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Abstract In this paper, we construct some new
Christoffel-Darboux type identities for Legendre, Laguerre
and Hermite polynomials. We obtain these types of iden-
tities for the derivatives of these polynomials.
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Introduction

n [1], we have simplified the fraction

Py(x,y) = F20) = Pul®).

1
— (1)
in terms of P;(x),P;(y) where P, € {T,,U,,V,, W, }. Also,
for every kind of Chebyshev polynomials,
obtained the expanded form of the fraction

we have

(5) ()

Py — Py

Pn,s(x7y) = (y; — (X) 5 Pn S {Tna Um Vna Wn}
(2)

in terms of P;(x), Pj(y) where P (x) is the sth derivative

of P,(x).
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In this paper, we expand the fraction (1) where P,(x) is
Legendre, Laguerre and Hermite polynomials.

Christoffel-Darboux type identities of Legendre,
Laguerre and Hermite polynomials

Theorem 2.1 Let {P,(x)},-, be a sequence of orthog-
onal polynomials with respect to the weight function
w(x) on interval [a, b] then

PnJrl (y)

+l
Pn+l(x7y) = y_xn ZZA’HAP )
i=0 j=
:ZZMWM Pi(), (3)
i=0 j=
where
1 n+l  k—j—1
:l;rl Z Ci1+1katBk v—1y
y“)lk i+j+1 v=i
1 n—i—j k
= V/ Z ZCn+lk+t+j+1 Bv+”Bk+j vj (4)
] k=0 v=0

b
%:/P%W@M

b
Bn :/ X"P, (x)w(x) dx

and Cy,11y is the coefficient of **in Py (x).

Proof P,(x) is orthogonal to every polynomial of degree
less than n. So, if i 4 j > n then A} = 0.If i 4 j <n then

use orthogonality and expanded form of P,(x) to obtain the
result. |
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Corollary 2.1 If the interval [a, b] is symmetric about the
origin and P,(—x) = (—1)"P,(x) then for even n+i+j,
Al =0.

ij

If the linearization formula of P,(x) is available then we
can compute A;; coefficients in Eq. (3) by using one sum
instead of using double sum in Eq. (4).

Christoffel-Darboux type identities of Hermite
polynomials

Theorem 3.1 Let
degree n then

H,(y) —
y—

_ (-1 )i+j+n>
njti

2
1 z]: zn z,+5k+1+1 2( 271) < n >
e k! j—k

i

n—j+ 1+2k+1 1 (3:;—3i+6k+j+1)
F T~ _1 2
X ( 2 o ;( )

Xz(#) no\ | p(noitit2k+]
K \i—k 2 '

(5)

H,(x) be Hermite polynomial of

n—1 n—i—1

IR

H,(x,y) =

Proof First, we prove that

Hy(x)H,(y)e e
H,q(x,y) =P.V. / / y)e dydx
Y=

min= 1
=" 1 1)"+1sm(m;_n7r)l"(m+n+ >n,

2
mn=0,1,2,.... (6)

From [5], use the Hilbert transform of H, (y)e‘yz to obtain

H
PV/
y—x

nm
x | fle ™ sin(2nfx + — ) df
/0 ( )

(2n)n+1\/—( )n+1

So
Y H, (x)H, - o=y
Hm,n (x,y) =P.V. / / (X) y(i’)xe e dydx

= ) R(—1) / : / z P (e e

X sin <2nfx+ ) dxdf. (7)
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On the other hand, we have

/ e H, (x) sin <2nfx + %) dx
B 0, m + nis even,
2 J5¢ e ¥ Hy(x) sin (anx + )dx m + n is odd,

(3)

So, if m + n is even then H,,,(x,y) = 0. If m + n is odd,
then use relation (8) and integration by parts and Rodri-
gue’s formula of Hermite polynomials to obtain

/ " e Hy (1) sin (2nfx + %) dx
0
= (2nf)" sin (’” " n) / " e cos(2nfi) d. 9)
0

From the relations (7), (9) by using change of the variable
nf =y, we obtain

Hypn(x,y) = 2m2 (1) \/msin (m ; " n)
X / yrtne dy/ e cos(2xy) dx

0 0
1 m n
= 22" /7 sin ( n)

2
oo
X/ ym+n -y ( )dy
0
= 2" (—q)m! sin(i—; n)F<m+; + l>n

(10)

So, for odd m + n, we have

Ho(x,y) = 228~ 1>—"’”2"“r( ()

m+n+1
—In
2

The famous linearization formula of Hermite polynomials
is [2]

H (M) = 2" > ( ) iy (2),
m<n. (12)

By using the relations (11) and (12), we can obtain Al in
relation (5). O

Corollary 3.1 The Aj; coefficients in relation (5) can be
computed as follows:

n k—j—1 ( 1)n+k
i,i 21+J,|J|n Z Z 2

k=i+j+1 v=i

y 1+(71)1+1 1+(71)k+j—v—1
2 2
2501 (k —v — 1)!

()

K= )k —v—j— DI(5E
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Now, we can obtain Christoffel-Darboux type identities ~ and
for the derivatives of Hermite polynomials.
Corollary 32 L PV/IP()Q()dx L+ ()™ #
. V. m(X)Qn(x) dx = , m#n.
oroflary et . (m—n)(m+n+1)
(s) (s)
Hés)(x,y) — H, (y) n (x) (17)
—x
e ,,y,s,,, . Therefore
= Z A H;(x)Hj(y), 1ol
= = ay=zeine+n [ f wﬂmﬂ@) dy dx
—1J= -
s=0...n, (13) 1 I
5@+ 0@+ [ P (P00 —P,,(x)Q,-(x)) dx
where -
(18)

n—s—j+i—1 )

1 J 3n—35—3j+6k+i+1 2( 7
_E _1\&F——F—)
% {Zii! k*O( ) ’ k!

: (ns)r<n_s_j+i+2k+1)
j—k 5
zn 35— mawﬂ) 2(M)

2
ZJ]' Z k!

x(:-’:,:>r<”“zf“"“)}-

Christoffel-Darboux type identities of Legendre
polynomials

Theorem 4.1 Let
degree n then

P,(x) be Legendre polynomial of

Py(x,y) = (15)
y-x i=0 j=0
where
1
A= =3 Qi+ D@+ 1)
mi(l:J + 1)i+j+n71 ij
— itjt+n—2k+1|i+j—n—2k
k
_ min(ij)
min(i,j) — max(i,j) +n — 2k }’
¢ _ BiaBiBjy (2042 —4k+1
W Bi+j7k 21—|—2]—2k+1
1-3-5--(2k — 1
B =133 (2K ), k=1,2,3,....
k!
By =1. (16)

Proof Legendre function of the second kind is defined by

1 Lp
——P.V. / ﬂ dy,

Qo) = 2 -1y—X

The following famous linearization formula of Legendre
polynomials is Neumann-Adams formula [2]:

i m— kBan k(2m+2n—4k+l)

2m+2n —2k+ 1

m+n —k
Pm+n—2k(x)7 m<n,
1-3-5--(2k—1
B = ( ), k=1,23,....
k!
By=1. (19)

Now, use the relations (17), (18) and (19) to obtain the
result. Ol

Corollary 4.1 The Aj}; coefficients in relation (15) can be
computed as follows:

L Qi DEI+HD &K 1 (—1)"H
Ajj= ontiti2 Z Z 2

k=i+j+1 v=i

1+ (=) (14 (=)
8 2 2

(n+k)Wk—v—1)!
k(v —i)l(k—v —j— D)kt

L)

2
I (591 (5579

Now, we can obtain Christoffel-Darboux type identities
for the derivatives of Legendre polynomials.
From [4], for the case y = 0, we can derive

PY (x) = ”iiaiPk(x) s=0...n, (20)
k=0
where
y :<1 +(—1)”+"“‘> 2%+1 (n+k+s—1)
k 2 27 2s— D) (n+k+s5+2)!
X(n%m_l)!(%m+l)! (21)

!

(n+72€+s _ 1)] :
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Corollary 4.2

(s) (s) n—s—1 n—s—i—1
P" (y)_Pn ()C ns
v/ " N7 A )
e
s=0...n, (22)
where
n—s  min(ij) n-+k-+s
Al = (21 DR+ Y <L)
k—l+j+l v=0
2k + 1 +k+s—1)!
e 2(s— D) (n+k+s+2)

X

(n
(n

(n —k+s __ )](n+12( x+1)| 1+( 1)i+j+k71
(

(=) (o)l k 20+ ]

B!,
x _
i+j—k—=2v

min(i,j).k
min(i,j) — max(i,j) +k —2v [’

g BBy (2042 —4v+1
W By \2i+2i—2v+1)]
1-3-5--(2v—1
B, = P
v!
By =1.

(23)

Christoffel-Darboux type identities of Laguerre
polynomials

The famous linearization formula of associated laguerre
polynomials is Feldheim formula [6]

m+n k
m-+o n+p
LacL,[i m+n+k
mln kz;vz: n—k+v/)\m—-v
x L (x).

In spite of Hermite and Legendre polynomials, the lin-
earization formula of Laguerre polynomials is presented by
double summation. The coefficients A, of Hermite and
Legendre polynomials are obtained from (5) and (16) by
one summation, and in the following relations, the A;fj
coefficients of Laguerre polynomials are given by double
summation.

Corollary 5.1 Let L (x) be associated laguerre polyno-
mials of degree n then

. L 0) = L ()
Ln+1( 7y) +l y_x -
— ZzAn—HLm m y)7 (24)
i=0 j=l
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where
1 i i:l ++kl]'
An+ l 7
k=i+j+1 v=i
(m+v)!(m+k—v—1)! <m+n+l) (V) <kv 1>
(m+i)l(m+j)! n—k+1 i J

(25)

The related formula for Laguerre polynomials of degree n

where

An+1

n+1 v k—v—1
N 0

k=i+j+1 v=i

From [3], we have

Suw=co S (A Ew. =0

k=0
Let
dS
Ly () = 35 Ll (),
then
s _ [ms n—s—1 n—s—i—1
S ZEN NS AL L),
y—Xx =0 j=
s=0...n,
where
n—s k kK —j—1

AZIV _ Z Z (_1)i+j+s+k'

k=il K =itj+1 v=i
flm+v)(m+k —v—1)
k'l (m+ i)l (m +j)!

(ENEOCT)
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Conclusion

In this paper, we obtained some new Christoffel-Darboux
type identities for Legendre, Laguerre and Hermite poly-
nomials. We also obtained these types of identities for the
derivatives of these polynomials. These formulas are good
theoretically and the correctness of the obtained formulas
are checked by Maple 17, and Some of these formulas are
not efficient numerically.
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