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Abstract The main objective of this paper is to obtain the
approximate solution of superdiffusion fourth-order partial
differential equations. Quintic B-spline collocation method
is employed for fractional differential equations (FPDEs).
The developed scheme for finding the solution of the
considered problem is based on finite difference method
and collocation method. Caputo fractional derivative is
used for time fractional derivative of order o, 1 <o <?2. The
given problem is discretized in both time and space
directions. Central difference formula is used for temporal
discretization. Collocation method is used for spatial dis-
cretization. The developed scheme is proved to be
stable and convergent with respect to time. Approximate
solutions are examined to check the precision and effec-
tiveness of the presented method.
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Introduction
The idea of differentiation and integration to non integer

order has been studied in fractional calculus. The subject
fractional calculus is the generalized form of classical
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calculus. It is as old as classical calculus but getting more
attention these days due to its applications in various fields,
such as science and engineering. Oldham and Spanier [1],
Podlubny [3], and Miller and Ross [2] provide the history
and a comprehensive treatment of this subject.

In recent decades, it has been observed by many mathe-
maticians, scientists, and researchers that non-integer oper-
ators (differential and integral) play an important role in
describing the properties of physical phenomena. Fractional
derivatives and integrals efficiently describe the history and
inherited properties of different processes and equipments. It
has further been observed that fractional models are more
efficient and accurate than already developed classical
models. The mathematical modeling of real world problems,
such as earthquake, traffic flow, fluid flow, signal processing,
and viscoelastic problems, results in FPDEs.

A fourth-order linear PDE is defined as

or? v@z“ B

The fourth-order problems play a significant role for the
development of engineering and modern science. For
example, window glasses, floor systems, bridge slabs, etc.
are modeled by fourth-order PDE:s. It also represents beam
problem where v is the transversal displacement of the
beam, v is the ratio of flexural rigidity of the beam to its
mass per unit length, ¢ is time, and x is space variable,
h(x, t) is the dynamic driving force acting per unit mass.
The considered equation, is the superdiffusion fourth-order
partial differential equation, which has the following form

v ot
W—i—va—f:q(z,l), z€a,b)=Q, n<t<t,l<a<2,

(1.1)

where 19, t; represents initial and final time, respectively.

h(z,1).
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The time-fractional superdiffusion fourth-order problems
play an important role in modern science and engineering.
For example, airplane wings and transverse vibrations of
sustained tensile beam can be modeled as plates with dif-
ferent boundary supports which are successfully governed
by superdiffusion fourth-order differential equations.

The given problem is solved with initial conditions

v(z,10) = fo(z), vilz,t0) =fi(z), a<z<b.

Following three boundary conditions are used for solving
Eq. (1.1)

L
v(a,t) =v(b,t) =0,
vi(a,t) = v (b,t) =0, to<t<t
IL.
v(a,t) =v(b,t) =0,
sz(avt) = sz(bvt) :0, t0<t<tf
I
v(a,t) =v(b,t) =0,
sz(a7t) - sz(a>t) = sz(b7t) - sz(b7t) = 0-, fo Stglffv
where Q is an arbitrary constant.
Caputo fractional derivative is defined as
1 "0%(z,s)  ds
v(z,) ) T(2— oc)/o a2 (r—s) " <o,
o 2
0 v(z, 1) Y
oz

Collocation method is widely used to provide the solution
of partial differential equations. Depending on the situa-
tion, some times, it is useful to find the solution of FPDEs
at various locations in the given problem domain, then the
spline solutions guarantee to give the information of spline
interpolation between mesh points.

In many situations, it is harder to calculate the analytical
solutions of fractional PDEs using analytical methods. Due
to this reason, the mathematicians are motivated to develop
numerical methods for the approximate solution of FPDEs.
The approximate methods for solving FPDEs have become
popular among the researchers in the last 10 years. A
variety of approximate techniques were used for finding the
solution of FPDEs, such as the FDM, FEM, FVM, and the
collocation method etc.

Many authors applied different numerical methods to
find the solution of fractional PDEs.

Siddiqi and Arshed [7] developed a numerical scheme for
the solution of time-fractional fourth-order partial differen-
tial equation with fractional derivative of order o (0 <ot < 1).

’r @ Springer

Lin and Xu [6] developed a numerical scheme for time-
fractional diffusion equation with fractional derivative of
order a,(0<o<1). Yang et al. [11] developed a novel
numerical scheme for solving fourth-order partial integro-
differential equation with a weakly singular kernel. Yang
etal. [8] developed a quasi-wavelet-based numerical method
for solving fourth-order partial integro-differential equations
with a weakly singular kernel. Khan et al. [9], proposed a
numerical method for the solution of time-fractional fourth-
order differential equations with variable coefficients using
Adomian decomposition method (ADM) and He’s varia-
tional iteration method (HVIM). Zhang and Han [10]
developed a quasi-wavelet-based numerical method for
time-dependent fractional partial differential equation.
Zhang et al. [12] proposed quintic B-spline collocation
method for the numerical solution of fourth-order partial
integro-differential equations with a weakly singular kernel.
Khan et al. [4] used sextic spline solution for solving fourth-
order parabolic partial differential equation. Dehghan [5]
used finite difference techniques for the numerical solution
of partial integro-differential equation arising from vis-
coelasticity. In [15], Bhrawy and Abdelkawy used fully
spectral collocation approximation for solving multi-di-
mensional fractional Schrodinger equations. Bhrawy et al.
[16] proposed a new formula for fractional integrals of
Chebyshev polynomials and application for solving multi-
term fractional differential equations. Bhrawy [17] devel-
oped a new spectral algorithm for a time-space fractional
partial differential equations with subdiffusion and
superdiffusion. In [18], Bhrawy et al. gave a review of
operational matrices and spectral techniques for fractional
calculus. Bhrawy et al. [19] proposed Chebyshev—Laguerre
Gauss—Radau collocation scheme for solving time fractional
sub-diffusion equation on a semi-infinite domain. Bhrawy
[20] developed a space-time collocation scheme for modified
anomalous subdiffusion and nonlinear superdiffusion equa-
tions. In [21], Doha et al. developed an efficient Legendre
Spectral Tau matrix formulation for solving fractional sub-
diffusion and reaction sub-diffusion equations. Bhrawy [22]
proposed a highly accurate collocation algorithm for 1 + 1
and 2 4 1 fractional percolation equations. In [23], Bhrawy
and Zaky used fractional-order Jacobi tau method for a class
of time-fractional PDEs with variable Coefficients.

This paper is designed to determine the approximate
solution of superdiffusion fourth order PDEs. The
approximate solution is based on central difference formula
and B-spline collocation method.

The paper is divided into six sections. The quintic
B-spline basis function is given in Sect. 2. The finite dif-
ference approximation for time discretization of the given
problem is discussed in Sect. 3. The stability and conver-
gence of temporal discretization are established. Space
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discretization based on B-spline collocation technique is
discussed in Sect. 4. Approximate solutions are obtained in
Sect. 5 which support the theoretical results. The conclu-
sion is given is Sect. 6.

Quintic B-spline

The problem domain [a, b] has been subdivided into
N elements having uniform step size h with knots z;,j =
0,1,2,...,N such that {a=zo<z1<z22<...<zy = b},
h=z—z_,j=12,..,N

To define basis functions for quintic B-spline, it is first
needed to introduce ten additional knots,
2-5,2-4,2-3,2-2,21,ZN+1,ZN+2, IN+3, ZN+4, Zn+5 such that
7-5<7-4<2-3<z22<z-1<2 and  zy <zy41 <42
<IN+3 <IN+4 <IN45-

The quintic B-spline basis functions Qj(z),
—2,...,N +2 are defined as

=3 (7, — Z)i

3:1223 H/ (Zs) ’
Oa

2 € [gj-3,%j-3),

0i(z) =

otherwise

The approximate solution V¥!(z) at k + 1 time level to the
exact solution v¥*!(z) is obtained as a linear combination
of quintic B-spline basis functions Q;(z) as

N+2

> c(005(2),

Jj==2

VErL(z) = (2.1)

where ¢; are unknowns. Using Eq. (2.1) and basis func-
tions, the approximate solution V and its derivatives at the
nodes z;, can be calculated as

V(z) = ¢jsa + 26¢j11 + 66¢; + 26¢-1 + ¢j2,

5
V<1>(Zj) = - (Cj+2 + 106‘j+1 — IOCj_1 — Cj_z),

h
@) 20
V& () =7 (642 + 26101 = 66+ 261 + 1),
60
V(’;) (Zj) = ﬁ (Cj+2 — 2Cj+1 + 2Cj71 — Cj72)7
120
v (Z]) A (c]+2 4¢i+l + 66', - 46‘];1 + Cj72)-

Time discretization

Caputo fractional derivative is used for temporal dis-
cretization. Let t, = kAt, k =0,1,2,...,K, where At = %
is the time step size and #; be the final time. Caputo frac-
tional derivative is discretized using central difference

approximation as

v(z,tp1) 1 /’“' 0*(z, 5) ds
o TTR2-a) ) 02 (g — )"
1 - /”“ 0*(z, ) ds
F2-o) =y N
_ 1 zk: v(z,ti11) = 2v(z, 1) +v(z,6-1)
TT(2-0a) o A2

Pl ds 1
—— 7 T A >
0 (1 — )"

_ 1 i (2, tr1) = 2v(z, 1) +v(z,ti-1)
TT(2-a) Ar?

1=0

fes1-1 dt
k+1
— +rA1 )
/fk—l P 1
k
Zv 2 tiep1-1) — 29(2, tet) + (2, tr—1—1)
A2

=0

/t”l dT Lk
r
— At
Ju s 1

V(zZ, tir1-1) — 2v(z, ti—r) + (2, tk—i—1)

NM»

Ira- oc) A
(<’+ o) e
= 1 Xk:b V(2y tip1-1) — 2v(z, 1) + (2, tei1)
F(3—o)&"" AL
+ rZI“,

where b =(I+1)"*—** and
T = (tgr1 — ).

and

k—
—by+ (2bg — by_y) Z —bi_y 4 2b; — biy1) 4 (2bg — by) = 1.

The time discrete operator is represented by D* and defined
as

1 k
D* t == b
v(z, tir1) TG 2) ; I
— 2V(Z7 lk_]) + V(Z, tk—l—l)

Ar*

v(Z, teg1-1)

Then Eq. (3.1) can be written as

61\/(27 Ti+1 )
or*
The second order approximation of Caputo derivative as

discussed in [13] is given as

= D“V(Z, l‘k+1) + VIELI . (32)

1| < EA, (3.3)
where E is a constant.
After approximating r(zlfa) o azgg’x) (ZM‘fS)H by

D™v(z, try1), the finite difference scheme according to (1.1)
can be written as

Y
ﬁ @ Springer



20

Math Sci (2017) 11:17-26

0*v(z, 1)

D*v(z,ty11) +v o

=q(z, k1),

1 Z": by v(z, ter1-1) — 2V(Z tak—l) + (2, k1)
[(3—oa) t
64\/ <, tk+1)
—_— = 1, .
tv—oa q(z, k1)
The above equation can be rewritten as

a4vk+l
Vk+1(Z) + oV o =— bkvil(Z) + (Zbk — bk,l)vo(z)—k

k-1
+ > (=biy + 26— bV (2)
=

+ (2bo — b WV (2)
+ aogt(2), k=1,2,...K—1
(3.4)
where V*1(x) = v(x, ;1) and og = I'(3 — ) A#%,
Using the following initial conditions and the boundary
conditions (I, IT, I1I)
V(Z7 t()) :fO(Z>>

0
a0 (o,

7z E [a7b]7 (35)

z € [a,b), (3.6)

The developed method is a three time level method. To
implement the developed method, it is first required to
calculate (v=!) and (1°).

v (z) = v(z,10) — Atv(z, 1o).
v 1(z) = folz) — Atfi(z).
In particular, for k = 0, the scheme simply leads to

a4 1
vi(z) + aova—z‘; = —bov ' (2) 4+ 2b0V° (2) + 20q' (z),

(3.7)

where V0 (z2) = v(z, 1) = fo(2).

Equations (3.4) and (3.7), along with initial conditions
(3.5) and (3.6) and boundary conditions (I, II, III) form a
whole set of the time-discrete problem of Eq. (1.1).

#**1 is the error term can be defined as

*v(z,t
= (v(z’kﬂ) — D*v(z, tk+1)>. (3.8)
ot
Using Eq. (3.3),
[P = A | < EAP, (3.9)

Some functional spaces endowed with standard norms and
inner products, to be used hereafter, are defined as under

H*(Q) = {w € L%Q),%,ji—v: € L2(Q)},

Y4
ﬁ @ Springer

dw
H3(Q) = {w € H*(Q),wlsq = o,abﬂ = o},

dk
H"(Q) = {w € L*(Q), Ev:for all positive integer k < m},

where L*(Q) is the space of measurable functions whose
square is Lebesgue integrable in Q. The inner products of
L*(Q) and H?*(Q) are defined, respectively, by

dv dw
(va) = /QWde, (va)zz (V7W) + <aaa>
d?v d®w
laeae)
and the corresponding norms by

1 1
wllo= (w,w)? [wll,= (w, w)s.

The norm ||.|| of the space H™(Q) is defined as

2\ 3
0

Instead of using the above standard H>-norm, it is preferred

to define |.||,
o\ 1/2
0) 7
where oy = I'(2 — o) Ar*.
For the convergence and stability analysis, the following

weak formulation of Eqgs. (3.4) and (3.7) is needed, i.e.,
finding V™! € HZ(Q), such that for all w € H3(Q),

4. k+1
(Vk+l,w) n %v(a V w> _

d*w

dxk

Il (Z

k=0

2

(3.10)

2 d“w
Iolly = (w13 + 0w T

W, —bk(v’l,w)+(2bk—bk,1)(v0,w)

k=1
+ Z(_bl—] +2b — hl+|)("j7 W)
=1

+ (2[)0 - bl)(vk, W)

+ oo (qk+l7w)7
(3.11)
and
oMt
(W) + aov(g,w) = by, w) + 2b(40, )
+ OCo(ql, W).
(3.12)

Discrete Gronwall inequality
If the sequences {a;} and {z}, jl = 1,2,..., n, satisfy
inequality
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- K+l g+ o
ZlS(Zajzj-+b>,l:1,2,...,n (V+7V+)+O€0V< o ,V+>
=1
- _ bk(v—l,vk+l) + (Zbk _ bkfl)(VO,VkJrl)

h >0, b>0, then the i lit

where a; > > en the inequality - (2bo - bl)(vk,vk+1)
-1 il
2 <b.exp ;aj A=1,2,....n (3.13) S (b + 2B — b ()
= I=1

Stability and convergence analysis + ap (qk+1 ; vk“).
Theorem 1 The proposed time-discrete scheme (3.6) is Integrating the above equation, we get
stable, if for all Az > 0, the following relation holds el kel QFykHl 2kl

k+1 k+1 (v+,v+)+oc0v ox2 7 ox2
VL < e(ollotAdfillgtoaog™ ") k= 0,1,2,.. . K — 1, * *

Gag) = ) b b ) ()
2 _ B 0 k+1
where |||, is defined in (3.10). + i b= biet) (V)
-1

Proof For k=0, let w=v! in Eq. (3.11), + Z(—bg,l +2b; — bl+1)(u1, uk“)

Equation (3.11) takes the following form =1

+ ( k+1 k+1)

1 o'v! 1 bo(v=1 v 4 20 (0. ! .

(V ’ ) +oc0v<ax4 ) a O(V Y ) + O(V ,v) Using the Schwarz inequality and the inequality

+OCO(611’V1>-

Integrating the above equation, we have

21 A2 1
(hvh +a0v<a—v 6_v> = —by(v!

o2 o2 V) + 2bo (v, V1)

+ ao(g', v
(3.15)

Due to boundary conditions on w all the boundary contri-
butions disappeared.

Using the inequality ||wl|, < ||w]|, and Schwarz inequal-
ity Eq. (3.15) takes the following form

o4l < I ol g0 ol o+ 1l
< ol #2011l +olla" lol1 1.

19!l < 1"l + 21 llg + olla o

(Wfolllo + Aelifillo) +21follg + 2ollg Il

¥l <31follg + Atlfi o + 20lla" llo

v, <

hence

V1l < e(lfollo + Atlifrllo + 20llg ll)-

Suppose that the result hold for w =/ i.e.

V1l < e(lfollo + Arllfillo +o0llgllo) — 1=2,3,...k.

(3.16)

k+1

Taking w = v*"' in Eq. (3.11), it can be written as

[lwlly < |lwl||, the above equation can be written as

2 —
VS < bl IVE g+ 2k — ) 0| [V,
k=1
DIC AR SNl

=1
+ (2bo = bo) [l [Vl

+ a0l o[l

2 —
IV < Bl ol 28 = Bi) [V [
k—1

# 3 (b 2= )
=1

+ (2bo = b) [, 1]

+ a0l o[

k—1
9454y < bl o+ @i = B[Vl >
=1

(=bi_1 +2b, — bl+1)||VlH2
+ (260 — b1) [ VH|| 0|4

Using (3.13) we have

1 1, < (@b = be) [l bl g+l )
k—1
exp( 2by — by) + Z —bi_1 +2b; — b[+1)>,
=1

9 = (Il ol ) esott + s = o).

@ Springer
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11l < (ol oAl
exp(1 + bx_1 — by),

I, < e (Wollo+Aelfillo ol )
(]

Theorem 2 The numerical solution obtained by the
proposed method converges the exact solution, if the fol-
lowing relation holds

v(t) =V, <EAP?,  k=1,2,.. K. (3.17)

where E is a constant and E = (1 + by) exp(1 + by — by).

Proof Let s* =v(z,1) —vk(z), for k = 1, by combining
Egs. (1.1), (3.11), the error equation becomes

*s! %y

(sl,v) + ocov(é—zé,a—zz) =— (sfl,v) + 2bo(so,v)
+ ('), Yy € H3(Q).
using Schwarz inequality and the inequality ||w||, <|w/l,

Let v = s', noting s° = 0, the above equation takes the
following form

1513 < s~ Holls' g1 1y s o
15115 < 15~ Hlglls* 1 g 11
sl < [ls™ o+l lo-

since

s~ 1| < AP

Using Eq.(3.9), it leads to

[ote) — '], <242 s
[v(nr) — !, < EAZ.

Hence (3.19) is proved for the case k = 1.
For inductive part, suppose (3.19) holds for
1=1,2,3,.. .k, ie.

[v(t) = /||, < EAZ. (3.19)

For k = s + 1 the Egs. (1.1), (3.11) are used and the error
equation can be written, for all v € H%(Q), as
%sk+l 9%y
(Sk+l7 V) + oo (6—2276_22)
= —bi(e7'v) + (2bx — b)) (s%,v)
~1

k
+ ) (=biy + 26— b)) (s',v)
=

+ (21?() — bl)(Sk,V) +O(0(Vk+l,v).

using ||w|, <|w|l, and Schwarz inequality the above
equation, for v = skt1 can be written as

@ Springer

2 _ 3
L < Bills™ o lls*** llg 28 = Be-)l1s° o 15"l

k—1
+ 3ot 2= ),
=1

+ (20 = bl [I*"

+ 1 s+ oy

k-1
5l < Bills ™ lg+ D (=it + 260 = b [
=1

+ (2bo = b)) |Is* [+ (17 -
Using (3.15)
1, < (el i)

k—1
exp |:Z(—b1| +2b; — b[+]) + 2by — b|:| s
=1

1547 = (Bl ) enolt + iy — ),
15711, < (beAr® + A2) exp(1 + by — by),
[|s4F1], < EAP.

O

Space discretization

Collocation method with quintic B-spline basis functions is
employed for space discretization. Putting Eq. (2.1) into
Eq. (3.4), we obtain the following equation

(et + 2667, + 66¢k1 + 26K + k1))

120
+ aovh—4 (aj‘@ —4dt ocit — Al + fj;)
— (et +26¢ ) + 66c’1 +26¢; ) +¢ ,+z)
+ (2bk — be1)(c)- 2+26c° | +66¢) +26¢) | +c,)

k=1

¥ Z(—bl,l +2b; — by )(c}_, + 26
=1

+ (26 — by)(c} , +26¢k | +66¢] +26¢%,, + cf,,) + %0g !

 + 66c + 26cj+l +2)

The above equation can be rewritten as
(1 + 1()vh—40> ;‘le + (26 4oz()vhi4o> Hl
+ (66 + 610v%) o+ (26 — 4oty h40> i
+ (1 + ozov%) cszl

. ( )+ 266, + 66¢; 1+ 26¢)) + c]+2>

+ (b — by_y) (c,.,z +26¢% + 66" +26¢), | + cHz)

k—1

> (i 26— bii) (¢ + 26, +66¢] + 26, + cf )
1

=
+ (2by — b1)<cj'-‘72 + 26 L+ 66c + 26CI+1 2) + apght!
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The above equation can be rewritten as a system of linear
equations

<1+aov 1;?) e <26 4oy hzf> ah
(66+6O€0V Ii‘()) el (26 4oy 1]1240) ]]‘Ll

+ (140 )t =

where

Fy == bu(c ' + 26, + 666" + 266}, + ;b )

+ (20 — b 1) (€ + 266 +66¢0 +26¢0, + )
—1

k
> (bt 261 = i) (6] + 26¢]_ + 66c] + 26ck,, + 1)
=1

+(2b07b1)<] 2266+ 66c +26¢k, + .y )+ ang!

Table 1 The errors ||sx||,, and ||sk||, for different values of time Az

with N = 100

At Isk |l oo Rate Isk |l Rate
0.001 1.8221 x 1073 1.1556 x 107*

0.0005 5.6177 x 1074 1.6975 2.9965 x 1073 1.9472
0.00025 1.5380 x 107*  1.8689 7.920 x 1076 1.9197
0.000125 39312 x 107> 1.96801 1.991 x 107¢ 1.9920

Table 2 The errors ||sk||,, and ||sk||, for different values of Ar with

N =280

At Isk |l oo Rate sk I, Rate
0.001 6.6172 x 10~* 5.5124 x 1073

0.0005 1.7543 x 107# 1.9153 1.4871 x 1073 1.8901
0.00025 4.8575 x 1073 1.8526  3.8277 x 107° 1.9579
0.000125  1.2143 x 1075 1.9999  9.5947 x 107  1.99617

Exact solution

2.0

Fig. 1 The results at N = 50, K = 1000 and Az =

This system has N + 1 equations in N + 5 unknowns

k+1 k+l K+l ktl
€ o0 5 CN+15 CN2-

system is obtained by

1 kbl ket k-1
c5 el eptys and ¢y, using boundary conditions.

Unique solution of the above

eliminating the unknowns

Numerical results

In this section, two examples are considered to check the
accuracy and efficiency of the proposed method. The main
objective of these examples is to verify the rate of con-
vergence of the approximate results for o. From the fol-
lowing Tables 1 and 2, it is clear that the approximate
results support the theoretical estimates.

Example 1 Consider the following superdiffusion PDE of
fourth order

al.75v 4
RANE +0.05 = =q(z,1), €10,4n], 1=0<t<t; =T,
with initial condition
v(z,0) =2sin*z, z € [0,4n],
and boundary condition I
v(0,1) =v(4n,t) =0,
v(0,7) =v,(4m,1) =0, 0<t<T

The exact solution of the problem is

v(z,1)

The error norms L., and L, are calculated for N = 100 and
different temporal step sizes. The temporal rate of con-
vergence at #r = 1.0 is presented in Table 1. The temporal
rate of convergence obtained by the proposed method
support the theoretical results.

=2(t+ 1) sin z.

Numerical solution

0.00001 for Example 1

* @ Springer
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To indicate the effects of the proposed method for larger
time level K, the exact solution and the approximate
solution are plotted using N =50, K = 1000 and Ar =
0.00001 as shown in Fig. 1. It is clear from the Fig. 1 that

10 20 30 40 50

Fig. 2 The exact and numerical solutions at K = 1000. Dotted line
numerical solution, solid line exact solution

Error

7 1

0.00001

0.0001

L1 s s il s " Ml
0.00m 0.0 01
Time step

Fig. 3 Errors as a function of the time Af for o = 1.50

Exact solution

the numerical solution is highly consistent with the exact
solution, which indicates that the proposed method is very
effective. In Fig. 2, the exact solution is represented by
solid line and the numerical solution is represented by
dotted line at K = 1000 time level.

The temporal rate of convergence of L, norm error as a
function of the time step At for o = 1.50 is shown in Fig. 3.

Example 2 Consider the following superdiffusion PDE of
fourth order
"% oty

01150 +O'056—z4 =gq(z,t), z€][0,1], 0<zr<T,

with the initial condition

1 1
v(z,0) = (ns sinmz + — cos mz — —cos 37rz), z € [0,1],
b5 s

and boundary condition III
v(0,1) = v(1,7) =0,

8 8
sz<0a t) - Evz(ov t) = sz(lvt) - ﬁgz(lvt) =0, 0<r<T.

The exact solution of the problem is
_ e 1 1 3
v(z,t) =(t+ 1) = smnz—i—;cosnz—ﬁcos nz |.

The error norms L., and L, are calculated for N = 80 and
different temporal step sizes. The temporal rate of con-
vergence at fr = 1.0 is presented in Table 2. The temporal
rate of convergence obtained by the proposed method
support theoretical results.

To indicate the effects of the proposed method for larger
time level, the exact solution and the approximate solution
are plotted using N = 80, K = 1000, and At = 0.00001 as
shown in Fig. 4. It is clear from the Fig. 4 that the

Numerical solution

Fig. 4 The results at N = 80, K = 1000 and Az = 0.00001 for Example 2
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Fig. 5 The exact and numerical solutions at K = 1000. Dotted line
numerical solution, solid line exact solution
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Fig. 6 Errors as a function of the time step At for o = 1.75

numerical solution is highly consistent with the exact
solution, which indicates that the proposed method is very
effective. In Fig. 5, the exact solution is represented by
solid line and the numerical solution is represented by
dotted line at K = 1000 time level.

The temporal rate of convergence of L, norm error as a
function of the time step At for o = 1.75 is shown in Fig. 6.

Conclusion

The solution of superdiffusion fourth order equation has
been developed. Central difference formula and quintic B-
spline are used for discretizing time and space variables,
respectively. The proposed method is stable and the
approximate results approach the analytical results with
order O(A#?). The approximate results obtained by the
suggested method support the theoretical estimates.

Open Access This article is distributed under the terms of the
Creative Commons Attribution 4.0 International License (http://crea
tivecommons.org/licenses/by/4.0/), which permits unrestricted use,
distribution, and reproduction in any medium, provided you give
appropriate credit to the original author(s) and the source, provide a
link to the Creative Commons license, and indicate if changes were
made.
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