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Abstract This paper considers ranking of generalised
fuzzy numbers with different left height and right height
using integral values. With the advances in new type of
fuzzy number (generalised fuzzy number with different left
height and right height) methods should be developed to
compare them. Keeping this in view a new modified
method has been proposed.

Keywords Generalised fuzzy number - Ranking -
p-Norm - Left height - Right height

Introduction

Decision making in engineering, medical and any other
real-life problems may be interpreted in terms of fuzzy.
This demands ranking or ordering of fuzzy quantities to
make a transparent decision. With the advances in fuzzy set
theory, different ranking methods are developed. This
concept was first proposed by Jain [7]. Some of the lit-
eratures that describe different approach of ranking fuzzy
quantities are [1, 3, 4, 10, 13-15]. Recently, ranking of
trapezoidal fuzzy numbers based on the shadow length has
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been discussed by Pour et al. [12]. Also, ranking triangular
fuzzy numbers by Pareto approach based on two dom-
inance stages is discussed by Bahri et al. [2].

The literatures that are available on ranking fuzzy
quantities based on the integral values are [6—9]. These type
of methods of ranking fuzzy numbers are based on the
convex combination of right and left integral values through
an index of optimism found in Liou and Wang [11] and Kim
and Park [8]. This concept was further generalised to rank
non-normal p-norm trapezoidal fuzzy numbers [6]. How-
ever, this method was found insufficient to rank non-normal
p-norm fuzzy numbers with different height; keeping this in
mind, Kumar et al. [9] developed an approach to overcome
those shortcoming’s. With the advances of generalised
fuzzy numbers (GFNs) with different left height and right
height [6], Kumar’s approach fails to rank them. Hence,
Kumar’s approach is only sufficient for ranking fuzzy
numbers or non-normal p-norm fuzzy numbers with dif-
ferent height, but the method is insufficient for ranking
GFNs with different left height and right height.

Keeping this in view, Kumar’s approach has been
modified in this paper to rank p-norm GFNs with different
left height and right height. This modified method thus
handle both normal and non-normal trapezoidal fuzzy
number with different height. The modified method can
also rank non-normal p-norm trapezoidal fuzzy numbers
with different height.

The structure of the paper is as follows. In Sect. 2, some
general concept of the GFN is put forwarded. Membership
function of GFN is defined. Also the membership function
of p-norm GFN with different left height and right height is
defined. Section 3 starts with definitions of different inte-
gral values of p-norm GFN with different left height and
right height, And finally, some properties related to them
are discussed in this section. Section 4 describes the
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proposed modified method along with some numerical
examples. Finally, in Sect. 4, conclusions are made.

Definitions and notations

In this section, brief review of some concepts of gener-
alised fuzzy number with different left height and right
height are put forwarded.

Generalised fuzzy number

Let A be represented by (a, b, ¢, d; by, hg) on the real line R
such that —co<a<b<c<d<oo is called a GFN with
different left height and right height which is bounded and
convex. The values a, b, c and d are real, A is called the
left height of the GFN A, hg is called the right height of the
GFN, Ay, € [0, 1] and hg € [0, 1] [5]. For now, let F(R) be
the set of all GFNs with different left height and right
height. If iy, = hg = 1 then the GFN reduces to a standard
trapezoidal fuzzy number.

The membership function of GFN A with different left
height and right height is as given below

u(x), ifa<x<b;
w(x), ifb<x<c;
Hilx) = . . (1)
uz(x), ife<x<d,
0, otherwise
where g, [a,b] — [0,h), oy [byc] — [, h) (or

[hr,h1]) and 5 : [c,d] — [0,hR] are continuous. The
functions g, (x) and u;(x) are strictly increasing and strictly
decreasing, respectively. The function wu,(x) is strictly in-
creasing when hp <hg and strictly decreasing when
hi > hg. Then the inverse of p;(x) is

pt(y), if0<y<hy;
71 .
_ s (y), ifh <y<hg,or(hg <y<hi);
wi' =920 (2)
.u3 (y)a lfOSyShRy
0, otherwise

where g1 [0, ) — [a,b], py": [, he] (or R, ]) —
[b,c] and u3' : [0,hr] — [c,d] are continuous. The function
py'(x) and p3'(x) are strictly increasing and strictly de-
creasing, respectively. The function p5!(x) is strictly in-
creasing when Ay, <hg and strictly decreasing when Ay, > hg.

Let A = (a,b,c,d;hy,hg) be a trapezoidal GEN with
different left height and right height then the membership
function is defined as

h (x —

M7 ifa<x<b;
b—a

(e — _ _
L(C b)+(hR hL)(x b)7 ifnggc;

pi(x) = c—b

I (x —

—R(x d)7 if c <x<d,
c—d

0, otherwise.

3)

Definition 2.1.1 A GFN /i,, = (a,b,c,d; hy, hy),, is said
to be a p-norm GFN with different left height and right
height if its membership function is given by

. xfb”%
o-n- (23]

ifa<x<b;
1
i (x) = f}f(x):hL‘F(l’lR*hL){]*<z_i>p:|p, ifb<x<c;
R, _ X\ _ .
Ro-mp- G2 e
0, otherwise
(4)

where p is a positive integer. The functions f/{“ : a, b] —

[0,] and £} : [c,d] — [0, hg] are both continuous as well

as strictly increasing and strictly decreasing functions, re-

spectively. The function f}' : [b,c] — [hv, hg](or [ir, ])
»

is strictly increasing (decreasing) when Ay <hg(hgr <hr).

When p is one, the p-norm GFN with different left height

and right height reduces to trapezoidal GFN with different
left height and right height as defined by Eq. (3).

Definition 2.1.2  The inverse function of 1 (x) as given
by membership function in (4) is given by

pk
y ’ .

g0 =vr@-n)i- (2] wrosysm,
') =< M) =c+ (b Lo (27N ith <y <heoor (e < v < hy): (5)
A, 8/4“[}()’)—04‘( —c)|l - he—n) | ThSYS R, OF (hr <y <hy);

1
R »\'T .
gfip(y):”(d_c){l_(E) ] 0=y s
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The functions g% :[0,/] — [a,b] and g% :[0,hg] —
P p

[c,d] are both continuous as well as strictly increasing and

strictly decreasing functions, respectively. The function

&N :[he, he](or [hr, h]) — [b, c] is strictly increasing (de-

creasing) when hy, <hg(hgr <h).

Total integral value

Convex combination of right and left integral values
through an index of optimism is called the total integral
value [8, 11]. The middle integral value is zero for
normal and non-normal p-norm trapezoidal fuzzy num-
bers with different height. However, for a p-norm GFNs
with different left height and right height this integral
value has to be counted for a transparent decision.
Keeping this in view, following definitions are put
forwarded.

Definition 3.1 If A is a fuzzy number with different left
height and right height as defined by the membership
function (1) and the inverse membership function given by

(2) then the left integral value of A is defined as

hy
AMVZA ! (v)dy (6)

Definition 3.2 If A is a fuzzy number with different left
height and right height as defined by the membership
function (1) and the inverse membership function given by

(2) then the right integral value of A is defined as

hg
In(A) = / 15 (v)dy (7)

Definition 3.3 If A is a fuzzy number with different left
height and right height as defined by the membership
function (1) and the inverse membership function given by

(2) then the middle integral value of A is defined as

hr hy,
Iu(A) = / ')y or Iw(d) = / 15 (v)dy

(3)

Definition 3.4 If A is a fuzzy number with different left
height and right height as defined by the membership
function (1), then the total integral value with index of
optimism o is defined as

IH(A) = a(lr(A) + Iu(A)) + (1 = @) (IL(A) + Iu(A))

Proposition 3.1 Let A, = (a,b,c,d; hL,hR)p be a
p-norm GFN with different left height and right height with
membership function (4), where p is a positive integer.
Then:

1. The left membership function fAL (x) is continuous and
»

strictly increasing function and its left integral value is

IL(A,) = bhy + ¢ 1_7 th F(llli—(’_zol;)(})) 9)
;+

where T'(x) is Euler’s gamma function, defined by
2 ylevdy
0 .
2. The right membership function f,? (x) is continuous and
P

strictly decreasing function and its right integral value is

Ir(Ay) = chy +d — ChRF(}J+ 1>F<i) (10)
P F(§+ 1)

3. The middle membership function ff?’l(x) is continuous
P
and strictly increasing and strictly decreasing when
hy, <hg and hg <hy, respectively. The middle integral
value is given by

b—c
Iu(A,) = (hg — ho)c +T(hR —hy)

r(;+1)r@) (11)

* r(+1)

4. The total integral value with optimism « is

I%(A[,) = O{ChR + (1 — Ot)th + (hR — hL)C
+ {ohg(d — ¢) + (1 — a)h.(a — b)

1 1 (12)
+ (g — ) (b — @}w

2
pXFG+0

Proof Continuity of the left membership function ff’( (x)
P

is trivial. Also, this function is strictly increasing and its
integral values are inherited from [6]. Similarly, for the
right membership function fj: ().

Trivially, the function f}‘” (x) is continuous. Now,
p

g =gl o[- GZO'T)

—c
1 X —c\r7p!
= (hg — h —P— ]
(i L)p (b - c)
x —c\P-1 1
X[_p(b—c) (b—c)]
Since 0 < (ﬁ)p <1, it trivially follows that % fg[ (x)>0if
hgr — hy, >0 and %f}”(x) <0 if hg — h <0. Hence the
p

function flif/[(x) is strictly increasing when hg >h; and
»

strictly decreasing when hg < k. Also,

’r @ Springer
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~ hR(Oth) _h ppl
I ,,):/ c+(b—c)[1—(y LH dx
hy (or hr) hr — h,
ril+1)r(!d
b—
z(hR—hL)c—i-—C(hR—hL)M.

F(%+l)

Now, the total integral value with optimism « is

I(Ay) = ofIr(A,) + Iu(Ap)} + (1 = ) {IL(A,) + Iu(4,)}
= achr + (1 - CX)th + (hR — hL)
+ {ohr(d — ¢) + (1 — a)h(a — b)
rl4+1)r(d
+(hR—hL)(b—C)}<p—)<p>
p X F({%-i— l)
O

Remark 3.1 For a pessimistic decision maker o = 0, for
an optimistic decision maker o = 1 and for a moderate
decision maker o« = 0.5.

Corollary 3.1 For an pessimistic decision maker (0. = 0)

the total integral I%(A) = I.(A) + Iu(A), for optimistic

decision maker (o= 1) the total integral value I*(A) =

IR(A) + Iy(A) and for decision  maker

(oc =0.5) the total integral value I%(A) = Iy(A)+
S{IR(A) + IL(A)}.

Note 1 The above total integral values for pessimistic
decision maker, optimistic decision maker and moderate

decision maker reduce to I%(A) = I.(A), I%(A) = Ir(A)
and I4(A) = HIR(A A) + I (A)}, respectively, for a non-
normal p-norm trapezoidal fuzzy number. This is because
In(A) = 0 when hy = hg.

moderate

Arithmetic operations

The arithmetic of p-norm GFNs with different left height
and right height are reviewed from Chen [5]. Let Ap =
(a,b,c,d, hi,hy), and I§p = (q,r,s,t; hL,h{{)p be p-norm
GFNs with different left height and right height. Then

l. A,®B,=(a+qb+r.c+sd+t
min (hLv h/L)v min (hRa h;?))p
2. A,©B,=(a—t,b—s,c—r,d—qmin(h,h),
min (A, 1)),
3.
- (Aa, Ab, Jc, 2d; hL,hR)p A>0
(4d, e, Ab, Jas i, hy),  2<0

Y4
ﬁ @ Springer

The proposed method

In this section, a method of ranking p-norm GFNs with
different left height and right height is presented. The
method calculates total integral value on the basis of left
integral value, right integral value and middle integral
value. Ranking is done on the basis of these evaluated total
integral values. Let AP: (a,b,c,d;hL,hR)p and Bp:
(q,7,s,t; h’L,h{{)p be p-norm GFNs with different left
height and right height. Then

1. A, B, if IZ(4,) >
2. A, <B,if IZ(A,) < %(E)
3. A,~B,if IZ(A,) =

The following are the steps involved in this ranking
method:

Step 1. Find h; = min (AL, h}) and h, = min (hg, AR).
Step 2. Find IL(A~1,), IR(A~,,), IM(A~1,) and IL(Bp)’ IR(Bp)’
Ivi(B,), such that

h
IL(AP):/O g;;p(x)dx, where

where

ng(X) =c—|—(d_c)[1_ (h%)pr’
a—c, TG+1)r()
p r(z+1)

ZCh2+

N ha(orhy) M
wid) = [ e
1(orhy

where g¥(x) =c+(b—c)|l - x— i "]
gAP - hz—h1 bl

_c(hz_hl)+bpc(h2_hl)r<‘}'+1>r<"l)

1"(1%4- 1)

(15)

(16)
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IR(BP):/() ggp(x)dx7 where

= shy +

5 hy(orhy) M
N

1(01‘ /’lz

g%/i(x) =s+(r—ys) {1 — <;2—_l21>l’r,
= s(hy — hy) +%(h2 hl)rGH)FG)
F(I%+l)
(18)

), which are given by

Step 3. Find I%(A,) and I%(B,
I%(ANP) = achy + (1 — a)bhy + (hy — hl)c
+ {Othz(d — C) + (1 — oc)hl(a — b)
r(t+1)r(t (19)
R AL 0}
p X F(% + l)
IA(B,) = ashy + (1 — o)rhy + (ha — hy)s
+ {ohao(t —s) + (1 — a)hi(g — 1)
r(i+1)r(t (20)
+ (hy — ) (r — S)}M-
p X F(}% + 1)
Step 4. Check I%(A,) > I%(B,) or IX(A,)<I%(B,) or
I%(Ap) = ITZ(BP)~
Case (i) If I2(4,) > 1%(3 ) then A, = B,,.
Case (ii) If I3(A,) <I%(B,) then A, < B,.
Case (ili) If I%(A,) = I%(B,) then A, ~ B,,.

Remark 4.1 For any two arbitrary generalised fuzzy
numbers with different left height and right height, AP and
B,, we have
It(A, +B,) = I1(A,) + I1(B))

Proposition 4.1 Let A = (a,b,c,d;har,hag) and B =
(a,e,d;hg) be GFN with different left height and right
height and non-normal triangular fuzzy number, respec-
tively, such that —oco<a<b<e<c<d<oo. Then

(i) I(A)<L(B),
(i) Ir(A)>Ir(B),

(iii) Im(A) = Iu(B), if b+c = 2e,

(iv)  Im(A) > Iq(B), if hi<hy and b+c>2e or
hy > hy and b+ c<2e,

v)  Im(A)<hy(B), if hi<hy and b+ c<2e or
hy > hy and b+ ¢ > 2e,

(i) IZ(A) > IX(B) if ahy(c — ) +
(hy — h1)(b+c —2e) >0,

(vii)  TA(A)<IX(B) if ahy(c — e) + (1 — o)y (b — €) +

(hy = hy) (b+c—2e)<0 and

E(A) = IE(B) if ahy(c—e)+ (1 —a)hi(b—

e)+(h—m) (b+c—2e)=0.

(1= a)hy(b— )+

(viii)

Proof From Egs. (13), (14), (15) and (19), on appropriate
substitutions of the variables the following could be easily
obtained:

@) =" gy =),
() = LT 4 ) late)
I (B) —’”(e;”’), a(B) = ells — ),
2(A) = {ochz(chd) (1 = ) (a+b)
4 (hy — hy)(c + b)) and
I%(B) = {ahz( +d)+ (1 —a)h(a+e)+2e(h, —h)}

where by = min(har, hg) and h, = min(hag, hp).

Now IL(A) — IL(B) = %(b —e) <0 as b<e<c, hence
inequality (i) is deduced. Similarly, inequality (ii) could be
deduced. Again, we have Iv(A) — Iu(B) = 25" (b + ¢ —
2¢) hence the inequalities (iii), (iv) and (v) follow
immediately. Also we have

B(&) ~ B(B) = S {aho(c — ) + (1~ ) (b — )

4 (hy — hy)(c + b — 2¢)}.

Hence the inequalities (vi), (vii) and (viii) can be deduced
easily. O

Corollary 4.1 [9] Let A= (a,b,c,d;hy) and B=
(a, e, d; hg) be non-normal trapezoidal and triangular fuzzy
numbers, respectively, where —co<a<b<e<c<d<o.
Then

(i) IL(A)<I(B),
(i) Ir(A)>Ir(B),
(iii) IZ(A) > IZ(B) if e<co+ (1 — a)b,
(iv) I4(A) =IZ(B) if e = ca+ (1 — a)b and
() IEA)<IZ(B) if e > co+ (1 — a)b.

Y
ﬁ @ Springer
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These inequalities are particular case of the inequalities
in the Proposition 4.1. These can be obtained by appro-
priate substitutions on the inequalities in the Proposition
4.1.

Proposition 4.2 Let A = (a,b,c,d;har, hag) and By =
(a,b,c,d;hgr, hgr), be GFN and 2-norm GFN with dif-
ferent left height and right height, respectively. Then

() LA)>hL
(i) I(A)<I

(iii) IM(~) > (<)hu(By) if by <( > )hy,

(v)  I4(A) > I4y(By) if ahy(d —c) +hi(1 —a)(a—
b)+ (hy — hy) (b —¢) <0,

) A <I4(By) if ahy(d—c)+ (1 —a)(a—
b)+ (hy —hy)(b—c¢) >0 and

i) I4(A) = By(By) if ahy(d —c¢) +h(1 —a)(a—
b)+ (hz — ]’l])(b — C) =0.

Proof A and B, are GFN and 2-norm GFN with different
left height and right height. Hence by the proposed method

IL(A), IR(A), Iu(A), IZ(A) IL(By), Ir(By), Iu(B,) and
I%(Ez) are obtained by using Egs. (13), (14), (15) and (19) as:

- hi(a+b ~ hy(d+ ¢
IL(A) = ¥7 Ir(A) = ¥7
~ hy — hy)(b - —-b
Im(A) = (21—2)(‘%)7&(32) — bhy +2 N i,
- d——c - b+ 3c
IR(Bz) = Ch2 + hzT[7 IM(Bz) = 4 (hz — h])’/[,

IA(A) = %{thz(c +d)+ (1 —a)hi(a+b)

+ (h2 - hl)(c—l—b)} and
B(B2) = 11(h — ) {de +7(b )} + (1

X h{4b + n(a — b)} + ahy{4c + n(d — ¢)}]

where iy = min(hyy, hpy) and hy = min(hag, hpr).

Now, L(A) = L(B) =55 (a—b)>0 and
IR(A) — IR(By) = 2% hy(d — ¢) <0. Thus the desired
inequalities (i) and (ii) are obtained. (b —c¢)(2 — =) is
always greater than or equal to zero, thus Iy(A) —
I(Ba) = (hy — ) L= > (Y0 if by < (> )by,
which prove the inequality (iii). For the inequalities (iv),
(v) and (iv), we have

2 —

Fy(A) = By(By) = = {aha(d — )

+ (1 — cx)hl(a — b) + (hz — hl)(b - C)}

Hence the inequalities (iv), (v) and (vi) follow immedi-
ately. O

’r @ Springer

Corollary 4.2 [9] Let A= (a,b,c,d;hy) and B, =
(a,b,c,d; hg) be non-normal trapezoidal fuzzy number and
non-normal  2-norm trapezoidal fuzzy number, respec-
tively, then

@) 1(A)>1(By),

>I
(i) I(A) <h(By),
(i) A<I%(B) if o(d — )+ (1 — a)(a —b) >0,
(iv) =IB)ifa(d—c)+ (1 —a)(a—b)=0and
(B

V) B>KEB)if ao(d—c)+ (1 —ao)(a—b)<O0.

These inequalities are particular case of the inequalities in
the Proposition 4.2. These can be obtained by appropriate
substitutions on the inequalities in the Proposition 4.2.

Proposition 4.3 Let A= (a,a,a,a;1,1) and B=
(b,b,b,b;1,1) be GFNs with height 1. Then

@) I(A)2>(<)(B). if a>(<)b,
(i) Ia(4) = (<)ha(By) if a> (<)b and
(iii) I-A) > (<)IL(B) ifa > (<)b.
The Proposition 4.3 validates that the proposed method
can also be applied for real numbers.

Example 4.1 Let A= (5,7,8,9;0.5,0.6) and B, =
(5,7,8,9;0.7,0.6), be GFN and 2-norm GFN with dif-
ferent left height and right height, which are depicted in
Fig. 1. But, according to the proposed modified method

hy = min(0.5,0.6) and i, = min(0.7,0.6). Also, I%°(A) =
4.8000 and 197 (B,) = 4.7144. Thus, I23(A) > 19 (B,).

Example 42 Let A = (0.1659,0.2803,0.7463, 1.154;0.5,
0.6), B = (0.1611,0.2475,0.5696, 0.8187;0.4,0.5) and

C = (0.1645,0.2445,0.5869,0.8894;0.5,0.6), are GFNs
with different left height and right height. Figure 2
depicts the membership function of the above fuzzy
numbers.

Here 19°(A) = 0.3335, 193(B) = 0.2553 and 19°(C) =
0.2670, and IL(A) = 0.1406, I}(B) = 0.1226 and I}(C) =
0.1234. Thus a moderate decision and a pessimistic
decision maker rank them as A > C > B.

Example 4.3 Let A, =(-2,-1,0,1;0.5,0.5),, B, =
(-1.5,-0.5,0.5,1.5;0.5,0.6), and C,=(1,1.5,2,2.5;
0.6,0.5),, are GFNs with different left height and right
height. The membership functions of the fuzzy numbers are

depicted in Fig. 3. Here, I%°(A;) = —0.2500, 19°(B,) =
0.000 and I95(C,) = 0.6787, and I9(A;) = —0.8927,
19(B,) = —0.6427 and 19(C,) = 0.5537. A moderate de-

cision maker (o = 0.5) ranks A, B and C as C > B > A and
also a pessimistic decision maker ranks them in the same
order.
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Fig. 1 Fuzzy numbers A = 1

(5,7,8,9;0.5,0.6) and

By =(5,7,8,9;0.7,0.6), 09 .
0.8 R

0.7

0.6

0.5

0.4

0.3

0.2

0.1

o 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2

Fig. 2 Fuzzy numbers A = (0.1659,0.2803,0.7463,1.154;0.5,0.6), B = (0.1611,0.2475,0.5696,0.8187;0.4,0.5) and C = (0.1645,0.2445,
0.5869, 0.8894; 0.5, 0.6)

Example 44 Let A= (1,1,1,1;1,1) and B= C =(02,0.5,0.5,0.6;1,1).
(2,2,2,2;1,1) be GFNs which are actually real numbers.  Set C A = (0.2,0.4,0.4,0.6;0.9,0.9),
Now by Proposition 4.3 B > A trivially. B = (0.2,0.4,0.4,0.6; 1, 1),
Example 4.5 Consider the following set of fuzzy num- C: =(0.2,0.4,0.4,0.6;0.5,0.5).
bers, SetD A =(0.4,0.5,0.5,0.6;0.5,0.5),
B =(0.2,0.4,0.6,0.8;0.6,0.6).
Set A A =(0.4,0.5,0.5,0.6;1,1), SetE A= (0.4,0.5,0.5,0.6;0.6,0.7),
B=1(0.2,0.4,0.6,0.8;1,1). B =(0.2,0.4,0.6,0.8;0.5,0.6).
Set B A =(02,0.3,0.3,0.6;1,1), SetF A= (0.4,0.5,0.5,0.6;0.6,0.7),
B=1(0.2,0.4,04,0.6:1,1), B=(0.2,0.4,0.6,0.8; 0.5,0.6),.
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Fig. 3 Fuzzy numbers 0.7
Ay = (~2,-1,0,1;0.5,0.5),,
B, =
(—1.5,-0.5,0.5,1.5;0.5,0.6), 06 l
and
G = (1,1.5,2,2.5;0.6,0.5), 05k i
041 R
0.3 |
0.2 |
0.1 R
0 1 1 1 1 1
25 -2 15 -1 05 0 05 1 15 2 25 3
Table 1 Comparison of the Test sets  Index Kim and Park Kumar’s method Proposed method
proposed method with Kim and
Park [8] and Kumar et al. [9] A B C A B C A B C
methods
Set A a=1.0 05714 0.75 - 0.55 070 - 0.55 0.70 -
a=0.5 05000 0.50 - 0.50 050 - 0.50 0.50 -
a=0.0 04286 0.25 - 0.45 030 - 0.45 0.30 -
Set B a=1.0 05714 0.6666 0.8000 0.45 0.50 055 045 0.50 0.55
a=0.5 03857 04999 0.6143 0.35 040 045 035 0.40 0.45
a«=0.0 02000 0.3333 04286 0.25 0.30 035 0.25 0.30 0.35
Set C =10 - - - 0.45 0.50 025 045 0.50 0.25
=05 - - - 0.36 040 020 0.36 0.40 0.20
=00 - - - 0.27 030 0.15 0.27 0.30 0.15
Set D a=10 - - - 0275 035 - 0.275 0.35 -
=05 - - - 0250 025 - 0.250 0.25 -
=00 - - - 0225 015 - 0.225 0.15 -
Set E a=10 - - - - - - 0.3800 0470 -
=05 - - - - - - 0.3275  0.335 -
=00 - - - - - - 0.2750  0.200 -
Set F a=10 - - - - - - 0.3800 0.4985 -
=05 - - - - - - 0.3275 0.3321 -
=00 - - - - - - 0.2750  0.1658 -

The results of the sets A, B, C, D and E are depicted in the

Table 1. Sets A and B consist of normal fuzzy numbers,
hence the ranking order by the three methods is same. Sets
C and D consist of non-normal fuzzy numbers, Kim and
Park [8] give no option for ranking such type of fuzzy
number. The method of Kumar et al. [9] and the proposed
method’s ranking order are same for the sets C and D.
However, sets E and F which consist of p-norm generalised
fuzzy numbers with different left height and right height
can be ranked only by the proposed method.

Y4
ﬁ @ Springer

Validation of the proposed modified ranking method

For the validation of the proposed ranking method, the fol-
lowing reasonable axioms that Wang and Kerre [13] have
proposed for fuzzy numbers’ ranking are considered. Let RM
be an ordering method, S the set of fuzzy numbers for which
the method RM can be applied, and A and A’ finite subsets of
S. The statements of two elements A, and B, in A satisfy that

Ap has a higher ranking than Bp when RM is applied to the
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fuzzy numbers in .4 will be written as Ap - E‘p by RM on A.
A,~B,by RMon A,and A, = B, by RM on A are similarly
interpreted. The following axioms show the reasonable
properties of the ordering approach RM.

A, For Ap €A, Ap = A,, by RM on A.

A, For (A,,,I;p) € AZ,AP = BP and BP = Ap by RM on A,
we should have A, ~ B, by RM on A.

Az For (AP,BP, ép) = A3,Ap = Bp andf?p = C’p by RM on
A, we should have Ap =< ép by RM on A.

Ay For (A, B,) € A%, inf supp(B,) > supsupp(A,), we
should have A, < B, by RM on A.

A}, For (A,,B,) € A%, infsupp(B,) > supsupp(A,), we
should have A, < B, by RM on A.

As Let(A,,B,) € (AN A')*. We obtain the ranking order
A, < B, by RM on A’ ifand onlyifA, < B, by RM on A.

A¢ LetA,, B, A, + C,and B, + C, be elements of S. If
Ap - Ep by RM on {Ap,ép}, then Ap + Cp - ép + C’p
by RM on {A, + C,,B, + C, }.

Ay Let AI,, E’p, Ap + ép and Bp + ép be elements of S. If
A, = B,byRMon {A,,B,},thenA, + C, = B, + C,
by RM on {A, + C,,B, + C,} when C, # ¢.

Proposition 4.4 The proposed ranking method RM has

the properties Ay, Az, Az, A4, A}, As, Ag and Ag,.

Proof 1t is easy to verify that properties A;—As are hold.
For the proof of Ag, consider the generalised fuzzy num-
bers with different left height and right height as

Ap,=(a,b,c,d;h,hR),, B, =(q,r,s,t;h,hy), and
C’p = (I,m,n,o, ;hf,hﬁ)p. Let Ap = Ep by RM, hence
I3(Ay) > 13(By),

by adding I%(C,)

3(Ay) + 11(Cy) 2 5 (By) + 11(Cy),

and by Remark 4.1

I1(Ap + Cp) 2 17(By + C).

Therefore, A, + C, = B, + C,. Similarly A also holds. [J
Conclusions

In this paper, ranking of p-norm GFNs with different left

height and right height is proposed. The proposed method
is generalization of Kumar’s approach. Kumar’s approach

can only deal with non-normal p-norm trapezoidal fuzzy
numbers. The proposed method can handle non-normal p-
norm trapezoidal fuzzy numbers as well as p-norm GFNs
with different left height and right height.
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