Therefore, we define the matrix Hli

by a rank one update as the next formula:

Hli ¼ Hi � Hia2iw
T
2iHi ¼ Hi � Hic2iw

T
2iHi; i ¼ 1; . . .; l:

ð16Þ

Notice that w2i 2 Rn is an arbitrary vector satisfying the

following condition:

wT
2iHia2i ¼ 1: ðwT

2iHic2i ¼ 1Þ: ð17Þ

Hence, the general solution of the ith iteration is given by

xli ¼ xi � HT
li
s, where s 2 Rn is arbitrary. Clearly, the

general solution for the last iteration is presented by the

following:

xll ¼ xl � HT
ll
s; ð18Þ

where s 2 Rn is arbitrary.

Lemma 2.1 The vectors a1; . . .; am are linearly inde-

pendent if and only if the vectors c1; . . .; cm are linearly

independent.

Therefore, we proved the following theorem.

Theorem 2.2 Assume that we have m ¼ 2l arbitrary

linearly independent vectors a1; . . .; am 2 Rn and an arbi-

trary nonsingular matrix H0 2 Rn�n. Let H1 be generated

by (15) and w1 is satisfying (14), and the sequence of

matrices Hi, i ¼ 2; . . .; l, be generated by the following:

Hi ¼ Hli�1
� Hli�1

c2i�1w
T
2i�1Hli�1

; ð19Þ

with w2i�1 2 Rn satisfying the following condition:

wT
2i�1Hli�1

c2i�1 ¼ 1: ð20Þ

In addition, let the sequence of matrices Hl1 ; . . .;Hll be

generated by (16) with w2i 2 Rn satisfying (17). Then,

when we are at the ith iteration, the following properties

(1)–(4) hold for i ¼ 1; . . .; l.

(1) Hia2i�1 ¼ Hia2i 6¼ 0.

(2) Hiaj ¼ 0; j ¼ 1; . . .; 2ði� 1Þ.
(3) Hliaj ¼ 0; j ¼ 1; . . .; 2i.

(4) Hlicj ¼ 0; j ¼ 1; . . .; 2i.

we are at the ith iteration.

Theorem 2.3 Assume that a1; . . .; am are linearly inde-

pendent vectors in Rn. Let H0 2 Rn�n be an arbitrary

nonsingular matrix and H1 be defined by (15), with w1 2
Rn satisfying (14), and for i ¼ 2; . . .; l, the sequence of
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matrices Hi be generated by (19) with w2i�1 2 Rn satisfy-

ing (20). Then, for all i, 1� i� l, and j, 2i� j�m, the

vectors Hiaj are nonzero and linearly independent.

Proof We proceed by induction. For i ¼ 1, the theorem is

true. Since if
Pm

j¼2 ajH1aj ¼ 0, we have

Xm
j¼2

ajðH0 � H0c1w
T
1H0Þaj ¼ 0;

Xm
j¼2

ajH0aj �
Xm
j¼2

ajw
T
1H0aj

 !
H0c1 ¼ 0;

or

b1H0a1 � ðb1 � a2ÞH0a2 þ
Xm
j¼3

ajH0aj ¼ 0;

where b1 ¼
Pm

j¼2 ajw
T
1H0aj: Now, since a1; . . .; am are

nonzero and linearly independent and H0 is nonsingular,

H0aj for 1� j�m are nonzero and linearly independent.

Hence, b1 ¼ a2 ¼ a3 ¼ � � � ¼ am ¼ 0. Therefore, the

vectors H1aj, for 2� j�m, are nonzero and linearly

independent. Now, we assume that the theorem is true up

to 1� i� l� 1, and then, we prove it for iþ 1. From (12),

for 2iþ 2� j�m, we have

Hiþ1aj ¼ Hliaj � ðwT
2iþ1HliajÞHlic2iþ1: ð21Þ

We need to show that the relation

Xm
j¼2iþ2

ajHiþ1aj ¼ 0; ð22Þ

implies that aj ¼ 0, for 2iþ 2� j�m. Using (21), we can

write (22) as follows:

Xm
j¼2iþ2

ajHliaj � b01Hlic2iþ1 ¼ 0;

where b01 ¼
Pm

j¼2iþ2 ajw
T
2iþ1Hliaj. Thus, we havePm

j¼2iþ2 ajHliaj � b01Hliða2iþ2 � a2iþ1Þ ¼ 0: As a result

Xm
j¼2iþ3

ajHliaj þ b01Hlia2iþ1 � ðb01 � a2iþ2ÞHlia2iþ2 ¼ 0:

ð23Þ

By the induction hypothesis, the vectors Hiaj, for

2i� j�m, are nonzero and linearly independent. Now, as

the assumption of the induction, we are going to prove that

the vectors Hliaj are nonzero and linearly independent for

2iþ 1� j�m. Using (16), we have

Hliaj ¼ Hiaj � Hia2iw
T
2iHiaj: ð24Þ

We must prove the relation

Xm
j¼2iþ1

a0jHliaj ¼ 0; ð25Þ

implies that a0j ¼ 0, for j� 2iþ 1. Using (24), we can write

(25) as follows:

Xm
j¼2iþ1

a0jHiaj �
Xm

j¼2iþ1

a0jw
T
2iHiaj

 !
Hia2i ¼ 0:

As the linearly independence of Hiaj, for 2i� j�m, we

conclude that a0j ¼ 0, for j� 2iþ 1. Consequently, for

relation (23), we have b01 ¼ a2iþ2 ¼ a2iþ3 ¼ � � � ¼ am ¼ 0:

Hence, the vectors Hiþ1aj, for 2iþ 2� j�m are nonzero

and linearly independent. h

Corollary 2.4 Considering the assumptions of Theorem

2.3, the following statement are true.

(i) When we are at the ith iteration, we have

Hia2i�1 ¼ Hia2i 6¼ 0: In addition, there exists zi 2
Rn and w2i 2 Rn, such that zTi Hia2i 6¼ 0 and

wT
2iHia2i 6¼ 0.

(ii) Each of the systems (14) and (20) has solution.

(iii) Hi, Hli , xi, and xli are well defined for i ¼ 1; . . .; l:

(iv) By taking H0 ¼ Hl0 and considering the sequence

of matrices Hl0 ; . . .;Hli�1
, 0� i� l� 1, we have

Hliaj 6¼ 0, j[ i. Thus, by taking j ¼ 2iþ 1, there

exist z0j 2 Rn, such that z0Tj Hliaj 6¼ 0. (It is noted

again that when we choose j ¼ 2i, we are at the

ith step. In fact for the ith iteration, we have two

choices j ¼ 2i� 1 and j ¼ 2i.)

Theorem 2.5 For the matrices Hi generated by (15) and

(19) and the matrices Hli given by (16), we have

dimRðHiÞ ¼ n� 2iþ 1; 1� i� l;

dimNðHiÞ ¼ 2i� 1; 1� i� l;

dimRðHliÞ ¼ n� 2i; 1� i� l;

dimNðHliÞ ¼ 2i; 1� i� l;

dimRðHllÞ ¼ n� m;

dimNðHllÞ ¼ m:

The notations R and N stand for the range and nullspace,

respectively.

Theorem 2.6 Consider the matrix Pi ¼ ð~p1; . . .; ~piÞ;
i� m

2
, where ~pi ¼ ðp0i; piÞ and pi ¼ HT

i zi is obtained from

the first-phase rank reducing process of the ith iteration.

The sequence of p0i ¼ HT
li�1

z0i is obtained from

HT
0 z

0
1; . . .;H

T
li�1

z0i. In addition, take Ai ¼ ða1; . . .; a2iÞ, i�m.
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Then, the matrix Li defined by Li ¼ ðAiÞTPi is lower tri-

angular and nonsingular.

Proof As ðLiÞj;k ¼ aTj ~pk, Theorem 2.2 implies that ðLiÞj;k
is zero for j\k, and thus, Li is lower triangular. As The-

orem 2.3 and Corollary 2.4, we have aTj ~pk 6¼ 0, for j ¼ k.

Consequently Li is nonsingular. h

Corollary 2.7 If m ¼ n, the matrix A can be factorized in

the form A ¼ LS, with L ¼ Ln and S ¼ ðPnÞ�1
.

Remark 2.8 For the matrices Hi generated by (15) and

(19), we have xi ¼ xi�1 � kiHT
i zi; ði ¼ 1; . . .; lÞ; where xi is

a solution of the first 2i equations of the system and ki will
be discussed in Algorithms 1 and 2. The matrix H0 can be

any arbitrary matrix, but to reduce computational com-

plexity, and for stability reasons, we choose H0 unitary

matrix In. Numerical stability and computational com-

plexity will be discussed in Sects. 4 and 5, respectively.

Algorithm 1 Assume that Am�n ¼
�
a1; a2; . . .; am

�T
is a

full row rank linear matrix, where m ¼ 2l and Ax ¼ b is a

compatible full row rank linear system, x 2 Rn and b 2 Rm.

1. Let x0 2 Rn be an arbitrary vector and choose H0 ¼
In 2 Rn�n (unitary matrix). Set i ¼ 1.

2. (a) Compute r1ðx0Þ ¼ aT1x0 � b1 and

r2ðx0Þ ¼ aT2x0 � b2:

(b) If r1ðx0Þr2ðx0Þ 6¼ 0, we let

a1 ¼ r2ðx0Þa1;
b1 ¼ r2ðx0Þb1;

�
a2 ¼ r1ðx0Þa2;
b2 ¼ r1ðx0ÞÞb2:

�

(c) If r1ðx0Þr2ðx0Þ ¼ 0 and one of the residual

values is nonzero, without loss of generality,

we assume that r2ðx0Þ 6¼ 0 and we let

a1 ¼ a2 þ a1;

b1 ¼ b2 þ b1;

�
a2 ¼ a2;

b2 ¼ b2:

�

(d) If r1ðx0Þr2ðx0Þ ¼ 0, and both of the residual

values are zero, x1 will be x0 and go to (5).

3. (a) Take c1 ¼ a2 � a1.

(b) Select w1 2 Rn, such that wT
1H0c1 ¼ 1 and

compute H1 ¼ H0 � H0c1w
T
1H0:

(c) Select w2 2 Rn, such that wT
2H1a2 ¼ 1 and

compute Hl1 ¼ H1 � H1a2w
T
2H1:

(d) Select z1 2 Rn, so that zT1H1a2 6¼ 0 and compute

k1 ¼ r1ðx0Þr2ðx0Þ
zT
1
H1a2

, if r1ðx0Þr2ðx0Þ 6¼ 0; k1 ¼ r2ðx0Þ
zT
1
H1a2

, if

r1ðx0Þ ¼ 0 and r2ðx0Þ 6¼ 0:

4. Take x1 ¼ x0 � k1HT
1 z1.

5. Set i ¼ 2 and go to 6.

6. While i� m
2
, do steps 6(a)–8(b).

(a) Compute r2i�1ðxi�1Þ ¼ aT2i�1xi�1 � b2i�1 and

r2iðxi�1Þ ¼ aT2ixi�1 � b2i.

(b) If r2i�1ðxi�1Þr2iðxi�1Þ 6¼ 0, then we let

a2i�1 ¼ r2iðxi�1Þa2i�1;

b2i�1 ¼ r2iðxi�1Þb2i�1;

�
a2i ¼ r2i�1ðxi�1Þa2i;
b2i ¼ r2i�1ðxi�1Þb2i:

�

(c) If r2i�1ðxi�1Þr2iðxi�1Þ ¼ 0 and one of the resid-

ual values is nonzero, without loss of generality,

we assume that r2iðxi�1Þ 6¼ 0 and we let

a2i�1 ¼ a2i þ a2i�1;

b2i�1 ¼ b2i þ b2i�1;

�
a2i ¼ a2i;

b2i ¼ b2i:

�

(d) If r2i�1ðxi�1Þr2iðxi�1Þ ¼ 0 and both the residual

values are zero, xi will be xi�1 and go to 8(b).

7. (a) Take c2i�1 ¼ a2i � a2i�1.

(b) Select w2i�1 2 Rn, such that wT
2i�1Hli�1

c2i�1 ¼ 1;

and compute Hi ¼ Hli�1
� Hli�1

c2i�1w
T
2i�1Hli�1

:

(c) Select w2i 2 Rn, such that wT
2iHia2i ¼ 1 and

compute Hli ¼ Hi � Hia2iw
T
2iHi:

(d) Select zi 2 Rn, so that zTi Hia2i 6¼ 0, and compute

ki ¼ r2i�1ðxi�1Þr2iðxi�1Þ
zT
i
Hia2i

, if r2i�1ðxi�1Þr2iðxi�1Þ 6¼ 0,

ki ¼ r2iðxi�1Þ
zT
i
Hia2i

, if r2i�1ðxi�1Þ ¼ 0 and r2iðxi�1Þ 6¼ 0.

8. (a) Take xi ¼ xi�1 � kiHT
i zi.

(b) Set i ¼ iþ 1: Endwhile.

9. Stop (xl is a solution of the system). From (18), we can

compute general solution of the system after the final

iterate by xll ¼ xl � HT
ll
s where s 2 Rn is arbitrary.

Remark 2.9 To reduce computational complexity of

Algorithm 1, we propose the following tactics:

1. Taking x0 is proper in step (1) as Algorithm 1.

2. To compute w1 2 Rn, we take tj ¼ H0c1, and then, we

define w1 as follows:

w1 ¼

1

signðtjM ÞtjM
; i ¼ jM ;

0; i 6¼ jM :

8>><
>>:
Then, we take tjM ¼ maxfjtjj : j 2

f1; . . .; ng; suchthatwT
1 tj ¼ 1g: To determine the other

w2i�1 2 Rn, i ¼ 2; . . .; l, we let t0j ¼ Hli�1
c2i�1, and

then, we continue by the similar way.

3. We can choose w2i ¼ zi 2 Rn, i ¼ 1; . . .; l, by defining

the next parameters dj ¼ Hia2i, and
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w2i ¼ zi ¼

1

sign ðdjM ÞdjM
; i ¼ jM;

0; i 6¼ jM:

8>><
>>:

Now, we take djM ¼ maxfjdjj : j 2 f1; . . .; ng;
suchthat wT

2idj ¼ zTi dj ¼ 1g:

Now, assume that the vectors a1; . . .; am are linearly

independent. According to Theorem 2.5, we have NðHiÞ ¼
2i� 1 and NðHliÞ ¼ 2i. Therefore, 2i� 1 rows of matrix

Hi are depend on the other rows of Hi and 2i rows of the

matrix Hli are depend on the other rows of Hli . As we have

defined the matrix Hi and Hli in such a way that exactly

2i� 1 rows of Hi and 2i rows of matrix Hli are the zero

vectors, we can delete these zero vectors using appropriate

operator. Next, we will show how to reduced the number of

rows of the Abaffian matrix by two in every iterate and

economize the space needed for our new model.

New compression two-step ABS algorithm

Algorithm 2 Assume that Am�n ¼ ½a1; a2; . . .; am�T is a

full row rank linear matrix, where m ¼ 2l and Ax ¼ b is a

compatible full row rank linear system, x 2 Rn and b 2 Rm.

1. Let x0 2 Rn be an arbitrary vector and take H0 ¼ In.

Set i ¼ 1.

2. (a) Compute r1ðx0Þ ¼ aT1x0 � b1 and r2ðx0Þ ¼
aT2x0 � b2:

(b) If r1ðx0Þr2ðx0Þ 6¼ 0, we let

a1 ¼ r2ðx0Þa1;
b1 ¼ r2ðx0Þb1;

�
a2 ¼ r1ðx0Þa2;
b2 ¼ r1ðx0Þb2:

�

(c) If r1ðx0Þr2ðx0Þ ¼ 0 and one of the residual

values is nonzero, without loss of generality,

we assume that r2ðx0Þ 6¼ 0 and we let

a1 ¼ a2 þ a1;

b1 ¼ b2 þ b1;

�
a2 ¼ a2;

b2 ¼ b2:

�

(d) If r1ðx0Þr2ðx0Þ ¼ 0, and both the residual values

are zero, x1 will be x0 and go to (5).

3. (a) Take c1 ¼ a2 � a1.

(b) Select w1 2 Rn, such that wT
1H0c1 ¼ 1 and

compute H1 ¼ DðH0 � H0c1w
T
1H0Þ: (We define

D as an operator that delete the zero rows of a

matrix).

(c) Select w2 2 Rn�1, such that wT
2H1a2 ¼ 1 and

compute Hl1 ¼ DðH1 � H1a2w
T
2H1Þ:

(d) Select z1 2 Rn�1, so that zT1H1a2 6¼ 0 and com-

pute k1 ¼ r1ðx0Þr2ðx0Þ
zT
1
H1a2

, if r1ðx0Þr2ðx0Þ 6¼ 0;

k1 ¼ r2ðx0Þ
zT
1
H1a2

, if r1ðx0Þ ¼ 0 and r2ðx0Þ 6¼ 0:

4. Take x1 ¼ x0 � k1HT
1 z1.

5. Set i ¼ 2 and go to 6.

6. While i� m
2
, do steps 6(a)–8(b).

(a) Compute r2i�1ðxi�1Þ ¼ aT2i�1xi�1 � b2i�1 and

r2iðxi�1Þ ¼ aT2ixi�1 � b2i.

(b) If r2i�1ðxi�1Þr2iðxi�1Þ 6¼ 0, then we let

a2i�1 ¼ r2iðxi�1Þa2i�1;

b2i�1 ¼ r2iðxi�1Þb2i�1;

�
a2i ¼ r2i�1ðxi�1Þa2i;
b2i ¼ r2i�1ðxi�1Þb2i:

�

(c) If r2i�1ðxi�1Þr2iðxi�1Þ ¼ 0 and one of the resid-

ual values is nonzero, without loss of generality,

we assume that r2iðxi�1Þ 6¼ 0 and we let

a2i�1 ¼ a2i þ a2i�1;

b2i�1 ¼ b2i þ b2i�1;

�
a2i ¼ a2i;

b2i ¼ b2i:

�

(d) If r2i�1ðxi�1Þr2iðxi�1Þ ¼ 0 and both of the resid-

ual values are zero, xi will be xi�1 and go to 8(b).

7. (a) Take c2i�1 ¼ a2i � a2i�1.

(b) Select w2i�1 2 Rn�ð2i�2Þ, such that wT
2i�1

Hli�1
c2i�1 ¼ 1; and compute Hi ¼ DðHli�1

�
Hli�1

c2i�1w
T
2i�1Hli�1

Þ:
(c) Select w2i 2 Rn�ð2i�1Þ, such that wT

2iHia2i ¼ 1

and compute Hli ¼ DðHi � Hia2iw
T
2iHiÞ:

(d) Select zi 2 Rn�ð2i�1Þ, so that zTi Hia2i 6¼ 0, and

compute ki ¼ r2i�1ðxi�1Þr2iðxi�1Þ
zT
i
Hia2i

, if r2i�1ðxi�1Þ

r2iðxi�1Þ 6¼ 0, ki ¼ r2iðxi�1Þ
zT
i
Hia2i

, if r2i�1ðxi�1Þ ¼ 0 and

r2iðxi�1Þ 6¼ 0.

8. (a) Take xi ¼ xi�1 � kiHT
i zi.

(b) Set i ¼ iþ 1: Endwhile.

9. Stop (xl is a solution of the system). General solution

of the system is obtained after the final iterate by

xll ¼ xl � HT
ll
s, where s 2 Rn is arbitrary.

Remark 3.1 We can present the stepsize for Algorithms 1

and 2 as the following form:

ki ¼
aT2i�1xi�1 � b2i�1

zTi Hia2i
¼ aT2ixi�1 � b2i

zTi Hia2i
¼ ~ri

zTi Hia2i
:

Notice that a2i�1; a2i; b2i�1, b2i are updated in steps 2 and 6

and ~ri is defined the updated residual value of the ith step.

Thus, we have the exact values presented in 3(d) and 7(d)
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for the stepsize. Notice that dimension of Hi and zi is

compressed in Algorithm 2.

Remark 3.2 To reduce computational complexity of

Algorithm 2, we propose the following tactics.

1. Taking x0 is proper in step (1) as our new algorithm.

2. To compute w1 2 Rn, we take tj ¼ H0c1, and then, we

define w1 as follows:

w1 ¼

1

signðtjM ÞtjM
; i ¼ jM ;

0; i 6¼ jM :

8>><
>>:
Then, we take tjM ¼ maxfjtjj : j 2

f1; . . .; ng; suchthatwT
1 tj ¼ 1g: To compute the other

w2i�1 2 Rn�ð2i�2Þ, i ¼ 2; . . .; l, we let t0j ¼ Hli�1
c2i�1,

and then, we continue the similar way.

3. We can choose w2i ¼ zi 2 Rn�ð2i�1Þ, i ¼ 1; . . .; l, by

defining the next parameters dj ¼ Hia2i, and

w2i ¼ zi ¼

1

sign ðdjM ÞdjM
; i ¼ jM;

0; i 6¼ jM:

8>><
>>:

Now, we take djM ¼ maxfjdjj : j 2 f1; . . .; n� ð2i�
1Þg; such that wT

2idj ¼ zTi dj ¼ 1g:

Notice that by reducing the numbers of rows of the

Abaffian matrix by two, for per step, we choose the other

parameters as proper dimensions.

Analysis of error propagation in the new versions
of two-step ABS models

We investigate the stability of Algorithm 1, for nonsingular

system (2), by the backward error analysis technique due to

Broyden and Galantai as [8, 9, 12]. Some basic results

given by Broyden [9] and Galantai [12] are extended here.

Galantai’s method has important role in our work. Systems

(1) and (2) are equivalent, but for proceeding with

Galantai’s method, we choose system (2) in all of this

section. We prove the analysis of error propagation for

nonsingular systems, and then, we will conclude that it is

valid for every full row rank system. Galantai studied the

numerical stability of the ABS class for linear systems of

the form:

ATx ¼ b; ðA 2 Rn�nÞ

n where the matrix AT is nonsingular. P ¼ ½p1; . . .; pn� and
V ¼ ½v1; . . .; vn� are n� n-type nonsingular matrices with

column vectors pj and vjðj ¼ 1; . . .; nÞ. Denote by I the unit

matrix of n� n type. The ABS class has the following

form:

Algorithm 3

Let x0 2 Rn be arbitrary

For k ¼ 1; . . .; n;
Compute:

ak ¼ vT
k
ðATxk�1�bÞ
pTAvk

;

xk ¼ xk�1 � akpk�1;

end for;

where the ABS update algorithm is given by

Set H1 ¼ I;

For k ¼ 1; . . .; n;
Compute:

pk ¼ HT
k zk; ðpTk Avk 6¼ 0Þ

Hkþ1 ¼ Hk � HkAvkw
T
k
Hk

ðwT
k
HkAvkÞ ; ðw

T
k HkAvk 6¼ 0Þ

end for.

Algorithm 3 is finitely terminated in n steps. The matrix

V is scaling the system ATx ¼ b. As [20], the pair (P, V) is

said to be the AT-conjugate if VTATP ¼ L is the lower

triangular. The ABS algorithm generates all AT-conjugate

directions for suitable choices of parameters [2]. Therefore,

the ABS class of methods coincides with those studied by

Stewart [20]. Results on the numerical stability of conju-

gate direction methods are given in [9, 21]. A stability

analysis for decent methods is given in [7]. See also

[3, 4, 10]. As Corollary 2.7, we conclude that the pair

(P, I) is AT-conjugate for Algorithm 1, considering

nonsingular matrix of system (2). Using the basic idea of

Broyden’s backward error analysis method, we present

Algorithm 1 as the following form:

Xk ¼ Wk�1ðXk�1Þ; k ¼ 1; . . .;
n

2

� �
; ð26Þ

where Xk is the solution of the problem. Assume that an

error nj occurs at the jth step and that is error propagates

further. It is also assumed that no other source of error

occurs. The exact solution Xn
2
is given by the following:

Xn
2
¼ Wn

2
�1fWn

2
�2f. . .fWjðXjÞg. . .gg ¼ X

n
2
�jðXjÞ; ð27Þ

while the perturbed solution X0
n
2
is given by the following:

X0
n
2
¼ X

n
2
�jðXj þ njÞ: ð28Þ

If the quantity jjXn
2
� X0

n
2
jj is large, then the algorithm (26)

must be very unstable. As Broyden ideas, it must be small

for stable algorithms. Consequently, jjXn
2
� X0

n
2
jj is a mea-

sure of stability for our new version of algorithm.

Now, we recall some of the important parameters of

Algorithm 1 for the system ATx ¼ b, A 2 Rn�n, where the

matrix AT is nonsingular considering system (2). Let
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P ¼ ½~p1; . . .; ~pn
2
�, with column vectors defined from Theo-

rem 2.6 as the form ~pi ¼ ðp0i; piÞ. We know that, pi ¼ HT
i zi

is obtained the first-phase rank reducing process of the ith

iteration. Thus, P is n� n-type nonsingular matrix. Here,

we take V ¼ In ¼ ½v1; . . .; vk
2
� with vk ¼ ek ¼ ðe2k�1; e2kÞ,

ðk ¼ 1; . . .; n
2
Þ. Therefore, V ¼ In ¼ ½e1; . . .; en� is an n� n

identify matrix. As Corollary 2.4, we have

pTk Ae2k�1 ¼ pTk Ae2k 6¼ 0. Taking vk for the stepsize means

that we can arbitrary choose one of the values of e2k�1 or

e2k. Also from Remark 3.1, we have

kk ¼
eT2k�1ðATxk�1 � bÞ

pTk Ae2k�1

¼ eT2kðATxk�1 � bÞ
pTk Ae2k

:

We choose H0 ¼ In and we present kk; xk; pk, and Hk as the

following form:

kk ¼
vTk ðATxk�1 � bÞ

pTk Avk
; ð29Þ

xk ¼ xk�1 � kkpk; ð30Þ

pk ¼ HT
k zk; ðpTk Avk 6¼ 0Þ ð31Þ

Hk ¼ Hlk�1
� Hlk�1

Aðv2k � v2k�1ÞwT
2k�1Hlk�1

;

ðwT
2k�1Hlk�1

Aðv2k � v2k�1Þ ¼ 1Þ;
ð32Þ

where Hlk ¼ Hk � HkAv2kw
T
2kHk, w

T
2kH

T
k Av2k ¼ 1. Updating

vectors and residual values can be computed as Algorithm 1,

for k ¼ 1; . . .; n
2
. Next, we investigate the stability of the

conjugate direction methods of the form (29) and (30) with a

special emphasize on theABSupdate (31) and (32). It is noted

again that for (29)–(32) and the others related parameters, we

chooseV the unitary matrix and the pair (P, I) isAT conjugate

for a nonsingular matrix as system (2). Considering these

points, Algorithm 1 coincides with those studies in [12] for a

unitary V and n
2
steps. Some basic results of [9, 12, 20] are

extended here. Let us introduce the following notation:

Pk ¼
pkv

T
k A

T

vTk A
Tpk

: ð33Þ

It is easily verified that P2
k ¼ Pk; i:e:;Pk is a projector. The

matrix Pk is a rank one projector onto the space spanned by

pk along the orthogonal complement of the space spanned

by Avk. Therefore, we have RðPkÞ ¼ RðpkÞ and

NðpkÞ ¼ R?ðAvkÞ. Note that the projectors P1; . . .;Pn are

called conjugate by Stewart [20], if we have

PtPj ¼ 0ðt\jÞ. The following lemma is immediate con-

sequent of Stewart’s definition [20].

Lemma 4.1 Let P1;P2; . . . be conjugate projectors. for

i� k we have:

PiðI � PkÞðI � Pk�1Þ � � � ðI � P1Þ ¼ 0� ð34Þ

Proof By conjugacy, for i\j, we have

PiðI � PjÞ ¼ Pi � PiPj ¼ Pi; ð35Þ

and since Pi is a projector,

PiðI � PiÞ ¼ Pi � P2
i ¼ Pi � Pi ¼ 0: ð36Þ

Together (35) and (36), we have (34). h

With the notation Pk as (33), the method of the class

(29) and (30) has the following form (motivating tech-

niques in [12, 20] and extending them for our model):

xk ¼ ðI � PkÞxk�1 þ dk: dk ¼
pkv

T
k b

vTk A
Tpk

� �
Denote by x� the solution of the linear system. By taking

Ek ¼ x� � xk, we have the recursion Ek ¼ ðI � PkÞEk�1

with the following solution:

Ek ¼ ðI � PkÞ � � � ðI � P1ÞE0:

Now, we introduce the notation

ðI � PkÞ � � � ðI � PjÞ ¼ Qk;j;

for k� j. Now, let us suppose that an error occurs at the

ðk � 1Þth step and only at it. The perturbed results of the

ðk � 1Þth step are denoted by x0k�1. The perturbed results of

further steps are denoted by x0jðj ¼ k; . . .; n
2
Þ. Then, we have

x0n ¼
Yn2�k

j¼0

ðI � Pn
2
�jÞx0k�1 þ

Xn
2

j¼k

Yn2�j�1

t¼0

ðI � Pn
2
�tÞ

 !
dj;

from which it follows that the error occurring in the final

iteration:

x� � x0n
2
¼ xn

2
� x0n

2
¼
Yn2�k

j¼0

ðI � Pn
2
�jÞðxk�1 � x0k�1Þ

¼ Qn
2
;kðxk�1 � x0k�1Þ:

The matrix Qn
2
;k can be considered as the error matrix.

Hence, we have the error bound

jjxn
2
� x0n

2
jj � jjQn

2
;kjjjjxk�1 � x0k�1jj: ð37Þ

A method of the classes (29) and (30) is considered to be

optimal in the sense of Broyden [9], if jjQn
2
;kjj is minimal

for all k. First, we characterize Qn
2
;k. Using the A

T-conjugate

property, we have PtPj ¼ 0ðt\jÞ. Therefore, PtQn
2
;k ¼

0ðk� t� n
2
Þ and ðI � PtÞQn

2
;k ¼ Qn

2
;kðk� t� n

2
Þ, which

means that Qn
2
;kQn

2
;k ¼ Qn

2
;k, i.e., Qn

2
;k is a projector. By

observing that RðI � PkÞ ¼ NðPkÞ and NðI � PkÞ ¼ RðPkÞ,
we conclude that

RðQn
2
;kÞ ¼

\n2
j¼k

NðPjÞ; NðQn
2
;kÞ ¼

Xn
2

j¼k

RðPjÞ:

340 Math Sci (2017) 11:333–343

123



Thus, we have

RðQn
2;k
Þ ¼

\n2
j¼k

R?ðAvjÞ ¼ R?ðAVn
2
�kþ1jÞ;

and

NðQn
2
;kÞ ¼

Xn
2

j¼k

RðPjÞ ¼ RðPn
2
�kþ1jÞ ¼ R?ðAV jk�1Þ:

Here, motivating Householder notations, for any matrix A,

we define the matrices Ak, Ajk, Ak, and Akj, the submatrices

consisting of, respectively, the first 2k rows, the first

2k columns, the last 2k rows, and the last 2k columns of A.

The following lemmas show that the symmetric pro-

jectors have a minimum property both in the Frobenius and

in the spectral norm. See the proof of the following lemmas

in [12].

Lemma 4.2 If A2 ¼ A, A 6¼ 0, and rankðAÞ ¼ m, then

jjAjjF �
ffiffiffiffi
m

p
and jjAjj ¼

ffiffiffiffi
m

p
if and only if A is symmetric.

Lemma 4.3 If A2 ¼ A and A 6¼ 0, then jjAjjsp � 1 and

jjAjj ¼ 1 if and only if A ¼ AT.

Theorem 4.4 The method of classes (29) and (30) is

optimal in the sense of Broyden if and only if (39) holds or

equivalently VTATAV ¼ D satisfies for a diagonal matrix

D.

Proof A projector P is symmetric if and only if

RðPÞ ¼ N?ðPÞ. Hence, Qn
2
;k is symmetric (and has minimal

norm) if and only if

RðAV jk�1Þ ¼ R?ðAVn
2
�kþ1jÞ� ð38Þ

A method is optimal in Broyden’s sense if and if only if

(38) is satisfied for all k. The latter condition is equivalent

to

Avi?Avj: ði 6¼ jÞ: ð39Þ

In the matrix formulation, it means that VTATAV ¼ D,

where D is diagonal. Notice that, since we choose V the

unitary matrix, the theorem is true if and only if ATA ¼ D

holds. h

This result was originally obtained by Broyden in [9] in

a different way for Algorithm 3, but we extended the proof

of Galantai [12] for Algorithm 1.

Theorem 4.5 For the error propagation (26)–(28) and

(37), the classes (29) and (30) yield the bound

jjxn
2
� x0n

2
jj � kðAÞjjxk�1 � x0k�1jj;

where k(A) is the condition number of matrix A.

Proof Since Qn
2
;k is a projector onto R?ðAVn

2
�kþ1jÞ along

R?ðAV jk�1Þ, it can be represented in the form:

Qn
2
;k ¼ ðA�TV�TÞjk�1ðVTATÞk�1; ð40Þ

As jjBjkjj � jjBjj and jjBkjj � jjBjj are both in the Frobenius

and spectral norms, we may bound Qn
2
;k by

jjQn
2;k
jj � jjA�TV�T jjjjVTAT jj � kðAÞkðVÞ, which is exactly

jjQn
2;k
jj � kðAÞkðVÞ. Since we choose V the unitary matrix,

kðVÞ ¼ 1 and jjQn
2
;kjj � kðAÞ. As (37), we conclude that

jjxn
2
� x0n

2
jj � kðAÞjjxk�1 � x0k�1jj:

h

Theorem 4.6 The residual error r0k ¼ ATðxk � x0kÞ as

Algorithm 1 is minimal for all k.

Proof Defining the residual perturbation as

r0k ¼ ATðxk � x0kÞ, we have r0n
2
¼ ATQn

2
;kA

�Tr0k for the model

(26)–(28) and (37). Using the relation ðABÞjkðCDÞk ¼
AfBjkCkgD and (40), we have

ATQn
2
;kA

�T ¼ ðV�TÞjk�1ðVTÞk�1 ð41Þ

is a projector onto RððV�TÞjk�1Þ along RððV�TÞ
n
2
�kþ1jÞ. The

bound jjr0n
2
jj � jjATQn

2
;kA

�T jjjjr0kjj is minimal if and only if

RððV�TÞjk�1Þ ¼ R?ððV�TÞ
n
2
�kþ1jÞ�

The classes of the (29) and (30) can be called optimal for

the residual perturbation r0k if (41) holds for all k. This

condition is obviously satisfied if and only if

ðV�TÞTðV�TÞ ¼ D�1 for a suitable diagonal matrix D from

which the condition VTV ¼ D follows. Since we choose

V as a unitary matrix, r0k is minimal for all k. h

Corollary 4.7 Assume that instead of (29) and (30) we

have the next recursion

x0k ¼ ðI � PkÞðx0k�1 þ nk�1Þ þ dk; k ¼ 1; . . .;
n

2

� �
;

where nk�1 denote the error which occurred at the ðk � 1Þ-
th iteration. Then, we have xn

2
� x0n

2
¼
Pn

2

k¼1 Qn
2
knk�1 from

which the bound

jjxn
2
� x0n

2
jj �

Xn
2

k¼1

jjQn
2
;kjjjjnk�1jj � kðAÞ

Xn
k¼1

jjnk�1jj

follows. For the optimal method, k(A) is obviously replaced

by
ffiffiffiffi
m

p
or by 1 depending on the norm chosen.

Corollary 4.8 Since the achievements of this section are

valid for every nonsingular linear system of (2), it is valid

for full row rank systems of this class. Algorithm 2 just
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deletes the zero rows of the Abaffian matrix as Algorithm 1

and consequently reduces dimensions of the related

parameters. Thus, the results of analysis of error propa-

gation are true for the new compression two-step ABS

scheme. Notice that systems (1) and (2) are the equivalent.

Moreover, the points 2 and 3, as Remarks 2.9 and 3.2, are

useful to increase stability of our algorithms.

Computational complexity and numerical results

At first, considering Remark 2.9, we compute the number

of multiplications, for Algorithm 1, but for arbitrary non-

singular matrix H0, as follows (Table 1):

Hence, the total number of multiplications for the l

iterates is

N ¼
Xl
i¼1

½2nþ 1þ 2nþ 2þ ð2nþ 1Þðn� 2iþ 2Þ

þ ð2nþ 1Þðn� 2iþ 1Þ þ 2n�;
N ¼ 2mn2 � m2nþ OðmnÞ � Oðm2Þ þ OðmÞ:

The total number for Huang’s method is 3
2
mn2 þ OðmnÞ

multiplications and 3mn2 � 7
4
m2nþ 1

6
m3 þ OðmnÞ þ

Oðm2Þ þ Oðn2Þ for the two-step methods presented by

Amini et al. [5, 6]. Our computations indicate that our

numerical results are better than Amini et al.’s two-step

algorithms. In addition, when n\2m, we need cheaper

number of multiplications up to the corresponding Huang’s

algorithm. In addition, when m tends to n, the total number

for our two-step method is n3 multiplications, while it is
3
2
n3 for Huang’s algorithm and 17

12
n3 for those two-step

methods given by Amini et al. [5, 6]. Obviously, when

m and n are not too large, the lower order terms have

influence on our results.

Remark 5.1 Now, considering Algorithm 1 with Remark

2.9, setting of H0 the identity matrix In, we have the better

results. In this case, for the ith iteration, the number of

multiplications of the matrix Hi is ðn� 2iþ 2Þð4i� 1Þ and
it is ðn� 2iþ 1Þð4iþ 1Þ multiplications for the matrix Hli .

Therefore, our algorithm needs nm2 � 2
3
m3 þ OðnmÞ þ

Oðm2Þ multiplications. Hence, for m ¼ n, 1
3
n3, multiplica-

tions plus lower order terms are needed. Notice that the

main storage requirement is the storage of Hli , which has at

most 1
4
n2 positions. This is half of the storage needed by the

Gaussian elimination method. Our new version ABS

algorithm is computationally better than the classical

Gaussian elimination method, having the same arithmetic

cost but using less memory and no pivoting is necessary.

Remark 5.2 The operator D is used to compress and

economize our required space, via deleting the zero rows of

the Abaffian matrix by two for per iteration. Therefore, it

has not any effect on the number of multiplications, and

Algorithms 1 and 2 have the same numbers of multipli-

cations. Thus, both of our works are better than Amini

et al.’s two-step ABS algorithms and Huang’s method.

Furthermore, we have good competition with the classical

Gaussian elimination method.

Conclusion

This paper presents two new version of ABS models for the

general solution of compatible full row rank linear systems

of equations in at most mþ1
2

� �
iterates. For the second

algorithm, the number of rows of the Abaffian matrix is

reduced by two for every iteration and the space is com-

pressed as much as possible. A theory of conjugate pro-

jectors is developed and used for the analysis of error

propagation. We evaluate the numerical stability of our

schemes using Broyden’s backward error analysis method

and Galantai’s technique. In addition, both our models

need less computational complexity up to those corre-

sponding two-step ABS algorithms and Huang’s method.

Our new two-step ABS algorithms is computationally

better than the classical Gaussian elimination method,

having the same arithmetic cost but using less memory and

no pivoting is necessary.

Table 1 Number of

multiplications required to solve

m linear equations in l ¼ m
2

iterates, for the main parameters

The number of multiplications for each iterate

Residual values 2n

The products of residual values 1

a2i�1; a2i 2n

b2i�1; b2i 2

Hi ð2nþ 1Þðn� 2iþ 2Þ
Hli ð2nþ 1Þðn� 2iþ 1Þ
xi 2n
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